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Goldman algebra, opers and the swapping algebra

FRANCOIS LABOURIE

We define a Poisson algebra called the swapping algebra using the intersection of
curves in the disk. We interpret a subalgebra of the fraction algebra of the swapping
algebra, called the algebra of multifractions, as an algebra of functions on the space
of cross ratios and thus as an algebra of functions on the Hitchin component as well as
on the space of SL, (R)—opers with trivial holonomy. We relate this Poisson algebra
to the Atiyah—Bott—Goldman symplectic structure and to the Drinfel’d—Sokolov
reduction. We also prove an extension of the Wolpert formula.

32G15; 32J15, 17B63

1 Introduction

The purpose of this article is threefold. We first introduce the swapping algebra, which
is a Poisson algebra generated, as a commutative algebra, by pairs of points on the
circle. Then we relate this construction to two well-known Poisson structures:

e The Poisson structure of the character variety of representations of a surface
group in PSL,(R), discovered by Atiyah, Bott and Goldman [1; 8; 9].

e The Poisson structure of the space of PSL,(R)—opers introduced by Dickey,
Gel’fand and Magri and described in a geometrical way by Drinfel’d and
Sokolov [22; 6; 5].

One way to heuristically interpret these relations is to say that the swapping algebra
embodies the notion of a “Poisson structure” for the space of all cross ratios, a space
that contains both the space of opers and the “universal (in genus) Hitchin component”.
As a byproduct of the methods of this paper, we also produce a generalization of the
Wolpert formula, which computes the brackets of length functions for the Hitchin
component.

The results of this article were announced in [19]. The relation, at a topological level,
between the character variety and opers was already noted by the author [16], by
Fock and Goncharov [7], and foreseen by Witten [30]; see also Govindarajan and
Jayaraman [10; 11].

We now explain more precisely the content of this article.
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1.1 The swapping algebra

Our first result is the construction of the swapping algebra. To avoid cumbersome
expressions, most of the time we shall denote the ordered pair (X, x) of points of the
circle by the concatenated symbol X x. We recall in Section 2.1 the definition and
properties of the linking number [X x, Yy] of the two pairs (X, x) and (Y, ). If Pisa
subset of the circle, we denote by £(P) the commutative associative algebra generated
by pairs of points of P with the relations XX = 0 for all X in P. Our starting result
is the following.

Theorem 1 (swapping bracket) For every complex number «, there exists a unique
Poisson bracket on L(P) such that the bracket of two generators is

{(Xx, Yy} =[Xx,Yy](Xy.Yx4+a.Xx.Yy).

The swapping algebra is the algebra L, (P) endowed with the Poisson bracket {-, - }4.
This theorem is proved in Section 2. The goal of this paper is to relate this swapping
algebra to other Poisson algebras.

One should note that this bracket can be used to express very simply some results of
Wolpert and in particular, the variation of the length of curve transverse to a shear; see
Wolpert [31; 32].

1.2 Cross ratios and the multifraction algebra

We shall concentrate on the interpretation of an offshoot of the swapping algebra. We
denote by Qg (P) the algebra of fractions of L, (P) equipped with the induced Poisson
structure. The multifraction algebra B(P) is the vector subspace of Q,(P) generated
by the elementary multifractions

o Xixg
X, x;0]:= —H’T,I 120
[Tizy Xixi
where X = (X1,..., Xy) and x = (X1, ..., X,) are n—tuples of points of P and o is
a permutation of {1,...,n}. Then we have the following easy proposition.

Proposition 2 The multifraction algebra is a Poisson subalgebra of Qy(P). The
induced Poisson structure does not depend on «. Finally, B(P) is generated as a
commutative algebra by the cross fractions

_ Xx.Yy
C Yx. Xy’

[X,Y,x,y]:
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In particular, it follows that the multifraction algebra is naturally mapped to the com-
mutative algebra of functions on cross ratios; see Section 3. Thus the existence of a
Poisson structure on the multifraction algebra can be interpreted as that of a Poisson
structure on the space of cross ratios.

1.3 The multifraction algebra as a “‘universal”’ Goldman algebra

We then relate the multifraction algebra to the Goldman algebra. Let I' be the fundamen-
tal group of a surface S, do[" the boundary at infinity of ', and P the subset of dooI”
consisting of fixed points of elements of I". The Hitchin component H(n, S) of the
character variety of representations of I" in PSL,(R) was interpreted in Labourie [17]
as a space of cross ratios. Thus every multifraction in B(P) gives a smooth function
on the Hitchin component; see Proposition 4.2.4 for details. Thus we have a restriction

ls: B(P) — C*®(H(n, S)).

This mapping is not a Poisson morphism, nevertheless it becomes one when we take
sequences of well-chosen finite-index subgroups. More precisely, we define and prove,
as an immediate consequence of one of the main results of Niblo [24], the existence
of vanishing sequences of finite-index subgroups {I',},en of I'; these sequences are
essentially such that every geodesic becomes eventually simple and for which the
intersection of two geodesics becomes eventually minimal; see Section 6.2.1 and the
appendix for details.

Then denoting by {-, -}y the swapping bracket, and by {-,-}s, the Goldman bracket
for S, := S/ T, coming from the Atiyah-Bott—-Goldman symplectic form on the
character variety, we prove in Section 9:

Theorem 3 (Goldman bracket for vanishing sequences) Let {I';; }meN be a vanishing
sequence of subgroups of w1(S). Let P C doom1(S) be the set of end points of
geodesics. Let by and by be two multifractions in B(P). Then we have

(1) lim {bo,b1}s, = {bo.b1}w.
n—>o0

The statement of this theorem actually requires some preliminaries in properly defining
the meaning of (1). In a way, this result tells us that the swapping bracket is the
Goldman bracket on the universal solenoid.

The proof relies on the description of special multifractions called elementary functions
(see Section 4.2) as limits of the well-studied functions on the character variety known
as Wilson loops.
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1270 Francois Labourie

Another result is a precise asymptotic formula, on a fixed surface this time, relating the
Goldman and the swapping brackets. With " as above, let y €', y € P and let T+
and Y~ be respectively the attractive and repulsive fixed points of y in doo(I"). Define
the following formal series of cross fractions, reverting to the notation (X, x) for pairs:

((J/’L, Yo -y y! (y)))
oy 'O -y /)

In [16] we show that the period function £, := IS(Zy(y)), seen as a function on
the character variety, is independent of y and is a function of the eigenvalues of
the monodromy of y. These period functions coincide with the length functions for
classical Teichmiiller theory; that is, n = 2.

n 1
by () = 5 log

We now have:

Theorem 4 (bracket of length functions) Let y and n be homotopy classes of curves
which as simple curves have at most one intersection point. Then we have

Tim T ({Eyn (n). L (Mw) = 1{Ly. Ln}s.

As a tool of the proof of this result we prove the following extension of the Wolpert
formula [32; 31].

Theorem 5 (generalized Wolpert formula) Let y and n be two homotopy classes of
curves which as simple curves have exactly one intersection point. Then the Goldman
bracket of the two length functions £, and {; is

) y by}s®) =ty Y e b yE ).
e,e’e{—1,1}

This formula has recently been extended using different methods by Bridgeman [3].

1.4 The multifraction algebra and PSL, (R)-opers

We finally relate the multifraction algebra to opers. We recall in Section 10 the definition
of real opers and their interpretation as maps to the projective space P (R”) and its dual.
In particular, opers with trivial holonomy can be embedded in the space of smooth
cross ratios. The Drinfel’d—Sokolov reduction allows us to define the Poisson bracket
of pairs of acceptable observables, a subclass of functions on the spaces of opers. We
then show that this Poisson bracket coincides with the swapping bracket.
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Theorem 6 (swapping bracket and opers) Let (X, X9, Yo, Vo, X1, X1, Y1, V1) be
pairwise distinct points on the circle T . Then the cross fractions [Xg, x¢, Yo, yo| and
[X1,x1, Y1, y1] define a pair of acceptable observables whose Poisson bracket with
respect to the Drinfel’d—Sokolov reduction coincides with their Poisson bracket in the
multifraction algebra.

Acknowledgements The research leading to these results has received funding from
the European Research Council under the European Community’s seventh Framework
Programme (FP7/2007-2013)/ERC grant agreement number FP7-246918, as well as
from the ANR program ETTT (ANR-09-BLAN-0116-01).

I thank Martin Bridson, Sergei Fomin, Louis Funar and Bill Goldman for their interest
and help.

2 The swapping bracket

In this section, we first recall the definition and properties of the linking number of two
ordered pairs of points. We then construct the swapping algebra and prove Theorem 1,
which relies on an identity involving the linking numbers of six points.

2.1 Linking number for pairs of points
We recall that if ()X, x, Y, y) is a quadruple of points on the real line, the linking number
of (X, x) and (Y, y) is
3) [Xx,Yy]:= %(Sign(X—x) Sign(X—y) Sign(y—x)
— Sign(X —x) Sign(X-Y) Sign(Y—x)),

where Sign(x) = —1,0, 1 whenever x <0, x =0, x > 0 respectively. By definition,
the linking number is invariant under orientation-preserving homeomorphisms of the
real line. We note that:

(i) When the four points are pairwise distinct, this linking number is also the total
linking number of the curve joining X to x with the curve joining ¥ to y in
the upper half-plane.

(i) The equality cases are as follows:

(a) For all points (X, Y, y) on the circle,

4) [XX,Yy]=0=[Xy, Xy].
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1272 Francois Labourie

(b) If, up to cyclic permutation, (X, Y, x) are pairwise distinct points and ori-
ented, then
&) [Xx,Yx]= %

The first observation shows that we can define the linking number of a quadruple of
points on the oriented circle S by choosing a point x( disjoint from the quadruple and
defining the linking number as the linking number of the quadruple in S\ {x¢} ~ R.
The linking number so defined does not depend on the choice of x( and is invariant
under orientation-preserving homeomorphisms.

2.1.1 Properties of the linking number We summarize the useful properties (for us)
of the linking number of pairs of points in the following definition. Let P be any set.

Definition 2.1.1 A linking number of pairs of points of P is a map from P* to a
commutative ring,
(X,x,Y,y)—[Xx,Yy],

such that for all points X, x,Y,y, Z, z,

6) [Xx,Yy]+[Yy, Xx]=0 (first antisymmetry),

@) [Xx,Yy]+[Xx,yY]=0 (second antisymmetry),

®) [z, XY]+[zy, YZ]+[zy,ZX]=0 (cocycle identity),

and moreover, if (X, x, Y, y) are all pairwise distinct, then

©) [Xx,Yy].[Xy,Yx]=0 (linking number alternative).

We illustrate the cocycle identity and the alternative for the standard linking number in
Figure 1.

Figure 1: Linking number for pairs of points on the circle: the cocycle
identity (left) and linking number alternative (right)

Then we prove:

Geometry & Topology, Volume 22 (2018)
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Proposition 2.1.2 The canonical linking number for pairs of points of the circle is a
linking number in the sense of the previous definition.

Proof The first two symmetries are checked from the definition. In the case that
{x,y}N{X,Y, Z} = @, Equation (8) follows from the geometric definition of the
linking number. It remains to check different cases of equality. We can assume that
(X, Y, Z) are pairwise distinct; otherwise the equality follows from the two previous
ones and (4).

e If x = y, the equation is true by (4).

e Assume that x = X and y € {X,Y, Z} up to cyclic permutations of (X,Y, Z).
Then the equality follows from the following remark. Let z and ¢ be points close
enough to x so that (z, x, ¢) is oriented. Then when A =Y or A = Z, we have

[xy, xA] = 3([zy, xA] + [ty x A]).

e Assume finally that (x, y) = (X, Y). Then the equality reduces to
(XY, ZX]|+[XY,YZ]=0,

which is true by (5) and the fact that (X, Y, Z) and (Y, X, Z) have opposite orientation.
Equation (9) follows from the geometric definition of linking number. a
A linking number also satisfies more complicated relations.
Proposition 2.1.3 Let (X,x,Z,z,Y,y) be 6 points on the set P equipped with a
linking number [-,-]. Then
(10) [Xy, Zz|+[Yx,Zz]=[Xx, Zz]+ Yy, Zz].
Moreover, if {X,x}N{Y,y}N{Z,z} = &, then

(11) (Xx, Yy Xy, Zz]+[Zz, Xx]|[Zx,Yy]+[Yy, Zz]|[Yz, Xx] = 0,
(12) [(Xx,Yy|Yx, Zz|+[Zz, Xx]|[ Xz, Yy|+ Yy, Zz][Zy, Xx] = 0.

Remarks (i) The hypothesis on the configuration of points is necessary: if X, x,Y, Z
are pairwise distinct, then for (X, x,Y, y,Z,z) = (X, x,Y, x, Z, x), the left-hand side
in (11) is nonzero in the case of the standard linking number of pairs of points on the
circle.

(i) A simple way to prove this proposition is to use mathematical computing software;
below we give a mathematical proof.
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Proof Formula (10) follows at once from the cocycle identity (8). We now prove
formulas (11) and (12). Let us define

FX,x,Y,y,Z,2):=[Xx, Yyl Xy, Zz|+[Zz, Xx|[Zx,Yy|+ [Yy, Zz][Y z, X x],
GX,x, Y, y,Z,z) = [Xx,Yy|Yx, Zz]+ [Zz, Xx|[ Xz, Yy]+ Yy, Zz][Zy, X x].

We first prove some symmetries of F' and G.

Our first observation is that, using the first antisymmetry property (6), we get that
(13) F(X.,x,Y, 9, Z2,z2)=—-G(Y,y,X,x,Z,2z).

Thus we only need to prove that F' = 0.

Step 1 The expression F is invariant under all permutations of the pairs (X, x),
(Y,y) and (Z, z).

Using equations (10) and (6), we obtain that

FX,x,Y, 9, Z,2)+G(X,x,Y,y,Z,z) =[Xx,Yy|[Yy, Zz] +[Xx, Yy][ X x, ZZ]
+[Zz, Xx|[Zz,Yy|+[Zz, Xx]|[Xx, Y]
+ Yy Zz|Yy, Xx]+[Yy, Zz][Zz, X x]
=0.

Hence, by (13),
(14) F(X,x,Y, 9, Z,z2)=F({Y,y,X,x,Z,z).

By construction F' is invariant by cyclic permutations and thus, from the previous
equation, F is invariant by all permutations of the pairs (X, x), (¥, y) and (Z, z).

Step 2 The expression F satisfies a cocycle equation,
(15) FX,x,Y,y,Z,z2)+ F(x,t,Y,y,Z,z) = F(X,t,Y,y,Z,z).
We also have the symmetries

(16) F(X,x,Y,y,Z,z)=—F(x,X,Y,y,Z,2)
=—FX,x,»,Y,Z,2)
=—-F(X,x,Y,y,z, 7).

The symmetries of equation (16) follow at once from the cocycle equation (15) and the
fact that F(X,X,Y, y,Z,z) =0.
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Let us prove a cocycle equation for F. We shall only use the cocycle identity (8) and
the previous symmetries for the linking number. By definition,
F(X.x.Y.p.Z,2)+ F(x.1.Y.y. Z,2) = [Xx, Yy|[Xp, Zz] + [x1. Yy][xy, Z2]
+[Zz, Xx|[Zx,Yy|+[Zz,xt][Zt, Y]
+[Yy, Zz|Yz, Xx]|+[Yy, Zz][Yz, xt].
Using the cocycle identity (8) to expand the first term and regrouping the fifth and sixth
terms of the right-hand side, we get
FX,x,Y, 9, Z,2)+ F(x,t,Y,y, Z,z) = [Xt,YY| Xy, Zz] + [tx, Y Y| Xy, ZZ]
+[xt, Yyllxy, Zz]+[Zz, Xx][Zx, Y]
+[Zz,xt|[Zt, Yy]+[Yy, Zz][Y z, X1].
Using the cocycle identity (8) for regrouping the second and third term of the right-hand
side and rearranging, we get
FX,x,Y, 9, Z,2)+ F(x,t,Y,y, Z,2) = [Xt, Yy| Xy, Zz]+[Zz, Xx]|[Zx, Y )]
+[Zz, Xx]|[xt, Yy]|+[Zz, xt][Zt, Yy]
+[Yy, Zz]Yz, Xt]
=F(X,t,Y,y,.Z,2).

