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Holomorphic curves in exploded manifolds
Regularity

BRETT PARKER

The category of exploded manifolds is an extension of the category of smooth
manifolds; for exploded manifolds, some adiabatic limits appear as smooth families.
This paper studies the d equation on variations of a given family of curves in an
exploded manifold. Roughly, we prove that the F] equation on variations of an
exploded family of curves behaves as nicely as the F] equation on variations of a
smooth family of smooth curves, even though exploded families of curves allow the
development of normal-crossing or log-smooth singularities. The resulting regularity
results are foundational to the author’s construction of Gromov—Witten invariants for
exploded manifolds.
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1622 Brett Parker

1 Introduction

Exploded manifolds, introduced in Parker [18], are a generalization of smooth man-
ifolds akin to the generalization of complex manifolds given by log schemes, or the
generalization of smooth manifolds given by Melrose’s b-structure on manifolds with
boundary and corners.

A key feature of exploded manifolds is that normal-crossing or log-smooth degenera-
tions — singular from the perspective of smooth manifolds —become smooth when
viewed in the category of exploded manifolds. Bubbling and node-formation on the
domain of holomorphic curves seems singular from the perspective of smooth manifolds,
but happens within smooth families of the exploded version of holomorphic curves. In
this paper, we study the regularity of the F] equation on such families of curves. The
F] equation is elliptic and well behaved when we restrict to the case of a single domain.
For a smooth family of domains, the regularity of such an elliptic differential equation
is also well understood. Our goal is to understand the regularity of the F] equation on
apparently singular families of domains allowing bubbling and node-formation.

Exploded manifolds provide a natural regularity to desire in families where bubbling
and node-formation occurs; in this paper, we prove that the F] equation has our desired
regularity. This natural regularity allows us to define in [20; 30] Gromov—Witten invari-
ants of suitable exploded manifolds, working on a moduli stack with a natural smooth
structure. Gromov—Witten invariants of suitable exploded manifolds do not change
in families, so using a degeneration that is smooth from the perspective of exploded
manifolds, Gromov—Witten invariants of a compact smooth symplectic manifold can
be computed using an exploded manifold corresponding to a singular smooth manifold.
The resulting computation is a gluing formula involving Gromov—Witten invariants
relative normal crossing divisors. Such relative Gromov—Witten invariants are naturally
defined within the category of exploded manifolds, and roughly equivalent to Ionel’s
GW invariants relative to normal crossing divisors from [12], and log Gromov—Witten
invariants defined by Gross and Siebert in [5] and Abramovich and Chen in [3; 1]. For
comparisons of these different methods of defining Gromov—Witten invariants relative
to normal crossing divisors, see Parker [19; 22].

One novel feature of exploded manifolds is that each exploded manifold B is a set with
several! relevant topologies: a small scale, on which the exploded manifold generally

TEven though there are several topologies to keep in mind, we use the topology on B induced from
[ B when referring to topological notions such as continuous functions or open subsets.
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looks like an infinite disjoint union of smooth manifolds, a large scale, on which
the exploded manifold looks like a union of integral affine polytopes, B, and a third
topology, in which the exploded manifold looks like a stratified smooth space, [ B]. On
the large scale, holomorphic curves look like tropical curves — piecewise linear maps
of metric graphs — and the gluing formula referred to above is a sum of contributions
corresponding to tropical curves. This tropical gluing formula is proved by the author
in [28]; for a description of the formula in simple cases without using the language of
exploded manifolds, see [24], and for examples, see [23; 27].

Despite the strange features described above, differential geometry and topology works
for exploded manifolds roughly like it does for smooth manifolds, so the reader may
read the remainder of the introduction pretending that exploded manifolds are just
manifolds. In the rest of the paper, some familiarity with the definitions in [18] or [26]
will be required.

This paper studies the F] equation on a space of variations of a given family of curves
in the category of exploded manifolds. In various guises, this is a key step in most
constructions of Gromov—Witten invariants of general compact symplectic manifolds;
see Chen, Li and Wang [2], Fukaya and Ono [4], Li and Tian [13], Liu and Tian [14],
McDuff [16] and Ruan [31]. In Section 2.4, we define some Banach norms on this
space of variations — Banach norms involving many local choices. Then in Section 3,
the 9 equation is studied on the corresponding Banach spaces of variations of our
family of curves. Our final results are stated using the regularity C°1, defined in
[18, Section 7].2 With extra, less-analytic, work, the results stated in the remainder
of this section are used by the author in [20; 21; 30] to describe the F] equation on
the moduli stack of C%1 curves, and to construct the virtual fundamental class of
the moduli space of holomorphic curves and Gromov—Witten invariants of exploded
manifolds.

Acknowledgements The author was partially supported by SNF, No 200020-119437/1.
Part of this work was also completed during the author’s stays at MIT, UC Berkeley
and the Mathematical Science Research Institute in Berkeley. Special thanks are due to
an anonymous referee of a different paper, who went beyond the call of duty to provide
valuable suggestions to improve this paper.

2This regularity C°1 should be thought of as a generalization of smooth functions with an exponential
decay condition of all weights § < 1 at cylindrical ends.
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1624 Brett Parker

1.1 Statement of results

The technical heart of this paper analyzes a family of (nonlinear) elliptic differential
operators, 9, overa Co-L family of curves® (6’ ,J) — F . Let us first describe the
form of the linearization, D9, of 3. Both 8 and D9 send sections of a complex
vectorbundle X to sections of ¥ := (Tvtrté ® X)©D 4 The form of Da is

%) DY) =E'(Y) + 1 (Ver¥ + J 0 Vyern ¥ 0 j),
where

o Ve is the restriction of a C*1 connection® V on X to TvenCA' cTC , the
vertical tangent space of C;

e J indicates the complex structure on X ; and

e the map
E:X-—>Y

is a C°1 map of vectorbundles, vanishing on the edges® of curves in C.
Our linearized operator determines a linear map
DJ: X°L — yool,

where X1 is the sheaf of C°! sections of X, and Y1 is the sheaf of C°1
sections of Y vanishing on edges of curves in C — F. The map Dd above is
then a map of sheaves of C%L(F,R)—modules over F . We can restrict D9, X -1

3Curves are used in the sense of Definition 8.3 of [18]; in particular, a curve is a complete 2—
dimensional exploded manifold C with a complex structure j, and a curve in an exploded manifold B is
amap f: C — B. A family C — F isakind of proper submersion, discussed in Section 10 of [18].
See Section 1.2 for a brief discussion of the local structure of such a family of curves C>F, including
(co)tangent bundles and C %L regularity.

4For any family C—>F , let T, VenCA' and T, V’fmCA' respectively denote the vertical tangent and cotangent
space. Our vectorbundle Y is the subbundle of 7.5, C ®r X fixedby j ® J, where J is the complex
structure on X .

5A €L connection on a vectorbundle V over an exploded manifold B is a linear map V from
C%1 gections of V to €L sections of V ® T*B that satisfies the usual derivation condition, and
such that Vyw = 0 for any R-nil vector v and C°1 section w of V. An R—nil vector v is one for
which vf = 0 for all smooth or C°-L functions f. In particular, on a curve, the nonzero R—-nil vectors
are the nonzero vectors on edges. See Section 6 of [18] for a discussion of T'B .

OThe tropical part of a curve C is a graph C . As in Definition 8.3 of [18], an edge of a curve refers to
a stratum of C over one of the edges of this graph C . The smooth part of a C is a nodal curve [C] with
marked points. Edges of C correspond to the nodes and marked points of this nodal curve [C].
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and Y1 to any open subset of X, but we can also restrict them to any individual
curve f € F to determine a map

DA(f): XL f) — YL f),

which is an elliptic differential operator, satisfying the usual Fredholm and regularity
properties.

Although X1 and Y1 are not obviously vectorbundles over F , because they are
not obviously locally trivial,” they have the following natural notion of finite-rank
subvectorbundle:

Definition 1.1 A rank-k subvectorbundle K of XL (or Y°°1) is a locally free,
rank-k subsheaf whose restriction to X°1(f) (or Y°*1(f)) is a k—dimensional
linear subspace K(f) forall f € F.

Theorem 1.2 Given any curve f € F, the differential operator D3( /) has closed
image, finite-dimensional kernel and cokernel, and index

dimker D3( /) — dim coker D( f) = 2¢1 —2n(g — 1),

where ¢ is the integral of the first Chern class of X over the curve f, n is the complex
rank of X and g is the genus of the curve f .

Given any finite-rank subvectorbundle V C Y°1 such that D(f) is transverse
to V(f) C YL(f), there exists a neighborhood F' of f € F, on which Dd
surjects onto Y°L(F'")/V with kernel a finite-rank subvectorbundle K = D3~ (V)
of X L(Fy.

The first part of Theorem 1.2 simply tells us that, restricted to any individual curve, DJ
is Fredholm and has the expected index. The second part is a “gluing and regularity”
result. It tells us that we can study D3 with a finite-dimensional, C*1 approximation
K — V,where K and V are finite-rank C 1 vectorbundles. A proof of Theorem 1.2
is at the end of Section 3.4. The analogous theorem for the nonlinear operator 9 is that
9~ 1(V) is a €L manifold of the expected dimension.

7This is related to the possibly insurmountable difficulty of putting a Banach orbifold structure on the
moduli space of curves of a given regularity close to a nodal curve, and the need for different analytic
structures such as polyfolds; see [6; 7; 8; 9; 10; 11]. We use standard analysis on Banach space completions
of XL and YL involving unnatural choices, but obtain results independent of such choices.
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The nonlinear operators we consider are in the form
(%) 5(V) =E(W)+ %(H/(V) oVyenv+Jo H/(V) oVyervoj):= E(v)+ H(W)(Vyerrv),
where:

o [E is a (nonlinear) C*-1 map such that the diagram
x £,

commutes and such that, restricted to edges of curves in C . the image of E is
the zero-section of Y.

Yy —~

e H'is a (nonlinear) C°L map to the space of invertible, R—linear endomor-
phisms of X such that the diagram

x ' x op x*
C

commutes, and such that H’ restricted to the zero-section is the identity.

Theorem 3.2 implies that d is continuously differentiable, at least when F is extendable.
The derivative of 9 at the zero-section is a family of linear elliptic differential operators
in the form of (+’). Moreover, the derivative of 9 at any other section is in the form
of (x") with a different J, so Theorem 1.2 still applies.

Our nonlinear regularity theorem becomes easier to state if D is injective; we can
achieve this by restricting the domain of 9. In particular, choose some finite set of
nonintersecting sections sy, ..., Sy of C — F that avoid the edges of curves in C.
Now define X1 to be the sheaf of C*1 sections of X that vanish at the image of s;.
Theorem 1.2 still holds for D9 with such a restricted domain, but the index of Da is
now 2c¢y —2n(g — 1 +m). By choosing enough such sections, we may assume that
DA(f) is injective, and apply the following theorem:

Theorem 1.3 Given a curve f in F and a finite-rank subvectorbundle V C Y1
such that 3 f € V(f) and DO( f) is injective and complementary to V(f) C YL( f),

Geometry & Topology, Volume 23 (2019)
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there exists a neighborhood F' of f € F and a solution v € X *1(F’) to the equation
9 =0 mod V.

Moreover, there exists a neighborhood O of 0 € X°1(F’) such that v is the unique
solution to dv = 0 mod V within O in the following sense. Given any curve f' € F’',
let v(f’) and O(f") be the restriction of v and O to X°°1( f'). Then v( f’) is the
unique solution to the equation dv( f’) = 0 mod V( f’) within O(f").

So, when we parametrize curves by a fixed family of domains, the moduli space of
solutions to 8 = 0 mod V is regular when D3 is transverse to V. Note that our
fixed family can include bubbling and node-formation behavior, so this regularity
theorem includes gluing analysis. When we no longer have a fixed family of domains,
this theorem is key for proving the regularity of the moduli stack of solutions to
3 = 0 mod V', for example, where D3? is transverse to zero, the moduli stack of
holomorphic curves is locally a C°1 orbifold. For details and precise statements in
the setting of the moduli stack of curves, see [20]. Theorem 1.3 follows immediately
from Theorem 3.14 stated on page 1685.

1.2 Local model for families of curves

This section illustrates some key differences between exploded manifolds and smooth
manifolds; the reader already familiar with exploded manifolds may skip it. Consider
the standard local model for node formation,

Z1Z
c? iz, ¢,

Away from 0, this map is a submersion with fiber a cylinder, but over 0 the fiber is a
pair of planes, joined at 0. The corresponding local model for node formation in the
category of exploded manifolds is

1 2 2 Z1Z 1
(Ti0,00) " = T(5,002 = T0,00)-

Every exploded manifold B comes with a natural map to a stratified smooth space
called its smooth part [ B']. For example, an exploded curve C has smooth part [C|
a nodal Riemann surface, with strata given by nodes and marked points.® The smooth

8The curve C also has a tropical part C consisting of a complete metric graph with a vertex for every
component of the nodal curve [C], an edge for every node of [C ], and a semi-infinite edge for every

marked point of [C]. So, nodes and marked points of [C] correspond to internal and external edges
of C, and we will often refer to such strata of C as “edges”.
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part of the above exploded node-formation model is the standard node-formation model
(stratified by where coordinate functions are 0). In particular [T, [(l)’oo)] = C, and the
smooth part [Z] of the standard coordinate on T, [(l)’oo) is the standard coordinate on C.
In fact, R—valued smooth or continuous functions on an exploded manifold B factor
through its smooth part B — [B7, so the smooth or continuous functions on our
exploded node-formation model are the same as those on the standard node-formation
model. Moreover, although there are several topologies on B, by default, we use the
topology induced by the map B — [B].

The tangent sheaf, however, is different. The tangent space of T, [(1) 00) has a standard

o e . . 2 1
trivialization as R=x T, [0,00)"

a basis for the cotangent space is the real and imaginary parts of Z~! dZ. The derivative

with basis the real and imaginary parts of Z d/0z ; similarly,

of our exploded node-formation model is constant in this standard basis, sending

d d d
21— +bZ;— t b))z —.
iz Thhge o (et bz
So, unlike the standard node-formation model, our exploded node-formation model is
a submersion.

A second difference is what replaces 0 € C and the singular fiber of the standard

node-formation model. On T , our coordinate Z takes values in C*tl0:00) c C*¢R.

0,00
As a group, C*R is (C*, x)[ X (%R, +): this group action preserves our standard basis
for the tangent space. The smooth part map sends points ¢t® to ¢, and everything else
to 0. In some sense, 0 € C is replaced by an infinite set of cylinders, C*, one for every
point in (0, 00). Accordingly, the singular fiber of the standard node-formation model
is replaced by many exploded manifold fibers, one for each ¢t € C*t(%:°) One way
to think of this ct? is as an infinitesimal gluing parameter: the fiber over ct? has two

natural coordinates Z; and z,, related by z, = c’c"'z'l_1 .

In this simple case, let us consider the natural C*1 regularity used in this paper. We

can think of our exploded manifold T, [(1) 00)

cylindrical end, and replacing 0 € C with lots of “cylinders at infinity”. A standard setup

replacing C \ 0 with a manifold with a

for analysis on manifolds with cylindrical ends uses Sobolev spaces with exponential

weights at ends, however, as cylindrical coordinates correspond to log z, an exponential
|—8

weight § corresponds to using a weight |z|™°. The regularity we will achieve in

this paper is C*L. Let us describe C°1 functions on T, [6 o)
é ) A continuous R—valued function 4(z) is C*1

if (h(z) — /’1(0))|Z|_8 extends to a continuous function for all § < 1, and the same

using the coordinate
z = [Z] on the smooth part of T, [

Geometry & Topology, Volume 23 (2019)
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applies to any number of derivatives of /, using the real or imaginary part of z d/0z.
How about C°1 functions on T [(2)
,00)
(h(z1.22) = h(0,0))(|z]; +z[2) ™",
(h(z1.22) = h(z1,0))|z| ™,
(h(z1,22) = h(0, 22)) |21 7%,

(h(z1, 22) — h(z1,0) = h(0, 23) + h(0,0)) |21 25|

, 7 Such functions /(zy, z;) have

extending to continuous functions for all § < 1, and the same holds for all derivatives
of / using our standard basis consisting of the real and imaginary parts of z; d/dz;.
The different conditions above correspond to different sets of strata of [0, c0)2. In this
case, the first expression above is redundant, but the fourth expression might seem
excessive. It ensures that each fiberwise-constant C°1 function on T, [?),oo)z is the
pullback of a C*! function on T, [(l)’oo). This is true more generally: given a family
of exploded manifolds, C°! functions on the base correspond to fiberwise-constant
C -1 functions on the total space; moreover, any C ! function on a fiber extends to

a C°1 function on the total space.

