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We define the concept of continuous p-frames (cp-frames) for Banach spaces,
generalizing discrete p-frames. We prove that under certain conditions the direct
sum of a finite number of cp-frames is again a cp-frame. We obtain equivalent
conditions for duals of cp-Bessel mappings and show existence and uniqueness
of duals of independent cp-frames. Lastly we discuss perturbation of these
frames.

1. Introduction

Frames were first introduced in the context of nonharmonic Fourier series [Duffin
and Schaeffer 1952]. Outside of signal processing, frames did not seem to generate
much interest until the groundbreaking work [Daubechies et al. 1986]. Today, the
theory of discrete frames plays an important role not just in digital signal pro-
cessing and scientific computation, but also in pure and applied mathematics. The
interested reader is referred to [Han and Larson 2000; Heil and Walnut 1989] for
theory and applications of frames.

A discrete frame is a countable family of elements in a separable Hilbert space
which allows stable not necessarily unique decomposition of arbitrary elements
into expansions of the frame elements. This concept was generalized in [Ali et al.
1993] to families indexed by some locally compact space endowed with a Radon
measure; these frames are known as continuous frames. For more studies about
frame theory and continuous frames we refer to [Christensen 2003; Ali et al. 1993;
Gabardo and Han 2003; Rahimi et al. 2006].

Various generalizations of frames have been proposed recently, such as frames of
subspaces [Asgari and Khosravi 2005], p-frames [Aldroubi et al. 2001; Cao et al.
2008; Christensen and Stoeva 2003], p-frames of subspaces [Najati and Faroughi
2007], g-frames [Sun 2006], and continuous g-frames [Abdollahpour and Faroughi
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2008; Joveini and Amini 2009]. We take as our starting point the generalization
presented in [Christensen and Stoeva 2003].

Throughout this paper, (€2, 1) will be a measure space and u a positive, o -
finite measure. X is a Banach space with dual X*. We choose 1 < p < oo and
q such that % + é = 1. The normed dual X* of a Banach space X is itself a
Banach space and hence has a normed dual of its own, denoted by X**. A mapping
Ax: X X*™is well defined by the equation (x, x*) = (x*, Axx) foreach x* € X*;
also, ||[Axx|| =|x| foreachx € X. So Ax : X — X™*" is an isometric isomorphism
of X onto a closed subspace of X**. If X is a reflexive Banach space then Ay is
an isometric isomorphism of X onto X™**.

Definition 1.1. A countable family {g;}7°, C X™* is a p-frame for X if there exist
constants A, B > 0 such that

o0 1/p
AllfIl = (Zlgi(f)l”) <BJfI. (1-1)
i=1

If at least the second of these inequalities, called the upper p-frame condition, is
satisfied, we say that {g;} is a p-Bessel sequence.

Definition 1.2. Let H be a complex Hilbert space and (€2, 1) a measure space.
A map F : Q2 — H is called weakly measurable if, for each f € H, the function
on €2 defined by w +— (f, F(w)) is measurable. F is called a continuous frame
for H with respect to (€2, ) if F is weakly measurable and there exist constants
A, B > 0 such that

muw$£yﬁme%mm§wa,feH. (1-2)

In the next results, R(-) denotes the range of a map.

Lemma 1.3 [Rudin 1973]. Suppose X and Y are Banach spaces and T € B(X, Y).
Then R(T) =Y if and only if |[T*y*|| > c||y*|| for some constant ¢ > 0 and for
each y* € Y*.

Theorem 1.4 [Rudin 1974]. LP(2, u) is isometricly isomorphism to the dual
space of L9(2, w) via the mapping KP : LP (2, u) — L1(2, n)* give by

Wwwzéwwwwmmw

forally € LP(2, ) and ¢ € L1(2, ). We can define an isometric isomorphism
K% = (KP)*Ay : L9(R2, ) — LP (2, n)* for which A is the isometric isomor-
phism of L1(2, ) onto L9(2, u)**.

Lemma 1.5 [Heuser 1982]. Given a bounded operator U : X — Y, the adjoint
U*:Y* — X*is surjective if and only if U has a bounded inverse on R(U).
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Theorem 1.6 [Douglas 1972]. Let X and Y be Banach spaces. For all x € X and
y €Y, define the 1-norm, ||(x, y)Il1 = [x|lx + lylly and the oo-norm ||(x, y)llec =
sup{l|xllx, llylly} on the algebraic direct sum X @ Y. Then X &Y is a Banach
space with respect to both norms and these two norms are equivalent.

In Section 2, we define the concept of cp-Bessel mappings and cp-frames in
Banach spaces and show that under some conditions the direct sum of a finite
number of cp-frames is again a cp-frame. In Section 3, we define the concept of
a cq-Riesz basis and study some relations between cp-frames and cg-Riesz bases.
In Section 4, we present a cp-frame mapping Sr : X — X* and show that two
cp-frames are similar if and only if their analysis operators have the same range.
We obtain some equivalent conditions for duals of cp-Bessel mappings and show
existence and uniqueness of duals of independent cp-frames in Section 5 and finally
in Section 6 we discuss the perturbation of these frames.