Using the cocycle identity (8) to regroup the second and third terms, then the fourth, of
the right-hand side, we finally get

FX,x,Y, 9, Z,2)+ F(x,t,Y,y, Z,z) =[Xt, Yyl Xy, Zz]|+ [Zz, Xt][Zt, Y]
+[Yy, Zz]Yz, Xt]
=F(X,t,Y,y,Z,2).
Step3 If (X,x,Y,y) are pairwise distinct, then
(17 F(X,x,Y,y,Y,x)=0,
(18) F(X,x,X,x,Y,y)=0.

Let us first prove (17). It follows from the linking number alternative (9) and the
cocycle identity (8) that

F(X.x, Y. p,Y.x)=[Xx, Yyl Xy, Yx]+ ([Yx, Xx][Yx, Yy] + Yy, Yx][Yx, Xx])
=0.

This proves formula (17). Similarly, using the cocycle equation (15) for F for the first
equality, symmetries for the second, and our previous formula (17) (for (X, x, y,Y))
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for the last, we get
F(X,x,X,x,Y,y)=F(X,x,X,»,Y,y)+ F(X,x,y,x,Y,»)
=F(X,x,y,x,9,7)
=F(X,x,»,Y,y,x)
=0.
Stepd4 If (X,x,Y,y, Z) are pairwise distinct, then
19) F(X,x,Y,y,Z,x)=0.
Using the cocycle formula (15) for F' and the previous step, we get
FX,x,Y, 9. Z,x)=F(X,x,Y,Z,Z,x)+ F(X,x,Z,y,Z,x)
=—F(X,x,Z,Y,Z,x)
=0.
Final step If (X,x,Y, y, Z,z) are pairwise distinct, then
20) F(X,x,Y,y,Z,2)=0.

Indeed, using the cocycle formula (15) for F for the first equality, symmetries for the
second, and the previous step for the last equality, we get

F(X,x,Y,y.Z,z)=F(X,x,Y,y,Z,Y)+ F(X,x,Y,y,Y,z)
=F(,Y,x, X, Z,Y)—F(,Y,x,X,y,z,Y)
=0.

This concludes the proof. a

2.2 The swapping algebra

Let P be a set and [-, -] be a linking number with values in an integral domain A.
We represent a pair (X, x) of points of P by the expression X x. We consider the
free associative commutative algebra £(P) generated over A by pairs of points on P,
together with the relation XX =0 for all X € P.

Let o be any element in 4. We define the swapping bracket of two pairs of points as
the following element of L(P):

@21 {Xx, Yy} =[Xx,Yyl(@.Xx.Yy+ Xy.YX).

We extend the swapping bracket to the whole algebra £(P) using the Leibniz rule, and
call the resulting algebra L, (P) the swapping algebra.
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Goldman algebra, opers and the swapping algebra 1277

Theorem 2.2.1 The swapping bracket satisfies the Jacobi identity. Hence, the swap-
ping algebra L, (P) is a Poisson algebra.

Proof All we need to check is the Jacobi identity
UXx, Yya, Zzba + Yy, Zz2}a, XX o +{{Zz2, XX}, YY}a =0
for the generators of the algebra.

We make preliminary computations, omitting the subscript « in the bracket. The triple
bracket {{A4, B}, C} is a polynomial of degree 2 in « and we wish to compute its
coefficients. By definition, using the Leibniz rule for the second equality, we have

(22) {Xx. Yy}, Zz} = [Xx, Yyl(a{Xx.Yy, Zz} +{Xy.Yx, Zz})
=a[Xx, Yy]({Xx, Zz2}.Yy+{Yy, Zz}.Xx)
+ [Xx, YyI({Xy, Zz}.Yx +{Yx, Zz}.Xy).

Now we compute two expressions appearing in the right-hand side of the previous
equation. We have

23) {Xx,Zz}.Yy+{Yy, Zz}.Xx
=a(Xx,Zz]+[Yy, Zz)Xx.Yy.Zz
+(Xx,Zz]Xz.Yy.Zx + Yy, Zz]Xx.Yz.ZY).

Similarly,

24) {(Xy,Zz} Yx+{Yx,Zz}. Xy
=a(Xy,Zz|+[Yx, Zz)Xy.Yx.Zz+ Xy, Zz|Xz.Yx.Zy
+[Yx,Zz]Xy.Yz.Zx.

It follows from (23) and (24) that the coefficient of «? in the triple bracket (22) is
(25) Py :=([Xx,Yy|[Xx, Zz]|+[Xx,Yy|[Yy, Zz)Xx.Yy.Zz.
The coefficient of « in the triple bracket (22) is

(26) Py :=[Xx,Yy|[Xx,Zz1Xz.Yy.Zx +[Xx,Yy|[Yy, Zz|1Xx.Yz.Zy
+ ((Xx, Yyl Xy, Zz]+[Xx,Yy|[Yx, Zz) Xy Y x. Z=.

Finally, the constant coefficient is

27 Py :=[Xx, Yyl Xy, Zz1Xz.YXx.Zy +[Xx,Yy|Yx, Zz]Xy.Yz.Zx,
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so that
(28) {UXx, Yy}, Zz} =a® Py +a.P; + P.

In order to check the Jacobi identity, we have to consider the sums S,, S| and Sy over
cyclic permutations of (Xx, Yy, Zz) of the three terms P,, Py and Py. We consider
successively these three coefficients.

Term of degree 0 We first have
29) So=F(X,x, Y, y,.Z,2)(Xz.Yx.Zy— Xy.Yz.ZXx).

Indeed, we have
So=A4.XzYx.Zy+ B Xy.Yz.Zx,

where
A=[Xx, Yyl Xy, Zz]+[Zz, Xx]|[Zx,Yy|+[Yy, Zz][Y z, X x]
=F(X,x,Y,y,7Z,z2),
B=[Xx,Yy|Yx, Zz|+[Zz, Xx]|[ Xz, Yy]+ Yy, Zz|[ Zy, XX]
=G X,x,Y,y,Z,2).

Now (29) follows from (13).

We now prove that So = 0. It follows from Proposition 2.1.3 that if
{X.xin{Y, yini{Z,z} = 2.

then F =0, hence Sy = 0.

Up to cyclic permutations, we just have to consider two cases.

i) fx=y=zor X =Y =Z, then

XzYx.Zy—XyYz.Zx =0,
hence So = 0.

(i) If x =y =Z or X =Y = z or the other cases obtained by cyclic permutations,
since aa = 0, we have

XzYx.Zy=Xy.Yz.Zx =0.
Thus Sy = 0.

We have completed the proof that Sy = 0.
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Term of degree 1 Next, we write
Pi=A1(X,x,Y,y,Z,2)Xx.Yz.Zy+ A,(X,x,Y, y,Z,2)Xz.Yy.Zx
+ A3(X,x, Y, y,Z,2)Xy.Yx.Zz.

Thus
S1=AxXxYzZx+ Ay Xz Yy Zx. +A4;. Xy Yx.Zz,

where
A, =A3(X,x, Y, y,Z,2)+ A, (Y, y,Z,z, X, x)+ A1(Z,z, X, x,Y, )
=[Xx, Yyl Xy, Zz]+[Xx, Yy Yx, Zz]+[Yy, Zz][Yy, X x]
+[Zz, Xx][Xx,Yy]
=[Xx,Yy|([( Xy, Zz]+ [Yx, Zz]|—[Yy, Zz]— [Xx, Z2z]).
By (10), A; = 0. Therefore, Ay = A, = Ax = 0 by cyclic permutations. We have
completed the proof that S; = 0.
Term of degree 2 Finally, S, = C.Xx.Yy.Zz, where
C=[Xx,YylXx,Zz|+[Xx,YY|Yy, Zz]+ Yy, Zz][Yy, Xx]
+ Yy, Z2|Zz, XX+ [Zz, Xx|[Zz, Y y]+ [Zz, Xx][ X x, Y]
Then C = 0 by the antisymmetry of the linking number. Thus S, = 0.

Now we have
{Xx, YV o, Zz2ba+ Yy, Z2}e, XX+ {{Z2, XX}, Y Vo :a2S2+aS1 +S9=0,

concluding the proof of the Jacobi identity. O

2.3 The multifraction algebra

The swapping algebra is very easy to define. However, in the sequel we shall need to
consider other Poisson algebras built out of the swapping algebra: these algebras will
be more precisely subalgebras of the fraction algebra of £(P). We introduce in this
subsection cross fractions, multifractions and the multifraction algebra.

2.3.1 Cross fractions and multifractions Since £, (P) is an integral domain (with
respect to the commutative product) we can consider its algebra of fractions Qy (P).

Let (X, Y, x, y) =: Q be a quadruple of points of P such that x # Y and y # X . The
cross fraction determined by Q is the element of Qy(P) defined by

Xx.Y
[X;Y;x;]:= il y'
Xy.Yx
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More generally, if X := (Xy,..., X) and x:= (xq,...Xx,) are two tuples of elements
of P such that x; # X; for all i, and o is a permutation of {1,...,n}, then the
elementary multifraction — defined over P — determined by this data is

X.x0] e [Ti=i Xixoq)
,X; 0] = T
[liz1 Xixi

2.3.2 The multifraction algebra Now let B(P) be the vector space generated by
elementary multifractions and let us call any element of 5B(P) a multifraction. Then:

Proposition 2.3.1 The vector space B(P) is a Poisson subalgebra of Q, (P). More-
over, it is generated as a Poisson algebra by cross fractions. Finally, the swapping
bracket { -, -}, when restricted to B(P) does not depend on «.

From now on, we call the Poisson algebra B(P) the algebra of multifractions.

Proof The proposition follows from two immediate observations:
e Every elementary multifraction is a product of cross fractions.

e If A and B are two cross fractions, then {4, B}, is a multifraction and does
not depend on «. a

3 Cross ratios and cross fractions

In this section, we interpret cross fractions, and in general multifractions, as functions
on the space of cross ratios.

3.1 Cross ratios

Recall that a cross ratio on a set P is a map b from
P¥ = {(X.Y,x,»)€P|y#X, x#Y}

to a field K, which satisfies some algebraic rules. These rules encode two conditions
which constitute a normalization, and two multiplicative cocycle identities which hold
for different sets of variables:

b(X.Y,x,y) =0 x=XorY =),
h(X.Y,x,y)=1l<=x=ypor X =Y,
b(X,Y,x,y)=b(X,Y,x,2)b(X,Y,z, ),
b(X,Y,x,y)=b(X,Z,x,y)b(Z,Y,x,y).

Assume I' acts on P. We say the cross ratio b is I"'—invariant if it is invariant under
the diagonal action.

e normalization {

¢ cocycle identity {
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Remarks ¢ We have changed convention from our previous articles [16; 17] in order
to be coherent with the formula for the classical projective cross ratio: if b is a cross
ratio with respect to the definition above, and we let (X, x,Y, y) :=b(X,Y, x, ),
then b is a cross ratio using our older convention. Observe that the second normalization
together with the cocycle identities imply the following symmetries:

b(X,Y,x,»)=b(Y.X,x,») ' =b(Y.X,y.x)=b(X,Y, y,x)" L.

e Assume I' acts on P. Let b be a I'—invariant cross ratio. Let ¥ € T', and y* and
¥~ be two y—fixed points in P. Then the quantity

b(iyt.y vy, y)

does not depend on the choice of y. In particular, let S' be a closed connected oriented
surface of genus greater than 2, let P be doo71(S) equipped with the action of 7 (S).
Let yT and y~ be, respectively, the attractive and repulsive fixed points of a nontrivial
element y of 71(S), and b a 1 (S)-invariant cross ratio. Then

Cp(y) = [loglb(y ™.y~ ¥y (). )|
is called the period of y .

We finally denote by B(P) the set of cross ratios on P.

These definitions are closely related to those given by Otal [25; 26], discussions from
various perspectives by Ledrappier [21], and work of Bourdon [2] in the context of
CAT(—1)-spaces.

3.2 Multifractions as functions

To every cross fraction [X; Y; x; y] we associate a function, denoted by [X; Y; x; y],
on B(P) by the formula

[X:Y;x;9](b) :=b(X,Y,x, ).
The following proposition follows at once from the definition of cross ratio.
Proposition 3.2.1 The map [X;Y;x;y] — [X;Y; x; y] extends uniquely to a mor-

phism of commutative associative algebras from B(P) to the algebra of functions
on B(P).

In the sequel, we shall use identical notation for a multifraction and its image in

the space of functions on B(P). Also, so far we did not (and will not) consider any
topological structure on B(P) or on P.
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3.3 Multifractions and Hitchin components

In [16], we identified the Hitchin component with a space of cross ratios satisfying
certain identities. Let us recall some notation and definitions.

3.3.1 Hitchin component Let S be a closed oriented connected surface with genus
at least two.

Definition 3.3.1 (Fuchsian and Hitchin homomorphisms) An n—Fuchsian homomor-
phism from 71 (S) to PSL,(R) is a homomorphism p which factorizes as p =t o py,
where pg is a discrete faithful homomorphism with values in PSL,(R), and ¢ is an
irreducible homomorphism from PSL;(R) to PSL,(R).

An n—Hitchin homomorphism from 71(S) to PSL,(R) is a homomorphism which

may be deformed into an n—Fuchsian homomorphism.

The Hitchin component H(n, S') is the space of Hitchin homomorphisms up to conjugacy
by an exterior automorphism of PSL, (R). All these representations lift to SL(n, R).
By construction H(n, S) is identified with a connected component of the character
variety. It is a result by Hitchin [15] that H(#, S') is homeomorphic to the interior of a
ball of dimension (2g —2)(n? —1).

As a corollary of the main result of [16], we have:

Theorem 3.3.2 If p is Hitchin, and if y is a nontrivial element of 1 (S), then p(y)
has n distinct positive real eigenvalues.

By convention, we write these eigenvalues as A1(0(y)), ..., Az(p(y)) with
Ai(p(y)) >+ > An(p(y)) > 0.

This allows us to introduce the following definition.

Definition 3.3.3 (girth and width) The width of a nontrivial element y of 7{(S)
with respect to a Hitchin representation p is

width,(y) := log (

A(p(y)) D
An(p(y) )
The girth of p is

Aa(p(¥))
A(p(y))

The following proposition will be used several times.

(30) gh(p) := sup{\ ‘ v e m(S)\{Id}}-
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Proposition 3.3.4 Let C be a compact subset of H(n, S). Then:

(i) For any positive A, the following subset of w1 (S) defined by

kﬂﬁﬁd):>A}

Sy = {y em(S) ‘ dp € C such that M0

contains only finitely many conjugacy classes.

(ii) Moreover,

sup{gh(p) [ p€ C} < 1.

For the proof of this proposition, we first need:

Lemma 3.3.5 Let S be a hyperbolic surface with unit tangent bundle US equipped
with the geodesic flow {¢;};cr . Let po be a Hitchin representation in H(n, S'). Then
there exists a neighborhood W of py in H(n, S) such that for every p in W, there
exists a function f,: US — R such that:

e For every closed orbit y and x € y,

L)

Jpops(x)ds =log r(p())

Aa(p(y))

’

where £(y) is the hyperbolic length of y .

e The function p > f, is continuous from W to C°(US, R), and moreover there
exists a positive constant o such that f, > e forall p.

Proof of Lemma 3.3.5 This follows from the Anosov property of Hitchin representa-
tions and results in [4]. One could also use results by Guichard and Wienhard [14] or
combine results of Sambarino [28; 27]. Since by [4, Theorem 6.1], the limit maps of a
Hitchin representation depend in an analytic way on the representation, we can find

e aneighborhood D of py in H(n, S),

e avector bundle £ over M := D x US, smooth along US,

e asplittingof £ =L &---@® L, into line bundles, smooth along the geodesic
flow,

e acontinuous lift {®;};cr on E of the geodesic flow {¢;};cr on M preserving
this decomposition and smooth along US,
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such that if y is a closed geodesic of hyperbolic length £(y) and u € Li|{p1x, , then

Dy () (u) = Ai(p(y)) u.