Most “singular” behavior in our family of curves C > Fis captured in the above
exploded node-formation model. Locally on C . the family C — F is either locally
trivial, or locally modeled on a base-change of our node-formation model, given by a
fiber product diagram

k m+1 2
R* x TQ — T[O,oo)2

L

k 1
REX TP ——— T

When P = [0,00)", Tp' is just (T[(l)’oo))m; if P is a more complicated polytope,
cut from [0,00)™ by integral affine equations Y waix;j = ¢, the exploded mani-
fold T p is the subset of (7 [(1)’00))M cut out by the corresponding monomial equations
[1Z7" =t¢, and the C°1 functions on T ' consist of the restriction of C°-! func-

tions from (T[(l),oo))M.

1.3 Geometric setup

This section explains how Theorems 1.2 and 1.3 apply to the F) equation on the
space of variations of a given family of curves f in a smooth family of exploded

Geometry & Topology, Volume 23 (2019)
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manifolds B — B(. To discuss holomorphic curves in such a family B, we require
an almost complex structure J on each fiber.’

A family of curves f in a family of exploded manifolds B — B is a commutative
diagram

@)y L5 3.0

2) l” l

F— B,

where mF is a family of exploded manifolds, and j is a family of almost complex
structures such that each fiber is a curve; see Definition 8.3 of [18]. Such a family has
regularity C°L if j, and all maps, are C°>1. By variations of f , We mean variations
of the map f such that all other maps in the above commutative diagram are fixed.
Locally, we can identify an open neighborhood of f in the space of such variations
with C%L sections of the vectorbundle f *T. Vertﬁ . The complex vectorbundle X in
the previous section is f * TvenE with its almost complex structure, J .

Given such a family of curves, use
dvertf : TvertC - TvertB

to indicate d f restricted to the vertical tangent space, T vertC c TC. This family f
is a family of holomorphic curves if dyer f oj =Jodye f Define a map

af TvertC - TvertB by af z(dvertf +Jodyernf o J).

We shall also consider 9 f as a section of the vectorbundle

3) Y(f) = (T5C ® [*Tyen B) O,

which is the subbundle of T*,C ®g f*TyenB fixed by j ® J. In fact, Y(f) is

the pullback of a vectorbundle over the universal curve over the moduli stack of

9 Almost complex structures are discussed in Section 8 of [18]. For this paper, we shall not require that
J be civilized in the sense of Definition 8.2 of [25], and also not require the stronger condition of being
5—log compatible, Definition 3.1 of [25]. This stronger condition is used in [25] to prove compactness for
the moduli stack of holomorphic curves, and if it were assumed, the results of the present paper could
conceivably be improved, with “smooth” replacing C %1, Such an improvement would not be particularly
important, because the category of C°-1 exploded manifolds behaves similarly to the category of smooth
exploded manifolds.
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€L curves in B — By;!° given any map of families of curves f — &, there is a
corresponding map of vectorbundles Y () — Y (g).

When we locally identify variations of f with sections of f * Tvmﬁ, we can also
choose a trivialization of Y over this space of variations. Then the d equation takes
the form (), and we can apply our regularity theorems.

Definition 1.4 Given a C*L family of curves

]

—
— By

N — O

a trivialization is

(i) a C°L map F such that the diagram

f*TvertE L> E

| |

F—— B,

commutes and such that

(a) F restricted to the zero-section equals f ,

(b) T F restricted to the natural inclusion f * Tvertﬁ cT( f * Tvertﬁ ) over the
zero-section is the identity,

(c) TF restricted to the vertical tangent space at any point of f * Tvenl’f is
injective;

(i) and a C%1 vectorbundle map @ that fits into the commutative diagram

F*Tverté i> j?*TvertB\

| 5
e —2 s €

and which is a J—preserving isomorphism on each fiber and is the identity
when the vectorbundle F*T, Verté — f *T, vertﬁ is restricted to the zero-section
of f*TyerB .

108ee Section 11 of [18] for a short discussion of the moduli stack of €1 curves. Roughly speaking,

this moduli stack is a category with objects consisting of C°-1 families of curves. A more detailed
analysis of this moduli stack is contained in [20].
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For example, we may construct a trivialization by extending f to a map F satisfy-
ing the above conditions (for instance by choosing a smooth connection on Tvertﬁ
and reparametrizing the exponential map on a neighborhood of the zero-section in
f *Tvertﬁ ), and letting ® be given by parallel transport along a linear path to the
zero-section using a smooth J—preserving connection on Tvené .

Definition 1.5 A trivialization allows us to define 9 of a section
v: C — f *Toer B
as follows: Fov is a family of curves
Fov: C B ,

s0 O(F ov) is a section of Y (Fov) = ( vertC ® (Fov)*T, VertB)(O 1) Applymg the
map ® to the second component of 3(F o v) defines a section dv of ¥ ( f ).

Lemma 1.7 below implies that 9 as defined above is in the form (x).

Given a trivialization for a family f we can define the following “simple perturbation”
of the 9 equation on variations of f

Definition 1.6 Given a trivialization for f , a simple perturbation of disa map Pl
from sections C — f*Tyex B to sections of Y (/) such that

v =0()+ V),

where W is a (possibly nonlinear) C°1 map such that the diagram

f*TvertE ¥ > Y(f)
\ |

commutes and such that the image of W restricted to edges of curves in C is contained
in the zero-section of Y'( f).

Lemma 1.7 Let f be a C*L family of curves with a choice of trivialization. Then
any simple perturbation &' of 9 is in the form (). In particular, in any coordinate
chart U on C where f * Tvertﬁ is trivialized as R™ x U, consider a section as a map
v: U — R". In such a coordinate chart, there is the following formula for 9 :

'v(u) = Ew(u), u) + HO(u), u)(dvenv),

Geometry & Topology, Volume 23 (2019)



Holomorphic curves in exploded manifolds: regularity 1633

where
H(dyerv) := %(H/ odyerv +J o H o dyerv o J)

and E, H and H' are as described in (*).

Proof The map E(x,u) is 0’ of the constant section u > (x,u). This is a €L
map, because f , J and j are C°L1 and it vanishes on the edges of fibers of C—>F
because every C*L curve is automatically holomorphic restricted to any edge, and
Definition 1.6 tells us that simple perturbations do not modify 9 on edges of curves.

The tensor H' is given by the formula
H'(x,u) := ®(x, u) o dyerr F (x, 1),

where ® and F are as in Definition 1.4. To interpret H’(x, u) as an endomorphism of
f *T. venﬁ at x, identify the vertical tangent space of f * Tvenﬁ —~ C at (x,u) with
fA *T. Venﬁ at u. Both ®(x, u) and the vertical derivative of F are injective, and both
are equal to the identity at the zero-section, so the same holds for H’. Because ®
and F are C°L H’ is C*1 too. Direct computation gives that 'v obeys the above
formula.

Given any C°1 connection V on j T, VertB Vyert — dyert 18 @ CL section of

VertC ® [*ToenB ® [*T, VertB which vanishes on edges of curves in C — F
because V,w always vanishes when v is a R—nil vector, and the vectors on edges of a
curve are R—nil.

It follows that E'(v,u) := H(v,u)(VyertV — dyerrv) is a Cool map satisfying the
conditions on E, so exchanging dye;x for Vyey gives (x). It also follows that an
operator is in the form above on coordinate charts if and only if it is in the form (x). O

2 Some norms on sections of vectorbundles

In what follows, we define some norms on the space of sections of a real vectorbundle
V —C overa family of curves CILF. Applied to the vectorbundles X and Y, these
norms will determine a series of Banach-space completions Xy s and Yy s of (bounded
subspaces) in X1 and Y1 5o that 3 determines a well-behaved, continuously
differentiable map Xy s — Yi 5, and so that convergence in C*L is implied by
convergence in || - || s for all natural numbers k and § < 1. We will prove our desired
C1 regularity by proving regularity in each of these norms.
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2.1 es and As

For defining and working with our norms, we need to recall some basic notions from [18].
In particular, we need the notation for a coordinate chart on an exploded manifold
from Section 3 of [18], the notion of a stratum of P or T 1’.?’ from Section 4, and the
following definitions from Section 7.

Definition 2.1 (the operator eg) Given any C° function # on R” x T p and a
stratum S C P, define

es(h)(X, 21, ... Zm) 1= h(x, 5t @202 2 (@n=Zm)/2)

where (ay,...,dan) is any point in S, and ct* := x.

So egh(x,Z) samples the function / at a point with tropical part halfway between Z
and the point a € S'. Note that eg/ does not depend on the choice of the point a € S,
because a different choice of @ € S would ask us to sample / at a topologically
indistinguishable point.

For example consider T 22 : ,. The polytope [0, 00)? has a zero-dimensional

_ 72
- T[O,OO)
stratum Sy, two one-dimensional strata

S1:=(0,00)x0 and S, :=0x(0,00)
and one two-dimensional stratum S3 := (0, 00)?.

If we have a function & € CO(T22), then eg,h = h, but
es h(z1,22) = h(0,z3), es,h(z1.22) = h(z1,0), es;h(z1.22) = h(0,0).

As a second example, consider T, [(1) 1 Smooth or continuous functions on T, [(1) 1

generated by ¢{; = [Z] and {, = |—t’1 Z~17. There are three strata of [0, 1] to consider,
0,1 and (0,1):

eol1 = {1, eolr =0, eoh(81,82) = h(8y.,0),
e1§1 =0, e16 =&, e1h($1.82) = h(0,82),
e0,n61 =0, e nt2=0, ewn1nhi.5)=n,0).

are

We can consider T, [0.1] a3 the subset of T 22 where Z;Z, = t!. From this perspective

1
0,1]
we can relate the above two examples by eg = eg, and ¢ = eg, .
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In general, the smooth or continuous functions on T'5' are generated by the smooth
monomials: functions &; of the form [t%Z% ] := [¢;]. For any stratum S C P one of
the following two options hold:

* eg8; =0, §; vanishes on the stratum of Tp' corresponding to S and E, >0
on S,'! or

* egl; =¢; and {; is nowhere 0 on the stratum of T'p' corresponding to S, and
&i=0onS.

The operation es on a continuous function /2 on T ' is then
esh(@y,....¢) =h(esly,....esln).
Of course, this implies that if / is smooth or continuous, eg/ is too.
Note that the operations e, commute and e, es;, = e, . More generally, es,es; =es/,

where S’ is the smallest stratum of P whose closure contains both S; and S;.

Definition 2.2 If 7 is a nonempty collection of strata {S1, ..., Sy}, use the notation
erh:=eg (es,(---es,h)) and Arh:= ( l_[ (id —es,-))h.
Siel

For an empty collection of strata, define ezh = h and Agh = h.

For example,
Agsy,so1h(z1,22) = (1 —es )1 —es,) (21, 22)
= h(z1,22) —h(0,z2) —h(z1,0) + A(0,0).

Note that if S € I, then egA; = 0, so Ay is an operator for constructing functions
that vanish on all strata in 7. In the above example, this corresponds to

Agsy,$,11(21,0) = 0 = Agg, 5,301(0, 22).
2.2 Allowable coordinate charts

We will define our norms using a class of allowable coordinate charts on a family of
curves. These coordinate charts are in a rather rigid form so that Ag is defined, and to
simplify gluing analysis and facilitate defining a global version Ag of Ag.

1 Eor this paper, the tropical part of a function is R—valued instead of tR _valued, so ct? := a. One
complication is that t is infinitesimal, so @ > 0 is equivalent to % < 0.
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Definition 2.3 An allowable coordinate chart on a family of exploded curves CI5F
is a coordinate chart on C =5 F satisfying the following requirements:

e The coordinate chart on F is some open subset U C R¥ x T p' such that egh is
defined on U for all strata S if / is defined on U, and such that U is contained
in a compact!? subset of RK x Ty

« The coordinate chart on C and the map g is some restriction of a standard
projection
REx TS HREX TR
such that:
— In standard coordinates, & is given by
(X’El’ LRI ,Em+1) = (X,EZ, LRI ,Em+1)
— The polytope Q = Rk x T é” *1 is defined by the equations
(E_z,...,Em+1)eP, Z_ZO,

and possibly
taz(_l9ﬁ29"'9ﬁl’n+l) Z 0;

in this case, let 28 := ¢Z(= 182, Bm+1) |
e The coordinate chart U on C is in one of the following forms:
(I) If the polytope Q is not a product of P with [0, c0), then
U:=n"'Un{F|<c |7 <}
and %128 < ¢2/16 on U .
(II) If the polytope Q is P x [0, c0), U is in one of the following forms:

(a) U is the intersection of 71U with the set where the coordinate Z1
on T, [(1)’ ) takes values in some open ball compactly contained in C*¢°;

(b) U is the intersection of 7 ~'U with the set where |Z1| < c.

12Topological notions refer to the topology induced from the smooth part of an exploded manifold;
see [18].
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The nodes of curves in our family are covered by charts of type (I). We will be doing
gluing analysis in these charts — the rigid conditions on the shape of such a chart are
artifacts of our chosen gluing construction; for example, the condition |Z; 'z“ﬂ| <c?/161is
there to ensure that some cutoff functions do not interact. Such an allowable coordinate
chart always exists around any point in C — F. The condition on its tropical part
follows from the requirement that Q — P be surjective, and have derivative (restricted
to each stratum of Q) surjective on integral vectors; see Definition 10.1 of [18].

2.3 Weight functions wg and wy

Our norms generalize the notion (on manifolds with cylindrical ends) of Sobolev
spaces with exponential weights. On a manifold with a cylindrical end, we only need
a single weight function; this situation corresponds to a coordinate chart modeled on

k 1
R*x T, [0,00) "
In particular, we need a weight function ws for any set of strata S of P. This weight

For more general coordinate charts T}’ , we need lots of weight functions.

function should vanish on all these strata, but decay at least as slowly as any smooth
function vanishing on the same strata. We need to use these weight functions when
analyzing a family of vertical differential operators on an allowable coordinate chart,
U — U ; for this we must control terms in wyg that are not lifted from U by using the
algorithm below.

Definition 2.4 Given any allowable coordinate chart U, and any collection of strata
S:={S; C Q’ C Q}, define a weight function ws as follows: choose a set of

generators {(;} for the monomial ideal!?

of smooth monomials ¢ on T é"“ so that
es;¢ = 0 for all Sj € S. Choose these generators for our monomial ideal using
the following algorithm: Choose a finite set of generators for the monoid of smooth
monomials on T ’Q""H , a set consisting of [Z;], [Z#7 and lifts of smooth monomials
on Tp'. Include in our set {{;} all the generators which are in our monomial ideal, then
all products of two unused generators in our monomial ideal. Continue this, adding
all products of k generators in our monomial ideal, but with no subproduct in our

monomial ideal.
Now define

ws = (Y_14il).

13This monomial ideal is an ideal within the monoid of smooth monomials on T é""'l ; the set {¢;}
generates this monomial ideal in the sense that any smooth monomial { with es; {=0forall §; €S is
the product of some ¢; with another smooth monomial.
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This weight function wgs vanishes on all strata in S, and has the following property:
If A is any smooth function, then for any § < 1, the function w8 Agh extends to a con-
tinuous function that vanishes on the strata in S. So the smooth function Agh vanishes
on the strata in S, and decays faster than w? ¢ forany § < 1;see [18, Lemma 7.4].

A special case of ws Let Sy be the set of strata not projecting homeomorphically
onto strata of U . These are the strata corresponding to the edges of the exploded curves
in our family.

For example, in the case of coordinate charts in the form of (I) above, then

ws (|rzn|+|rzﬂ1|+2|zl)

where {¢;} is some finite set of generators for the monomial ideal of smooth monomials
on U that vanish on all strata on which [Z;Z#7 vanishes. This weighting function ws,
satisfies the following: if / is a smooth 0r C°°-1 function on T m+1 vanishing where
[Z1]1=[281=0, thenforall § <1, hwg? 5o €xtends to a contmuous function on T m+l
also vanishing where [Z;] = [2#] = 0. Another way to say this is as follows: if esh O
for all S in Sy, then hwz? s, extends to a continuous function so that eg(fw S()) =0.

For uniform control over the norm of a cutting map used in gluing analysis, we
replace ws, with a simpler weighting function wg that does not include these extra
|¢i| terms.

Definition 2.5 On allowable coordinate charts of type (I), define
wo = [[Z1]] + [[Z71],
and on allowable coordinate charts of type (II), define
wo = |[Z1]].

The following lemma ensures that replacing ws, with wy is not too dangerous.

Lemma 2.6 Given any allowable coordinate chart, there exists a positive number g
and a constant ¢ such that

Cwo = wgo.
Proof On allowable coordinate charts of type (II), wo = ws,, so we can reduce to
the case of charts of type (I). On such a chart, ws, := (|[Z;]] + 11287+ 3;1¢] )
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where {{;} is some finite generating set for the smooth monomials vanishing where
[2:28] = 0. Each such ¢; is the smooth part of some exploded monomial E, whose
tropical part is a nonnegative integral affine function E, : P — [0, 00), strictly positive
on every stratum where 51_273 is strictly positive. If there are no strata on which E, =0,
then {; is identically 0, and can be safely discarded. Otherwise, there exists some
positive integer ¢ such that

“) qti = %, 2P.