2. Continuous p-frames

Definition 2.1. A mapping F : Q2 — X* is called a cp-frame for X with respect to
(2, p) if F is weakly measurable (Definition 1.2) and there exist positive constants
A and B such that

1/p
Alx]l < (fQI(x,F(w))I”du(w)) <Blx|, xeX. (2-1)

The constants A and B are called the lower and upper cp-frame bounds, respec-
tively. F is called a tight cp-frame if A and B can be chosen such that A = B, and
a Parseval cp-frame if A and B can be chosen such that A =B =1.

F is called a cp-Bessel mapping for X with respect to (€2, w) if it is weakly
measurable and the second inequality in (2-1) holds. In this case B is called a
cp-Bessel constant.

If, in the definition of a cp-frame, we take 2 = N and let u be the counting
measure, then our cp-frame will be a p-frame; thus we expect that some properties
of p-frames can be satisfied in cp-frames.

Throughout this paper, we simply say F is a cp-frame for X and F is a cp-
Bessel mapping for X, instead of F is a cp-frame for X with respect to (€2, i) and
F is a cp-Bessel mapping for X with respect to (€2, w), respectively.

Our study of a cp-frame is based on analysis of two operators,

Ur:X— LP(Q,n) and Tr:L9(Q,un)— X*.
The first is defined by

Upx(w) = {x, F(w)), x€X, weL, (2-2)
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and the second is weakly defined by

Trep(x) = (x, Tr¢) = / ¢ () (x, F(@)du(w), ¢e€LU(Q, ), xeX. (2-3)
Q
It is clear that if F is a cp-Bessel mapping, then Up is well defined and bounded
operator. U is called the analysis and T is called the synthesis operator of F.

Lemma 2.2. Let F be a cp-frame for X. Then the operator Ur : X — LP (2, ),
given by (2-2), has a closed range and X is reflexive.

Proof. 1t is easy to verify that Ur has a closed range. By the cp-frame condition,
X is isomorphic to R(Uf), but R(UF) is reflexive because it is a closed subspace
of the reflexive space L” (€2, n) and therefore X is reflexive. U

Theorem 2.3. Let F : Q — X™ be a cp-Bessel mapping for X with Bessel bound
B. Then the operator Tr : L1(2, ) — X*, weakly defined in (2-3), is well defined,
linear and ||Tr|| < B.

Proof. 1t is straightforward. U
Lemma 2.4. Let F : Q2 — X* be a cp-Bessel mapping for X.

() Uy =Tr(K?)™L

(ii) If X is reflexive, then T} = K"UFA;.

Proof. (i) Since F is a cp-Bessel mapping for X, there exists a unique operator
Uy : LP(Q, n)* — X* such that

(x, Up¥) = (Upx,¥), xeX, ¥y €LP(Q w"
Using Theorem 1.4, we can find ¢ € L9(2, ) such that K9(¢) = ¥. So, for all
x € X and ¢ € LP(Q2, u)*,
(x, Upy) = (Urx, ¥) = (Urx, K(¢)) =/Q¢(w)(x, F(w))dp(w)

= (x, Tr(#)) = (x, Tr(KD) ™' 9).
Therefore Uy, = Tr(K9)™!.

(i) By Theorem 2.3, Tr is well defined and bounded. So for all f € X** and
¢ € L9(2, u) wehave (¢, Ty f)=(Tr¢, f). Since X isreflexive, for each f € X**
we can find x € X such that Axx = f. Therefore

&, TEf) = (Tro, f) = (Trdp, Axx) = (x, Tr) = /Q $(@)(x, F(@)) du(@)

= K”((x, F))(¢) = KP((AY' [, F))(¢) = (¢, K’Ur Ax' ).
So Tj = KPUrAy'. O
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Theorem 2.5. Let X be a reflexive Banach space and F : Q — X* be weakly
measurable. If the mapping Tr : LY(2, u) — X* weakly defined by

(x, Trg) = /Q (@) (x. F@)du@), ¢ €L, x € X,

is a bounded operator and ||Tr|| < B, then F is a cp-Bessel mapping for X.

Proof.  Since Tr is well defined and bounded, we have for all f € X** and
¢ € L9(2, )

(@. T ) =(Tro, f) =/Q¢(w)(1\§1f, F(w)) du(w).

For each f € X™*, we define ¥y : Q2 — C by yr(w) = (A)_(lf, F(w)). Since vy is
measurable and

<oo forall ¢ € L9(Q, ),

‘/Q P ()Y (w) dp(w)
we obtain ¥y € LP(€2, u). By Theorem 1.4, we have

Yr(w) = (K" NTEf)(w), weg.