In this last equation, we identify the closed geodesic with the corresponding conjugacy
class in 1 (S). We now construct metrics w; on L;, smooth along the geodesic flow.
Let us consider the functions g; on M such that g;- w; = %| tZOCD’;a),-. In particular,
we have

t
(31 7 w; (x) =exp(/0 gi0¢s(x)d5)wi(x)-

Then by construction for x € {p} x y, we have

L(y)
log(hi(p() = /0 g1 0 (x) ds.

Now let g = g, — g1; then

M)\ [
Og(m) _/(; g o ¢ps(x)ds.

By the Anosov property, there exists some 7" > 0 such that the flow ®7 contracts
uniformly on Hom(ZL{, L;) along {po} x US. In a more precise way, if we denote
by w the dual metric on L7 to w;, then there exists some 7" such that along {po}xUS
we have

D7 (0] @ w2) = H- 0] Q ws,
where H is a continuous function on M such that along {po} x US,
H < %

By the continuity of H, the previous inequality extends to M after possibly restrict-
ing D. As a consequence, we have for x € M,

T
| g0 st ds =~ tog () > logc2).
0
Now let T
=7 [ gogas
0
Then by construction,

() > - log(@) =t o,
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and, moreover, for x € {p} x US,

£(y)
O

£(y) 5
f0¢s(X)dS=/(; go¢s(x)ds=10g( 1(,0()/))).

A2(p(y))

Proof of Proposition 3.3.4 By compactness, it is enough to prove that every p
in H(n, S) possesses a neighborhood W so that the properties of the proposition hold
when C is replaced by W . We choose the neighborhood W obtained in the previous
lemma. Let then f, be as in the conclusion of this lemma. Since f, is bounded away
from zero by a positive constant &g, it follows that

o (M (p(y))
Aa(p(y))

The first result immediately follows. Then for the second result, we use the fact that
S'1/2 contains only finitely many conjugacy classes and that given y, the function

A2(p(y))
Ai(p(y))

is continuous, with values less than 1. O

) > go-L(y).

3.3.2 Rank n cross ratios For every integer p, let doom;(S)% be the set of pairs

(X,X) = ((X(),X],...,Xp),(X(),Xl,...,Xp))

of (p+1)—tuples of points in doo7; (S) such that X; # X; # x¢ and x; # x; # X
whenever j >i > 0. Let x?(X, x) be the multifraction defined by

x?(X,x) == det ([X;; Xo; X;; Xo])-
i,j>0
A cross ratio b has rank n if

o X"(X,x)(b) # 0 for all (X,x) in doom1(S)%,
o "M (X,x)(b) =0 for all (X,x) in deom1(S)"T!.

The main result of [18], which used a result by Guichard [13], is the following.

Theorem 3.3.6 There exists a bijection ¢ from the set of n—Hitchin representations
to the set of w1 (S)—invariant rank n cross ratios, such that if b = ¢(p) then:

(i) For any nontrivial element y of 7{(S),

Lp(y) = widthy(y),

where {5 (y) is the period of y given with respect to b = ¢(p), and width,(y)
is the width of y with respect to p.
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(ii) If y1 and y, are two nontrivial elements of w1(S), and if ¢; (resp. E;) is an
eigenvector of p(y;) (resp. p*(y;)) of maximal (resp. minimal) eigenvalue,
then

(Ea,e1)(E1, ez)
(Er.e1)(Ez.e2)

In particular, every multifraction defines a function on the Hitchin component.

(32) by v vs v =

4 Wilson loops, multifractions and length functions

In this section, we shall relate Wilson loops, which are regular functions on the character
variety, to multifractions. We will also introduce elementary functions, which are limits
of Wilson loops, prove that they generate the multifraction algebra and that they are
smooth functions on the Hitchin component. We finally introduce length functions in
Section 4.4.

4.1 Wilson loops

Let y be an element of 71 (S) and p an element of H(n, S). The Wilson loop associated
to y is the function W(y) on H(n, S) defined by

W(y)(p) := tr(p(y)).

Wilson loops only depend on conjugacy classes. We introduce the following definition.

Definition 4.1.1 (class of an element) Let y be a nontrivial element of 71(S). Then
the class [y] of y is the oriented pair (y+,y ™) of points of o7 (S), Where yT
and y~ are the attractive and repulsive fixed points of y respectively.

Recall that [y] = [n] if and only if there exist positive integers m, n such that ™ = n".

4.1.1 Asymptotics of Wilson loops Let p be a Hitchin representation. Recall that
for any y in 7{(S) we can write

()= Y kilp()pi(y).

1<i<n

where p;(y) is a projector of trace 1, and A;(p(y)) are real numbers such that

0 <|An(e(X)] <--- <|A1(p(¥))I.

Let us write p(y) = p1(y). We denote by [A] the set of eigenvectors of a purely
loxodromic matrix A, and observe that [A"] = [A]. We choose an auxiliary norm,
denoted by || - ||, on R". Then we have:
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Proposition 4.1.2 For any y in 71(S) and p € N, we have

(33) ‘ p(y?)

—p()|| < gh(p)? K([p()]),

W(y?)(p)

where K is a continuous function on the set of n lines in general position.

Proof Let A= p(y). Since A is a real diagonalizable matrix,

n
A= Z)»ipi,

i=1

where p; are projectors and the eigenvalues A; satisfy A; > --- > A, > 0. Thus

n
s zv’p, (X#)o
Yimi i=2

< (i—j) (”||P1||+;||P2||)-

Thus the inequality follows by taking

AP

(34 tr(AP)

—P1

n
K(AD =nlpil + > _lpall. 0
i=2
As a corollary, we get:
Corollary 4.1.3 Let y1,y2,..., Vg be coprime elements of I" and let my,m3, ..., my
be positive numbers. Then
p(v") Py A(Ve)
(35) H ’—1 - <gh(p)"K
W(ITZ, 7)) t(p(r)p(vg))

where m = inf(m;), and K depends continuously on the eigenvectors of p(y;) and
their relative configurations.

Proof We restate the previous proposition by saying that

(36) p(y?) =W(?)(p)- (p(y) + gh(p)?- K(y. p)).

where K(y, p) is continuous in p and only depends on the eigenvectors of p(y). Thus

q q q
3D []et™) =TTWO™) ) - [](6Gi) + gh(p)™ - K(yi. p)

i=1 i=1 i=1

q
[ TWor - (TT et + &b Kotrr.....35:0)).

i=1 i=1
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where Ko(y1,...,¥p:p) is continuous in p and only depends on the eigenvectors
of p(y;). Thus
(H =1V )(/0) 9
(38) =1 =t| | [ p(i)) +gh(0)™ - Ki(y1.....¥pip).
W) (p) 1:[1 ’ ?
where Ki(y1,...,¥p;p) is continuous in p and only depends on the eigenvectors

of p(y;). Combining equations (37) and (38), we obtain that

M, o™ TIZ, (i)

W(ITEZ, ™)) a([T2, ()

where Kj(y1,...,¥p:p) is continuous in p and only depends on the eigenvectors

of p(y;) and their relative positions. To conclude the proof of the corollary, note that if

A is an endomorphism and p, q are projectors such that tr(pAq) # 0 # tr(pAq), then
pAd _ Pq

tr(pAq)  tr(pq)

(39)

Using this, we get that

1_[,_1 p(vi) _ p(r1)p(vq)
tr(H,‘:l /O(Vi)) tr(o(v1)p(vq))
Combining this last equality with (39) yields the statement of the corollary. a

We begin with the following proposition where we consider multifractions as functions
on H(n, S).

Proposition4.1.4 Let yq, ..., v be nontrivial elements of 1 (S). Then the sequence

{ W(y; ) }
W) W) ) pen

converges uniformly on every compact of H(n, S) to a multifraction when p goes to
infinity. More precisely,

k _
- W(yy - ” B [liz yiilyi —iGt.G:

oo\ W(y?)---W?)) 11k Ty —l6nen
p ()/1 ) (Vk) Hi:l Vi Vi

where G* = ()/1 ,...,yki) and t(i) =i — 1, using the convention that k +1 =1,

Proof We first observe that if e; (resp. E;) is an eigenvector of p(y;) (resp. p*(yi))
of maximal (resp. minimal) eigenvalue, with (E;, e;) = 1, then

wr(o(y1) -+ p(e)) = [ [(Eieign).

i
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By Equation (32),

[ [¢Ei eivr) = (M)( )-
i 1_[1—1 V,

It thus follows that
tw(p(y1) - plve)) =[GT. G 7.

Then the result follows at once from Propositions 4.1.2 and 3.3.4. a
4.2 Elementary functions

Proposition 4.1.4 leads us to the following definition.

Definition 4.2.1 The multifraction

(40) T vp) =

is an elementary function of order p.

l_[1—1 yz—i—lyl
Hl—l Vl J/z

By the previous proposition and its proof, we have the equalities

(Vl n)
it W(y)---W(yp)’

(42) TWas-- - vp) = tw(o(yr) - p(¥p)).

The following formal properties of elementary functions are then easily checked:

4D T, vp) =

Proposition 4.2.2 (i) Cyclic invariance For every cyclic permutation o of the
indexing set {1,..., p}, we have

T0 0 ¥p) = TWo(1): - -+ Vo(p)-
(ii) Class invariance If [n;] = [y;], then
T, vp) =T, 1p).
(iii) If [yp] = [yp—1]. then
T ¥p) =T Vp—1)-

(v) If [yp] = [yp__ll], then
T ¥p) =0.
(v) Relations Assume that [y;] # [Vi+1]. Then

T v2) T vp) T2, V3s -5 V)
T(p.v2.v1)

T(Vl,---,Vp):
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From the last statement we deduce the following corollary.

Corollary 4.2.3 Let P be the set of fixed points in doo71(S) of nontrivial elements
of w1(S). Then every restriction of an elementary multifraction over P is a quotient of
a product of elementary functions of orders 2 and 3.

Proof Let us consider four nontrivial elements a, b, ¢, d of 7{(S). Then we have

T(a,b,c).T(c,d)
T(a.d,c)T(c,b)

The result follows. O

(43) bT:dtia 7).

Recall that in this section we choose P to be the set of fixed points of nontrivial elements
of 1(S). We now prove:

Proposition 4.2.4 Every multifraction defined over P is a smooth function on H(n, S).

Proof Let Hom(#n, S) be the space of Hitchin homomorphisms, and 7 the submersion
m: Hom(n, S) — H(n, S) = Hom(n, S)/ Aut(PSL,(R)).

For every loxodromic element 4 in PSL, (R), let p4 be the projection on the eigenspace
of maximal eigenvalue with respect to the other eigenspaces. The map A — p4 (from
the space of loxodromic elements) is smooth. It follows that for any elements yy, ..., Y&
in 771(S), the map from Hom(n, S) to R defined by

Wi p = w(poyy) = Pori)
is smooth. We end by observing that ¥ is Aut(PSL, (R))—invariant and that by (42),

U=T01,....Yk) 0.

Thus every elementary function is smooth and by the previous result every multifraction
is smooth. i

4.3 The swapping bracket of elementary functions

For the sequel, we shall need to compute the swapping brackets of elementary functions.
This is given by the following proposition, whose proof follows by an immediate
application of the definition. We first say that two nontrivial elements y and 7 in 71 (S)
are coprime if y" £ n™ for all nonzero integers m and n.
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Proposition 4.3.1 Let yo,...,¥p and no,...,ng be elements of 7;(S) \ {1} such
that the pairs (y;, yi+1) and (n;,n; 1) are coprime. Let

aij =y vl upl big =l '7;'F+1’7j_]’
(44) cioj =l v ooyl dig =y gl
Ty = T(o,---.Vp)s Ty = TMos - -, 7Ng)-

Then
{T ’T } T(’?—I—l»n,)/-{-l»)/)
@5) L= > (a Tim) +bij—
Ty -Tr’ 0<i<q T(nj’ 77j+1)T(Vi’ Vi—i—l)
0sj<p TWinj+1.15) T, Yi+1Yi)
- % (o T T
ol T, Mj+1) T Yit1)
0<j<p

Proof Using “logarithmic derivatives”, we have

+ = o+ - +. - 4+
iTy. Ty} _ Z (({VH_lV,' ,77j+177j}+{)/,~ Yi oM n; })

+ -+ - o= .-
Ty-To 0G2p \N ViV Myl Y Ve my;
0<j<gq — _ _ —
Wirvionfany vidvs oy
- FooF o T Tor o
YiVi NN YigrVi N0
+ = .- T
_ Z (b' .V,'_H’?j Mj+17i . .V,' n;-n; Vi
- Lioy =+ T T T
0<i<q YierVi Nj417; Vi Vi Nyn;
0<j=<p

+ =t — +o— o+ -
g i e Ve T "7;+1Vi)
_g i

JoF - ST T
Yig Vi N0y Vi Vi N7

From the definition of elementary functions (40), we get that

+ o=t - b
TMj+1,05, Vi1, ¥i)  Yie1j N1V Vi ;Y
T ) T yieD) — vF e mF Tinj)=—F"—7—"
NjsNj+1 Vi Vi+1 YVivr1Yi 77]+177J Vi Vi 77] 7}]

+ = .= + o= o =

T Vi1, vi) _ Yigai M Vi Tisnj+1.0) _ Vi i N4 Yi

TWivie) vy ainy T mivD) v vy

This concludes the proof of the proposition. |

4.4 Length functions

In this section we introduce length functions.
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4.4.1 Length functions from the point of view of the multifraction algebra Re-
call first that 771 (S) acts on deo71 (S) and thus on B(deo1(S)). Forany y € doom (S)
and S a nontrivial element in 71 (S), let us introduce the cross fraction

(B*. B - (B~ B~ ()
(BT BT - (B~ B(»)

where for readability we revert to the classical notation (X, x) for pairs of points, rather
than the concatenated notation X x. We have, for any 8 in 7{(S),

P,B(y) _ (182) * Fy,z
p/;(z) Fy,z '

pg(y) =

where
_ BTN (BB
B B~1E)- (B~ B~ ()
In particular, the restriction of pg(y) to the space of 71 (S)—invariant cross ratios is
independent of the choice of y.

Fy,Z

For the sake of simplicity, we introduce the following formal series of multifractions
and call it a length function:

Lp(y) := 5 log(pp(1)),
extending the bracket by the “log derivative” formulas

{trs(»).q}
2pp(y)

Observe that Ig (Eﬁn (y)) =nlg (zﬂ(y)).

trs(»), py(2)}

) by =220

46)  {Lg(»).q) =

4.4.2 Length functions and the character variety We can further relate these ob-
jects with the period and length defined in Section 3.1. Let

Is: B(doom1(S)) = CZ(H(n, S))
denote the restriction of functions from B(deo71(S)) to H(n, S).

We have for 8 € 71(S) that
Ls(£p(y)) = L.
where

tp(p) == Lp(P).

and £ is the period of 8 with respect to the cross ratio associated to p; see Section 3.1.
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5 The Goldman algebra

In this section, we first recall the construction of the Atiyah—Bott—Goldman symplectic
form on the character variety. We then explain the construction of the Goldman algebra,
which allows us to compute the bracket of Wilson loops in terms of a Lie bracket on
the vector space generated by free homotopy classes of loops.

5.1 The Atiyah-Bott—-Goldman symplectic form

In [1], Atiyah and Bott introduced a symplectic structure on the character variety of
representations of closed surface groups in compact Lie group, generalizing Poincaré
duality. This was later generalized by Goldman for noncompact groups [9; 8] and
connected to the Weil-Petersson Kihler form. If we identify the tangent space of
H(n, S) at p with H, ; (g), where g is the Lie algebra of PSL, (R), then the symplectic
form is given by

7 ws([AL.[B]) = fS (A A B).

where A and B are de Rham representatives of the cohomology classes [4] and [B].
We denote by {-,-}s the associated Poisson bracket, called the Atiyah—Bott—-Goldman
(ABG) Poisson bracket in the sequel, and A(.S) the Poisson algebra of smooth functions
on H(n, §). In the next paragraph, we show how to compute the Atiyah—Bott—-Goldman
bracket, in the case of PSL,(R), for the Wilson loops that we introduced in the previous
section.