Such an estimate holds on any ray within P starting at a point on the largest stratum on
which E, vanishes, and holds with a uniform constant because the set of rays normal
to this stratum at a given point is compact. As P is contained within the span of
vectors within this stratum and such normal rays, it follows that the above estimate (4)
holds for a uniform ¢ on all of P. As {{;} is finite, we can choose ¢ so that (4)
holds for all i. It follows that the product of any ¢ such E, will have tropical part
bounded by 31_273 , and therefore be the product of Z;Z# with a monomial E whose
tropical part is nonnegative on P. The corresponding product of ¢; will therefore
be [E] [Z117Z#7, and on our coordinate chart, its absolute value will be bounded by
a constant times |[Z1]|. Similarly any term appearing in wf , Will be bounded by a
constant times either |[Z;]] or [[Z8]|. As there are only finitely many such terms, our
required estimate follows:

cwy = wgo. O

Lemma 2.6 implies that given any smooth or C°1 function /4 and §' < 1/q, the
function w 8" Asyh extends to a continuous function vanishing on all strata in Sp.

2.4 Norms in allowable coordinate charts

Given a finite collection of allowable coordinate charts, we now define a series of norms
on vector-valued functions on these coordinate charts U C R” x T 5’ *1 . In all that
follows, use the standard metric in which d/dx; and the real and imaginary parts of
Z; 0/0Z; are orthonormal. In the case of a chart on a single curve, these norms || - ||x s
and |- ||}<_1’ s are analogous to L,f with exponential weights on cylindrical ends. In
the more general case of a chart on a family of curves, these norms are also analogous
to weighted Lf norms, however we treat vertical directions specially, because we are
analyzing a family of vertical differential operators. In particular, the norm ||v ||]1€ s
controls k derivatives of v in addition to one vertical derivative.

Geometry & Topology, Volume 23 (2019)



1640 Brett Parker

(i) Choose some exponent p > 2 and weight 0 < § < 1. Also, choose some
number K so that, for each coordinate chart, Lemma 2.6 holds for some ¢ < K.
Then let

N U
)

and define the norm

1

/ p

lvlls := sup (/ ~|w0_‘S v|p) )
xen (D) =l (x)NU

So ||v]g is the supremum, over all fibers, of a weighted L? norm of v restricted
to a fiber. This is only defined when Ags v =v,so esv =0 forall S € Sy, or
equivalently v vanishes on edges of the curves in our family.

(i1)) Define

. -4
Vllo, == vl +max(ws®Asvls).
The maximum is taken over all collections S of substrata of _(7 . (Where wg and

Asv both vanish, we use the convention that wg5 Agv = 0 for the purposes of
calculating these norms.)

(iii)) Define
IVllk,s = IVllk=1,5 + ldv]ik—1,s-

These norms should be thought of as suitable generalizations of L,f with expo-
nential weights.

(iv) For this last collection of norms, we shall use the notation dye; v to refer to dv
restricted to the vertical tangent space — spanned by the real and imaginary parts
of Z; d/dZ; . Define

”V”§/ = Sup|v| + ”dvertV”é’v
1116,5 1= IVl + max(suplws® Asv] + w5’ Asduerv |3,
Wil g = IVllg—y 5+ ldVlig_y -
Recall the following definition of C k.8 for any 0 < < 1.
Definition 2.7 (C* and o4 regularity) Define C%% to be the same as C°. A

sequence of smooth functions f; € C*°(R"x T p') converges to a continuous function f
in CKOR" x T p') if the following conditions hold:

Geometry & Topology, Volume 23 (2019)



Holomorphic curves in exploded manifolds: regularity 1641

(1) Given any collection I of at most k nonzero strata, the sequence of functions

(W Ar(fi — f)

converges to 0 uniformly on compact subsets of [R” x T '] as i — oco. (This
includes the case where our collection of strata is empty and f; — f uniformly
on compact subsets.)

(ii) For any smooth vectorfield v, v( f;) converges to some function v/ in CK—1:4.
Define CK4(R” x T p') to be the closure of C* in C 0 with this topology.'#
Define C*% to be the intersection of C*% for all k.

Define C®+ to be the intersection of C*%" for all §’ < §.

Note that any C°1 function v restricted to any compact subset will have ||v|| }C s finite,
and if Asyv = v, then |[v|| s will also be finite. Standard Sobolev estimates imply
that if ||v]|x s or ||v||]1c s 1s finite for all k&, and all § < 1, then v is cool

We shall often need the following observations about the behavior of products in our
norms.

Lemma 2.8 (A) For I and I, any collection of strata of an allowable coordinate
chart, wy, wlzwl_llu I is bounded.

(B) The following product formula for As holds:!?
As@y) = (es—1A1¢)As_1¥.

ICS
(C) On any allowable coordinate chart and for any k € N, there exists some con-
stant ¢, depending only on k and our choices defining the above norms, such
that, if at least one of ¢ or V is a real-valued function,

¢V llx,s < cllol

(D) On any allowable coordinate chart and for any k € N, there exists some con-
stant ¢, depending only on k and our choices defining the above norms, such
that, if at least one of ¢ or Y is a real-valued function,

1 1 1
||¢W||k,5 = C||¢||k,5||1/f||k,5-

14This notion of convergence induces a well-behaved topology because it is equivalent to convergence
in some countable sequence of norms. In particular, a subset is closed in the induced topology if and only
if it is sequentially closed.

13 Throughout this paper, the symbol C means . Proper subsets will be indicated by the symbol c.

1
k.8 || W ”k,S'
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Proof To see item (A), note that wy, is a finite sum of absolute values of smooth
monomials vanishing on strata in /;, so wy, wy, is a finite sum of absolute values of
smooth monomials vanishing on strata in I; U I,. The weight function wy,yyz, is a
sum of absolute values of generators for the monomial ideal of such smooth monomials,
soon R?"x T é” , every item in the former sum is a continuous function times an element
of the latter sum. As allowable coordinate charts are always compactly contained inside
R” x T’Q", it follows that wr, wy, wl_llulz is bounded.

To prove item (B), note first that if S denotes a single stratum,

Asp = oV —(esd)(es¥) = (AsP)Y + (esP)As ¥,

so the required identity holds if S consists of a single stratum. Suppose now that
S = 8’ U{S}, and the required identity holds for S’. Then

asov=as( T (es-1aip)de-rv)

I1cs’

=Y (es—1AsA)As— 1V + (eses—1 A1) AsAs 1y
Ics

=Y (es—1A1$)As_1V.

ICS

So by induction, the required identity holds for any set of strata S.
To prove item (C), note that
lpwlls < @lls suply| < liplls Il I5-

Next, we use item (B), then item (A), then the above observation to show the following:

lws? As@¥)lly < Y lws’ (es—1Ar¢)As—1¥lls:

Ics
<c ) lwpbtes—rArp)wsl  As_ v lls
ICcS
<c Y lwples—1Arglly suplws’ ; As_rvl.
IcS

The constant ¢ above depends on the collection of strata S, but there are only a finite
number of strata, and because AgAg = Ag, we need only consider sets of distinct
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strata. Therefore, for a different constant ¢,©

1
¢ llo,s = cliolloslvilgs-

Now we can use induction on the number of derivatives. Suppose that the required
inequality holds for k£ — 1 derivatives. Then

6V lks = oV llk—1,5 + ld@V) k-1
<c'(I¢llk=1, IWII;IC_I,S + dollk-1.5
< 3C’||¢||k,5||¢||11€,5-

Therefore, by induction the required inequality holds for all & .

W lk—1, + 10 lk—151d¥ 15—y 5)

We prove item (D) similarly as follows:

sup|¢ | < sup|@| sup|y|,

so as above, we may estimate using item (B) and item (A):

suplws? As(@y)| < D suplwz® (es—1 Arp) As— V|

ICcs
-8 -8
<c¢ ) suplwP(es—r Arp)wst  As_r ]
ICS
<Y suplwples_rArg|suplwz®  As_ .
ICS

We also have from item (C),

”dvert(qu)”k,S = ”(dvert(}s)‘/f”k,ﬁ + ”d’dvertwnk,ﬁ
= c||dvert¢| Wf”]lc,é + C||¢||]1¢,5||dvertw|
< 2¢|l9pllz sl 1l s-

Therefore, for some new constant ¢ we get the required inequality:

k.8 k.8

1 1 1
lowlld s < cllglls slvls s

16 Throughout this paper, constants ¢ in such inequalities will depend on the choice of coordinate chart,
norm and maybe a collection of strata, but they will never depend on ¢ or . There are many inequalities,
and we will reuse ¢, even though it refers to a different constant in different inequalities.
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The general case now follows by induction because if it holds for k — 1,

v lizs = ¢V llz_ys+ I1d@Y) iy 5
< (Il sl ey + 1dplli_y sIVlz_ys+ 16—y slldVlz_1.5)
<3 BllgslV s O

We use the adjective extendable to grant noncompact sets some compact-set superpowers.
In particular:

Definition 2.9 (i) An extendable open subset of a topological space is an open
subset contained inside a compact subset of that space.

(i1) An extendable allowable coordinate chart is an allowable coordinate chart that is
also an extendable subset of some larger allowable coordinate chart.

(iii)) An extendable function is a function which is defined on an extendable subset,
and which is the restriction of a function defined on a larger, compact domain.

(iv) An extendable vectorbundle is a vectorbundle which is the restriction of some

vectorbundle to an extendable subset.

(v) An extendable function on an extendable vectorbundle is the restriction of some
function to an extendable vectorbundle.

Lemma 2.10 If, on some extendable allowable coordinate chart U , v is a R" —valued
function with ||v||k 5 finite and E is a C*-1 extendable function on the extendable
vectorbundle R" x U , then ||E(v)||k s 1s bounded. If As E = E, then [|E(v)| s
is bounded. These bounds can be chosen to depend continuously on v in the || - || k.5

topology.

Proof For a single stratum, Ag(E(v)) = (AsE)(v) + As((es E)(v)),soif S is a
collection of strata,

) As(EW) =) Ar((efAs—1 E)(v)).
ICS

Because ||v]|} k.5 is bounded, sup|v| is bounded, so, for £(v), we may restrict attention
to a fiberwise-bounded subset of R” x U — U . Here, we have bounds on E and all
its derivatives, because £ and U are extendable. In the following, let Dy indicate the
derivative with respect to d/d¢; forall i € I:

(6) A]((eIE)(U))—/ / DI((eIE)(l_[(es +ZZASI)V))1_[dtl

iel iel
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To estimate Ay (ey E)(v), estimate this integrand. Writing ¢y :=[[;cj(es; +t; ASi)v,
we have

) Di(erE)¢r) = Y. (D"erE)(Dr 1) (Dr,¢r)

ey =1

= > (D'eE)Andr-1)--(Andi-i,).

Wi =1

The sum above is over all partitions of /. The above equations (6) and (7) also
hold with Ag_j E replacing E; note also that D"e;As_j E = Ag_rey D" E. Using
the equations (5), (6) and (7) and Lemma 2.8(A), we get that sup|w§5 As(E(v))] is
bounded by a constant times the expression

n
® Y. > suplwz® As_rer(D"E)¢n| [] Suplwl_j‘S Ap¢r-1; 1.
ICS]_[}‘zllj:I j=1

The first term in each of the above summands is finite because E is extendable and
in C*1, and the other terms are bounded by ||v ||(1) s+ Our estimate for each of these
terms can be chosen to depend continuously on v in the || - || (1), s topology. (The estimate
of the first term can be chosen continuous in the supremum topology, which is weaker
than the || - || (1)’8 topology.)

Similar to the above, if Ag,E = E, we may bound ||wg‘s As(E(v))|ls by a constant
times

n
© > > suplwg? wz® As_rer(D"E)@p)| [ [ suplwr’Ar i1y
IeS]_[;?=11j:1 j=1

for some € > 0. The first term is bounded for € small enough using Lemma 2.6:
e —q(& _
suplwy® " ws® ; As_1(D"E)| < e suplwgdCHwg As_ (D" E))

—a(§ -
=c sup|wSOQ( +) wsil Asyus—1)(D"E)|

—q(§+e€)—

8
<’ suplwg sy Aspus—n(D"E)|.

We may choose € and ¢ so that the above inequality holds and ¢(8' +¢) +68 < 1, so
the final term in the inequality above is bounded. The other terms on the right-hand
side of (9) are bounded by ||v ||(1) s+ Again, the bounds can be chosen continuous in the

Il ||(1) s topology. Therefore, in this case || E(v)[ o,s is bounded, and the bound can be
chosen to depend continuously on v in the || - ||(1) s topology.
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In the case that A, E is not necessarily equal to £, we know that sup| w§5 As(EW))]
is bounded, and we must show that ||dyer(E(v))[ 0,5 is bounded. To this end, note
that dye(E(V)) = DE(V)(dyertv) + (dyert E)(v). The second term can be dealt with
by observing that dye E is in C°1 and A Sovert E = dyert E, therefore, as argued
above, ||(dverE)(v)llo,5 is bounded. The first term can be dealt with in the same
way as the product was dealt with in Lemma 2.8(C). Note that in that argument, the
only part of the norm || - ||(1)’ s used was the part involving the supremum. Following
this argument, we can bound || DE(v)(dyerv)||o,5 by the product of ||dyerv||o,s With
>s sup|wg‘s As(DE(v))|, which as argued above is bounded. Again, our bounds may
be chosen to depend on v continuously in the || - ||(1), s topology.

We have now shown that if ||v|| (1),8 is bounded, || E(v) ||(1)’5 isbounded, andif As, E=E,
then || £(v)]o,s is bounded, and these bounds can be chosen to depend continuously
on v inthe | - ||(1) s topology. For induction, suppose that the equivalent statement holds
for || - ||},1€’(s and | - [|x,s- Note that d(E(v))(-) = DE()(0,dv(-))+(DE)(v)(-,0). If
v ||]1c +1,¢ is bounded, the first term is a composition of the C %1 function DE(-)(0,-)
and (v, dv), which has ||(v,d v)||,1€’ s bounded, and the second term is a composi-
tion of the C°1 function DE(-)(-,0) with v. By our inductive assumption, the
Il - ||,1€’(S norm of both these terms is bounded, and ||d(E(v))||,1€+1’(S is bounded. Simi-
larly, ||d(E(v))|lk+1,s is bounded if ||V||11<+1,5 is bounded and Ag,E = E, as in that
case As,DE = DE. All these bounds can be chosen to depend continuously on v in
the || - ||,1c 13 topology. By induction, we have proved the lemma for all k. a

Corollary 2.11 If E is an extendable C>! function on R”" x U, then E (v) in the
Il ||]1€ s topology depends continuously on v in the |- ||]1c s topology. If AsyE = E,
then E(v) inthe || - |« s topology depends continuously on v in the || - ||]1c s topology.

Proof We have 1
EG)=E02) = [ DE@:+1(2= )2 =),
so using Lemma 2.8(D),
IEwD) = EW2)lgs < clvi —vallgs /01||DE(V1 + 1 (v —v1)llg 5 dt.

As DE is C*1 Lemma 2.10 tells us that ||DE(v’)||,1€ s can be bounded uniformly
for v/ ina |- ||]1c s—neighborhood of vy . Therefore, if v; is in this neighborhood,

1 1
| E(vy)— E(v2)||k’5 <clvi — V2||k,5-
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So, E(v) inthe || - ||,1c s topology depends continuously on v in the |- ||,1C s topology.

Similarly, using Lemma 2.8(C),

1
G0~ Els < clvr = vally [ 1DEG: -+ 03 = vi)ls de.
0

As DE is C*®1 and As,DE = DE if As,E = E, the norm || DE(V')||xs can be
bounded uniformly for v" ina || - ||]1c s—neighborhood of vy if Ag, £ = E. Therefore,
if v, is in this neighborhood,

IEW1) = EM2)llxs < cllvi —vally -

So, if AsyE = E, then E(v) inthe |- [|¢ s topology depends continuously on v in
the || - ||,1€ s topology. a

2.5 Equivalent norms using lifted sets of strata

We now describe equivalent norms for |- |[p s and || - ||(1) s These new norms only
involve weighting functions wgs with dyews = 0, making estimates involving vertical
derivatives easier. For this, we need the following concepts:

Definition 2.12 Given an allowable coordinate chart U —=> U and a set of strata S
of U, the lift S of S is a set of strata of _ﬁ defined as
S:={S|x(S)eS).