Hence, for each x € X,

1/p
(/ [{x, F(w)>|pdu(w)) = I(K") ' TiAxx| = | TF Axx]|
Q
<IITzllllx]l < Blix]. U

Theorem 2.6. Let X be a reflexive Banach space and F : Q — X* be a weakly
measurable mapping. Then F is a cp-frame for X if and only if Tr is a well defined
and bounded operator of LY(2, ) onto X*. In this case, the frame bounds are
1T~ ~" and || Tr|.

Proof. By Theorems 2.3 and 2.5, the upper cp-frame condition satisfies if and only
if Tr is well defined and bounded operator of LY (€2, i) into X*. Now suppose
that F' is a cp-frame for X. Then Ur has a bounded inverse on its range R(UF)
and by Lemma 1.5, Uy}, is surjective and therefore T is surjective by Lemma 2.4.

Conversely, suppose that Tr is a well defined and bounded operator of L9 (2, )
onto X*. By Lemma 2.4, for each x € X,

1Urx | = 1K) TEAxx | = I TEAxx I < I TrllIx]).

On the other hand since Tr is bounded and surjective, T} is one to one, hence T
has a bounded inverse on R(7}). So, by Lemma 2.4, for each x € X we have

Il = 1A xx ]l = 1(TH ™ TEAxxl < ICTH ™ MUk O
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Corollary 2.7. Let G : Q — X™ be a weakly measurable mapping. Then the
following assertions are equivalent:

(1) There exist positive constants A and B such that

l/p
Allgllf(/Ql(g,G(w)H”du(w)) <Blgll, geX™

(ii) X is reflexive and Tg : L1(2, u) — X™* is a well defined, bounded operator
of L1(2, ) onto X**,

Proof. (i) means that G : 2 — X™* constitutes a cp-frame for X*. Therefore X*
is reflexive by Lemma 2.2, and thus X is reflexive. The converse is evident by
Theorem 2.6. (]

Theorem 2.8. Let X and Y be reflexive Banach spaces. Suppose that F : Q — X*
is a cp-Bessel mapping for X and W : Y — X is a bounded operator.

(i) W*F : Q — Y* is a cp-Bessel mapping for Y and W*Tr = Ty+p.

(ii) Let F : Q — X* be a cp-frame for X. Then, W*F is a cp-frame for Y if and
only if W* is surjective.

Proof. (i) For each y € Y, the function w +— (y, W*F(w)) = (Wy, F(w)) is
measurable. Let B be an upper frame bound for F. Then, for each y € Y,

1/p 1/p
( /Q 0, W*F(w)>l”du(w)) =( /Q Wy, F(w)>|”du(w)>

= B[|Wyl = BlWlyll

Therefore W*F is a cp-Bessel mapping for Y. Forall y € Y and ¢p € LY(2, ),

(y,TW*F¢)=/Q¢(w)(y, W*F(w))du(w)Z/th(w)(Wy, F(w)) dpu(w)
= (Wy, Tro) = (y, WTr¢).

(i) If W* is surjective, then by Theorem 2.6, W*TF is surjective. So W*F is a
cp-frame for Y. Conversely, if W*F is a cp-frame for Y then Ty~ is surjective
and so W* is surjective. O

Proposition 2.9 [Fabian et al. 2001]. Let Y be a closed subspace of a Banach space
Z. If Y is complemented and X is a complement of Y in Z, then Z /Y is isomorphic
to X. The dual Z* is then isomorphic to Y* ® X*; in short, Y @ X)*=Y* @ X*.

Theorem 2.10. Let X and Y be reflexive Banach spaces. Suppose that F : Q@ — X*
and G : Q — Y* are cp-Bessel mappings. Then  : Q@ - X*Y* = (X DY),
Y (w) = (F(w), G(w)) is a cp-Bessel mapping for X @ Y. The mapping

Ty :LUQ.p) > XBY) =X @Y*
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is well defined and bounded, and Ty ¢ = (Trp, Tg) for all p € L9(L2, ). Also,
T (X)) =X"er™ - L1(Q, w*

is well defined, linear and bounded and T;(f, 8) = Ty f + T;g for all (f, g) in

X** @ Y,

Proof. Using Theorem 1.6 and Proposition 2.9, the proof is evident. ([

Theorem 2.11. Let X and Y be reflexive Banach spaces. Suppose that F : Q — X*
and G : Q — Y™ are cp-frames for X and Y, respectively. If R(T) N R(T5) =0
and R(T;) + R(T}) is a closed subspace of LY(2, u)*, then ¥ : Q — (X @Y)* is
a cp-frame for X @Y.