5.2 Wilson loops and the Goldman algebra

We describe in this subsection the Goldman algebra and how it helps to compute the
ABG Poisson bracket. Let C be the set of free homotopy classes of closed curves on
an oriented surface S. Let Q[C] be the vector space generated by C over Q. We
linearly extend Wilson loops so that the map y + W(y’) is now a linear map from Q[C]
to C*®(H(n, S)).

Goldman [9] introduced a Lie bracket on Q[C]. We define it for two elements y; and y;
of C C Q[C] and then extend it to Q[C] linearly. We choose two curves representing
y1 and y,, which we denote the same way.

If y; and y, are two curves from S' to S, an intersection point is a pair (a, b)
in S'x S such that y;(a) = y»(b). By a slight abuse of language, we usually identify
an intersection point (a, b) with its image x = y1(a) = y>(b). We further assume that
y1 and y, have transverse intersection points.
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For every intersection point x, let ¢, be the local intersection number at x, let y; % x ¥
be the free homotopy class of the curve obtained by composing y; and y, in m1(S, x),
and finally let

(v = )

X€y1Ny2

be the global intersection number.

Definition 5.2.1 The Goldman bracket of y; and y; is the element of Q[C] defined by

(48) vd= D v *x v
X€y1Ny2

We illustrate in Figure 2 the Goldman bracket of two curves.

Figure 2: {b,a} = o — f: two curves (left) and their Goldman bracket (right)

Goldman [9] proved that this bracket does not depend on the choice of representatives
and is a Lie bracket. This bracket is related to the ABG Poisson bracket as follows.

Theorem 5.2.2 (Goldman) Let y; and y, be two loops on S . Then the ABG Poisson
bracket of the two corresponding Wilson loops in H(n, S) is

@) WO WO)ls = Wit vah — T w).

We just stated Goldman’s theorem for the case of H(n, S), but the theorem has a
formulation in the general case of character varieties for semisimple groups. A different
proof can also be found in [20].
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6 Vanishing sequences and the main results

In this section, we first recall the definition of the length functions on the character
varieties, then introduce the notion of a vanishing sequence of finite index subgroups of
a surface group and state our main results relating the swapping algebra to the Goldman
algebra. All these results will be proved in Section 9. As usual, let

Ls: B(doom1(S)) = C®(H(n, S))

denote the restriction of functions from B(deo7;(S)) to H(n, S).

6.1 Poisson brackets of length functions

We explain in this section our results concerning length functions; see Section 4.4 for
notation and definitions. Our first result relates the Goldman and the swapping Poisson
brackets.

Theorem 6.1.1 Let y and n be two geodesics with at most one intersection point.
Then we have

nlggo IS({ZV" ), En” »nH = %{EV’ Enjs-

In the course of the proof of this result, we prove the following result of independent
interest, which is an extension of the Wolpert formula [32; 31].

Theorem 6.1.2 (generalized Wolpert formula) Let y and n be two closed geodesics
with a unique intersection point. Then the Goldman bracket of the two length functions
¢, and €y, seen as functions on the Hitchin component, is

(50) Uy tys =ty > e TG,
g,e’e{—1,1}
where we recall that

TEO(P) =bp(ET.¢T.07.67).

We prove these two results in Section 9.2.

6.2 Poisson brackets of multifractions

We now relate in general the swapping bracket and the Goldman bracket. Our result
can be described by saying that the swapping bracket is an inverse limit (with respect
to sequences of coverings) of the Goldman bracket, or in other words that the swapping
racket is a universal (in genus) Goldman bracket.
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6.2.1 Vanishing sequences We now assume that S is equipped with an auxiliary
hyperbolic metric. Let S be the universal cover of S so that S = S /71(S). For any y
in 7r1(S), we denote by ¥ its axis in S and (y) the cyclic subgroup that it generates.
Recall that we say that two elements y and 1 of 1 (S) are coprime if (y) N (n) ={1}.

Let {I') }men be a sequence of nested finite index subgroups of 'y := 71(S). Then
let S, :=S/T,. Forany y €I let (y), := (y) NTy. Finally, let ,, be the projection
from S to S, and let ¥, := 7, (V).

Definition 6.2.1 Let {I';,},,en be a sequence of nested finite index normal subgroups
of Ty := m1(S). We say that {I',}meN is a vanishing sequence if for all y and n
in 71(S), and for any set H which is invariant by left multiplication by y and right
multiplication by 7 and whose projection in (n)\1(S)/(y) is finite, there exists an g
such that for all n > ng, HN T, C (n).(y).

We shall freely use the following immediate consequence.

Proposition 6.2.2 Let {I',,},,en be a vanishing sequence with I'go = (S). Forany n
and y in 11(S), and for any finite subset Hy of 71 (S) such that Hy N ((n)- (y)) = @,
there exists a pgy such that for all p > py,

HoN((n)-Tp-(y) =9.

We prove in the appendix that vanishing sequences exist. This is an immediate conse-
quence of a result by G Niblo [24].

6.2.2 Sequences of subgroups and limits Let P be the subset of do71 (S) given by
the end points of periodic geodesics. Let G be the set of pairs of points y = (y~,y ™)
in P which correspond to fixed points of an element of the group deo71(S). Observe
that given any finite index subgroup I' of 7;(S), the set G is in bijection with the set
of primitive elements of I".

In the sequel, we shall freely identify elements of G with primitive elements in 77 (.S)
or any of its finite index subgroups.

We associate to a sequence 0 = {[ '} men of finite index subgroups of 71(S) the
inverse limit Sy of {S, := S / Tm}menN, where S is the universal cover of S.

Observe that we have a map | from B(P) to .A(Ss) which by definition is the projective
limit of {A(Sim)}meN -
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Definition 6.2.3 Let {g,}men be a sequence of functions such that g, € A(Sy).
We say that {g,, }meN converges to the function 4 in A(Sy), and write

lim g, =h,

m-—oQ
if for all p,

Jim s, (gn) = Is, (h),

where g, is the restriction with values in A(Sp).

6.2.3 Poisson brackets of multifractions The following result explains that the
algebra of multifractions is an inverse limit of Goldman algebras with respect to
vanishing sequences.

Theorem 6.2.4 Let {I';;},,en be a vanishing sequence of subgroups of w1 (S). Let
P C 00071 (S) be the set of end points of geodesics. Let by and b; be two multifractions
in B(P). Then we have

Jim {(bo), 1(b1)}s, = 1o, brw).

We prove this result in Section 9.1.

7 Product formulas and bouquets in good position

In this section, we wish to describe the Goldman bracket of curves which are composi-
tions of many arcs. We shall call such a description a product formula and produce
several instances of such formulas. This section is part of the technical core of this
article.

The first formula (see Proposition 7.2.1) deals with a rather general situation computing
the Goldman bracket of curves which are compositions of many arcs. Then, considering
repetition, and using special collections of arcs called bouquets in good positions
(see Definition 7.3.2), we prove a refinement of the product formula in Proposition 7.3.3.
Proposition 7.3.3 is the first key result of this section.

Finally, in Proposition 7.5.2, we explain under which topological conditions we can
find bouquets in good position and compute the various intersection numbers involved
in Proposition 7.3.3. Proposition 7.5.2 is the second key result of this section.
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7.1 An alternative formulation of the Goldman bracket

We first need to give an alternative description of the Goldman bracket.
Let y; and ¥, be two arcs passing through a basepoint xg. For any point x in y;,
let a;(x) be the path along y; joining xg to Xx.
Definition 7.1.1 (intersection loops) Following this notation, for any x € y; N )3,
the homotopy class

cx (71, 72) 7= a1 (x).az(x) ™" € 71 (S, xo)

is called an intersection loop at x; see Figure 3.

cx(V1,72)

Figure 3: Intersection loop
The goal of this subsection is the following proposition.

Proposition 7.1.2 Let y; and y, be two free homotopy classes of loops represented
by curves ¥, and y, passing though xq. Then the Goldman bracket in Q[C] of the
associated loops is given using intersection loops by

<51) {Vl,Vz}S = Z LxJ71'Cx')72.C;1.
X€y1Ny2

This proposition is an immediate consequence of the following.

Proposition 7.1.3 Let y; and y, be two loops passing though xy. Then for every
X € y1 N y,, we have

Y1 %*x Y2 = Vi.cx (Y1, V2)va-ex (V1 Vz)_l,

as free homotopy classes of curves.
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Proof As before let a; be the arc along y; joining xg to x, and ¢y = al.agl. Then

. _ -1 —1 -1 -1 —1
Y1 Xx Y2 =a; Y1d1d, Ya2dz =dg Y1CxY2d2 = d; Y1Cx)Y2Cy d1.

Thus y; *x Y is freely homotopic to yjcx yzc;I. a

7.2 The product formula

We need to express the Goldman bracket of Wilson loops of curves consisting of many
arcs. We work with the following data (see Figure 4 for a partial drawing):

e Two tuples of arcs &,...,&; and {o,...,{y suchthat A =§,...&; and B =
o ... ¢4 are closed curves.

e Assume furthermore that for all pairs (i, j), the arcs & and {; have transverse
intersections and do not intersect at their end points.

e Foreach i and j, arcs u; and v; joining a basepoint x to the origins of &;
and {; respectively.

Figure 4: Arcs &; and u;

Let us introduce the following notation:

. ci’j = cx(ui&i,vj¢j) forevery x €& N¢;.
o ;&)= ers,-ﬂgj|$=c§gj t(x) for any & € m((S).
1

o A;i:=ui&éi ~--€i—1ul~_1 and B; .= vj§j§j+1 ...§j_1vj_ .
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Proposition 7.2.1 (product formula) Using the notation and assumptions described
above, we have the following equality in Q[C]:

(52) 4.By= ) ( 2. txAi-cé';"-Bj(ci';")‘l)

0<i<qg “xe&Ng;
0<j<q’

(53) = > ( > Ii,,-(g)A,-.g.B,-g—l).

0<i<q “&em(S)
0<j<q’

We first prove a preliminary proposition and postpone the proof of Proposition 7.2.1
until the next subsection.

7.2.1 A preliminary case We first study the following simple situation:

e Let £ and 7 be two closed curves. Assume that £ =£;.&; and { ={;.{,. Assume
that for all i and j, & and {; are closed curves with transverse intersections
that do not intersect at their origin.

e Let u; and v;j be arcs from x¢ to & and n; respectively.
e Let & = Miéiu,-__ﬁl, §j = vjé‘jvj_ll and ¢y’ = ¢cx(&, ) € m(S, xo) for
xe&ng.

Proposition 7.2.2 We have the following equality in Q[C]:

(54) Z lx"i: *x ¢ = Z ‘x'gi-gi—i-l-c;j'a"éjj+l-(cjéj)_l~
xeEnt xe§;Ng;
1<i,j<2

Proof First, we observe that for any two pairs of curves (£1,&5) and ({;, {»), we have
EL&)N G0 =] |Eng).
i,j
Let us denote o
cx = cx(£1.62.81.82).

We then have

xeE N = e =cyl, X €& Nl = cx =Ep.c2,

xe& N =cx = c)lc’zfl_l, XebHNEGH = cx = El.cfng;l.

Thus in all cases, if x € §& N {;, we have the equality of free homotopy classes

E1Erex 18y = EiEjyr ¢ T -Ej+1 N
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Thus we obtain the product formula:

(55) > @1 Erex b1 b e

x€(E162)N(6182) o N
—Z( S e cj.cm.(c;;f)—l)).

1] x€§; ﬂ;‘]

This concludes the proof. a

Proof of Proposition 7.2.1 Obviously formula (53) is an immediate consequence of
formula (52), so we concentrate on the latter.

First, we observe that the product formula when &; and {; are closed curves follows
by induction from Proposition 7.2.2.

Let us now make the following observation. Let a, £ and ¢ be three arcs, transverse
to a curve k. Assume that £.a.a~!.{ is a closed curve. Then we have the following
equalities in Q[C]:

(56) Ea.al.t=¢2,
Z Lxé.f.cx/c.c;l = Z Lxé.a.a_l.é.cxk.c;l.
xe(E.HNk x€(E.a.a 1.0)Nk
The first equality is obvious. For the second we notice that every intersection point

of a with « appears twice with a different sign.

We can now extend the product formula to arcs. We choose auxiliary arcs «; joining xq
to the initial point of &;, similarly auxiliary arcs f; joining x¢ to the initial point
of i, and replace & and {; respectively by the closed curves S, = a;§ia; 1 and
{ i ,B,{ B i+1- From (56), since the product formula holds for the closed curves { Y
and é,, it holds for the arcs {; and &;. a

7.3 Bouquets in good position and the product formula

We shall need a special case of the product formula when we allow some repetitions in
the arcs.

7.3.1 Bouquets in good position

Definition 7.3.1 (flowers and bouquets) (i) A flower based at (xo,...,xq) is a
collection of arcs

S:=((g0:---+89) (@0, ..., )
such that:
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e The g; are closed curves based at x; representing primitive elements in the
fundamental group,

e The ¢; are arcs, called connecting arcs, joining x; to X;41.

(i1) A bouquet is a triple
F=(S0.51,V),

where S; and S are flowers based at (xo, ..., xq) and ()o, ..., yq) respectively, and
V' is an arc joining x¢ and ygq.

(iii) We finally say that the bouquet F represents ((yo, - .., Vq): (Mo, .., Ng’)), where
vi,n; are elements of 1 (S, x¢) defined by y; = U,-g,-Ul._1 and n; = Vjh; Vj_1 , for
Ui =0y...0;1 and VJ = V.ﬂo...ﬂj_l.

We shall also need bouquets which have especially neat configurations. Let

F= (((gO’ cee ’gq)7 (O{Ov R vaq))’ ((ho’ cee ’hq/)» (1803 EER) ﬁq’))» V)

be a bouquet of flowers based respectively at (xg,...,xq) and (yo, ..., yg’).

Definition 7.3.2 (good position) We say that:
(i) F isin a good position if
e the arcs o; and g; intersect transversely the arcs B; and /; at points different
from x; and y; forall 7, j,

o the closed curves g ... and By ... B, are homotopic to zero.

(i) F isin a homotopically good position if it is in a good position and if the following
intersection loops are homotopically trivial:

ex (Ui, Vi.Bj) for x € a; N By,
57 cx(Uiai, Vi.hj) forx ea; Nhj,
cx(Ui.gi, Vj.Bj) forxeg;npBj,
where U; ==« ...a;—; and V; :=V .Bo...Bi—1.
In Figure 5, we have represented two flowers, one in blue, the other in red, where the
connecting arcs «; and f; are dotted. In this figure all intersection loops corresponding

to the four yellow transverse intersection points are drawn in the orange contractible
region. Thus the bouquet is in a homotopically good position.
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Figure 5: Bouquet in good position

7.3.2 Product formula for bouquets Let F be a bouquet as above in good position.
Let us consider the closed curves

Fi(p’") = Uy g} (i gF @ity - gf im)gl U7
G = Vi bl (Bi hPy Bisr .. hP Bim )RV
To simplify notation, let us write F (?) := Fo(p 0 and G = Go(p 9 Let us denote
H; j:={cx(Ui.gi,Vj.hj) | x € giNhj, cx(U;.gi,Vj.hj) homotopically trivial},
Ci,j i ={cx(Ui.gi, Vj.hj) | x € ginhj, cx(U;.gi,Vj.hj) not homotopically trivial}.
Finally let
£ (F):= Y Lij€). my;(F):=1gi B
(58) EcH; j
0, (F) := (e, hj), i, (F) :=t(e, Bj).
where we recall that for any & € 71(S), we denote

Li©= Y

xeginNh;j
ex(Ui.gi,Vi.hj)=§

We can rewrite the product formula.