For our purposes, two sets of strata S and S’ will act identically if As = Ag/, so
define a lifted set of strata S to be a set of strata of ﬁ with the following property: if,
for some strata 7, the projection 7 (7") is in (S), then A7 Ags = Ag.

For any set of strata S in U, define the complement S to be the set of strata S’ such
that Ag'As # As, and 7(S’) = n(S) for some S € S.

Use S¢ = @ when S is a lifted set of strata.

If S¢ = &, the vertical derivative dyerws = 0 because wgs is the lift of some function
from U . Note also that (SUS)¢ = &.

Lemma 2.13 On any allowable coordinate chart, given a stratum S; and S; € Si,
there exists a constant ¢ > 0 such that

5
les, As; ¢ = clleg, dvendlises, wy.
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Proof The left-hand side of the above inequality is |e 5 ¢p—e 5,65 ¢|. This equals
the difference between the ¢ on some fiber of the coordinate chart and ¢ on the edge
contained in the same fiber. We shall bound this difference using a standard Sobolev
estimate on this fiber. We will then get a uniform bound using the bounded geometry
of allowable coordinate charts.

Without losing generality, we may assume that the part of this fiber of interest has
coordinate Z7 , and the smooth component of the fiber of interest is {0 < |[Z;]]| <c} CC,
where c¢ is a constant depending only on the coordinate chart, and not the particular
fiber. Use cylindrical coordinates [Z;] = e’ T/? . Denote ¢ restricted to this smooth
component of this fiber simply as ¢.

We are interested in bounding |¢ (¢, 8) —¢ (—o0, 8)] in terms of ||e§j dyertd ||5e§j wg. In
the case we have restricted ourselves to, e 5,Wo = I[Z1]] = ¢*. Using this observation
and the definition of || - ||5, we have

1

D

les,dntls = ([ (& ldphr ara)’.
{t<logc}

(The inequality sign above is there because the right-hand side is considering only one
fiber. The ¢ on the right-hand side is ¢ restricted to this fiber, so es; dyert) = d¢ )
So long as p > 2, a Sobolev estimate implies that there exists some constant ¢; > 0
such that

14
(/{1 }|d¢|f’drd@) St sup oG 1) — (i, 6.
X <t<x

{x—1<t;<x}

Therefore,
sup  |p(11,01) — (12, 05)] < 01€5x||6’§j dver® s
{x—1<t;<x}
SO
8%
sup (11, 01) =@ (12, 02)| = 1 ——5 lleg, dvend ls-
{ti <x} -
The above implies the required estimate:
8t
|¢(l 0) — ¢ (—o0, 9)' <Cl 5||eS vert¢||5
=c ||€§j vert¢||ﬁe§j wg O
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Definition 2.14 Define the norm ||v||sgs by using the || - ||s» norm on smooth manifold
fibers of 7: U — U and the norm || - lls+s- on fibers with tropical part not equal to a
point:

Ivllsas :=

1
’ p , p
max{ sup (/ ~|wa‘s v|1’) , sup (/ ~|wa‘s_5v|p) }
71 (x)=point\/ =1 (x)NU 71 (x)#point\d =1 (x)NU

Define the norm ”V”é&& = sup|v| + ||dvertV || s&s’ -

|—

We shall see that ||v||sgs is equivalent to the norm in equation (10) below.

Lemma 2.15 (i) On any allowable coordinate chart, the norm ||v||o s is equivalent
to the following norm using the lifts S of sets of strata S in U :

—6
Ivlls +max|lwz® Agvllses -
(i) On any allowable coordinate chart, the norm ||v ||(1) s 1s equivalent to the norm
]}, + max|lwz® Azv |}
8 S S =SV Ns&s
Proof The strata on which the higher weight § + ' is used for the || - ||sgs norm are
the strata 7" such that 7¢ # &. Therefore, the norm ||v||sgs/ is equivalent to the norm
10) vl||ss + max |le7v ,
( vlls TC#OH TVls+5

because |lerv| 544 is equivalent to taking the supremum involved in the || - |54.5/ norm
just over the stratum 7.

Therefore, to show that ||v]/o s and ||v||(1) s dominate the two new norms above, it is
enough to show that [|v||o s and ||v||(1) s Tespectively dominate ||eTw§8 Agzv|s4s and

Claim If T¢ # o, there exists a constant ¢ such that
(11) eTW3ys, = ceTwzwy.
(Here S is a lifted set of strata, and S, indicates the set of strata on which wyg

disappears.)
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The above claim holds trivially if 7' € Sy or ey Az = 0, as then both ezwg, So and
eTwzwg are 0. As T¢ # &, assuming that 7' ¢ Sy gives that erwo = |{o|, where
¢o is a smooth monomial either equal to [Z;] or [Z8]. Suppose now that ¢ is one of
the smooth monomials used in the definition of wg s, . For any smooth monomial,
either eg{ = 0 or eg¢ = ¢. Because { =0 on Sy, if er # 0, then ¢ must be {5¢’
where ¢’ is some lifted smooth monomial and n > 1. Moreover, {’ must disappear
on &; this is because both S and ¢’ are lifted, so if ¢’ is nonzero on some stratum
S € S, itis nonzero on all S’ € S¢ C &, but Lo # 0 on one such S’ and therefore
¢ # 0 on S’ —a contradiction because {j¢’ =0 onall S' € S. As ¢’ vanishes on all
strata in S, it is bounded by some constant times wz, so { = er{ is bounded by some
constant times e wgzwg. Applied to all monomials ¢ appearing in wg s, » this proves
the above claim that ezwgz So is bounded by a constant times e wzWwo.

Our inequality (11) implies that ||e7 w§5 Azv||s 5 is dominated by || wgé S Azus,vlls
and |er w§5 Agv ||§/+8 is dominated by

-5
I

-6
Y5Us, A§Usodvertv llsr + sup|w§ Azvl,

so our new norms are dominated by [|v|o,s and [[v ||(1) s respectively.

We must show that ||v]|o s and ||v ||(1)’ s are dominated by the new norms above. For
I an arbitrary collection of strata, we need to bound ||w1_‘S Ajvllsg with these new
norms. Let S be the largest lifted collection of strata such that AzA; = Ay. Then
Aj = Az[]As, where the product is over strata S € I not contained in S (which
implies that S¢ # @). Simple computation gives the identity

Ag =Agyusc + Z €§A5.
Sesc
Therefore,

(12) Ap = Z( ] ZegAS)Agu,,U(,,)(,.

I'c(I-8)  Sel-8—I' SeS¢

Note that if S € S¢, then esAsAsy = esAs,. If |v]s is finite, Asyv = v, so if
[v]l¢ is finite we can replace egAg with eg in the above equation (12), getting

(13) Ay = Z( I1 Zeg)AgUI,U(I,)CV if Agv=v.

I'c(I-8) " SeI-5—1’ Sesc

Geometry & Topology, Volume 23 (2019)



Holomorphic curves in exploded manifolds: regularity 1651

To bound ||w1_5 Agv|s and | wl_‘g Arv ||§, using the above decomposition of Ay, we
also need the estimate

(14) cwy > ( l_[ e§)w§UI/U(1/)cw0-

Sel-S-1I’
To prove the above inequality, suppose that ¢ is one of the smooth monomials involved
in the right-hand side, so ¢ vanishes on all strata in So US U I’ U (I')¢, but does
not vanish on S. In particular, ¢ = fa where E= 0 on some S € S¢, and E> 0
on S° € Sy, where 7(S) = n(S?). Therefore,_g >0 on S. This is valid for all
S € I —S8—1'. As all other strata in I appear inSuI'U (1")¢, it follows that ¢
vanishes on 7, so is bounded by a constant times wy. The inequality (14) follows.

Using the decomposition (13), the above inequality (14) and the fact that w; > cwyyje,
we get that the following inequality holds, so long as As,v = v:

lwr Apvlls < elwidjeArurev]ls

+c Z ( l—[ ZeS) Wsuruune® 5A§U1’U(I’)CV

I'S(I-8)" " Sel-8-I' Sesc

= cllwié e Arorevls

T Z ( l_[ ZeS) sul’u(l’)cAgUl/U(I’)"v

I'S(I-8)" " Sel-5-1' Sesc

)

(In the above inequality, we also used the fact that eswy < wy.) All the terms above
are dominated by the first new norm, and we have proved that |[v|| s is dominated by
the first new norm.

To dominate || wI_5 Adyerv||s by the second new norm, we can use the above inequality.
Now dominate sup|wl_8Av| using (12) and (14) as follows:

(15) sup|w1_8A1v|
<c sup|wI_SIL.A1UIcv|

-8 —6
I's(I-5) Sel-5-I'

The unspecified sum (above and in the equation below) is over all choices of S € S¢
forall S € I —S —I'. We must bound the terms appearing in the sum above in (15).

Geometry & Topology, Volume 23 (2019)



1652 Brett Parker

Lemma 2.13 gives that [egAg¢| < c||e§dven¢||5+5/e§wg+5/. Use this inequality for

asingle S €1 — S —I’, and remove the other terms in A 7—5_p by observing that
IAs ¢l <2[|l¢l. We have

-5 i
Z( I1 €§)w§u1/u(1/)cw0 Ar-g-rAsuruane?

Sel-8-I'
_\,,=¢ ~
( I1 Zes)w§u1/u(1/)c~Asu1’U(1/)cdvert”
Sel-S—1I' SeSc

sup

<c

8+8

The last term is bounded by our second new norm, so this completes the proof that
vl (1) s 1s dominated by the second new norm. O

2.6 Norms on an allowable collection of coordinate charts

We are now ready to define our norms on a vectorbundle V' over a family of curves
T C — F . To avoid the problems that arise if F is not compact, we define the notion
of an “allowable” family, which is extendable and can be covered by an “allowable”
collection of extendable allowable coordinate charts. We shall also need a version of

this definition when there is a collection of marked points on our family.

Definition 2.16 An allowable collection of coordinate charts on a vectorbundle V'
over a family mp: C — F is a local trivialization of V over a finite collection
of extendable allowable coordinate charts 7: Uy,; — Uy, satisfying the following
additional conditions:

() 75" (Ua) =U; Uai-
(2) The restriction of the vectorbundle V to Uy,; is R” x Uy; with the obvious
projection.

(3) Coordinate change maps and intersections between Uy ; and Uy, ; satisfy the
following conditions:

(a) If Uy,; and Uy,; are coordinate charts of type (I) from Definition 2.3 (these
are the charts that cover an internal edge of an exploded curve), and i # j,
then they do not intersect.

(b) If Uy,; and Uyg,; are coordinate charts of type (II), they are the product of
an open subset of T 11 with Uy . In this case, their intersection in either of
these coordinate charts is also the product of an open subset of T 11 with Uy,
and the coordinate change map is a product of some map between these
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subsets of T 11 with the identity map on U, . The coordinate change map
between the vectorbundle trivializations over these charts is independent of
position in U, and depends only on T 11 .

(¢) If Uy, is a coordinate chart of type (I) and Uy,; is a coordinate chart of
type (II), their intersection is as follows: In Uy, it is the product of a
subset O C Tl1 with Uy. If Uy, is given by {|Z;| < c, 1ZB| < ¢}, then
the intersection with U, is a subset of the form {Z; € O’} or {Zf € 0},
where O’ C {6/2 <|z| < c} € C. In either case, we identify this subset
with the product O’ x U, . The transition map in this case is the product of
a diffeomorphism between O and O’ and the identity on Uy . Again, the
coordinate change map between the vectorbundle trivializations over these
charts is independent of position in U, and depends only on O.

If our family also has a collection of nonintersecting marked-points sections F — C
not intersecting edges of curves in our family, then an allowable collection of coordinate
charts is an allowable collection as above with the extra conditions that no marked
points are inside coordinate charts of type (I), and in the coordinate charts of type (II)
containing marked points, the sections corresponding to these marked points are constant
sections Uy — T 11 X Uy.

Outside a neighborhood of internal edges, every family of exploded curves is locally
trivial (ignoring complex structures), so it is easy to verify that any single curve C # T
in a family of curves (with marked points as described above) is covered by an allowable
collection of coordinate charts: first cover internal edges with separated charts U; — U
of type (I) that avoid marked points. On the subset of U; where ¢/2 <Z; < ¢ or
c/2< ZB < ¢, there is a canonical map to U; N C given by keeping all coordinates
apart from %P or 2| constant; after possibly shrinking ¢, there is a contractible choice
of extension of this map to n;l U\ U; Ui — C trivializing the family n;l U)y—-U
(along with its marked points). We can then choose the remaining charts and transition
maps compatible with this trivialization. Moreover, by shrinking and subdividing these
coordinate charts if necessary, we may extend these allowable coordinate charts to any
finite-rank vectorbundle. Note that the almost complex structure on fibers can not be
assumed to be the standard one from the allowable coordinate charts.

Definition 2.17 An allowable family C ZE F is a subset of a family of curves
C Z5 F' covered, along with the vectorbundle X', by an allowable collection of
coordinate charts.
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In particular, an allowable family of curves

B
|
—— B,

is a family such that C — F with the vectorbundle f * Tvenﬁ is covered by an

N )

allowable collection of coordinate charts.

If C — F is an allowable family of curves, Tv”;rté is canonically an allowable
vectorbundle, trivialized using the standard basis for the cotangent space in coordinates
consisting of dx; and the real and imaginary parts of Z; ' dZ;. So, T, V";rtCA‘ ® X or
T, V*;rtCA‘ ® f *Tven B is also canonically an allowable vectorbundle. For the purposes
of measuring the norm of sections of Y := (7, v“;rté ® X)©D we consider Y as a
subbundle of this allowable vectorbundle. Note that ¥ may not be a constant subbundle

using this trivialization as j may not be constant in our local trivialization of TvtrtCA' .

Definition 2.18 On an allowable family f with vectorbundle V' covered by the
allowable collection of coordinate charts Uy ; — Uy, define the norms

IVl 7= Y M0l s
Uoz,i
where *x stands for the different possible labels for norms defined so far. For example,
1 . 1
”V”k,g = ZUO[_,- ||V|UM. ||k,8'
Given a choice of weight éy,; for each coordinate chart Uy ;, define the norms

. 1 . 1
1V limixeas 3= Y _Ivlg, s and  IVlkieas= D Ivlg, 15,
Uy i Uy.i

One problem with the norms || - || s is that wsAgsv is only defined on coordinate
patches and not globally defined on a fiber. The following definition provides a means
of remedying this.

Definition 2.19 Given an allowable collection of coordinate charts Uy,; — Uy, and
a collection S of strata in Uy, define st on U,- Uy, as follows:

(i) Choose a smooth cutoff function p: T 11 — [0, 1] so that
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(i) On coordinate charts Ug,; of type (I), we have coordinates Z; and Zg such that
|Z1] < ¢, |Zg| < ¢ and 1Z1Z8| < ¢2/16. Use the notation S for the lift of S to
this chart, ST for the collection of strata in S such that E_l =0, and S~ for the
collection of strata in S such that ﬁ =0.

Define Agv on this chart by

~ 2% 278 2% 2zB
ASV::,O T 1Y T A§V+ 1—,0 T AS+V+ 1—,0 T AS*U.

(iii) On all other coordinate charts Uy, of type (I), let S denote the lift of S to this
coordinate chart, and define

ZSU = Azv.
It follows from the types of transition functions allowed for allowable collections of

coordinate charts that ng is well defined on | J; Uy,; and smooth or C oL if v is.
We can now state a fiberwise-global version of Lemma 2.15.

Lemma 2.20 Restricted to a collection of allowable coordinate charts U, ; over a
single chart Uy, the norm ||v| o s is equivalent to the norm

[vllyr +max|ws® Asvses-
and the norm ||v ||(1) s 1s equivalent to the norm
1 8K (1
Ivllg +maxlws® Asvllzgs -

In the above, the maximum is taken over all collections of strata S in Uy, and wg
indicates the lift of the weighting function ws on Uy (which equals wz in each of the
coordinate charts Uy ;). The norm || - ||sgs/ is defined in Definition 2.14.

Proof On all coordinate charts of type (II), this lemma follows immediately from
Lemma 2.15, as in this case ZS = Az.

On a coordinate chart of type (I), where |Z;| < ¢ and |Z#| < ¢, using the notation from
Definition 2.19 we have that

QR e
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Use the notation pT for the function (1 — p(2%,/c)) and 5~ for (1 —p(228/c)). As
p(Z) =1 when |Z] < 1, and our coordinate chart has |Z;2#| < ¢2/16, the region where
p(2Z1/c) # 1 is disjoint from the region where p(2Z8 /c) # 1, so we can rewrite the
above equation as

(16) Agv—&gv :,b'+(A§v—AS+v)+,b'_(Agv—A5—v).