Proof. We define L : R(T;) ® R(T;) — R(Ty) + R(T5) by L(n,y) =n+y.
Clearly L is well defined, linear and bijective. We have |L(n, y)|| = |In+ v <
Ul +1lvID = i(m, )11 By Theorem 1.6, L is continuous. By the open map-
ping theorem, L~! is well defined and bounded, since R(T) + R(T() is a closed
subspace of L4(2, u)*. Therefore by Theorem 1.6, there exists M > 0 such that

17, Y)lloo = MIn+ 7. (2-4)

Let A; and A, be lower cp-frame bounds for F and G, and set K = min{A, A,}.
By Theorem 1.6, there exists M| > 0 such that, for all (x,y) e XY,

KPll e, DG, < KPMPlx I+ 1y ID? < KPMP2P (1 )1P + 1y 17)
<2’M/ /Q |(x, F()|Pdp(w) +27 M{ /Q [y, G(@)|Pd ()
<2PM]II(KP) ' TEAxx| + 2P M{ |(KP) T TG Ay y
= 2P M] | TEAxx|| + 2" M] | TG Ay y

= 2P M |(TEAxx, TG Ay )i,

(2-5)
where Ax : X — X* and Ay : Y — Y™ are isometric isomorphisms of X onto
X** and of Y onto Y™**, respectively. Again by using Theorem 1.6, there is M, > 0
such that

I(TepAxx, TEAy ) < Mo |(TepAxx, TE Ay Y)llco- (2-6)
By (2-4), (2-5) and (2-6)
KP ||, 15, < 2P M7 MaM||TEAxx+TE Ay yll = 2P M MoM || Tj (Axx, Ay )|l
=2"M{ MyM|(KP)~' T (Axx, Ayy)l
=2 M} MaMI[(K?) ™' Ty Axay (x, )|

— 2P M MoM /Q ((xs 3, ¥ (@) Pd (). 0
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Corollary 2.12. Let Xy, --, X, be reflexive Banach spaces. Suppose that F; :

Q — X7, are cp-frames for X; for all i € N. IfR(T;j) N (ZLL_# R(T;ffi)) =0

foreach j eNand Y}, R(Ty) is a closed subspace of L9(S2, n)*, then the map
n:— (@?:1 Xi)* defined by n(w) = (Fi(w), - -+, F,(w)) is a cp-frame for
@?:1 Xi.

3. Continuous g-Riesz bases

Throughout this paper X is a reflexive Banach space.
Definition 3.1. Let 1 < g < co. A mapping F : Q — X* is called a cq-Riesz basis
for X* if
@ {x:(x, F(w)) =0, w e 2} ={0},
(i) F is weakly measurable, and

(iii) the operator TF : L1(2, u) — X* weakly defined by

(x, Tr¢) =/ p(@)(x, Fw)du(w), xeX, ¢eLi(Q,pn),
Q
is well defined and there are positive constants A and B such that

Alglly < ITrdlix- < Bligllg, ¢ € LI(Q, w).
A and B are called, respectively, the lower and upper cg-Riesz basis bounds of F.

Theorem 3.2. Let F : Q — X* be a cq-Riesz basis for X* with cq-Riesz basis
bounds A and B. Then F is a cp-frame for X with cp-frame bounds A and B.

Proof. Since F is a cg-Riesz basis for X*, the operator T is well defined, bounded
and surjective. By Theorem 2.6, F is a cp-frame for X. The upper cq-Riesz basis
bound coincide with the upper cp-frame bound by Theorem 2.5. The analogue
statement for the lower bound follows from [Dunford and Schwartz 1958, p. 479]
and Theorem 2.6. (I

Theorem 3.3. Let F : Q2 — X* be a cp-frame for X. Then the following statements
are equivalent:

(1) F is a cq-Riesz basis for X*.
(ii) TF is injective.
(iii) R(Ur) = LP (2, ).
Proof. (i) = (ii) By the definition of cg-Riesz basis the proof is evident.

(i) = (1) TF is well defined, bounded and onto by Theorem 2.6, and is injective
by (ii), so it has a bounded inverse. Therefore F is a cg-Riesz basis for X*.
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(i) = (iii) By assumption, Tr has a bounded inverse on R(Tr) = X*. By
Lemma 1.5, T} is surjective and Lemma 2.4, implies that R(Ur) = L? (2, u).

(iii)) = (i) is clear. O

4. Maps of cp-frames and their invertibility

In this section, we need a mapping from the Banach space L? (€2, ) into its dual
space, L9(S2, w). For this we use the concept of duality mapping.
First recall that a Banach space X is said to be:

o strictly convex if, whenever x,y € X with x # y, ||x]| = |ly]| = 1, then
x4+ A=Ayl <1forxe(,1);

 uniformly convex if the conditions {x;} C X, {y;} € X, ||xi|| < 1, ||»|l <1,
lim; oo [l + y; | = 2, imply that lim; . o l; — y | = 0.
Definition 4.1. The mapping ¢x of X into the set of subsets of X*, defined by
dxx = {x* € X* 1 x*(x) = Ilx|[lx*[l, lx* [l = llxl}
is called the duality mapping on X.

By the Hahn—Banach theorem ¢xx is nonempty for all x € X and ¢x0 = 0. In
general the duality mapping is set-valued, but for certain spaces it is single-valued
and such spaces are called smooth.

Proposition 4.2 [Dragomir 2004]. (i) If X* is strictly convex then for each x € X,
¢xx consists of unique element x* € X*.