Proposition 7.3.3 (product formula in good position) Assuming the bouquet F is
in a homotopically good position and using the above notation, we have the following
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equality in Q[C]:
(59) {F(p)’G(p)}
= 2 ( Y i AEP™CP™) 4 3wy (F)(FPE V)

0<i<q " 1<m'<p 1sm<p
0<j<q’ 1<m<p

+ Z n;,j (.F)(Fi(p’o) Gj(P:m )) +qij (]:)(Fi(PsO) Gj(P,O)))

Ism’<p

+ 3> ) 1,«,,-(5)( > (F}P’””scj(””")s—l)).
0<izq &eC; 1<m’<p
0<j<q’ lsms<p

Proof This will be just another way to write the product formula. We consider the
arcs &; defined by

. {gj ifi =j.(p+1)+nwithl <n<p,
Ty ifi=jp D).
Similarly, we consider the arcs ¢; defined by

¢ = {hj ifi=j.(p+1)+nwithl <n<p,
B ifi=j.(p+ ).

Let us now finally consider the following arcs:

ui:=Uj=ap....qaj ifi=j(p+1)+nwithl<n<p,
vi:=V;=V.Bo....8 ifi=j(p+1)+nwithl <n<p,

such that u; (resp. v;) goes from xo to x; (resp. xo to ;).

We now apply formulas (52) and (59) to the arcs &;, u;, {;, vj. Observe that using the
notation of Section 7.2, we have

FP =4 GV =3B

We now have to identify the term on the right-hand sides of formulas (52) and (59),
and in particular understand the arcs A4;, Bj, ¢y’ that appear in the right-hand side of
formula (59). By definition,

Ai = uikiivr .. Eioqui .
Thusif i = j(p+1)+m with 0 <m < p,

Ai — Fj(p’m),
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and by a similar argument,
B; = Gj(p,m)‘

By definition if x € §; N,
! = ex(uiki, v;§).

We now observe that

() ifi=j.(p+1),then u;§ =U.gj,

(i) ifi=j.(p+1)+n with 1 <m < p, then u;§; = Uj.q;j,
and similarly

(i) ifi = j.(p+1),then v;{; = Vj.hj,

@) ifi=j.(p+1)+nwith 1 <m < p, then v;§; =V;.B;.

Then the special product formula (59) is a consequence of the product formula (52);
indeed, thanks to the “homotopically good position™ hypothesis, many of the intersection
loops ¢y’ are homotopically trivial. |

7.4 Bouquets and covering

Let 7: S1 — Sy be a finite covering. Let

f = (((g()v cee gq), (Ol(), e 7aq))v ((hOv o vhq/)7 (,30’ MR 1311))’ V)

be a bouquet of flowers in Sy based respectively at (xo,...,X4) and (yo, ..., Vg’)-
Let Xo be a lift of xo in S.

Definition 7.4.1 The bouquet of flowers in S;

F = ((@0:---.8q) @o.--.8)). ((ho. ... hg). (Bo. ... B). V)
is the lift of F through X if
e all arcs 17, a; and ,3,- are lifts of the arcs V', o; and B;;
e g, is based at Xy;
* the closed curves g; and h ; are the primitive lifts of the curves g; and A, in

other words the primitive curves which are lifts of positive powers of the curves
gi and hj.

Observe that the lift of a bouquet in homotopically good position is itself a bouquet in
homotopically good position.
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7.5 Finding bouquets in good position

Let S be a closed hyperbolic surface and S its universal cover. Let G = (Y0,---.Yq)
and F' = (1o, ..., nq) be two tuples of primitive elements of 771 (S) such that for all i,
(vi, Yi+1) are pairwise coprime, as are (7;,7;+1) as well, where the index i lives
in Z/qZ and Z/q'Z respectively. Recall that we denote by E the axis of the element

§em(S).
Definition 7.5.1 We say G and F satisfy the good position hypothesis if there exists
a metric ball B in S such that:
(1) Forall i and j such that y; and n; are coprime,

(60) Yinnj C B.

(i) Forall £ € m1(S)\ {1}, we have
61) BNE&(B) =

(iii) Forall ¢ € {yo,..., Vg Mo,.-.,Ng} and for all £ € 7((S) \ (¢), we have

62) BNEQ) =
(iv) Forall ¢ e{yo.....¥q.M0.....ng} and for all £ € 7;(S)\ (), we have
(63) LNEQ) =

In other words, the closed geodesic corresponding to ¢ is embedded.
Then we have the following result.
Proposition 7.5.2 With the notation above, assume that G, F and mw1(S) satisfy

the good position hypothesis. Then there exist two bouquets Fy, and Fg in S in a
homotopically good position, both representing (G, F), such that furthermore,

(64) 3 (G (FL) + i, (FR) = [y v oy 0,
(65) 300 (FL) 40,5 (FR) = [, v 15 07 )
(66) 2 (M (FL) +mi; (Fr) = [v; v, :77]'_’7;'_+1],
(67) 5@ (FL) 4+ 9ij (FR) = v vig1- 15 M)

Proof Let G and F be as above and B be a metric ball in S satisfying the assumptions
(60)—(62). We subdivide the proof into several steps. We denote by 7w the projection
from S to S.
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Step 1 (construction of the bouquet in good position) Let ¥; be the axis of y;, let €
be some constant that we shall choose later to be very small, and let 'ﬁj be a curve (with
constant geodesic curvature) at distance ¢ from the axis 7); of n;. (Notice that we have
two such curves, for the moment we arbitrarily choose one of them.) We choose ¢
small enough that assertions (60) and (62) still hold when the 7; are replaced by ﬁj .

For every i, choose x; € ¥; N B so that

%N B Clxi, v,
and similarly choose y; € ﬁj so that

ﬁf m B C [yi1 n?_[é"

where [a, b], denotes an arc joining a to b along a curve at a distance & to a geodesic;
see Figure 6.

Figure 6: Finding a bouquet in good position

We now consider geodesic arcs @;, E ; and VinS joining, respectively, x; to X;41,
yj to yj41 and xg to yo. We furthermore choose B (and ¢) so that all the arcs aj,
ﬁjg , ¥j and B; are transverse. In particular, if

a = 7(&), Bi = (i), V=n(),
(68) gi=[xiyCol  hy=D.ni)e.

gi =n([xi,y(x)D, hj =x(yj,nj(yj)le),
then

F=(((80:----8)- (@0.---.aq)). ((ho, ... hg). (Bo. ... Bg)). V)

is in good position. Observe furthermore that F represents (G, F).

Geometry & Topology, Volume 22 (2018)



1308 Frangois Labourie

Step 2 (homotopically good position) Let us now prove that F is in a homotopically
good position. Let as usual

(69) U,'=Oé()...0li_1, Vj=V.,80...ﬂj_1,

(70) Ui=ay...&-1, Vi=V.Bo...Bj1.

Then U; and 171 are the respective lifts of U; and V;, starting respectively from x
and yo and ending respectively in x; and y;.

Observe that all the arcs @, 51 and V lie in B. Thus so do the paths U; and 171
Let W; be equal to o; or g;. Let ﬁ/\j be equal to B; or /1j. From now on let us fix
x € Wi W . Let us introduce some notation.

e Let a (resp. @) be the path along W; (resp. I//V\j) from m(x;) (resp. m(y;)) to x.
e Let b (resp. 5) be the lift of a (resp. @) in §, starting from x; (resp. x; ).

e Let z and Z be the endpoints of » and b, and let ¢ € m1(S) be such that z =£(2).

By construction, ¢ is conjugate to the intersection loop cx(U; W;, U; W ).
Let us now consider the various possibilities for the positions of z and Z.
(1) W;=q;. Then b C @; and thus z belongs to B.
(i) Wi=g;.Thenze [xi. i () C [xin v L
(iii) W = B;. Then, symmetrically, Z = {(z) belongs to B.
vy W j =h;. Then, symmetrically, Z €[y;, 775 (xj)[s Clyis r];.r [¢, where the intervals
are subsets of 777 .

Our goal is now to prove that { = 1 unless, possibly, W; = g; and /I/I7j =hj.

(a) W; =«a; and w j = Bj,soby (i) and (iii) above, both z and {(z) belong to B,
and thus by (61), { = 1.

(b) W; =«; and ﬁ/\j = hj, so by assertions (i) and (iv), {(z) € ﬁf and z € B. Thus
¢~1(7%) N B # @. Then by hypothesis (62), ¢ € (n;). In particular z € BN 7, so

(71) z €[yjnj(yj)le-
Recall that from (iv),
(72) §) =Z €y ni(yj)le.

Since n; is primitive and ¢ € (n;), we obtain from (71) and (72) that { = 1.
(¢) A symmetric argument proves that when W; = g; and w j=PBj,then{=1.

This finishes the proof that F is in a homotopically good position.
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Step 3 (computation of the intersection numbers) Recall that for each (oriented)
axis 7j;, we had two choices of curves at distance ¢. Let us denote by ﬁjL (resp. 'ﬁf )

the curve on the left (resp. right) of 7;. Then let F L and F® be the corresponding
collections of arcs.

We have proved that both Z and FR are in homotopically good position. Let us now
compute the intersection numbers. We will do that step by step.

We shall repeat the following observation several times. Let g and /1 be two curves
in S which pass through a point xy and intersect transversely at a finite number of
points xp,...x,. Let g and Ji be the lifts of these curves in S which pass through a
point Xq. Then the projection realizes a bijection between the set of those x; whose
intersection loop is trivial, and the intersection points of g and h.

In particular,

(73) Z t(x) = Z t(z).

xX€gNh zegﬂi{
cx(g,h)=1

Proof of (64) If y; and n; are coprime, then by formula (73) and since two geodesics
have at most one intersection point, we have that

fij =l v oy}l
If y; and n; are not coprime, then since g; is embedded by assumption (63), we have
(g hj) =0=[y v nynil.
Thus in both cases,
fii(FY) =37 =iy o],
Proof of (65) Since all the corresponding intersection loops are trivial, we see that
(81 By) = (T B

We know that E i C B. To simplify, let us first consider the case when y; and ny are
coprime for k = j, j + 1. Then ¥; N7 C B and thus

W7 Iny . viels) = 0.
It follows then that
t(gi. B) = «(Fi. Iny . i1V B Ulyjwr i) = i vitommigq).

We illustrate that situation in Figure 7, on the left.

Geometry & Topology, Volume 22 (2018)



1310 Francois Labourie

+
Tj+1

Vi

Njt1 Mj+1

Figure 7: Intersection computations: noncoprime elements (left) and coprime
elements (right)

Let us move to the remaining cases. The purpose of taking the “left and right perturba-
tions” of 7; is to take care of the situation when 7; (or 7j41) and y; are not coprime.
So let us assume now that 7; = }; (the case when ;41 = ¥; is symmetric).

Then in this case assume that M1 is on the left of 7; and y; has the same orientation
as 7]; (the other cases being symmetric). It then follows that

(74) m;,; (F1) = «3i. Bf) = 0.
(75) mi; (FR) =3, BR = 1.
It follows that
3 j (FE) +mij (FR) = 3 =y v oy i)
We illustrate that case in Figure 7, on the right. This finishes the proof of Equation (65).

Proof of (66) and (67) The proof uses the same ideas as the previous ones. O

8 Asymptotics

This section is the computational core of this article. Our goal is to compute asymptotic
product formulas; namely, understand the behavior of the special product formula when
the repetition in the arcs becomes infinite. This allows us to describe the limit of certain
Wilson loops as elementary functions; see Proposition 8.2.4.

The goal of this section is to obtain Corollary 8.3.2, which is an asymptotic product
formula for the Goldman bracket of elementary functions.

We first need some facts about vanishing sequences.

Geometry & Topology, Volume 22 (2018)
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8.1 Properties of vanishing sequences

In this subsection, we shall be given a vanishing sequence {I',},en of finite index
subgroups of 71(S). We need some notation and definitions.

» Let gh, be the function defined on H(n, S) by

gh,(p) := gh(plr,).

e For any positive integer p and primitive element £ in Iy, let £(p) be the positive
integer such that

(E5P)) = (£) N T,

We write &, =§ £(P) and we denote the associated closed geodesic by 5 D

Definition 8.1.1 (/N —nice covering) Let y and n be primitive coprime elements of
o =m1(S). Let N be a positive integer. We say that I', is N —nice with respect to y
and 7 if the intersection loop cx (¥, 1) is either trivial or satisfies

TTp (Cx()h/(p’ ﬁp)) = Vkl -77_k2’

where k; and k, satisfy
y(p)—N >k >N and n(p)—N >k, > N.

We need the following properties of vanishing sequences.

Proposition 8.1.2 Let {I'y},en be a vanishing sequence of finite index subgroups
of m1(S), and let {Sp}pen be the corresponding sequence of coverings such that
m1(Sp) =Tp. Then:

(i) When p goes to infinity, the gh,, converge uniformly to 0 on every compact of
H(n,S).

(ii) For any primitive coprime elements y and n and for all N, there exists a pg
such that T', is N —nice with respect to y and n for every p > po.

(iii) Let G = (yo,....¥p) and F = (o, ...,nq) be tuples of primitive elements of
m1(S) \ {1} such that the pairs (y;,y;i+1) and (nj,n;+1) are coprime. Then for
q large enough, G and F satisfy the good position hypothesis of Definition 7.5.1
as elements of w1(Sy).

Proof of Proposition 8.1.2 The proposition will follow from the concatenation of
Propositions 8.1.3, 8.1.5 and 8.1.6, proved next. Proposition 8.1.4 is an intermediate
step in proving Proposition 8.1.6. a
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We now fix a vanishing sequence {I'y},eN -

Remember that we identify primitive elements in 71 (S) and in any of its finite index
subgroups.

Proposition 8.1.3 When p goes to infinity, the gh,, converge uniformly to 0 on every
compact of H(n, S).

Proof For all positive numbers K and compact subsets C in H(n, S), let us consider
the following subset of 1 (S):

Zg = {y e m1(S)\{Id} |Jp € C such that

Ja(p()) }
meon| K

By Proposition 3.3.4, the set of conjugacy classes in Zg is a finite set. Let Z?( be
a finite set in 71 (S) of representatives of the conjugacy classes of Zg . From the
definition of vanishing sequences, it follows that there exists a po such that for all
P > po, we have

ZyNT,=2.

Since I'y is normal, it follows that
ZxgNI'p=0a.

Then by definition, the girth of any representation in C restricted to I', is smaller
than K. Thus the family of functions gh,, converges uniformly to zero on C when p
goes to 00. i

The following proposition is well known.

Proposition 8.1.4 Let y be an element of I'y. Then there exists a py such that for all
D > po, the geodesics ), are simple.

Proof Let R
Ay = elo[EG)NY # 2} C To/(y).

Observe that /fy is invariant under right multiplication by y and that its projection
in Ty/{y) is a finite set. Thus there exists a po such that for every p > po,

A, NT, C(y).

This implies that the projection of ¥ in S}, is a simple closed geodesic; indeed the
existence of a self-intersection point implies the existence of an element £ in I', such

that £E(Y) Ny £ @. a
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We finally need:

Proposition 8.1.5 Let y and n be two coprime primitive elements of 'y = 1(S).
Let N be a positive integer. Then there exists a py such that for all p > pg, the
group I'y, is N —nice with respect to y and 7.

Proof We assume using the previous proposition that ¥, and 7, are simple.

We shall prove the following assertion:

Step1 Forany N > 0, there exists a po such that for any p > pq, for any integers k
such that 0 < k < N and for any m,

Yk €T, and y"n K ¢T,.

This is an immediate application of Proposition 6.2.2. Let H := {y* |0 <k < N}.
Since y and n are coprime, H N (n) = @. Using Proposition 6.2.2, we get that there
exists a pg such that for all p > po,

HO(Tp.(n) = 2.

In other words, for all » and k such that 0 <k < N,
vk & Tp.

A symmetric argument concludes the proof.

We now prove:

Step 2 If x € y, N1y, then there exist positive integers k; and k, such that the
intersection loop cp(x) := cx(¥p. 1p) satisfies

p(ep(x)) = yr2 .k,

where the equality is as homotopy classes in Sy = S'.

We may as well assume (using the first step and a shift in p) that the projection of the
axis of y and 5 are simple geodesics in Sy. Let also

Ap =€l [EMNY #9} C Tp.

Observe that A, is invariant under left multiplication by y and right multiplication
by 1. Let /’1\1, be the projection of A, in (n,)\I'p/(np). Observe also that we have a
bijection from A p to

Ip :=np(¥)Nmp() CSp.
given by

{v).&.(n) = mpE@MNY).
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In particular, A, is finite since I, is finite. Moreover, if x in I, comes in this
procedure from an element @ in A, then a represents the intersection loop of x.