Given any stratum 7 for which 7€ # &, we have e [Z;2#] = 0. We then obtain the
following dichotomy:

ifer[Z;]1 =0 then erp™ =0 and erAz =erAs-,

if er [Eﬁ] =0 then erp =0 and e7 Az =erAg+.
Therefore, for any stratum 7" such that 7¢ # &, in our coordinate chart

17) erAs = erAz.

Equation (17) holds on any fiber of our coordinate chart Uy ; — U, with nontrivial
tropical part, so implies
18 Ay —w3lAg = |lws?Asv — w3 Az
(18) ||ws sV —Wg 5V||8&8’—||w$ SV —Wg 5””5”
—5'X -6 1 —5X -4 1
(19) [ws®Asv —ws®Azvises = llws®Asv —wg® Azvls,.
Note that Az — Ag+ is a sum of terms *erAg+ for T € S—-st , so Equation (16)
implies that there exists some constant ¢’ such that on this coordinate chart,
=X oy — w=S A~
lws®Asy —ws® Agvlls

< > |wstpterasivly +¢ Y wsserAs-vly.
TeS—-s+ TeS—s—

Use the notation S to indicate ST N S~. This is the set of strata within S where
Z1=0= ZP , or equivalently the set of strata S € S with S¢ =@. If T € S—ST, then

erAgt = erAgAs,,

where Sy is the set of strata where [Z;] = 0 = [Z8]. To see this, note that if 7/ € ST,
then either 7/ € S or erer'As, =0 because er[Z;] =0 and er- [28] = 0. Therefore,
erAg+er AzAs, = e AsAs,. Similarly, if S € Sp, then eger Ag+ = 0, because
if 77 indicates the strata in ST with the same projection as T, then egep+ = eger.
Therefore, ep Ag+er AgAs, = e Ag+, s0 er Ag+ = er AzAs, as required.
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Similarly, if 7 € S —S~, then ey As— = e AzAs, . Therefore, we get
||w§815v — w§8A§v||5/

—§ —§~—
<c" > lwstpteragys,vlly +¢ Y IwsserAgys,vls-
TeS—s+ TeS—s—

8,,—6

Claim IfT € S—S™, then w3% 5T is bounded by a constant times e w3z wy .
To prove this claim, it suffices to show that g™ ez wzwo vanishes on all the strata in S.
If S is a stratum in S, then either S € S, S € Sy, es[Z1] =0, or eg[Z#] = 0. In the
first two cases, eswgwo = 0. If eg[Z;] = 0, then espT =0.If eg [Zﬂ] =0, then
as er[z;] =0, we get eserwg = 0. Therefore es,5+eTw§w0 = 0, and the above
claim follows.

8,,,—6

Similarly, if 7 € § —S~, then wg‘s P~ is bounded by a constant times e wzwy .

Therefore,

—8X -4 —§,,—6
lws®Asv —wsl Agvlly <c” D llerwz’wy®Agys, vl
Te3-38
As all the strata T in the above inequality satisfy 7€ # &, on the strata 7' the norm
|- ls&s5 always uses the higher weight w §=8" Therefore, we get that

—5 X 5 5
(20 lws®Asv —ws®Agvls < " w3’ Agvllsas -

The set of strata S is the lift of some set of strata which we shall again call S, because
each stratum lifts uniquely. With this slight abuse of notation ST =8=8,50
Az = Az, and we get

5% 5 . =8 X
1) lws®Asv —ws®Agvls < " w3 Agvllsss -

The inequalities (20) and (21) together with (18) and Lemma 2.15 prove that the norm
[vilo,s is equivalent to the norm

—5X
Il + max w3z Rsvllses
As we already have the required estimates for the part of the ||v ||é norm involving
| dvertv]5, it remains to estimate
sup|w§853v — w§8A§v|

on our coordinate chart. As argued for the || - ||s» norm above, we get
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We can estimate the right-hand side of the above inequality with Lemma 2.13, as Sg
will contain some stratum whose complement contains 7. Therefore,

—5N —6 -6
suplwg®Asv —wg®Azv| < Z ||eTw§ Agdyernv|s.
Te3-38
So, as argued above, we get the two inequalities

(22) suplwz® Asv —wzP Agv| < cllwz’ Agdienvllses .
(23) suplws® Asv —ws® Agv| < clwz’ Agdyenvlsas -
This together with Lemma 2.15 completes the proof of our lemma. |

The above proof contains the inequalities (20)—(23), which together with equations
(18) and (19) imply the following estimates, which will be useful later:

Lemma 2.21 Let S denote the subset of § consisting of all strata T € S such that
T¢ = @, and also let S denote the corresponding subset of S. Then there exists some
constant ¢ such that the following inequalities hold for all v for which both sides are
defined:

—5% s s 5%
lws®Asv —wz"Agvllses = cllwg®Agvlisas = cllwg®Agvllses

—§N =6 1 —6 1 —§N 1
lws® Asv —wz"Agv|ses = cllws®Agvllses = cllwz®Azvilses -

3 Analysis of the F] equation in families

3.1 dis continuously differentiable

Throughout this section, we shall be considering an operator 9 in the form (%) described
on page 1626.

Recall that an allowable family of curves as defined in Definition 2.17 is an extendable
family covered by an allowable collection of coordinate charts in which the vectorbundle
X or f * Tvenﬁ is trivialized. So, on the space of sections of X, we may use our
norms from Definition 2.18. Similarly, each of our allowable coordinate charts comes
with a canonical trivialization of 7%, Cc RX,
so we may define norms of sections of Tv";rté ® X and therefore norms on sections of
the subbundle Y := (Tv";rté ® X)©1 Note that any family of curves may be shrunk
to a compactly contained subfamily to obtain an allowable family of curves.

C, and therefore a trivialization of 7%,
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Definition 3.1 Consider an allowable family of curves with some (possibly empty)
collection of nonintersecting marked-point sections F — C avoiding the edges of the
curvesin C — F.

Define the Banach space Xy« to be the | - || 1, —completion of the subspace of X -1
with finite || - ||}, norm,!7 where X1 is the space of C*! sections of the vector-
bundle X vanishing at marked points, and ** stands for the different labels for norms
used in Section 2.4.

Define Yy« to be the || - || ««—completion of the subspace of YL with finite norm,
where Y1 is the space of C°1 sections of Y vanishing on all edges of curves in
C>F.

Given a curve f in C — F, we can restrict our data to the domain C of f . Define
Xs(f) to be the corresponding Banach space X5 with this restricted data. If v € X,
define v(f) € X5(f) to be the restriction of v to the domain C of f. We can similarly
define Ys(f).

Note that the norms used for Xy« control one extra vertical derivative when compared
to the norms used for Yis«. We consider d as a map from Xyx t0 Y.

Theorem 3.2 If f is an allowable C 1 family, then 9 defines a C'! map from X s
to Yy 5.
Proof Our local form for 9 is
v =EW)+ HW)(dyerv).
By using Lemma 2.8(C), we may estimate in this coordinate chart
1Vl < HEW ks + I HW) sl dvertv 1k 5-

Lemmas 2.10 and 1.7 imply that the terms above ||E(v)|x s and ||H(v)||,1c s are
bounded if |v]| }C s 1s bounded. Similarly, Corollary 2.11 implies that dv depends
continuously on v, therefore F] gives a well-defined map from X s to Yy 5.

The derivative is given by the formula
24)  DIW)(W) = DEW)(Y (1)) + DHW)(¥)(dverv) + H©) (dvent}).
17 A section in X -1 will have finite || - || 1, —norm if it is extendable, but not in general because we

don’t have control near the boundary of F .
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Using Lemma 2.8(C), estimate this derivative as

IDIW) W) ks < c(IPDEM) Ik s + IDHW) g sl dverv k.5 + I HO) g )1V 15 5

The terms | H()|l; 5. [DHW)I|; 5 and | DE(v)]|,s are bounded by Lemma 2.10,
therefore Dd(v) defines a bounded linear map from Xy 5 to Yj 5. We must prove that
Da(v) is continuous in v. We have

DA(vy)(¥) — DIw)(¥)
= (DE(v1) — DE(w))(¥) + (H(v1) — H(v2))(dvert})
+ DH (1) (¥) (dvertv1 — dyenrv2)
+ DH(v1) (W) (dverrv2) — DH(v2) (V) (dyerrv2).-

Using Lemma 2.8(C) on the above, there exists a positive constant ¢ (independent
of v; and ) such that

| DB )W) — DA(w2)(¥) ks
< |IDE(1) = DEW)lksl¥llzs + 1 HW1) — HO) g sl dvert |l cs
+ IDH@) I 51V g sl dvertvs — dvertva x5
+ | DH(v1) = DH() I} s | dvertva llxs 1V 1. 5-

The term DE is C*1 and As,DE = DE, so Corollary 2.11 implies that for a fixed vy,
the term || DE(v;)— DE(v3)||x,s converges to zero as |[v; —v; ||,1€,5 — 0. Similarly, by
Corollary 2.11, | H(vy) — H(v2)||}c’8 and ||DH(vy) — DH(v2)||,1€’8 converge to zero
as v, —> vy in || ||,1€,8. Lemma 2.10 implies that ||DH(v1)||,1€’8 is bounded. Therefore,
Dg(vz) — D3(vy) as v, = vq in Il ||,1€’8, S0 0: Xis— Yisis C!, as required. O

The formula (24) for D in the proof above shows that it induces a map on Xs(f).
In other words, the restriction, DA(v)( /), of Dd(v) to the domain of a curve f only
depends on the restriction of v to this curve, v( /). Use the notation Da( f) to refer
to the restriction to f* of D3 at the zero-section.

3.2 Results for variations of a single curve

Lemma 3.3 For any allowable C%1 family of curves, and a choice of weight
0 < § < 1, the linearization

DI(f): Xs(f) = Ys(/)

of 9 at the zero-section restricted to any curve is Fredholm.
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More generally, given a choice of weight 0 < § < 1 for every coordinate chart in some
allowable collection of coordinate charts on our family of curves, we may use the norms
with mixed weights defined in Definition 2.18, and

Dg(f) Xmixed8(f) - YmixedS(f)
is Fredholm.

Proof Note that the norm | - ||s restricted to a smooth component of an exploded
curve is equivalent to the norm L? with exponential weight on the cylindrical ends
given by 6, and | - ||§ is equivalent to the L? norm with the same exponential weight
on derivatives plus the sup norm. The mixed version of these norms is similar, but
uses different weights at different punctures. So X5( f) or Xpixeas(f), restricted to a
smooth component, is the corresponding Sobolev space L 11, with exponential weights §
at punctures times a finite-dimensional space allowing sections which are asymptotic
to constants instead of 0 at cylindrical ends (restricted to the subspace which vanishes
on our marked points, if appropriate). From the proof of Theorem 3.2, we have the
following formula for D3( /) in local coordinates:

DIwo (/)W) =DEWo(/)W)+DH o)) () (dvervo (/) +H (o (/) (dven ).

Here, vg indicates the zero-section, so the middle term is 0. The conditions on H
from (x) give that the last term equals %(dvertlﬁ + J odyer¥ © j). This expression is
only valid in local coordinates, as dye ¥ needs a local trivialization of f*Tyeq B to
make sense. To remedy this, choose a C %0.1 connection V on Tveng . Replacing d\yer
with Ve in the above formula modifies the other term so that

(25) Do (/)W) = E'(/)W) + 3(Vy + J o Vo j),

where, restricted to any smooth component of the domain of f, E’(f) is smooth
and decays exponentially on cylindrical ends with all weights less than 1. Therefore,
DA(y) is %(Vlﬂ + J o Vo j) plus a compact operator. It is well known (and proved
in [15]) that for 0 < § < 1, the map ¢ — %(Vlﬂ + J oV o j) is a Fredholm operator
on the above weighted Sobolev spaces restricted to any smooth component. It follows
that 9 is Fredholm from Xjs(f) to Y5(f), and Xpixea §( /) t0 Yiixea s (/). Therefore
DA(f) is the Fredholm operator ¥ > %(Vw + J o Vi o j) plus some compact
operator, so it is Fredholm. a

Lemma 3.4 Ify € X3,(f) and D(f)(¥) is C*L, then yr is C*1L.
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Proof Work in a coordinate chart where we can trivialize (X, J). Using the corre-
sponding flat, J—preserving connection, equation (25) implies that

DI(f)(¥) = E'(y) + vy,

where 51/f is the ordinary F] operator applied to ¥ considered as a map to C”, and E’
is a C°1 tensor vanishing on any edge contained in our coordinate chart.

Restricted to the smooth part of our coordinate chart, E’ is a smooth tensor, and
Da(f)(y) is smooth, so a standard elliptic bootstrapping argument, such as given
n [17], implies that v is smooth restricted to the smooth part of our coordinate chart.

It remains to analyze the behavior of ¥ near edges. Let Z be a holomorphic coordinate
on our edge and [Z] = e’ % (As any €1 coordinate change will just change the
norm on Xy in a bounded way, we will assume that Z is one of our originally chosen
coordinates.) We already know that v(z, 6) is smooth, and as ¥ € X, Lemma 2.13
implies that there is some constant ¢ such that

Vi)~ Jim_y(.6) < ce®

We must show the same for all weights § < 1 and all derivatives of ¥. As v is smooth
and bounded as t — —oo, and E’ is C°! and converges to 0 as 1 — —oo, we have
that E’(3) is smooth and converges exponentially to 0 as £ — —oo with every weight
less than 1. It follows that 5¢ is smooth and bounded by e as t — —oo for all
weights § < 1. Below, we shall use that 51/[ € Ys to show that ¢ € Xj.

We may assume that our coordinates are valid for all # < 0, and apply Cauchy’s integral

formula:
27 27 5y
1 v (0,0) Y (z,0)
¥ (o, bo) = E/O T ehei@—0) ¢ / / T oto—t ity 4 9-
Therefore,

¥ (to, 0o) — lim (7, 0)
L[ @ 0y ,6) 1 20 et OOy i, 6)
oy

~ 27 ), 1 — oloei(0—60) 1 — oto—1i(60—60) dt do.

The first integral is bounded by a constant times e’ as 7y — —oo. We may bound the
second integral by

27 plo—t+8t q i
||8¢||52 (/ / (|1—eto tel(9—00>|) dzde) :
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where 1/¢g+1/p=1,and p > 2 so g < 2. It follows that the integral of

eq(to—t) |1 - eto—tei9—00 |—q

for ¢t between ty — 1 and ¢y + 1 is finite, so the above integral between 7y — 1 and
to + 1 is bounded by some constant times et Fort <tg—1, we may bound the
integrand by (2¢%1)4, and for ¢ > 1y + 1, we may bound the integrand by (2efo—!+3%)a
It follows that the above expression is bounded by a constant times %%  As this holds
forall § <1, ¥ isin X for all § < 1. (Equivalently, as we are working over a single
curve, ¥ isin Xo g forall § <1.)

Suppose for the purpose of induction that s € X s forall § < 1, and that if 51# €Yy
for all § < 1, then ¥ € Xj s for all § < 1. The fact that € X} s implies that
E'(Y) € Yk 41,5, therefore, Y € Yk +1,s- Let v indicate either /0t or 3/96. We have
that vaw = 5V,,1ﬁ, therefore 5va € Yy s forall 6 < 1. Our inductive assumption
then implies that V¢ € Xy 5 forall § <1,s0 ¥ € Xg4 15 forall § <1.

By induction, ¥ € Xy 5 forall § <1 and k, so € C*L. O

Lemma 3.5 The index of

DA(f): Xs(f) = Ys(f) or DI(f): Xmixeas(f) = Ymixeas(f)

is given by
2¢1 —2n(g +s—1),

where ¢ 1is the first Chern number of the vectorbundle X or f *(Tverté ,J) over the
domain of f, while g is the total genus, s is the number of marked points where
sections of Xy are required to vanish, and n is the complex rank of X . In particular,
the index of Dg( f) is invariant in connected families of curves.