(ii) If X and X* are strictly convex and X is reflexive then ¢x is bijective.
(iii) If H is a Hilbert space then ¢pyx = x for each x € H.

Remark 4.3. We can deduce by [Carothers 2005, Corollary 11.13] and [Martin
1976, p. 12] that L7(S2, p) is strictly convex.

The next statement is clear from the definition of duality mapping on L? (€2, u):
vyl
_2
(YA
Definition 4.5. Let F' : Q@ — X* be a cp-frame for X. The bounded mapping

Sr : X — X* defined by Sp = TF(K‘I)”(pr(Q,M)UF will be called a cp-frame
mapping of F.

Proposition 4.4. For all nonzero y € LP(S2, ) we have ¢rr(q, )V =

Proposition 4.6. Suppose that F : Q — X* is a cp-frame for X with frame bounds
A and B. Then S has the following properties:

1) SF=Uporri,UFr.
(i) A%|x||* < Spx(x) < B?|x||>, x€X.
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Proof. Clear from the definition of S¢ and of the duality mapping on L” (€2, p). U

Definition 4.7. A mapping [-, -] from X x X into R is said to be a semi-inner
product on X if it has these properties:

(1) [x,x]>0forall x € X and [x, x] =0 if and only if x = 0.

(ii) [ax+ By, z] =[x, z]+ Bly, z] forall o, B € R and for all x, y, z € X.
(iii) |[x, 1> < [x, x][y, y] forall x, y € X.
If X* is strictly convex, then there is a unique semi-inner product on X such that
lxllx = [x, x]"/? for all x € X and ¢xx(y) = [y, x] for all x, y € X [Dragomir
2004], where ¢y is the duality mapping on X. In this case an operator A : X — X
is said to be adjoint abelian if [Ax, y] = [x, Ay] for all x, y € X or equivalently
A*px = ¢px A [Stampfli 1969].

An element x € X is called (Giles-)orthogonal to y € X, and we write x L y, if

[y, x]=0. If M is a linear subspace of X, the orthogonal complement of M in the
Giles sense is denoted by Mt ={x € X; x Ly, y e M}.

Remark 4.8. Let F : Q — X* be a cp-frame for X. Suppose that Ker(7r) and
(Ker(TF))* are topologically complementary in L7 (2, i), then clearly the opera-
tor Tr | (ker(7y )~ 18 invertible and Tﬁ- = (TFI(Ker(TF))L)_l is a bounded right inverse
of TF.

Definition 4.9. Let F : 2 — X* be a cp-frame for X. Suppose that Ker(7F) and
(Ker(Tr))* are topologically complementary in L9 (2, 1), we define the mapping
K:X*— Xby K=Ay'(TH bramTi.
Lemma 4.10. Let F : Q — X* be a cp-frame for X. Suppose that Ker(Tr) and
(Ker(Tr))* are topologically complementary in L1(2, ().

() K(g)(g) > llgll4+/B?, where B denotes an upper cp-frame bound for F.

Moreover, when the operator TFl Ty is adjoint abelian, the following assertions
hold:

(ii) S is invertible and S;.' = K.
(i) Sz' = Uz "(KP) 'pra T
Proof. The proof is similar to that of [Stoeva 2008, Theorem 5.1]. O

Definition 4.11. Two cp-frames F : Q — X* and G : Q@ — X* for X are similar if
there exists an invertible operator V : X — X such that F(w) = V*G(w) for each
w € Q.

Theorem 4.12. Let the assumptions in Definition 4.9 be satisfied for F : Q@ — X*
and G : Q — X*. Suppose that Tlﬁ‘ Tr and TGJ‘ T are adjoint abelian operators.
Then F and G are similar if and only if their analysis operators have same ranges.
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Proof. Suppose F and G are similar. Then there exists an invertible operator
V : X — X such that F(w) = V*G(w), w € Q. Let ¢ € R(Ur). Then there exists
x € X, such that

¢ (w) =Urx(0) = (x, F(0)) = {x, V'G(0)) =Ug(VX)(®), weQ.

So ¢ € R(Ug). By a similar argument, R(Ug) € R(Up).

Conversely, assume R(Up) = R(Ug). For each x € X, there is y € X such
that Up(x) = Ug(y) or (x, F(w)) = (y, G(w)), w € Q. We define the operator
V:X — X by Vx =y. Since the cp-frame mappings for F and G are invertible,
y is uniquely determined by V and V is linear, one to one and surjective. U

5. Duals of cp-Bessel mappings

In this section, X is an infinite-dimensional, reflexive Banach space.

Definition 5.1 [Fabian et al. 2001]. A sequence {e;}7°, in X is called a Schauder
basis of X, if for each x € X there is a unique sequence of scalars (a;)7°,, called
the coordinates of x, such that x = Z,Zl a;e;.

Let {e;};2 | be a Schauder basis of a Banach space X. For j € Nand x = Zfol a;e;,
denote fj(x) = a;. Using [Fabian et al. 2001, Theorem 6.5], f; € X*. The
functionals {f;}72, are called the associated biorthogonal functionals (coordinate
functionals) to {e;}72, and for each x € X, we have x = Zl 1 fioe;.