Since /fo is finite, using the double coset separability property, there exists a pgy such
that for all p > pg, we have

AoNTp C{y)(n).

Since A, C Ag N T'p, it follows that the projection in Sy of any intersection loop
¢x(¥p,np) is homotopic to y™.n~™ with n and m positive integers.

Conclusion of the proof The proposition follows at once from Steps 1 and 2. O
Proposition 8.1.6 Let G = (yo,...,Yp) and F = (no, ..., nq) be tuples of primitive
elements of 71 (S)\{1} such that the pairs (y;, y;+1) and (n;j,n;+1) are coprime. Then

for m large enough, G and F satisty the good position hypothesis of Definition 7.5.1
as elements of w1 (Sp,).

Proof Let us check the four conditions of the good position hypothesis. Let G =
(Y0, ---,¥p) and F = (no,...,nq) be primitive elements of m1(S) \ {1} such that
both (¥, ¥i+1) and (n;,n;+1) are pairwise coprime.

(i) Let BC S be a ball containing all the intersections ; N7); when y; and n; are
coprime. Thus condition (i) of the good position hypothesis is satisfied.

(i) Let
F:={§ em(S)| BNE(B) # 2.

The set F is finite. Thus, by Proposition 6.2.2 applied to y = n = Id, there exists a pg
such that for all p > po, we have

FNT,={d}.
Thus condition (ii) of the good position hypothesis is satisfied.

(iii) Next, for every ¢ € {yo,...,¥p. N0, ..., Mg}, the set

He:=1{£eT/()|EQ)N B # )

is finite. Thus by Proposition 6.2.2 applied to y = Id, n = ¢, there exists a py such
that for all p > po, we have

He (§) N Tp = (£).
Thus condition (iii) of the good position hypothesis is satisfied.

(iv) Finally, condition (iv) of the good position hypothesis is satisfied for p large
enough by Proposition 8.1.4. a
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8.2 Asymptotic product formula for Wilson loops

Throughout this subsection, we shall be given a finite index subgroup I'y, of I'g =m1(S),
corresponding to a covering Sy — So = S. Then, if p is a Hitchin representation
of m1(S) in PSL,(R), o will denote the restriction of p to I'.

Let (yo....,¥q) and (1o, ..., ng) be two tuples of primitive elements of 7 (S). We
assume that (y;, ¥i41) as well as (n;,n;41) are all pairwise coprime.

Let then 7; and 7); be the representatives of ; and 7; in Iy, and
(76) FP =pl ppr. GV =7l 7P,
We want to understand the asymptotics when p goes to infinity of the function

Bg(VO»---»Vq?ﬂO»---»’?q’): H(naSk) _)R

defined by ) e
WQG P, FPhg,)
k . ) — k
7 B, (Yo, ---:YgiNo,s---:Mg) " WGP)W(F D)
Let then
Tyt ot Ty Tt
(78) fz,] = [Vi Vi 1N ]s nj; = [Vi Yit1-M; N ],

m;,j = [Vi_yi+v 77]'_77]-_4_1], 9i,j = [Vi_)/i:-p 77]‘_77]'_.4_1]-
The next subsection is devoted to the proof of the following proposition.

Proposition 8.2.1 (asymptotic product formula) For every compact set U in H(n, S),
for every positive integer N and for k large enough, we have

(79 BEo.---.vg. 0. - 0g)(p)
= p?Ry,j T(yi, nj)+K- (ghy (p)+ghy (p)™)

TWVit1s Vio1j)
Yy (P—I)Zfi,jT(Vi,ﬂj)+(P—1)(—l 10 (o i)
Moyl TWisVit1)
IIXqg
0<j<q Tisnj+1.15)
_|_ (m.’ _{_f) .+1)
T ni+)

T(Vi+l’yi’ 77j+1,77j)
TWit1: Vi) TMjnj41)

(Qi,j i jy1+migq +fi+1,j+l))

for every p in U, where
e K isboundedon U ;
e ghi(p) = gh(p|Fk), where gh(p) is the girth of p (see Definition 3.3.3) ;
e the integers f; j, m; j, n; j and q; j are defined as in (78);
* R, ; is an integer that only depends on y; and n; .
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We will use bouquets to express these asymptotics using our product formula for
bouquets.

8.2.1 Preliminary asymptotics Let p be arepresentation of I'g =1 (S). For any &,

let p := 'Ole‘ Let yo,...,¥4 and 0o, ..., ny be primitive elements of I'g, and let
Y0+ --..Yq and 7o, ..., 7y be the corresponding elements in I'y given by

~ ; ~ P
(80) Pi=y2 and f=n;’

where Q; and P; are positive integers. In this proof, K, K¢, K1, ... will be the generic
symbol for a function of p bounded by a continuous function that only depends on
the relative position of the eigenvectors of p(y;) and p(n;) and does not depend on k.
Let us define

81) & = o). hi = pr(@).
(82) gi = p(i), hi=pm),
(83) Fom =grel,, gl gl "
(84) G = RIRP, L B2 P
(85) Fz(p’m) =8l B8
(86) G = WP L R P

In this subsection we prove two propositions.

Proposition 8.2.2 For all positive integers p, for all integers m with 0 <m < p, and
for any p in a compact set U of H(n, S'), we have

£(p,0) ..
Fi 8igi—1
(87) i = ———— + K. gh(p)?,
(PO  tr(gigi-1) “
=(p,p) . .
F; gi+18i
(88) L = —— + K. ghy(p)?,
wr(FP0)  tr(&igivr)
glp.m) '
(89) —L o = &+ K ghy ()",
tr(F;7)

where the K; are locally bounded functions of p.
We recall that g is the projector on the eigendirection of the highest eigenvalue of g.

Proof Observe that for all m,

w(FP™) = w(FP).
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We use Corollary 4.1.3 and get that for all p,

=(p,0) ..
F; gigi—1
(90) L =—— + K3. ghi(p)?,
wFP)  w(gigi-1) ,
£(p,p) . .
F; gi+18i
91) L == + K4. ghi (p)?,
w(FP0)  wl(gigiv1) g
glp.m) ‘
(92) — L =g + Ks. ghy (p)™ ™™™ for m ¢ {0, p}. O
w(FP™)

We use the same notation as in the beginning of this subsection.

Proposition 8.2.3 Letusfixi and j. Let

e {Ni,...,N,} be asequence of pairwise distinct integers such that Ny = N and
Qj—Ni=zN,
e {M,,...,M,} be a sequence of pairwise distinct integers such that M; = N

ande—MlzN.

Then for any p in a compact set U in H(n, S), and for any positive integers p, m
and m’, we have

—N]IE\I(Pam) Nl h—M]GA](pam/)gM]

©3) Y & d

VT (") (G
= r.gihj + K-gho (0™ + 7 gho (p)P.
where K is a locally bounded function of p and

=inf(Qi(m—1), Pj(m'—=1), Qip— Om', Mjp —m).

Proof In this proof, K; will as usual denote a locally bounded function of p. For the
purpose of this proof, we define

=(p) ~p ~(p) _+p ™p
F; _gl+1 .gj_, and G —hH_1 h]_l.
By definition, if m =1, m'>1,n < Q; and r < pP;,

—nF(p m) n _ngm nF(p) Q,(p m)+n

g
hJ—rG(Pam)h;’ — hP]m G(P)hP i (p— m)+r

Observe also that

a2 = u@P™), w(GPY) = u@GP).
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Thus, using the asymptotics of Corollary 4.1.3, we get that
—N;g(p,m) _N;
g Fs .
—— o, &t Ks. ghy(p)™,
tr(F;77)
where A; =inf(Q;m— Ny, Q;(p—m)+ N;, Np), and we have observed that Oy = N
for all k. Similarly,
—M; x(p.m") M,
h, ™G h;

(G
where B; = inf(Pjm’ — N;, Pj(p —m’) + Ny, Np). Thus

—N;g(p,m) _N;  —M;>(p,m’), M;
g 'F; g .h, G h: .
> — ’\(pIO) ’ ’\(p{)) =Vgihj+K0'( > gho(ﬂ)R’),
1<i<r tr(F;™™) r(G;7) 1<i<r

= h; + K4 ghg (0)™.

where
Ry =inf(Qim— Ny, Qi(p —m) + Ny, Pym’ — My, Pj(p—m') + My, Np)).

To conclude the proof, we will show that

4 ghy ()M

94 hy (o) R <
(94) Y gho(p) [—ghy(p)

1<i<r

+ 1 gho(p)Np.
Let
A={|R;=0im—N;}, B={]|R =Qip—0Om+ Ny},
F={|R = ijl—Ml}, D={l|R; =Pjp—PWl/+M]}.
By definition,
D ghy(@® =) ehg(@" N YT ghg(p)" <

leA leA n=Q;(m—1)+N

ghy (p)V Qi (m—D)
1 —ghy(p)

Symmetric arguments show that

Z ghy (0 < gho (p)N+Qi(p—m)
1 —ghy(p)

leB
Zgho(p)R’ < ghy (p)N+Fim'=1)
1 —ghy(p) ’

leF
Y gho(p)® < ghy(p) N+ £ P
0 1 —ghy(p)

leD
Inequality (94), and thus the result, follow. a
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8.2.2 Asymptotics and bouquets We use the same notation as in the beginning of
this section: let G = (yo, ..., ¥q) and F = (1o, ...,n4) be two tuples of primitive
elements of 7 (S). We assume that the pairs (};, ¥;+1) and (17, 7;+1) are all coprime.
We shall use the notation of Section 7.3.2.

Proposition 8.2.4 Assume that G, F and T’y satisfy the good position hypothesis.
Assume also that I'y is N —nice for all pairs (y;,n;). Let C be a bouquet in a good
position representing G and F .

Then for every compact set U in H(n, S'), we have that for every p in U,
BIIJC(VO’ <o ¥Yg- N0 - nq’)(/’) =

> ((p—l)zfi,j(f)T(yi,n,-)+(p—1)(—T(V"+1’Vi”71)

(i, j (F)+fi41,;(F))

0Sieg T, Yit1)
0sj=q’ Tisnj+1.15)
= (mj (F)+f j+1(F))
T nj+1) b

TWit1: Vi Nj+1.1j)
TVit+1, Vi) T mj+1)

+1’2(Z 1, () 8(Ci,j) T(yi, nj))+K- (ghy (p)+gho (0)™).
ivj

(Qi,j (F)+n; j 41 (F)+mypq i (F)+fipr 41 (}')))

where
e K is bounded by a continuous function that only depends on the relative position
of the eigenvectors of p(y;) and p(n;);
e gh(p) is the girth of p as defined in Definition 3.3.3, and ghy (p) = gh(,o|rk);
e the integers f; j (F), m; j(F), n; j(F) and q; j (F) are as defined in (58).

Proof of Proposition 8.2.4 We now recall the product formula of (59), which we
write using the notation of Section 8.2.1 as

(95) By=Bp+ Y 1B,
£eC; j

where

BO . 1

2T GFP0) . w(G0)
Y A uEPEP) 3T my (P uEPEP?)

0<i<q "1<m’<p 1<m<p
0<j<q’ 1s<m<p

+ 3 i (P uEEOGE” ))+qi,j(}')tr(l?l(p’o)@;p’o)))

1sm’<p
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and
Bf = — L — Y uwFP" a6 o)),
wF0) uGr0) | o
1sm<p

Proposition 8.2.4 will follow from the next two propositions, which treat the term BI(,)
and the term involving the Bg separately. |

Proposition 8.2.5 We have
B;?(VO»---»)/q,no,...,r]q/)=

T(Vi+1’yi’ 77])

> ((P_l)zfi,j(]'—)T(Vi»77j)+(P_1)( (i, (F)+fit1,;(F))

0<i<gq T()/i, )/i-i-l)
A T nj+1.1))
————————(m; j (F)+f; j+1(F))
T nj+1) b

TWVi+1,VisNj+1-1j)
TWit1, Vi) T nj+1)

(Qi,j(f)+ni,j+1(f)+mi+1,j(f)+fi+1,j+1(f)))

+ K- ghy (p),

where K only depends on the position of the eigenvectors of p(y;) and p(n;).

Proof Using the estimates for ﬁl(p ™ and é,@ ™) from Proposition 8.2.2 we get

0 _
B, =

Z(fi.j(f)(P_l)ztr(gi-F‘j)
tr(g;.gi—1.hj.hj_1) +(p_1)(tr(gi-hj-hj—1)+tr(hj-gi-gi—1)))
tr(g;.gi—1) tr(h;j.hj_q) tr(hj.hj_1) tr(gi.gi—1)
tr(g;.hipq.hj tr(g;.gi—1.hivq1.h;
+mi.j(.7:)((17—1) (8-t J)—i- .(gl.g, t-hy1-y) )
tr(hj.hjr1)  w(gi.gi—1) tr(hjy1.hj)
tr(giv1-i.hj)  tr(Eigr.8i-hjhj—1) )
tr(gi+1-8i) tr(gi.g,'_l)tr(f.lj+1.f.1j)
tr(gi4+1.8i-hj41.h))
tr(gi+1-8i) tr(hj4+1.hj)
+ K- ghy (p).

where 0 <7/ < ¢ and 0 < j < ¢’ as before. Using the definition of multifractions, and
after reordering terms, we obtain the asymptotics of the proposition. a

—|—fi_j(.7:)(

1.5 (F) ((p—l)

+4qi.j (F)
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Finally we need to understand the last term involving the sum of the terms Bf,.

Proposition 8.2.6 We have
09 X X @8 = X 10 HC) k) + K-shion).
i,j £€Cij iJ

where K only depends on the position of the eigenvectors of p(y;) and p(n;).

Proof We use again the notation set up in the beginning of Section 8.2.1. By definition
of an N —nice covering, any element £ € C; ; can be written as

Neg M,
SZVI' 'Snj £

where N < Ng < Q; —N and N < Mg < P; — N . Since y;" ¢ T’y for 0 <m < Q;,
we obtain that £ — Ng and & — M are bijections.

Moreover, since the bouquet C is a lift of a bouquet C° in S,
1;,j (&) = 1;,j(1).

It follows that for any i and j,

Bm,m’,i,j
©7) S @B =10 Y )

£eCy ;i 1<m'<p tr(lA:(P,O)). tr(a(PaO)) ’
N I1<sm<p
where
"1, J —Nzo(p,m) Ne | —Mgx(p,m’), M,
mm,i,] _ 3 4 & £ y4 £
B, = Z g F7gihy G Th
§eCi

We now apply Proposition 8.2.3 to get
m,m’ i,j
( P
tr(F(2.0)  tr(G(P.0))
= 1;,j (D §(Cr, /) (&ihy + Ko gho(0) VM) 1 K ghg (0)N7).

where M (m,m’) =inf(Q;(p—m), Qi(m—1), Pj(p—m'), Pj(m’—1)). Observe that

forany A <1,
M(m,m’) n_ 4
E A <4 E A =17
1<m’<p n<0
I<sm<p
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Thus (97) and (98) together yield

©9) Y Y LjEB;= pz(z L (D H(Ci, ). tr(gi.ﬁj)) + K ghy(p)",

i,j EGC,"]' i,j
where we have used that p? gh,(0)V? < K5 ghy(p)"V for some constant K5 only
depending on a compact neighborhood of p. The result finally follows from the fact
that tr(g; .h;) = T(yi. nj). O

Proof of Proposition 8.2.1 Since G, F and I'j satisfy the good position hypothesis,
by Proposition 7.5.2 there exist two bouquets F7, and Fg in S in a homotopically
good position, both representing G and F and such that furthermore,

3 (G (FL) +1i,j (Fr) =i,

3(Mij(FL) +0ij(FR)) =ni ;.
3(mi j (FL) + m; j(FgR)) = m;j,

5(i,j (FL) + 9i,j (FR)) = qi.j-

Thus applying Proposition 8.2.4 twice, once for F7, and once for Fg, and taking the
half sum, we obtain the final result. O

8.3 Asymptotics of brackets of multifractions

The setting of this subsection is the same as the previous one: we shall be given a finite
index subgroup I'y of I'g = 1 (S), corresponding to a covering Sy — So = S. Then,
if p is a Hitchin representation of 7 (S) in PSL,(R), p; will denote the restriction
of p to I'.