Proof This is just the index of the operator ¥ %(Vw + J oV o j). This index
equals the sum of the indexes of each smooth component minus 27 times the number
of internal edges, because a section of X, (f) is equivalent to a choice of section over
each smooth component with the extra requirement that these sections match at internal
edges, and a section of Y, (f) is equivalent to a section over each smooth component,
with no extra matching condition because sections of Y« ( /') always vanish on edges. By
a smooth component, we mean a connected component of the domain of f minus all its
edges. Each such component is a smooth punctured Riemann surface. By the Riemann—
Roch formula, the index on each smooth component v is 2¢y —2n(gy + sy — 1), where
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¢y is the first Chern number of the pullback of (Tvené ,J) to that component, g, is
the genus of that component, and s, is the number of marked points on that component
where sections of Xs( f) are required to vanish. The sum over all components of ¢;
and s, does not change in connected families. The contribution of internal edges to
the index is absorbed into the contribution of genus: (1 —g) is >, (1 — g) minus
the number of internal edges. To see this, note that the total genus'® of an exploded
curve C is the genus of the underlying nodal curve [C]. This genus is defined so that
it is invariant in connected families, and in particular does not change when nodes are
smoothed. Topologically, smoothing a node corresponds to replacing a pair of disks
around each node with an annulus. The Euler characteristic 2 —2g of the smoothed
curve is therefore the Euler characteristic of [C] minus a pair of disks around each
nodal point, or ), (2 —2g,) minus the number of disks removed. In conclusion, the
total index is 2¢y —2n(g + s — 1), and therefore invariant in connected families. O

Remark 3.6 (Chern classes) The index formula 2¢y—2n(g+s—1) involves the total
first Chern number c; of the pullback (7 Verté ,J) toacurve. As in the case of smooth
manifolds, Chern classes of (ﬁ ,J) may be defined as differential forms in Q*(l? )
using the Chern—Weil construction of Chern classes. In particular, choose a smooth
Hermitian metric and connection on (Tvmﬁ , J). The curvature of this connection is a
smooth two-form on B with values in C —linear endomorphisms of (Tvertﬁ ,J). Ina
local frame, this curvature two-form is defined from some smooth functions simply by
exterior differentiation, addition and multiplication, so it must vanish on R-nil vectors.
The Chern forms are obtained by taking symmetric polynomials in this curvature
two-form. In particular, the first Chern form is obtained by multiplying the trace of
this curvature two-form by i/2m. The proof that these Chern forms are closed real
differential forms is entirely local, so following the same construction gives closed
real differential forms which vanish on R—nil vectors. Therefore, using the notation
of [29], these Chern forms are closed differential forms in Q*(ﬁ ) which represent a
Chern class in H* (l? ). The total Chern number ¢; of a curve is then the integral over
the curve of the first Chern form of (Tvenﬁ, J).

Proposition 3.7 In the case that our family C — F consists of a single curve, if
v € X/, has dv € C:1 then v e C®-1,

18For exploded curves C, we could equivalently define this total genus as dim H'(C)/2, which is
invariant in families by Proposition 11.4 of [29], and equal to the genus of [C] when [C'] has no nodes
by Corollary 4.2 of [29].
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Proof Standard elliptic bootstrapping, as explained in [17], gives that locally on
smooth components of the domain, v is smooth if dv is smooth. It remains to analyze
these solutions in a neighborhood of edges in order to verify that they are C%1. As a
C%L coordinate change will not affect the property of v being in X /2, WE may use

t+if

holomorphic coordinates [Z] = e on a neighborhood of a puncture in a smooth

component of the domain.
Recall that 9 is in the form (%), so in a local coordinate chart,
v =E@W)+ L(H' (v)(dv) + J o H (v)(dvo j)).
where H' is a C°1 map to the bundle of invertible R—linear endomorphisms of X .

Suppose that v € X s5,. Then || E(v)| k41,5 is finite for all § < 1, and the inverse of
H'(v)(-) gives a linear map bounded in the || - ||+ s norm. Let J(v) indicate the pull-
back of J over the map H'(v), and more generally, let J(-) indicate the pullback of J
over the map H'(-). Of course, J(-) is C*1, so Lemma 2.10 implies that ||J(v) ||/,1€5
is finite if v € X s. Applying the inverse of H'(v)(-) to 9v—E(v) gives the following:

If v € Xp 5, then | 5(dv + J(v) odvo j)|, ., 4 is finite forall § < 1.

Let S be the stratum of our coordinate chart corresponding to the edge where ¢t — —o0,
and let 9y indicate the standard 9 operator corresponding to eg(J(v)). We may rewrite
the above displayed statement as follows:

If v € Xp 5, then [3gv + 3(AgJ (V) odvo j ., s is finite for all § < 1.

Let L,f (D(r)) indicate the L? norm with k derivatives on a disk of radius r around
a point (¢, 0).

Suppose that v € Xj/,. Then as t — oo, we have [|dv|rLr(pa)) = e!/2, and
Lemma 2.13 implies that |AgJ(v)| < ce!/2. Therefore, ||dov||s is finite for all § < 1.

The argument of Lemma 3.4 then implies that v € X forall § < 1.

If v € X 5, the fact that ||J(v)||L;:+2D(1) is bounded as ¢t — —oo allows us to use
the following inequality from Proposition B.4.9 in [17]: there exists some positive
constant ¢ such that for 7 large enough,

1AsvlLe, (o) S clldv+ I edvo iy ay +18svlzy, by
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It follows that if v € X} s, then as 1 — —o0,
A <e',
185Vl ,p) =€

Therefore, v is in X forall 6" <§ if v € Xi 5. As we have already established
that v € X 5 for all § < 1, it follows that v € X s for all kK and all § < 1. So v
is C%1 as required. o

3.3 A linear gluing theorem

Throughout this section, we consider a linear operator in the form (x") over a family
of curves C — F with a finite collection of nonintersecting marked-point sections
sii F — C staying away from the edges of curves in C ; sections of X will vanish at
the image of s;. Throughout, we shall use V' to indicate a finite-rank subvectorbundle
V C Y1 as in Definition 1.1. When we have V' over an allowable family of curves,
we always assume that V' is extendable.

Definition 3.8 Any finite-rank subvectorbundle V C Y °>'1 over an allowable family
of curves defines a closed subspace Vi s C Yj s consisting of all sections contained
in V(f) when restricted to f € F. Define the natural projection

Yis
Ty Yk,(g — m = Y/ Vk’g.

s

Note that Vi s is a subset of Yy s, not Y, so Y/ V 5 is only to be interpreted as a
short-hand for Yy s/ Vi s, not as the quotient of Y by Vj 5, or sections of a vector-
bundle Y/V. Similarly define the restriction of 7wy to Ys(f). In this case, the
projection wp has finite-dimensional kernel equal to V' restricted to f, so

wy 0 DI(S): X(f)s = Y/ Vs(f)
is still Fredholm.

We now prove a standard gluing theorem. First, we describe a “gluing” and “cutting”
map.

Lemma 3.9 Given any curve f in F , there exist an allowable collection of coordinate
charts on neighborhood U of f and for all " € U, bounded linear maps

G: Xy (f) = Xs(f). G: Yo (/) =>Ye(f)., C:Ys(f)—Ys(f)
such that the following hold:
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(i) Assign a weight §; € {§’,8 + &'} to each coordinate chart, but use §' on every
chart not containing an edge of both f and f’.'° Then the maps

G: XmixedS(f) - Xmixedﬁ(f/)v G: Ymixedﬁ(f) g Ymixed&(f/)’
C: Ynixea (/") = Ymixea s (f)

are bounded, and the norms of such G and C are bounded uniformly indepen-
dently of f' € U, so long as the charts using the higher weight contain an edge
of f and f'.

(ii) G is aleft inverse to C . In other words, G o C: Ys (') = Ys (f) = Ys (/')
is the identity.

(iii) For any € > 0, there exists an open neighborhood of f such that for all f” in
this neighborhood, so long as the higher weights are only used where [’ has an
edge, the following hold:

(a) ||D5(f/) o GW —Go Dg(f)wnmixedzﬁ = GHWHéﬁXGd(S .
(b) Given a finite-rank subvectorbundle V C Y *L( f ), we may additionally
ensure that for all v € V(f),

””VGv”mixedB = ellv”mixedé-

Proof Choose an allowable collection of coordinate charts lifting a single coordinate
chart U on F so that the largest stratum of U contains /. Choose these coordinate
charts U; — U small enough that we can trivialize both X and Y over them as in
Definition 2.16. Note that in each coordinate chart, the trivialization of ¥ may differ
from the trivialization induced on X ® T.*..C , because Y ( f )C X QT

vert «C may not

be a constant subbundle.

Roughly speaking, G is (1 — A s), where S is the stratum of U containing f, but
we shall describe it more accurately below. Let g denote a section of the relevant
vectorbundle, written using the above coordinates. Now define the maps G and C in
these coordinate charts wg: U; — U as follows.

If U; is of type (II) from the definition of allowable coordinate charts in Definition 2.3,
U; is the product of an open subset of T 11 with U. The coordinate Z; on T 11 is a
coordinate for both n;1 (f)NU; and for n}l (f")NU;. In this case, we can define

19The reason we must be cautious about where the higher weight is used is that C°L functions

are only uniformly bounded using this higher weight on strata containing edges of curves. This is not a
problem if the ¢ in Lemma 2.6 is 1, orif ¢(§ +6') < 1.
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G)(z1) =¥ (z1) and C(¥)(Z1) = ¥ (Z1). Note that if ¢ vanishes at marked points,
then G(¥) does too, as we chose our coordinates so that the position of marked points
is independent of U . (This is a condition of being an allowable collection of coordinate
charts.) Our assumption that transition maps for our vectorbundle are independent
of U ensures that G and C are compatible with coordinate changes between charts
of type (II).

If, on the other hand, U; is a chart of type (I), then U; is of the form
U= np (U)N{Z] <c, 2P| < e}
Choose some smooth cut-off function p: T 11 — R satisfying

0 if [Z]> 1c,
p(Z) = { o~ 1

1 if |Z] < gc.
Recall that Z;Z# is a coordinate function on U, and coordinates for 7 Fl (f) are given
by Z; € T1 and 2P ¢ T1 so that 2,28 =Z,28(f), and we have |Z;| < ¢ and |Z| < c.
We have assumed that Z; zﬂ Z127(f) >0 by assuming that /" is in the largest stratum of U . In
our coordinates, 1 is some constant x on the edge of 7 Fl (f), where [Z;]=0=[ZP].
Define ¥4 (1) := v (Z;) when |Z;| > |Z8|, and extend /1 to be x elsewhere. Slmilarly
define ¥_(Z#) = v (P) for |ZB| > |2%|, and extend ¥/_ to be x everywhere else.

Note that nl?l (/)N U; has the same coordinates Z; and Z#, except Z;28 = 2,28( /7).
Define G in these coordinate charts as

GW)(G1,2%) = pEPY (W4 1) — %) + pG) (Y- (EP) — x) + x.

Our assumptions about the transition maps between allowable collections of coordinate
charts from Definition 2.16 ensure that G is compatible with our transition maps, so
we have a globally defined map G. Note also that if 1 is a C*! section of X(f)
or Y(f), G(¥) actually defines a C°1 extension of ¥ to neighborhood of f.

The norm of G as a map from Xpixeq §(f) 10 Xmixeas(/”) is bounded independently
of f"in U. Indeed, ||1ﬂ+('51)||r1nlxed8 < |W”m1xed8 because wq(z7) is smaller at the
fiber over f than the fiber at f’, and similarly, |¥— ('z“ﬂ)||r1me as Sy ||lee as If
our coordinate chart contains edges of both f and f”, the cutoff function p plays
no role in the definition of G, because it is always 1 where it multiplies a nonzero
function. Otherwise, we always use the lower weight §y in our coordinate chart, and
when we multiply (¥4 (Z;) —x) by p(Z#), we increase its || - ||§0 —norm by a factor of
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at most 2| p(Z#) ||§0, which is finite because p(#) is smooth. Therefore, the norm of G
as a map from Xpixea 5(/) 10 Xnixea (/") is bounded by 1+4]p(ZP)[|§ +4llp(Zo) |3, -

The argument bounding G as a map from Y ;,eq s 1S similar; however, to define G :=
Yixed § (/) = Ymixea s (/) we used a trivialization of the vectorbundle Y over a coordi-
nate chart which does not necessarily coincide with the trivialization of TV";HC' ®X used
to define the Y,,ixeq § norm. This does not matter as Lemma 2.8 implies that any extend-
able C°°1 change of coordinates on our vectorbundle gives an equivalent norm to Yy,
and restricted to curves in our chart containing an edge, it gives an equivalent norm
to Y55 . Therefore, G := Ypixed §(f) = Ymixed §(f”) is also uniformly bounded for
all /" in U so long as the charts using the higher weight contain an edge of f” and f.

Define the cutting map C in these coordinates by

v(Z1) if |21 > VIZ1ZR(f7)| and [Z1] #0,
CW)E.2P) =y @EP) if 28] > VIZ1ZP(f7)] and [ZP] # 0,

0 everywhere else.

Recall that, within coordinate charts of type (I), |Z12#| < ¢2/16. Therefore G o C
is the identity, because the cutoff functions involved are 1 in the relevant regions.
Our assumptions on transition maps within allowable collections of coordinate charts
ensure that C is defined independently of coordinates. Observe also that if our triv-
ialization of Y ( f ) in a coordinate chart coincided with the trivialization used to cal-
culate norms, C: Ynixed §(f7) = Ymixed §(f) would have norm bounded by 2 because
wo = |[Z11]4 112271, so after accounting for the different trivializations, the norm of C
is uniformly bounded independently of f” in U so long as charts using the higher weight
contain an edge of f’ and . We have now verified the first three items of our lemma.

Recall that DJ(f) is in the form
DINW)G1.ZP) = E' G128, (WG ZP) + L dvent + T 0dvent 0 j) G1, ZP, ).

In the above, we write things as depending on (Z1, ZB) even though these coordinates
are related over f. Below, we shall sometimes use only one of these coordinates when
we wish to emphasize dependence on that coordinate. In the above expression, E’ is
some linear map which depends in a C°1 way on position in U; and disappears on
the edges of fibers of 7 ¢, and J and j also depend in a C°1 way on position in U;.
Let us bound the expression D( ') o G — G o DI( )V in the interesting case that
U; is a chart of type (I).
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This calculation is complicated by the difference between the coordinates in which Dd f
is expressed and the coordinates in which the gluing map on Y ixeq s is defined. In partic-
ularlet A(f,Z,,2#, f)(-) indicate the coordinate change, so in our current coordinates,

G: Ymixedﬁ(f) g YmixedS(f/)

is equal to

G)(E1,28) 1= A7V (/. 21, 28) (0GP AL Z0)v4 Gr) + pG) AL ZPv_(BP)).

So,

(26) DI(f')o Gy —G o DA(f)y
= (id =47 (/" 2D A 2) pE(DI()¥)+
+ (id =47 (/" Z) AL ZP)) pED(DB()Y) -
+DA(f") o G(y) — pEP)(DI(S)Y)+ — pCE1)(DI(S)Y)-.
As (id—A71(f 2D A, El))p(Eﬁ) is linear, C°1 and vanishes when f’ = f, the
|| - lmixed s norm of the right-hand side of the top line can be bounded by €|/ ||}

mixed 8
by choosing /" close enough to ', and the second line may be bounded similarly. It

therefore suffices to bound the last line.

The expression we need to bound is linear in ¥ . Consider the case that v is a constant x.
Then, G(x) = x, and so our expression is

E'GLZP, 1) (x) = pGPYE Gy, )+ (x) — pG)E'GP, f)-(x).

This is C°L and vanishes on the edges of all curves, and vanishes on f, so its
| - Il mixed § NOrm may be forced to be as small as we like compared to x by choosing
f’ close to f and requiring that f’ always have an edge in any coordinate using the
higher weight.

Using the above, we may reduce to the case that i restricted to the edge of f in our
coordinate chart is 0, in which case

GW) = pEPYyy + pE1)Y-.

Now, the last line of (26) breaks into

@7) DA(fN)(pEPyyi) — pCPY(DIf)¥)+
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and a similar expression involving p(z;) and ¥_. To bound the last line of (26), it
therefore suffices to bound the above expression (27). Expand (27) as

28) pGEPVE'GL, [~ E'Gy, ) W+G)
+ Ndven(pEPYY1E1) + (J 0 duen(pGPYy s G1)) 0 1) Grs f1))
— 10 v+ G1) + T 0 dyerntVi (1) 0 )1, f).

As pCGBY(E'(Z,, )= E'(Zy. [)) is C°L and vanishes on f and the edges of curves,
the top line of the above expression (28) may have its || - || mixed § NOrm bounded by
e||1ﬂ||r1nixe 45 S0 long as we choose f” close enough to f* and require that f” has an
edge contained in the charts on which the higher weight is used. It therefore suffices
to bound the last two lines of the expression (28).

We may expand these last two lines of (28) multiplied by 2 as follows:

29)  dpGEPYy4Gi) + (dp(EP)o j) Ty (1))
+ pEP) (dvertV+ G1) + J 0 dventVi+ G1) 0 1) G1, f)
— pEP) (dyent V4 (Z1) + J 0 dyenV+ (B1) 0 ) Z1, f).