We will denote the biorthogonal functionals { f;} by {e}, and say that {e;, €7} is
a Schauder basis of X. Such a Schauder basis is called shrinking if Span{e;} = X*.
It is called boundedly complete if ) ;- a;e; converges whenever the scalars a; are
such that sup, || Y/_, aie; || < oo.

Theorem 5.2 [Fabian et al. 2001]. Let {e;, e}'} be a Schauder basis of a Banach
space X with the canonical projections p, : X — X, pn(X:l:1 a;e;) = Z:l:l a;e;
for each n € N. Then the following assertions are equivalent:

(1) {e;, e} is shrinking.
(ii) {e}, e;} is a Schauder basis of X*.
Theorem 5.3 [Fabian et al. 2001]. Let X be a Banach space with a Schauder

basis {e;, e}}2,. Then X is reflexive if and only if {e;, e} is both shrinking and
boundedly Complete.

Theorem 5.4. Let F : Q@ — X* be a cp-Bessel mapping for X and G : Q — X**
be a cq-Bessel mapping for X*. Then the following assertions are equivalent:

(i) Foreachx € X, x = Ay Tg(KP)™' T} Ayx.
(i) Foreachge X*, g =Tr(K9)~ 1T*(A ).
(iii) Foreachx € X and g € X*, (x, g) = fQ x, F(w)){(g, G(w)) du(w).
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(iv) For each Schauder basis {e;, e} of X,

(ei,e}'f>2/<ei,F(w)>(e}k-,G(w))du(w), i,jeN.
Q
Proof. (i) = (ii) Letx € X and g € X*. We have

(x,8)=
= (KP) "TiAxx, TE(AY) ') = (TEAxx, Ag(KD ' TEH(AY) ' g)

(AQITG(K”)_IT*AXX 8) = (To(K") ' TiAxx, (A})'g)
(
= (Axx, TFAG(KD T TE(AY) ' g)
=
(

Axx, (Ay )TF<K‘1> 'TEA) g
= (x, Tp(K9)~ TG(Ax) 8)-

So, for each g € X*,
g=Tr(KD)'TEAY) 's.

(ii) = (iii) For all x € X and g € X*,
(x,8) = (x, Tr(K) ™' T5(AY) ' g)
/Q(x F(@)(KD) ' TEHAY)  g(@) dp(w). (5-1)

But for all ¥ € LP(2, u) and h € X*** (the dual of X**),

(U, Tgh) = (Tgy, h) = /Q V(@) (Axh, G(w)) diu(w) = K1((Axh, G) ().
So
TG*h = K"((A;}h, G)). (5-2)

Therefore, by (5-1) and (5-2), we have
(x.g) = fg (k. F@) (KD~ KA (M) g, G@))) du(w)

=/Q<x,F(w))<g,G(w)>dM(w)-

(iii)) = (ii) This is clear from the proof of (ii) = (iii).
(ii) = (i) For all x € X and g € X*, we have
(x,8) = (x, Tr(KD) ' TEA) T 8) = (%, AT AL(KD T TE(AY) ' g)

= (TE(Axx), Ag(A) " (KDY TITE(AY) g
= (T (K") "' T (Axx), (M%) 'g) = (A Te(KP) ' TE(Axx), 8).
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Since X* separates the points of X, we get
x=Ay'To(KP)"'TH(Axx), xeX.

(iii) = (iv) 1is obvious.

(iv) = (iii) For all x € X and g € X*,
/QOC, F(w))(g, G(w)) du(w) = KP((x, F))({(g, G)). (5-3)

By Theorem 5.2 and 5.3, {e}, ¢;} and {Ae;, e} are Schauder basis of X* and X**,
respectively. Therefore

KP((x. F))((. G)) = K7 (<x > ter. F>e;~“>) (<g >t G>Axej>>

i=1 j=1

= ( Z (x, e ) (8, Axej))K”((ei, F)) (e}, G))

= ( Z(x,e?‘)(g, Axe,-)> /Q(ei, F(w)){e}, G(w)) dp(w)

So, by (5-3),
/(x,F(w)Mg,G(w))dM(w): (x,8). O
Q
Definition 5.5. Let F : Q2 — X* be a cp-Bessel mapping for X and G : Q@ — X**
be a cqg-Bessel mapping for X*. We say that (F, G) is a c-dual pair if one of the
assertions of Theorem 5.4 is satisfied.

In this case F is called a cp-dual of G and by Theorem 5.4, we can say that G
is a cq-dual of F.

Theorem 5.6. Let (F, G) be a c-dual pair. Then F is a cp-frame for X and G is a
cq-frame for X*.