Let G = (Yo.....Yq) and F = (no....,nq) be two tuples of primitive elements
of m1(S). We assume that the (y;,y;+1) as well as the (nj,7j41) are pairwise
coprime. Observe that there exists an M € N such that for all i and j, both ¥ := yiM
and 7 := n}"l belong to T'.

Then let o
en le Wy y)__W(le'“th)
IEEREE == oA

! ! ?=1W(Vip)
so that
(100) T= lim W,.

p—>0

Now let

W 9 ey aW g ey ’
(101) Ay e W0, vg) Wylho.. gl

W (o, .. ¥g) - Wp(o. ... 0g")
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Let F=(y1,....Yg) and G = (11,...,0¢).

Proposition 8.3.1 We have
(102)  Ap=By(F.G)=) By(¥i.G)—= > Bp(F.nj)+ > _Bp(yi. ).
i j ij

From this proposition and Proposition 8.2.4, we will deduce the following important
corollary.

Corollary 8.3.2 Assume that G and F and 'y satisfy the good position hypothesis.
Let k be a positive integer such that I'y is N —nice for all pairs (y;,n;). Then
{T(o:--- %) T(os - - - Ng’)} s

T(Vo.---¥g)-T(o, - - . Ng’)

= Z((Qi,j +0i 41 Mg+ figrj41)
i’j

Tit+1Vi Nj+1-7))
TWi+1,v) TMj,Mj+1)
T(ViiNj+1.7;)

T(Mj,nj+1)

+fi,j-T()/i,77j))

+ K- (ghy (o) + gho(0)™).

where K is bounded by a continuous function that only depends on the relative position
of the eigenvectors of p(y;) and p(n;).

TVit1Yi-nj)

—(H','+f'+1,')
DT (it )

—(my,j +1i j41)

We first prove the corollary from the proposition, then prove the proposition.

Proof of Corollary 8.3.2 We study one by one the terms in the right-hand side of the
formula of Proposition 8.3.1 using the asymptotics given by Proposition 8.2.4. Let

& = ghy(p) + gho(p)N . First,

Bp(Yo,---»Vg>M0s > 1g’)
= Z((szi,j +(p—1)fi,;) T(vinj)

i’j
TVit1,Yisn)) T(Vi,nj+1,1))
P T vien) L TMj.Mj+1) A
TWVit1, Vi Nj+1.15)

Tis1, ) Ty nj+1)

(Qi,j +mi j1+mipq +fi+1,j+1))

+ Ke.
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We now consider the term B, ()i, 1o, ..., ng’). Applying the previous formula, using
the fact that in this case q;,; =n; ; =0, we get

Bp()/i» no, .- v77q’)

= Y ((PzRi,j +(p—1fij) T(vi.m))
0<j<q’
T(Vis Nj+1.1))

+(P—1)(T(Via77j)(fi,j)+ (m; +fi,j+1))

TMj.Mj+1)
T nj+1,15)
—(m,+f, 1)
Tajnjen) T
+ Ke.
Similarly,
Byp(Y0. .-+ Vq-1j)
=y ((PzRi,j +(p—1)fi,j) T(i.nj)
0<i<g
TVit1,Viomj)
+(p—1)(—(n-,-+f~+1,-)+T(y-,n~)(f~,-)
T(Viv)’i—i—l) b S pIER
TVit1. Vio 1))
—(l’l"'—l-f' ’.)
TWVit1, Vi) BT
+ Ke.
Finally,

(103) Bp(vi,nj) =T, nj)(p*Rij + (p— D*ij +2(p— 1) + 1) + Ke.
Thus, using Proposition 8.3.1, regrouping the terms that appear in 4, , we obtain that
o the coefficient of T(y;,n;) is fi j,
e the coefficient of T(yi+1.vi,7j)/T(Wi. Vis1) 18 —(0ij +fig1,5),
e the coefficient of T(yi. nj+1,1j)/T(j, nj+1) is —(my,j + i j4+1).

¢ the coefficient of
T(Vi-i-l? Vi>Nj+1, 77])

TVit+1, V) T, mj+1)

is qij + 041+ Mgy +fir e

Finally, we conclude the proof of the corollary by using (100). a
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Proof of Proposition 8.3.1 First we use the “logarithmic derivative formula” for the

Poisson bracket, )
Vg his _ {fihis L {g.h}s
Sfgh Sfh gh

We obtain
Wy - vg) WG -..ni)}s 5 W) Wng ...nf)}s
W(yg - vOWE -.mp) = WP IWG - ..n)

e WO ) W(y))s W), Wni)}s
2 W(yg - vg W) > WSIWm?)

(104) Ap(F,G)=

iJ
Then, using the definition of (49) expressing the Goldman Poisson bracket of Wilson
loops in terms of the bracket of loops in the Goldman algebra, we get

Wy v W@ .02} s
Wy - v WG - nf)

The proposition now follows from the fact that

1
= Bp(F,G)—;L(y(f...y(;’,nop...ng,).

t(a.b,c) =(a,c)+u(b,c),
and thus

(105) vy ---vLng --nb)

=Y wying )+ g v i) - ZL(V,»
i j

which completes the proof. a

9 The Goldman and swapping algebras: proofs of the main
results

We finally prove the results stated in Section 6. In the course of the proof, we prove
the generalized Wolpert formula of Theorem 6.1.2.

9.1 Poisson brackets of elementary functions and proof of Theorem 6.2.4
By Corollary 4.2.3, the algebra B(P) of multifractions is generated by elementary

functions. Thus it is enough to prove the theorem when by and b; are elementary
functions.
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Let G = (yo,...,¥p) and F = (no,...ny ) be primitive elements of m{(S). We
assume that for all 7 and j, the pairs (y;, ¥;+1) and (9;,7n;+1) are coprime.

Let by = T(yo, . . .,]/q) and b1 = T(no, ... ,T}ZI)

By Proposition 8.1.6, we can assume that G and F' satisfy the good position hypothesis
for S; when k > ko for some ny. Let N be a positive integer; we can further
assume that Sy — S is N —nice for all pairs (y;,n;) by Proposition 8.1.5 for k = kg
and k¢ large enough.

Recall also, using the notation of Proposition 4.3.1, that
fij =iyl =a,
(106) Qij 01 Mg+ i je =07 Vi 77,-+1] =bi,j,
fijr1+mi; =y 77]77;-;1] =Ci,j,
fig1j+mig =l v ny n; T =di;.
Thus Corollary 8.3.2 and the computation of the swapping bracket in Proposition 4.3.1
yield
{T(o---¥)- T(No. - - - Ng')} sy
T(o:---¥g)- T(Mo, ... 1g")
T - ¥g), T(Nos - - - Ng")}w

= . (sh h N
T(o.---vg)- T(Mos-- - 0g7) + K- (ghy (p) + gh(p)™),

where K is a bounded function that only depends on the eigenvectors of p(y;)
and p(n;). In particular, there exists a real number K and a compact neighborhood C
of po such that the previous equality holds with K < K¢ and p in C.

(107)

Let ¢ be a positive real number. By the last assertion in Proposition 8.1.3, we may
furthermore choose kg such that if &k > ko,

ghy(p) < K. K

Since sup{gh(p) | p € C} < 1, we may further choose N — and thus k¢ — such that
for all p in C,

N <& €
gh(p)”™ < 73
It follows that for all p in C and all £ = kg, we have

{T(o.---7g)-T(o. - - -ng)}s,  {T(Vo.---Yg)- T(o. - - 1g)}w
TOo,---Yg)- T(Mo, ... Ng’) T, Yg)- T(Mo, ... Ng’)

This concludes the proof of Theorem 6.2.4. O

<e.

(108)
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9.2 Poisson brackets of length functions

We shall first prove a result of independent interest, namely the computation of the
value of the Goldman bracket of two length functions of geodesics having exactly one
intersection point.

Given a Hitchin representation p in PSL,(R), or alternatively a rank 7 cross ratio b,
the period — or length — of a conjugacy class y in 1(S) is given by

Amax (0(¥))
Amin(0(¥))

for any y € doom1(S) different from ¥ and ¥, where Apax(A4) and Ayin(A4) denote,
respectively, the eigenvalues of greatest and smallest modulus of the endomorphism 4.

(109) Ly (p) = log( ) =log(b,(yt.y".v(»).»))

9.2.1 A generalized Wolpert formula We have the following extension of the
Wolpert formula for the bracket of length functions.

Theorem 9.2.1 (generalized Wolpert formula) Let y and n be two closed geodesics
with a unique intersection point. Then the Goldman bracket of the two length functions
¢, and ¢y, seen as functions on the Hitchin component, is

(110) Uy tts =ty Y. e T ),
e,e’e{—1,1}

TE (P =bp(ET.¢T.07.E7).

where we recall that

Proof Let us first remark that

(a1 ty=lim - 1og(i(o(y")ir(o(y 7).

Thus, assuming that y and 7 have a unique intersection point x whose intersection
number is ¢(y, 1), the product formula (59) gives us, for &; € {—1, 1},

(112) (ye P 0Py = ee'. pruy, my®P P,
It follows that
(113)  {log(W(y?)W(y %)), log(W(n?)W(n~?))}

_ o o W@ P) W)}
— Z 88.L()/a 77) W(Vg_p)‘w(ns’.p)

g,e’e{—1,1}
3 WQE PPy 3
_ 2 1 /
T G weeny Tt 2 e

Geometry & Topology, Volume 22 (2018)



1328 Francois Labourie

Thus

(114)  tim | log(W(P)W(y 7). - logWn Wi ")

=Y e tim VL)
: ’ e.p e'.p
8,8’6{_1,1} p—>00 W(J/ )'W(n )

= Y ey T ).
g,e’e{—1,1}

This concludes the proof of the theorem. a
9.2.2 Proof of Theorem 6.1.1 Recall that we want to prove the following result.

Theorem 9.2.2 Let y and n be two geodesics with at most one intersection point.
Then we have

' /. /. =1
1im Ts(tyn (7). En (D) = ${by. by}
Proof This will be a consequence of the generalized Wolpert formula. By definition,
by(y)=glog(b(y*,y .y (), ¥y~ ().

Thus

y u,{(a",a_””(y)), (" 87 (1)}
C @ () . (BY BTV ()

(115) {Za(y),z,s(y)}=% >

uu' e{—1
v, e{—1

1}
1}
But
(116)  {(@®,a ™ (»)), (BY, B~V (»))}
= [@ @™ (»)), (BY BV ()B4 (). B a4 ().

We remark that when 7 is large enough, for all u, v, u’, v’ we have

[Py " (), (" ™ " (y)] =0,
(117) [Py ™0 (»)), (1° " ()] = 0,

[Py ")), Y )] = vy Yy o)

Combining the remark in Equation (117) with (116) and (115), we have that for n large
enough,

(118)  {Lyn (). yn (1)}
_ Dyt T )"y )
4 Y)Y V()

v, e{—1,1}
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Thus, taking the limit when n goes to oo yields

~ ~ ty ooty V=V v,
(119)  lim |S{eyn(y),enn(y)}:w DT L A,
e 4 N G0 G M
[y y .ty /
- 4 Y vl T,
v,v’e{—1,1}

The result now follows from this last equation and the generalized Wolpert formula
of (110). i

10 Drinfel’d-Sokolov reduction

The purpose of this section is to prove Theorem 10.7.2, which explains the relation of
the multifraction algebra with the Poisson structure on PSL, (R)—opers.

We spend the first three subsections explaining the Poisson structure on PSL,(R)-
opers using the Drinfel’d—Sokolov reduction of the Poisson structure on connections
on the circle. Although this is a classical construction (see [5; 23; 12] and the original
reference [6]) we take some time explaining the main steps in differential geometric
terms, expanding the sketch of the construction given by Graeme Segal [29].

Finally, we relate the swapping algebra and this Poisson structure in Theorem 10.7.2.

10.1 Opers and nonslipping connections

In this subsection, we recall the definition PSL, (R)—opers and show that they can be
interpreted as an equivalence class of “nonslipping” connections on a bundle with a
flag structure.

10.1.1 Opers

Definition 10.1.1 (opers) A PSL,(R)—oper is an n"—order linear differential opera-
tor on the circle T = R/Z of the form

‘ dnw. dn—ZW
(120 Dy oty o Y

where the ¢; are functions.

Observe that this definition of an oper requires the choice of a parametrization of the
circle. Otherwise the ¢; would instead be i™M"—order differentials.
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We denote by X, (T) the space of PSL,(R)—opers on T . Every oper has a natural
holonomy, which reflects the fact that the solutions may not be periodic. We consider
the space X, (T)° of opers with trivial holonomy; that is, those opers D for which all
solutions of D = 0 are periodic. A Poisson structure on X,(T), whose symplectic
leaves are opers with the same holonomy, was discovered in the context of integrable
systems and Korteweg—de Vries equations; for a precise account of the history, see
Dickey [5]. Later, Drinfel’d and Sokolov [6] interpreted that structure in a more
differential geometric way; we shall now retrace the steps of that construction.

10.1.2 Nonslipping connections Let K be the line bundle of (—3)—-densities over T,
sothat TT = K2, and let P:=J"~!1(K"~!) be the rank n vector bundle of (n—1)—jets
of sections of the bundles of (—1(n—1))—densities.

Let F), be the vector subbundle of P defined by
Fp:={j"to|j" P o =0}.

The family {F)}i<p<n is a filtration of P: we have F,, = P, F,_| C F, and
dim(F)) = p. Observe that

Wy i=Fp/Fp_y =(T*T)" P @ K" ' =(K?)" P @ K"~ = K?P7""1,

In particular, Wy,_,—1 = W and it follows that
n
det(P) = (X) det(Wp)
p=1

is canonically isomorphic to R. Thus P carries a canonical volume form.

We say a family of sections {eq,...,e,} of P is a basis for the filtration if for every
integer p no greater than n and every x € S, {e1(x),...,ep(x)} is a basis of the
fiber of F), at x.

Definition 10.1.2 (nonslipping connections) A connection V on P is nonslipping if
it satisfies the following conditions:

* VF, CFyy forall p.

e If ay is the projection from Fj4 to Fj,41/Fp, then the map

(X, u) = ap(Vx (1)),

considered as a linear map from K2 ® Fp/Fp_1= K?2P—n+1 o Fpi1/Fp1 =
K2P~"+1 s the identity.
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We denote by Dy the space of nonslipping connections on P. The first classical
proposition is:

Proposition 10.1.3 Let V be a nonslipping connection. Then there exists a unique

basis {eq,...,en} of determinant 1 for the filtration such that
(121) {Vatei =—¢iy1 fori <n—1,
Vaten € Fn—l )

where 9; is the canonical vector field on T .

Observe here that the basis depends on the choice of a parametrization of the circle.
From this proposition, it follows that we can associate to a nonslipping connection V
the differential operator D = DV such that

n di—1!
vg, (Z dti_lf/wi) = (DY) wn,
i=1

where V* is the dual connection and {e; }1<;<, is the dual basis to the basis {w; }1<i<n
associated to V in the previous proposition. One easily checks that

dnw dn—ZW
Dy =
V=g T

where the functions ¢; are given by g; = w,—j+1(Vjy,en).

oo g

We now introduce

(i) the flag gauge group as the group N of linear automorphism of the bundle P
defined by

N:= {4 e Q%T,End(P)) | A(Fp) = Fp, A|F17/Fp_1 = Id},
(ii) the Lie algebra n of the flag gauge group as
n:={4 € Q%T,End(P))| A(Fp) C Fp_y}.
We now have:

Proposition 10.1.4 The map V +— DV realizes an identification between Dg/N
and X, (T), and this identification preserves the holonomy.

It is interesting now to observe that the definition of an oper as an element of Dy /N
does not depend on a parametrization.

Proof Let V be a nonslipping connection, {e;} the basis obtained by the previous
proposition and V' = n* -V a connection in the N—orbit of V. By definition of N,
V'e; = Ve; +u; with u; € F;_;. The result follows. O
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10.2 The Poisson structure on the space of connections

The purpose of Drinfel’d-Sokolov reduction is to identify the space X, (T) = Dg/N of
opers as a symplectic quotient of the space of all connections on T by the group N.