The first line of the above expression may be bounded as follows: Note |dp(Z#)]| is
bounded, and is supported on the region {%c <28 < %c} By choosing |Z,Z8( /)|
small enough by choosing f’ close to /', we can ensure that Z; is as small as we like
in the above region, thus making ||+ (Z1) ||mixed § here as small as we like compared
to ||w||r1me 45 because the weight involved in the calculation the norm here (at 1)

involves a term |[Z8]| > %c and Lemma 2.13 gives us a bound on the size of {4 (Z7)

by a uniform constant times |[Z1 | |8/ K" ||§,. It follows that we can make the | - || mixed §

1

norm of the first line as small as we like compared to [V . -

Therefore, it remains to bound the last two lines of the expression (29). These may
be expanded as

pCH((T G [ = TG ) odventiy G1) 0 j (Er. f1))
+pC(IE1. f)oduentry G o (1. 1) = j G1. 1))
As (JGi, [ =JG, ) and (G, f)) — jG, f)) are C%L and vanish when

"= f, the |- ||mixed § Norm of the above expression may be bounded by 6|W”rlnixe 48
by choosing f” close enough to f* and requiring that the coordinate charts which use

the higher weights contain an edge of f”.
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Therefore, by choosing our neighborhood of f* small enough we can achieve item (iii)(a)
from our lemma on charts of type (I). On the other charts of type (II), proving the same
thing is similar, but easier as it involves no cutoff functions and just analysis of how
A, E', j and J depend on position.

We now just need to prove item (iii)(b) from our lemma. To see this, consider C 00,1
sections vq, ..., v, of V such that {v;(f)} is a basis for V(f). Then G(v;(f)) — v;
is C°1 and vanishes on the domain of f and all strata in Sy. Therefore, we can get
1G i (NS) = 0i(f") lmixed s @S small as we like by choosing f” close to f'. This
in turn bounds |7y G(v; (f)) || mixed §» and item (iii)(b) follows from the linearity of G':

||7TVG(U)”mixed8 Se||v||mixed5- a

Theorem 3.10 Suppose that for some curve f in f ,

DA(f): X°L(f) — Y°L(f)

is injective and has image complementary to V( f) C Y°L( /) for some finite-rank
subvectorbundle V C Y °%1( f).

Then for any 0 < § < 1, there exists an open neighborhood U of f € F covered by
an allowable collection of coordinate charts, such that, for all f" € U,

7y o DIS"): Xsaes' (/) =Y/ Vsasr(f') and  wy o DI(f'): Xsr(f) =Y/ Vi (f")

are invertible, and the norm of the inverse is uniformly bounded independently of
flelU.

Proof Recall that Xsg5 (f”), defined using the norm of Definition 2.14, uses the
weight w %" in coordinate charts not containing an edge of f” and the weight w d

in coordinate charts containing an edge of 1.

Choose an allowable collection of coordinate charts containing f so that Lemma 3.9
holds. Let f” be some curve in the image of this allowable collection of coordinate
charts. Assign a weight &’ to any coordinate chart that does not contain an edge of f”,
and a weight § + 8’ to any coordinate chart that contains a edge of f’. Consider the
corresponding norm with these mixed weights.

Lemma 3.4 implies that the kernel of 7y o DA( f) consists of C%L sections, so our
assumptions and the fact that 7wy 0 DO(f): Xnixed §(f) = Y/ Vinixea s (/) is Fredholm
imply that - o DA( f) has a bounded inverse.
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Use the notation
Q:=(ry o DI(f)) ' omy.

Assume that U was chosen small enough that the gluing and cutting maps, G and C
from Lemma 3.9, satisfy the following conditions:

) ||D5(f)||, IOIl, IG|l, and ||C|| are bounded by some M .
(i) |DA(f")oGY —G o DIf)Ylmixeas < €V I}ieas:
(111) Forall v € V(f)’ ”7TVGU||mixed5 = €||v||mixed5-

By choosing U small enough, we may make the € in the conditions above as small
as we like while keeping M the same.

Now consider the map O(f”): Yixed s(f') = Xmixed s(f”) defined by

Q(f"):=GoQoC.

By exchanging Dg( /") oG with G o Dg( /) using the inequality (ii), and using that
G o C is the identity, and then using that D3(f) o Q(Cv) — Cv € V(f) and the
inequality (iii), we get
(30) v (DS 0 OS> = V) lmixea s

= [l (DI(f") 0 G0 Q0 Cv —V)|mixea s

< €| QCV | pixeas T 17V (G(DI(f) © Q0 Cv = Cv))llmixea s

= 6AJz”””mixed(S + E(M3 + M)”””mixed&-

As V(f”) is n—dimensional, there exists a linear inclusion

iy: Y/ Vmixed 5(/1.,) - Ymixed S(f/)

with norm bounded by 2” such that 7y, oiy is the identity. To see this for the case n =1,
use the Hahn—Banach theorem to choose a linear functional L on Yeq5( /') so that
|Lv| = ||V ||mixea s for ve€ V(f), and ||L| = 1. Then the obvious inclusion with image
ker L is bounded by 2. Repeating this argument # times gives the n—dimensional case.

In particular, if we choose € small enough, the above inequality (30) tells us that
lry DB(f") 0 (Q(f") i) —1d| < 3,
so a right inverse to 7y DA( f”) is given by
(O oiy)(y DA(f") o (O(S ) oiv)) ™",
which is bounded by M 2"+1,
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Lemma 3.5 gives that the index of D3 does not change in connected families, so this
right inverse must be a genuine inverse to nyDY. We may repeat this argument for the
different mixed norms corresponding to whether edges of f” are in our coordinate charts
to obtain a uniform bound for the inverse of 7y o DA( f): Xses'(f) = Y/ Vsgs (f7)
forall f/in U.

The argument for 7y o DA(f'): Xs/(f)— Y/ Vs (f') is identical, except the weight §’

is used in all coordinate charts. O

3.4 Linear regularity results in families

Proposition 3.11 If f is covered by an allowable collection of coordinate charts, and,
for all f in f, the maps

ny 0 DA(f): X/ (f) = Y/Vs(f) and myoDA(f): Xsas () = Y/ Vs (/)
are invertible with a uniformly bounded inverse, then
my o Dd: Xo5— Y/ Vos

has a bounded inverse.

Proof We need to bound ||¢||(1) s in terms of ||y o D5¢||0,5. Our assumption that the

maps Dg( /) have uniformly bounded inverses implies that there exists some constant ¢
independent of ¢ such that

(31) gl < cllmy o DIg|ls,
(32) ¢35 < cllmy o DI |lsgs

When there are N charts in our allowable collection of coordinate charts, the constant ¢
is 4N times our assumed uniform bound, because

||¢||§/§4NSI;P||¢(f)||§/ and ||7TVV||5fES?PIIJTVV(f)II(su

and analogous bounds hold using the || - ||5gs norm.

We will use the equivalent form of | - ||(1)’ s from Lemmas 2.15 and 2.20 because this
equivalent form involves only weights ws with dyerrws = 0. So, in a local coordinate
chart, D5w3¢ = wSD5¢. If JTVD5£5¢ was also equal to ZSJTVng), then the
above inequalities (31) and (32) would be adequate to quickly prove our lemma. The
main part of the following proof estimates the extent to which this fails to hold.
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Restrict attention to the set of coordinate charts U; over a single chart U in our
allowable collection of coordinate charts. Let S indicate a set of strata in U, and S
indicate the lift of S to a set of strata in @ . Lemma 2.20 tells us that the norm ||¢ ||(1)’ P
is equivalent to the norm

1 —§N 1
l¢lls + maxflws® As@llsgs -

For the purposes of induction, assume that for any collection of strata I in U with
fewer than |S| members,

(33) lwr3Argllles < cllmy DIgllo 5.

The case when I has no members is satisfied because of the inequality (32) and
Lemma 2.20. We will now bound ||w§‘S qu’)”é&a, by bounding ||D5u)g‘S ZS¢||5&5/.

Work in a local coordinate chart where we can use the local form (x') of D,
DIp = E'($) + H(dvend).

The important facts are that E’ is a C*! tensor such that As,E’ = E’, and H is
a C°1 tensor.

For any stratum .S,
As(Ddg) = DIAs) + (AsE)(es¢) + (As H)(es dyend).
Similarly, for the lift S of our set of strata S in U to our coordinate chart,

(34) DIAzp=A5(DI$)— Y ArE'(efAiz_pd)+(ArH)(erAg_ ) duend).
o#ICS

We now bound the || w§5 - ||s&s’ norm of terms in the above sum. Each of the terms
in (34) vanishes on all strata in S , 80 if v indicates one of the above terms, Agv = v.
For such v, the following inequality holds:

5 5
(35) lws® Agzviises = cllwgg Agvils-

In the above, Sy indicates the set of strata on which wq vanishes. To see why the
inequality (35) holds, note that it holds on strata 7" such that 7¢ = & because then
the norm on the left-hand side is just the || - |5 norm. The inequality (35) also holds
trivially on strata in S, because both sides are 0 restricted to strata in S. It remains
to show (35) holds on strata 7' such that 7 ¢ S and T° # &. It suffices to show that
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in this case erwg, s, is bounded by a constant times erwzwo, which is inequality
(11) from the proof of Lemma 2.15. Therefore the inequality (35) holds.

We shall now bound terms involving H in (34):

lws® (ArH)(er A pydvend)lsas < cllwzl (ArH)(er A pydvend) s
<l ArH) erwg 1 AG-ndvend) s
<clerwd o A ndendlls-

We wish to use our inductive hypothesis to estimate this last term, but S—1 may not
be a lifted set of strata. To remedy this, note that

(36) €1A§_1A50 =€1A§/ASO,

where &’ is the largest lifted collection of strata which is a subset of S —I. Therefore
erAg_j dyend = e Ag dyer. We also have that

-6 —§,,—6
37) W Es,)—1 = CEIWy Wy s
because if { is a smooth monomial from wg wy, then e¢;{ must vanish on /¢, and
therefore must vanish on (S U Sp) — I and be dominated by W(5USe)—I - Therefore,
-6 —6
ller W(susy)—1 Ao dyendllsr = cller wg Ay dyer® lls+5-

If I is not a lifted set of strata, then the right-hand side of the above inequality is
bounded by a constant times ||wi,5A (&)Avert®||s&s7- So if I is not a lifted set of strata,

(38) ||w$8(AI H)(eIA(S -I) dvert¢)||5&5’ = C”ws/ Ag/ dvert¢”5&5’

On the other hand, if 7 is a lifted set of strata, then S — I is lifted, so S’ =S — 1, and
we can derive the above inequality (38) using Lemma 2.8 as follows:

lws® (A H)(er Ay dvend)llsas < cllwi® ApH)(erws Az py dvend)llses
= C/||61 wg/S Ag dvert® || s &8’
= C/” wg/é Az dvert® || s&s-
Now, we need to bound the terms involving E’ in (34):
lwz? (A1 E")(er Ag_py$)llsas < C||w$US (ArE")(erAg_pyd)lls  (using (35)
=c ” (wIUSO AIUS() E’ )(er w§—1 A(§_1)¢) “5’

<c” sup|elwg_I)A(§_I)¢|.
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We must bound sup|61w(3 I)A(s 1)¢| If I is a lifted set of strataand 8’ =S — 1,

then the above inequality immediately gives
(39) lwzP (A EYer Ag_py$)lsas < clwz’ Agdlles-

On the other hand, if I is not a lifted set of strata, there exists some stratum S € S—1

and S € S¢ such that S € 7. Then we can use Lemma 2.13 and the observation that

er wgf s is bounded by a constant times ey wg,‘s Wy § (which follows from (37)) to get

sup|eIw(S I)A(§_1)¢| <c sup|elw§,‘3w35A(§_1)¢|
= csup elwa‘s |€§As(€1w§,8A(§_I)¢)|
= C,”egdvert(el wg/‘sA(g_I)¢) ls+s
= (leqwz’ Az pydvendlls+s
= ('le;wz’ Az dvend s +s (using (36))
< w5 Agdiendllses (as 1€ # @).

Therefore, inequality (39) holds for all nonempty sets of strata I C S. Using the
inequalities (38) and (39) along with Equation (34) gives

(40) IDIwZ’ Agp —wz AsDIpllsey <c Y Ilwz Agplljes
§c§

If S consists entirely of strata S such that S¢ = &, then &5 =Ag 3 and we obtain the
inequality below. Otherwise, we may apply the estimates of Lemma 2.21 to the above
inequality to exchange Az with A s and get error terms involving As', where S’ ¢S,
and also apply the estimates of Lemma 2.21 to the right-hand side of (40) to get

1) I1D0ws Asp — w3 AsDIpllsasy <c Y Iws’Asljgs
5SS

The right-hand side of (41) is bounded by ¢||7p D¢ lo.s by inductive assumption (33).
As (41) applies on all the coordinate charts U; over U, we can apply my to the
left-hand term in (41), use the triangle inequality, and rearrange to get

42)  |ayDows? Aspllsss < |myws® AsDdg||ses + cllwy Dad]o.s-

We now estimate the right-hand side of this inequality by a constant times ||y D3 || 0.5-
(This estimation is trivial if V' has rank 0, but it will take us over two pages.) After
that, the inequality (32) can be applied to complete the inductive argument.
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Let v be any section of V' with [[v]|o s finite, such that
3) 2|y DB llo,5 = | D3P —v'l0,5.
Then, the following holds:

44) |lryws®AsDagllses = infllws’ AsDIp - vllses

IA

lws’ As(D3g —v)5es + inflws? Asv' = vlses
< cllmy Ddgllo,s + infllws’ Asv' — vllss
= c|lmy Dgllo,s + |ty w5’ Asv|lses-

We must show that ||71ng8 ng’||5&5/ can be bounded in terms of ||7TVD5¢”0’3.

In our coordinate chart U, choose a trivialization of V using a basis {v;} of C%1

V=) fivi
i

where { f;} is some collection of fiberwise-constant real-valued functions. Choose v;

sections. We then have

so that for some constant ¢,

45) lgil <) givills
i

for any collection of functions g; on U.
Using the identity Ag fg = (Ag f)g + (es f)Asg repeatedly, we get

(46) Az =D (Are_p /i) (AE_pyvi)-
ICS,i

As f; is fiberwise-constant, Ageg fi = 0 when S € S¢. Therefore, we can rewrite
the above expression using only lifted sets of strata:

(47 Agv'= )" (Afeai) /) (A G_fyvi)-
1CS,i

We need to estimate Agv’; this equals Azv’ unless we're in a coordinate chart of type (I)
with coordinates including |Z;| < ¢ and |2#| < ¢. Using notation from Definition 2.19,
write 1T for the subset of / where 1= %, and 7~ for the subset where ﬁ =10, Then

As=Az—pT(Ag—Ast) =P (Ag—As-),
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where 5T and 5~ are some cutoff functions. As f; is constant on fibers,

er+f =erfi=erfi.

where in ey f;, we consider f; as a function on U . Similarly,

Agpfi= A+ fi = A= fi = A1 fi,

so Ay fi = Ar f. As every stratum in S has a unique lift to ST, (46) implies that
48) A = > (Ares—1) /i) (As—py+Vi)

1CS,i
and similarly,
(49) As—v' =Y (Ares—n fi)(As—1)-vi).

1CS,i
so using equations (47)—(49) on a coordinate chart of type (I), we get
(50) Asv' = Y (Ares—n fi)(Bs—pvi).

1CS,i

We’ve proved the above equation (50) for coordinate charts of type (I), and on all other
coordinate charts, (50) is equivalent to (47), so (50) is valid for all our coordinate charts
over U.

We can apply equation (50) along with inequality (45) to bound |w§5A3 fi| as follows:

suplws As fil < el (w5 As fivills

1

<cllws®Asv'lly +¢ Y ws?(Ares—n [ As—nvp)ls
I1Gs,j

<clwz®Asvlls +¢" > Wi’ Ares—n [ W5 As—nv)lls
I1Gs,j

<clwz®Asv|lg +¢" Y suplw; P Ares—p fil.
I1Gs,j

Using the above inequality again on the terms with fewer strata gives

(51) suplws® As fil <¢ Y IlwrApv|lg .
ICS
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As the sections v; are C°1, the norm || wI_‘s Aqv; ls&s is bounded. Now bound terms
on the right-hand side of equation (50) as follows:

Iy ws®(Ares—n) i) (As—nvi)llses
<cllmyw®Ares—n W@ As—nvi)lsas
< esuplw;® Ares—p filllmrwid_ As—nvillses

= Z lw S Apv' s (using (51)).
I'cl

When considering wy- of equation (50), we can remove the term where I = S, because
(As fi)vi € V. In the remaining terms, f; is always being acted on by A; where
|1| < |S|. Therefore, using (50) and the above inequality,

-6 N
Iy w3y llses < ¢ D IlwrPAp|ls

ICS

< ~5A; DJ D ing (43

<o/( S lwrtA; Daglls + v DIdllos ) (using (43)
=

< c”( 3w Rl + ||nV05¢||o,5) (using (41))
Ics

<" ||wy Dagllos (using (33)).

Using the above inequality with equations (42) and (44), we get
Iy DI’ Asgllss < cllmy Do 5.
Applying inequality (32) to the left-hand side of the above gives
lws’Aslljes < clmy DIllos.