Proof. For each x € X, we have

Ixll = |1AX To (KP) ' TEAxx|| = | To(KP) " T Axx|

< ITGIIKP) ™ T Axx|| = ||TG||/Q|<X» F(o)Pdp(w).
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Since (F, G) is a c-dual pair, |7 || is nonzero. Thus

] <( / x F(w)>|ﬁdu(w>)]/p
AV A '

Hence F is a cp-frame for X. We prove similarly that G is a cq-frame for X*. [J

Definition 5.7. Let F : Q2 — X™ be a cp-frame for X. We say that F is independent
if, for every measurable function ¢ : 2 — C and every x € X, the condition

/Q(X, F(w))¢(w)du(w) =0

implies that ¢ = 0.
Theorem 5.8. Let F : @ — X™* be a cp-frame for X and u(E) > k > 0 for each
measurable set E except E = &.

(1) If F is an independent cp-frame for X, there exists a unique cq-frame, G :
Q — X™ for X*, such that (F, G) is a c-dual pair.

(i) If Ker(Tr) and (Ker(Tr))* are topologically complementary in LI(Q2, 1),
then there exists a cq-frame G : Q — X** for X*, such that (F, G) is a c-dual
pair.

Proof. (i) Let F be an independent cp-frame for X. Then Tr : LY(2, u) — X* is
invertible. We define G(w) = p(w)(Tr)~', w € Q, where p(w) : LY(Q, n) — C,
defined by p(w)(¢) = ¢ (w). Now we show that for a fix wg € 2, p(wp) is bounded.

For each ¢ € L1(2, ), |9l < 1, put A = {w € Q2: [p(w)| = [¢(wo)|}. Clearly
A is nonempty and measurable. Since

||¢||"=/QI¢(60)|‘1 du(w)Z/A|¢(w)|qdu(w)ZM(A)I(/’)(wo)Iq > k|¢ (o),
and

@yl = sup 1p(@0)(@) = sup Iptwo)] < sup (1) g1 = (L)
lgli<1 lpl=<1 T el=1 Nk k)

for each w € 2, p(w) is bounded. Therefore G(w) € X*™*. By the definition of
G (w), for each g € X*, the mapping w — (g, G(w)) is measurable and

1/q
el _ ( [ 1. G(w)>l”’du(w)) = ITo) gl = 1T gl
I TF| Q
Therefore, G is a cg-frame for X* with bounds 1T~ and ||(TF) V).
By the definition of G, T} = K‘ITF_IA}}. So, for each g € X*, we have
g =TrT; ' (g) = Tr(K9)~'T}(A%)"'g. Therefore (F,G) is a c-dual pair by
Theorem 5.4.
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Now we will show the uniqueness of G. Let (F, W) be another c-dual pair.
Then

Tr(KD)ITEAY) ™ = Tr(KD) T T (A%) ™ = Iy
Thus T =Ty,. So W =G.

(ii) Since R(Tr) = X*, by Remark 4.8, there is an operator TFl X — L9(2, n)
such that Tg TFL = Ix+. Foreach g € X*, let ¢ = TFL g. Therefore for all x € X and
geX*

(x,g)=(x,TF¢>=/Q¢(w)(x,F(w))du(w)=/§2Tﬁg(w)<x,F(w)>dM(w)-

For each w € Q, define G(w) : X* — C, G(w)(g) = (TFLg)(a)). Then

1/
G@igl = Ip@)TFol = (1) 1T gl

where p(w) is defined in the proof of (i). Therefore G is weakly measurable and
G(w) € X**. Since TFTFl = Ix+, we have, for each g € X*,

gl l/a
5( f I(g,G(w))I"du(w)> =IT#glly < ITH gl O
ITF| Q

Theorem 5.9. Let F : @ — X™* be an independent cp-frame for X. Suppose that
W(E) =k > 0 for each measurable set E except E = &. Let wg € 2 be such that

1

woD # ) Glan)

where G : Q — X™* is the unique cq-dual of F, obtained in Theorem 5.8. Then
F :Q\{wo} = X* is a cp-frame for X.

Proof. It is clear that the upper frame condition holds. For the lower frame bound,
we have

(x,F(wo))=/Q(x,F(w))(F(wo),G(w))dM(w), xeX.

Therefore (x, F(wg)) is given by
/Q\{ }(x, F(w))(F(w0), G(w)) di() + (x, F(wo))(F(wo), G(wo))n({wo}),

that is,

1
 F = , F F , G d .
(x, F(wo)) 1= (o) (F(@0). G(@0)) /Q\{wo}bc () (F(0), G(w)) dj(w)
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Let A be the lower frame bound of F. For each x € X,

(. Foo)? < K/ (. F())Pdu(w),
Q\{wo}

where

1 P . p/q
K= F(wo), G(w))|'d ,
(1 — uw({wod) (F(wp), G(wo))) (/Q\{wo} [{(F(wo), G(w))] M(a)))

Therefore, for each x € X,

1/p
Alxllx = (/Q\{ }I(x,F(w)H"du(w)) +(|(x,F(wo))l"u({wo}))l/p

1/p
< ([ I{x, F(w))lpdu(w)>
Q\{w,}

1/p
+< fg ' }I(x,F(w)H"du(w)) KYP (u({wo)?