This completes the inductive argument that the above expression holds for all sets of
strata S in U . Therefore, using the equivalent norm from Lemma 2.20, we’ve proved
the required inequality on the set of coordinate charts over U,

(52) Ipllg s < cllimy Ddgllo,s-

It follows that inequality (52) holds on our entire family, as our entire family is
covered by a finite collection of allowable coordinate charts. We shall use the above
inequality (52) to see that my Dd: X, 0,6 = Y/ Vo, s has a bounded inverse, determined
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by the individual inverses to 7y DI( f): Xos5(f)—=Y/Vos(f) by

((wy DB)~H(0)) (/) = (y DA(S) ' (B(/))-

Let us check that (7 D)~ () actually is in Xy,5. Approximate ¢ by a C 00,1
section 6’. Then, for each /', Lemma 3.4 implies that (7> DA( f))~1(0(f)) is C°:L.
We can then choose a C 1 extension ¢r of (y DA(f))~1(O(f)) to a neighborhood
of f (using, for example, the map G from Lemma 3.9). So, JTVng)f is C%L and
agrees with 6" over f. This implies that ||JTVD5¢f — 00,5 can be made arbitrarily
small by restricting to a suitably small neighborhood of f. We can patch together
such ¢y using a partition of unity (on F') to define a section ¢’ in X oo, 1( f ) with
7wy DA(¢")—0 | 0,5 as small as we like. There therefore exists a sequence of sections ¢’
in X°L with 7y D3(¢’) converging to # in Y/ V0,5 The bound (52) then implies
that this sequence ¢’ converges in X 5, and converges to (ry D) ™! 9). =

Proposition 3.12 If 7y D3: X, 0,6 = Y/ Vo5 has a bounded inverse, then

7y DO Xes =Y/ Vis

has a bounded inverse.

Proof This proposition is a tautology for kK = 0. Assume for induction that the
corresponding inequality for the case k — 1 holds, so

. _
[#ll5—1,5 = cllry DIPllx—1,5-

Suppose that w is an extendable C 1 vectorfield on the total space of our family C.
and that w is the lift of some vectorfield on the base F . In a coordinate chart,

(53) V(D) = Vi (E'(¢) + H(dvend))
= DI(Vid) + (Vi E") (@) + (Voo H) (dvered) + H ([dvert, Vanl),

where E’ and H are C°1 tensors such that Ag, E’ = E’. Note that [dyer, V] is
an extendable C°1 first-order operator that involves derivatives only in the vertical
direction, because w is the lift of a vectorfield on F . Therefore, there exists a constant ¢,
depending on w, such that

1DV — Vay (D) k=15 < ¢l Dl 5-

We have proved the above inequality for a single coordinate chart. As our family is
covered by a finite collection of such coordinate charts, the above inequality holds

Geometry & Topology, Volume 23 (2019)



1682 Brett Parker

globally. Therefore, taking my- of the left-hand side gives the following inequality,
where the constant ¢ depends on w:

(54) Iy DOV ll-1,6 < 77 Voo (D)l —1,5 + cllpllj_y 5-

We wish now to bound || 7y Vo (D0¢) [l k—1,5 by Iy DOl 5+ [I$l}_, 5 times some-
thing depending on w (a particularly easy task if V' is a rank-zero vectorbundle). Choose
some section v of V' with [[v||x s finite so that

(55) 2|7y DG lg 5 = | DBp — vl 5-
Therefore there exists some constant ¢ depending on w such that
(56) cllzy D3gllk,s = | Vi (DI$ =) —1,5

> |1y Vs (DD k1.5 — 771 Vil k1 5-

Work in some finite collection of extendable coordinate patches on F on which V is a
trivial vectorbundle, and choose some basis vy, ..., v, of C®1 sections of V so that
we can write any section of V as v =7 fjv;, where | fillx—1,s < [[v|lx—1,s. Note that

y Vu (fivi) = my fiVy;.

Therefore we can bound the rightmost term in (56) using Lemma 2.8 as follows:

Z fivwvi
i
1
<) N fillk-1,81 Vawvilli_y 5
i

(57) |7y Vi vllk—1,6 <

k—1,8

< cvllx-1.5
= (|1D3¢ 1,5 + 2|y DI llxe8)  (using (55))
<" (I¢lg_y5 + llmy DD |l 1.5)-

Using the inequality (57) for the rightmost term in (56) and rearranging gives

Iy DOV llk—1,5 < c(lmy Dllis + Bl 5)-

Then, using our inductive hypothesis on the leftmost and rightmost terms above,

IVudllz_ys < clmy Dogllx,s.

In the above inequality, ¢ depends on w, which is any extendable C°L vectorfield
lifted from a vectorfield on F . As we can span all vectorfields on C by real functions
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times a finite collection of such w, it follows that

(58) I35 < clmwy D3k s,

where ¢ is independent of ¢. By induction on k, the bound (58) holds for all & (with
different constants for different k).

We still need to prove that the bound (58) implies that the restriction to Y/ V s of
our low-regularity inverse is the inverse we want. Suppose that 6 is in Y1, Let
us argue that (7 D3) "' (rp0) is in XL, by first arguing that all its derivatives
exist. For each f, Lemma 3.9 implies that (rp DA(f)) ' (mp-0(f)) is C*L. Using
the map G from Lemma 3.9, we can extend (rpDA(f)) " (mp0(f)) to a Co-L
section ¢, so D5¢>0 plus some C°1 section vy of V agrees with # over f. For
showing that derivatives exist, we can assume without losing generality that F = R”,
with coordinates x;, and f at 0. We can approximate 6 to order £ over 0 by

Dg( Z (x“qﬁa)) + Zx“va = Z x*(DIpy + va).

o] <k l|<k

where, for each multi-index «, ¢q is a section of X1 and vy is a C*1 section
of V such that over 0,

D* (9 - Y XK (DI + va,)) = |a|! (Do + Va).
/| <ler|

Above, D% indicates the partial derivative corresponding to the multi-index o — this
partial derivative is well-defined and independent of the lifts of d/dx; or connection,
because DY is acting on something that vanishes to order (Jaz|—1) over 0. We can make
|77 (6 — D8 Y- x*¢q) |15 and therefore [|(zry DI) ™" (ry0) — 3- x%¢pa|}, 5, as small
as we like by restricting to a sufficiently small neighborhood of 0. It follows that at 0,
the derivatives of (rpy D)~ (7ry/6) exist up to order k. Repeating the argument for
different k and at different points gives that all derivatives of (7 D)~ (ry6) exist.
The bounds (58) together with Lemma 7.8 of [18] then imply that (773 D)~ (-0)
is €4, Using Theorem 3.10 and Proposition 3.11, we can locally repeat this argument
for any 0 < § < 1, to get that (77 D)~ (r-0) is in fact CL,

Now we know that (711/D5)_1 sends C>-1 sections to C°1 sections, it follows that
(ry D)~ ! is our required inverse. For any 6 € Y/ Vk s, we can choose a sequence
of C%1 sections 6’ converging to 6, then (p DJ)~1(#’) is a sequence of C-L
sections converging in Xj 5 to (ry D)6 a
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Corollary 3.13 Suppose that V C Y°*L is a finite-rank subvectorbundle such that
for every curve f in our family, D3(f): X°1(f) — Y°L(f) is injective and
complementary to V( /). Then, for each € Y1, there exists a unique v € X1
and C*1 section v of V such that

Dov =6 +v.

Proof Lemmas 3.3 and 3.4 imply that 7ry-0 D( f): X5 — Y/ V; is invertible for all 1,
so there is a unique v( f) € X5(f) and v(f) € V(f) such that DAv(f) =0(f)+v(f).
Lemma 3.4 implies that v(f) is C°1, and it remains to verify that the corre-
sponding global section v of X is C°L; this may be done locally. Theorem 3.10
and Propositions 3.11 and 3.12 imply that locally, 7y DO: Xks — Y/Vis has a
bounded inverse for all £k € N and § < 1. Because v(f) is the unique solution to
ay DA )v(f) = np(6(f)), the inverse image of 7y () must coincide with v, so
v is locally in X s for all k € N and § < 1. Therefore v is locally C>L. a

We can now prove Theorem 1.2.

Proof of Theorem 1.2 First, D3(f): X°1(f)— Y°1(f) has closed image, finite-
dimensional kernel and cokernel, and the required index. This follows from Lemmas 3.3,
3.4 and 3.5. It remains to show that, if D3(f) is transverse to V(f) C Y°-L1( /),
there exists a neighborhood F’ of /' C F such that D surjects onto Y°L(F’)/V
and D3~ (V) restricted to X°1(F’) is a finite-rank subvectorbundle in the sense of
Definition 1.1.

Choose sections {s;} of C — F sothat DA( /)~ (V(f)) =0 when the domain of D3
is restricted to the subspace of X °°1 vanishing at the image of all s;. On some neighbor-
hood F’ of f € F,extend V to a finite-rank subvectorbundle ¥’ C Y *1(F’) so that
V'(f) is complementary to the image of (the restricted) Dd( f). Then Proposition 3.11
implies that, by shrinking our neighborhood F’, we may assume that the same holds
forall f/ in F’'.

Choose a finite-rank subvectorbundle K’ C X °1(F’) that is a complement to the
subspace of sections vanishing at s;. We can parametrize K’ by the value of its
sections at s;. Corollary 3.13 allows us to parametrize Dy~! (V) by K’ as follows:
for any section v of K’, Corollary 3.13 implies that there exists a unique section
Vo € X°:L(F’) that vanishes at the image of all s; so that Ddv = dvy mod V’. We
may modify K’ to K” by replacing sections v of K’ with sections v—vg of K”. Such
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sections are still parametrized by their values at s;, and the map v+ v—vy is linear with
respect to multiplication by C*-L(F’ R), so K" is again a finite-rank subvectorbundle
of X°-L( f). The uniqueness part of Corollary 3.13 implies that K" = Do~ V",

Now D9 restricted to K” is a €L map of vectorbundles K" — V’. By assumption,
this map is transverse to V' C V' at f, therefore by shrinking F’, we may assume that
it is transverse to V' everywhere in F’, so D3~ (V) is a finite-rank C*L subvector-
bundle of K”. Corollary 3.13 has already told us that D@ surjects onto Y L(F’)/ V',
and we have now assumed that DJ restricted to K" surjects onto V’/V . Therefore,
D3 surjects onto Y °-L(F’)/V . This completes the proof of Theorem 1.2. a

3.5 Regularity for the F) equation on variations of a family

Theorem 3.14 Suppose that V C Y°L(F) is a finite-rank subvectorbundle (see
Definition 1.1) and at f € F, we have that d f € V(f) and

DB(f): XL(f) = Yol (f)

is injective and has image complementary to V(f). Then there exists a neighbor-
hood F’ of f € F, and a neighborhood O of 0 in X s(F'), such that:

(i) Givenany f’ € F' andv € O,
my DO (f)): Xg(f)) = Y/ Vs (f)
is invertible.

(i) The map
7TV52 0 — Y/ Vo,g

is a homeomorphism onto a neighborhood of 0 € Y/ V; 5.

(iii) Givenany f’ € F’, let O(f’) be the restriction of O to f’. Then the map
myd(f): O(f') = Y/ Vos(f")

is also a homeomorphism onto a neighborhood of 0 € Y/ V s(f”).

(iv) Forany v € O, if wydv has regularity C°L then v has regularity C°1. In
particular, there is a unique C°1 solution to the equation ydv = 0 over F'.

Proof Apply Theorem 3.10 and Proposition 3.11 to see that there exists an allowable
collection of coordinate charts covering an open neighborhood of f such that, in these
coordinates, there is a bounded inverse to 7wy o D9: X5 — Y/ V5.
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Theorem 3.2 implies that wy 00: Xos =Y/ Vo5 is C!, so we may choose a neigh-
borhood O of 0 € X s so that for v € O,

(59) I(my 0 D) ™" oy 0 DA(w)(+) —id]| < 4.

Therefore, 7y 09 is a homeomorphism from O to an open subset of Y/ V}y 5. As 7y
of the zero-section is a C°L section which vanishes at f, it follows that 73-9(O)
contains some section that vanishes on a neighborhood of f', so, by restricting to a
small enough neighborhood of f', the image under 7yd of O will contain 0 € Y/ Vos-
We have therefore proved item (ii) of our theorem. As the construction may be restricted
to any curve f’, item (iii) also holds, and restricting our estimate on the inverse of
7y D3 to v(f) gives item (i).

It remains to prove item (iv). We must show that if v € O and anv =0 is Co1,
then v is C°L. Do this locally around any curve g in F’ as follows: First, JTng(g)
is €1 50 9v(g) € €L and Proposition 3.7 implies that v(g) is C°-L. Choose
any C>-1 extension of v(g) to an open neighborhood of g (such an extension can
be constructed using the map G from Lemma 3.9) and call this extension vy .

Consider the following Newton iteration scheme:
Vnt+1 = Vn — (”VDg(Vn))_l (”ngn —0).

On a sufficiently small neighborhood U of g, the estimate (59) implies (773> Dd(vg)) ™!
exists and is a bounded operator. Moreover, by choosing U small, we may ensure that
|7y v — 10,5 is as small as we like. Therefore, as Dd: Xos— Yo is C!, fora
sufficiently small U the above Newton iteration scheme will converge in X 5(U) and
remain in (the restriction to U of) our chosen neighborhood O.

We shall now prove that if v, is C%1, then v, ; is C®! as well. As the map
7y DA(vy): Xo,s = Y/ Vy s is invertible, it follows that for all f” in F', also the map
DI(wn(f)): Xs(f') — Y/ Vs(f’) is invertible. Hence Da(v,)(f"): X°L(f") —
Y *-L( f') is injective and complementary to V( f). Corollary 3.13 then implies that
Vpa1 is €1, 50 by induction v, is C*1 for all n.

Now we shall see that this Newton iteration scheme will converge in X s for all k
and all § < 1 when restricted to a small enough open neighborhood of g (dependent
on k and §).

Claim The size of |7y dv, — 6 lln,s can be made arbitrarily small by restricting to a
suitably small open neighborhood of the curve over g . More precisely, ||y v, — 0| ns
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can be made arbitrarily small by restricting to a small enough neighborhood of the
curve over g while using the same metric and coordinate chart choices in the definition
Of || +[|n,s-

Consider 51),, as a section of the bundle Y. As v, and 6 are C°L, the above claim
is equivalent to FDe being tangent to order n over the domain of g to some C-1
section 0" with 70’ = 6.

We shall prove the above claim by induction: it holds for » = 0, now assume that
it holds for some n. Therefore, ||v,4+; — v,,||,11’ s can be made arbitrarily small by
restricting to a suitably small open neighborhood of the domain of g;ie v, and v,y
are tangent to order 7 on the domain of g. Define an operator (D"*1) as follows:
The domain of (D"t!) consists of C°! sections of ¥ tangent to dv, to order n
over g. Define (D"1)# to be the derivative to order n + 1 of the section 6, re-
stricted to the domain of g. With this domain, (D”*!) is an affine operator, so
(D"THY(A0; + (1 = X)0y) = A(D"T1) () + (1 — L) (D"1)(6,) for any constant A,
and 6; in the domain of (D"*'). The operator (D"*1)d is also an affine operator
when restricted to v € C®1, so that v is tangent to v, to order n over the domain
of g. Therefore, for such v, using that (D”‘H)g is affine gives

(D"t + AV —vp)) = (D" 3vy + A((D" T — (D" T1)vy).

Then, as (D"1) is affine, it commutes with taking first-order approximations, so
taking (D"*1) of the approximation of d(v, +A(v —vy,)) at A = 0 gives

(D" 1) (@vn + AD(vn) (v — ) = (D" F1)Jv, + A(D" )3 — (D)D),
Setting A = 1 in the above expression gives
(D" 19y = (D"*1)(@vy + DI(n) (v — vn)),

” (Dn+l)5vn+l = (Dn-H)(gVn + Dg(vn)(vn—i-l —Vn))

= (D"*1)(@vn — DB(vn) (ry DI(v)) ™" (7ry vy — )
= (D"T1)(#"),
where 6’ is a C°1 section of Y such that
iyl =y dv, — wydv, + 6 = 6.

In other words, 5vn+1 will be tangent to order 7 + 1 over the domain of g to some 6’
such that 7,60’ = 6. By induction, this is true for all 7, and our claim has been proven.
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Apply Theorem 3.10, Propositions 3.11 and 3.12, Theorem 3.2 and the above claim to

infer that for any 6 < 1, restricted to a small enough neighborhood of the curve over g,

the above Newton iteration scheme converges in X} s to our solution v to v =0.

This implies that, for all £ and 6 < 1, there exists some open neighborhood of g such

that our solution v is in C*% restricted to this neighborhood. Repeating the argument

around any point gives that v is C%1,
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