1/p
=(1+ K“P(u({wa}))”l’)( /Q I(x, F(w)>|”du(w)> :

\{wo}
Therefore F : Q\ {wg} — X* is a cp-frame for X with lower frame bound

A
L+ K7 (n({@o)'/P

Corollary 5.10. Let F : Q — X* be a cp-frame for X and assume u(E) >k > 0
for each measurable set E except E = &. Let wg € Q2 be such that

O

1
D . Glon)

Suppose Ker(Tr) and (Ker(Tr))* are topologically complementary in L4(Q, 10).
Then F : Q\ {wo} — X™* is a cp-frame for X.
6. Perturbation of cp-frames

Perturbation of discrete frames has been discussed in [Cazassa and Christensen
1997]. The proof of the following theorem is based on the following lemma, which
was proved in [Cazassa and Christensen 1997].

Lemma 6.1. Let U be a linear operator on a Banach space X and assume that
there exist L1, Ay € [0, 1) such that for each x € X,

lx = Uxll < Allxll + 22 Ux].
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Then U is bounded and invertible. Moreover, for each x € X,

1—)\.1 1+)L]
x| < |Ux| < x|
1+ X1 1—Xp
and
— A2 _ 1+)L2
lxll <I1U x| < x]|.

14+ A 1—x

Theorem 6.2. Let F be an independent cp-frame for X and u(E) > k > 0, for each
measurable set E, except E = @. Suppose that G : Q@ — X* is weakly measurable
and assume that there exist constants Ay, Ly, ¥ > 0 with max(A; + v /A, k) < 1.
Suppose also that, for all ¢ € L1(2, u) and x in the unit sphere of X,

/Q¢>(a>)(x, F(w)—G(w))dM(w)‘

<A

/Q¢(w)(x, Gw)du(@)|+ylol.

fg 6 (@)(x. F()) du(w)' i

Then G : Q — X* is a cp-frame for X with bounds

1—(n A 1+ A B
A (A1 +y/A) and B +Arart+y/
14+ 1—2;

where A and B are the frame bounds of F.

’

Proof. Let X1 = {x € X : ||x|| = 1} be the unit sphere of X. We first prove that G
is a cp-Bessel mapping for X. By assumption, for all x € X and ¢ € L9(2, u),

L¢(w)(x, G(w)>du(w)‘

=

/Q é(@)x, F(w)>du(w)'

/Qtﬁ(w)(x, F(a))—G(w))dM(w)‘Jr

<(14+xy)

/Qaﬁ(w)(x,F(w))dM(w)’Jrkz/Qaﬁ(w)(x,G(w))d/L(w)'+J/||¢>||,

which implies that

14+ A 14
o [ F(w))du(w)' + 20

1+X 14
< B .
_<1_M +1_k2)||¢||

=

Vgas(wxx, G (@) du(w)

Let K : LY(2, u) — X* be defined by

(x,K¢)=/Q¢(w)(x,G(w))du(w), x€X, peLI(Q, ).
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Then

K¢l = sup [(x, K@)|= sup
lxl=1 lx]=1

I+ X 14
< B .
_<1—A2 +1_A2)||¢||

Therefore K is well defined and bounded. So by Theorem 2.5, G is a cp-Bessel
mapping for X with upper bound B(1+A;+y/B)/(1 — X3).

We define V = K(Kq)_lTVT,(A*X)_I, for which W is the unique cg-dual of F
which is obtained in Theorem 5.8. Then, for all x € X and g € X*,

/Q 6(@)(x. G(0) dp(@)

(x,Vg)=(x, K(KD)'Tj (A} 'g) = /Q(g, W(w)){x, G(w)) du(w)
and
(x,8)= /Q<x, F(w))(g, W(w)) dp(w).

Let ¢, : 2 — C be defined by ¢, (w) = (g, W(w)). Clearly ¢, € L9(2, 11). There-
fore, by assumption, we deduce that for all x € X and g € X*,

[0, 8 = V)l = hal(x, )| +hal(x, Vo)l +7 19l
Hence
lg = Vel = sup I{r.g = Vell <hllgl +32Vell + 1]
= (M +L) gl + 221Vl

By Lemma 6.1, V is invertible and

1+2+y/A
v < LA r/A
1—X

| 14+ A
< — 7.
11— +vy/A)

Then
(x,g)=(x,VVig) = /Q<V—1g, W(w))(x, G(w)) diu(w),
and we obtain

[xll = llAxxll = sup [(g, Axx)[= sup [{x,g)|
lgll=1 lgl=1

=sup | [ (V7'g, W(w)ix, G(w)) du(w)]
lgll=1 JQ

1/q 1/p
< sup </Q|<V‘1g, W(w))l"du(w)) (/Ql(x,G(w))I”du(w)) .

lgll=1
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Therefore, for each x € X,

1—(1+y/A) 1/p
AT”’C” = (/Q|(x,G(w))|”d;L(a))) ) O
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