Again, we shall paraphrase Segal, and define in this section, as a first step of the
construction of Drinfel’d—Sokolov reduction, the classical construction of the Poisson
structure on the space of connections.

In general, when we deal with a Fréchet space of sections of a bundle, we have to
specify functionals that we deem observables and for which we can compute a Poisson
bracket. This is done by specifying a subspace of cotangent vectors and describing the
Poisson tensor on that subspace. Observables are then functionals whose differentials
belong to that specific subset. However, the Poisson bracket can be extended to more
general pairs of observables. Rather than describing a general formalism, for which we
could refer to [5], we explain the construction in the case of connections.

10.2.1 Connections and central extensions Let G be the gauge group of the vector
bundle P. The choice of a trivialization of P gives rise to an isomorphism of G with
the loop group of PSL, (R). We introduce the following definitions:

(i) The Lie algebra g of G is Q°(T,Endy(P)), where Endo(P) stands for the
vector space of trace free endomorphisms of P. The Lie algebra g is equipped
naturally with a coadjoint action of G.

(i) The dual Lie algebra g° of G is Q!(T,Endy(P)).
(iii) The duality is given by the nondegenerate bilinear mapping from gxg° defined by

(122) (a, B) :/Ttr(a-ﬂ).

Let us choose a connection V on P. Let Qy be the 2—cocycle on g given by

Qu(E.n) = /T (V).
If V and V’ are two connections on P, then

Qv (&.n) —Qv(E.n) =a(s. 1),

where
“(X)=/th((V—v/)-X)-

In particular the cohomology class of the cocycle 2v does not depend on the choice
of V. Let G, whose Lie algebra is g, be the central extension of G corresponding to
this cocycle, so that
T
0>R—>g—ag.
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As we noticed, every connection defines a splitting of this sequence; that is, a way to
write g as R @ g.

Dually, we consider the vector space g° defined by the exact sequence
0—g° i) g° —> R,
with the duality with g such that (y,i(B)) = (n(y), B).
It follows that the space D of all PSL,(R) connections on P can be embedded in the

space of such splittings, which is in turn identified with the affine hyperplane D in g°
defined by

D:={feg”|(Z.8) =1}

where Z € g is the generator of the center. The hyperplane D has g° as a tangent
space. Observe that the embedding D — D is equivariant under the affine action of
QU(T,Endg(P)) = g° C §° as well as the coadjoint action of G itself. In particular,
the above embedding is surjective and we now identify D as the space of all PSL,(R)-
connections on P. The coadjoint orbits of G on D are those connections with the same
holonomy.

10.2.2 The Poisson structure Since we are working in infinite dimension, we are
only going to define the Poisson tensor on certain “cotangent vectors” to D. In our
context we consider the set D° := g = Q°(T, Endy(P)) of cotangent vectors where
the duality is given by formula (122). Using this notation, the Poisson structure is
described in the following way.

Definition 10.2.1 (Poisson structure for connections) e The Hamiltonian mapping
from D° to D at a connection V is

H:aw— dVa.
e The Poisson tensor on D° at a connection V is

My (. B) := (. H(B)) = /T tr(ac-dV ).

e We say a functional F is an observable if its differential dy F belongs to D° for
all V. The Poisson bracket of two observables is

{/.g}=TI(df. dg) = (df, H(dg)).

Remarks (1) The Poisson bracket can be defined for more general pairs of functionals
than observables. Observe first that the differential of functionals on a Fréchet space
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of sections of bundles — for instance connections — are distributions. Thus we can
define the Poisson bracket of a general differentiable functional with an observable.
For the purpose of this paper, we shall say that two functionals f and g form an
acceptable pair of observables if their derivatives d f and dg are distributions with
disjoint singular support, or equivalently if they can be written as

df = F+ fo. dg=G + go.

where F and G have disjoint support and f;, g¢ are observables in the previous sense.
In this case, their Poisson bracket is defined as

{/.&3(V) =T1(fo.g0) + (F, H(g0)) — (G, H( /o))
This Poisson bracket agrees with regularizing procedures.

(2) We further observe that if Dy is the space of connections with the same holonomy
as V (that is, the coadjoint orbit of V), then the tangent space of Dy at V is the
vector space of exact 1—forms d¥ (Q°(T, Endg(P))), and moreover the Poisson tensor
on Dy is dual to the symplectic form « defined by

w@a,dvp) = / tr(a-dV p).
T

Thus the symplectic leaves of this Poisson structure are connections with the same
holonomy. One can furthermore check that this formalism agrees with what we expect
from coadjoint orbits.

10.3 Drinfel’d-Sokolov reduction

We now describe the Drinfel’d—Sokolov reduction. We begin by describing more
precisely the group that we are going to work with in order to perform the reduction.

10.3.1 Dual Lie algebras Let n be the Lie algebra of N as defined above. Let u be
the subspace of g° given by

u:={A4 € Q' (T,Endo(P)) | A(Fp) C Fp}.
Proposition 10.3.1 We have u= {4 € g° | (o, A) =0, Y € n}.
Thus if n° := Q1 (T, Endy(P))/u, we have a duality n° x n — R given by the map

(. B) = /T tr(af).
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We now give another description of n° more suitable for our purpose. Let us first

consider the natural projections
(123) 71;': Hom(Fy, E/Fy) — Hom(F),, E/Fp41),
n, : Hom(Fy, E/Fp) — Hom(Fp—1, E/ Fp).

Let

n—1
M = {(ul,...,un_l)e@Hom(Fp,E/Fp) ) (up) = I;H(upH)}.
p=1

We leave it to the reader to check the following.
Proposition 10.3.2 The map from n° to Q' (T, M) defined by
A— (Alp,,.... Alg,_)

is an isomorphism.

10.3.2 Drinfel’d-Sokolov reduction If V is a connection, we define the slippage
of V, denoted by o (V), as the element of Q!(T, M) = n° given by

Uy, ... .up),
where u,(X,v) = ap(Vxv) and «) is the projection from E to E/F),.

We are now going to define a canonical section of Q'(T, M). We have a natural
embedding
ip: Hom(Fy,/Fp—1, Fpi1/Fp) = Hom(F)y, F/ Fp).

Now observe that
Q(T. Hom(Fy/Fpi. Fps1/Fp)) = (K*)* @ (K2P7"71)* @ K271,

Thus, let
Ip = lp(Id) c (KZ)* ® (sz—n—l)* ® K2p—n+1‘

Finally, we set
I:= (11,...,In_1),

and we observe that I is invariant under the coadjoint action of N.

Theorem 10.3.3 (Drinfel’d—Sokolov reduction) The map o is a moment map for the
action of N. Moreover Dy = o~ ! (I) and we thus obtain a Poisson structure on X, (T).
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As a particular case of symplectic reduction, we briefly explain the construction of the
Poisson bracket in our context of opers and nonslipping connections. If f and g are
two functionals on the space of opers, they are observables if their pull-back F and G
on the space of nonslipping connections are observables and then their Poisson bracket
is {f,g}(D):={F,G}V), where D is the oper associated with V.

10.4 Opers and Frenet curves

10.4.1 Curves associated to PSL, (R)-opers We recall that every oper D gives
rise to a curve from R to P(R") which is equivariant under the holonomy; that is, a
curve

& R —P(@R")

such that £(¢ + 1) = H(&(¢)), where H is the holonomy. The construction runs as
follows. The curve £ is given in projective coordinates by

E:=[v1,..., v,

where {vq, ..., v,} are independent solutions of the equation Dy = 0. The curve £ is
well-defined up to the action of PSL,(R). We call £ the curve associated to the oper.

10.4.2 Hitchin opers Let us say an oper is Hitchin if it has trivial holonomy and can
be deformed through opers with trivial holonomy to the trivial oper ¢ — d"v/dt".
Let us denote by XI(T) the space of Hitchin opers, which by the previous section
inherits a Poisson structure.

10.4.3 Frenet curves We say a curve & from T to P(R") is Frenet if there exists a
curve (E1,£2,...,E" 1) defined on T, called the osculating flag curve, with values in
the flag variety such that £(x) = £!(x) for every x in T, and moreover:

e For all tuples of pairwise distinct points (xy,...,x;) in T and positive integers
(n1,...,n;) such that

/
E ni <n,

i=1

the sum
EM(xi) 4+ €M (xp)
is direct.
e Forevery x in T and tuple of positive integers (71, ...,n;) such that
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we have
[

lim ni ) = £P(x).
L dim (@ls () = £7(x)
y; all distinct '~

We call £* := £"~! the osculating hyperplane.

Since the trivial connection is nonslipping with respect to the filtration given by oscu-
lating flags, we have the following obvious remark; see also [7, Section 9.12].

Proposition 10.4.1 Every smooth Frenet curve comes from a PSL,(R)-oper with
trivial holonomy.

Conversely, we now prove:
Proposition 10.4.2 The curve associated to a Hitchin oper is Frenet.

Proof Let us first introduce some notation and definitions. A weighted p—tuple X is

a pair consisting of a p—tuple of pairwise distinct points (x!,...,x?) in T, called
the support, and a p—-tuple of positive integers (ji, ..., jp) such that
2. Jk=n.
1<k<p

If 5 is a smooth curve defined on a subinterval / of T with values in R” \ {0}, let
AP (x) = n(x) A A= AP (x) € APRT),

where 1 and n(k) denote the derivative and k" derivatives of 1 respectively. Moreover,
if X is a weighted p—tuple as above with support in 7, let
0= A V905 e A" R =R.
1<k<p
We say that a weighted p—tuple is degenerate with respect to 1 if 7(X) = 0. Observe
finally that being degenerate only depends on the projection of 7 as a curve with values
in P(R"), and thus makes sense for curves with values in P(R”). By definition, a
curve & with values in IP(R”) is Frenet if it admits no degenerate weighted p—tuple.

Let us work by contradiction and assume that there exists a Hitchin oper whose
associated curve is not Frenet. Let m be the smallest integer such that there exists a
curve £ associated to an Hitchin oper which admits a degenerate m—tuple.

Let O, be the set of Hitchin opers whose associate curve admits a degenerate m—tuple.
By our standing assumption, O, is nonempty, and moreover the trivial oper, which
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corresponds to the Veronese embedding, does not belong to O,. We will now prove
that O, is both open and closed, which will yield a contradiction since X%(T) is
connected.

Step 1  The set Oy, is open in X3(T).

Let
X =Y x™), (i, im))

be a degenerate m—tuple for the curve & associated to the oper D. Without loss of gen-
erality we can assume /; is the greatest integer j such that (x',...,x™),(j....,im))
is degenerate. Now let 1 be a lift of £ (with values in R”\ {0}) on an interval containing
the support of X . Let us consider the function fp defined on a neighborhood of x!
by

Iy = 0(X(»)),

where X(») := (y,x2,....,x™), (i1,...,im)). We first prove that fD(xl) #0. A
computation yields

fotehy = G2y an@en)a (A #6g).

2<j<m

Let us recall the following elementary fact of linear algebra. Let u, v and ey ..., e
be vectors in R” such that

(124) UANVAEeL A~ Aep_q1 #0,
(125) uneyn---nNeyp=0.
Then

(126) vAeLA--Aep #O.

Indeed, by (125), u belongs to the hyperplane H generated by (eq,...,ex). If (126)
does not hold, then v also belongs to H. Thus the vector space generated by
(u,v,eq,...,er_1) also would lie in H, contradicting (124).

By maximality of iy, we know that 7j(Y’) # 0, where
Y =((x' oo x™), G+ Lia—1,....im)).
Since fp(x!) =0, the previous remark with u = n{@1=1 v =51 yields fD(xl) #0.

By transversality, it then follows that for D’ close to D there exists a z close to x!

such that fp/(z) =0, and thus D’ € Oy,.
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Step 2 The set Oy, is closed in X3(T).

Let {£!},en be a sequence of curves associated to a sequence of opers in O,, con-
verging to an oper D associated to the curve &. Let

(X = (oo X Gig oo S bnen

be the corresponding sequence of degenerate m—tuples. We can extract a subsequence
such that for every i, the sequence { j,’; }.eN is constant and equal to ji. After
permutation of {1,..., p} and extracting a further subsequence, we can assume that
there exists a p—tuple

Y = .. D). G iP)),
with p < m, and integers k, ..., k, such that
i) 1=k <---<kp=m,
(i) forall i with ky, <i < /k,41 we have limy—oo(x]) = y¥,

(iii) forall v with 1 <v < p,

kv$u<kv+1

As an application of the Taylor formula, we have
1P ) AO () = (= )P G + 0((x = 1)),

It follows that for all u,

ku+l_1 1 ku+1—1 ( ) ( )
. ~(iV v Ay u
nlgrc}o(( 1_[ (x}{—y”)Nv) VAN (xn)) = ),

v=ky, v=ky
where Ny = i”(sz_:lku iw). In particular, Y is degenerate for £. Thus p = m by
minimality, and thus D € O,. O

Finally, let us say a Frenet curve is Hitchin if it can be deformed through Frenet curves
to the Veronese embedding. Then we obtain as a consequence of the two previous
propositions the following statement, which seems to belong to the folklore but for
which we could not find a proper reference.

Theorem 10.4.3 The map which associates to an PSL,, (R)—oper its associated curve

is a homeomorphism from the space of Hitchin opers to the space of Hitchin Frenet
curves.
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10.5 Cross ratios and opers

Let £ be a Frenet curve and £* be its associated osculating hyperplane curve. The
weak cross ratio associated to this pair of curves is the function on

T* :={(x,y,z,0) eT* |z # y, x #1}
defined by
EDIEWEE)E©)
(ECIE*MNE)[E* (D))

where for every u, we choose arbitrary nonzero vectors g? (u) and g? *(u) in &E(u)
and £*(u) respectively. This weak cross ratio only depends on the oper D, and we
shall denote it by bp.

(127) bggr(x,y,z,1) =

10.5.1 Coordinate functions As in Section 10.1.2, let K be the line bundle of
(—31)—densities over T and P := J"~!(K"~!) be the rank n vector bundle of (n—1)-
jets of sections of the bundle of (—%(n—l))—densities. We choose once and for all
a trivialization of P given by n fiberwise independent sections oy, ...,0, of P, so
that F), is generated by o71,...,0p.

Let V be a connection on P. Let I be an interval in R with extremities Y and y. We
pull back V, P and o; on R using the projection

m:R—->R/Z=T.

We denote the pulled back objects by the same symbol. For any y € R, let o), the
V—parallel section of P on [ characterized by o,(y) = o1(y). Similarly let o}
be the V*—parallel section on I of P* characterized by oy (Y) = o,/ (Y), where
(of.....0y) is the dual basis to (o7, ...,0n).

Then the function # + (o (¢), 0 (?)) is constant on /.

Definition 10.5.1 (coordinate function) The coordinate function associated to the
points Y and y and the trivialization of P is the function

Fyy: Vi Fy, (V) = (o3 (t),0,(1)) fortel,
defined on the space of connections on P.
We shall write 0} ® 0, =: pVV = p¥¥ (V) € QO(R, Endy(P)), so that
(128) Fy,,(V) = tr(p™?).

We then have:
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Proposition 10.5.2 Assume that V has trivial holonomy. Then the coordinate func-
tion Fy,, only depends on the projections of Y and y in T . Moreover there exists a
section pY0:Y0 € QO(T,Endy(P)) such that p¥>? is the pullback of p¥o-Yo .

Proof Let Yy and y( be the respective projections of ¥ and y. Since V has trivial
holonomy we may find parallel sections 7,,, and 17;‘/0 such that 7y,(»y0) = 01(»0) and
17*{,0(Y0) =01(Yp). Then 0}, = 7*(ny,) and oy = 7*(ny,). Thus

Fy,y (V) = (0¥, (1), 1y, (1))

The first part of the result follows. For the second part, we take pYo-yo = n"}‘,o ®Nyo. O

10.5.2 Differential of coordinate functions Our aim in this subsection is to compute
the differential of Fy,,, where Y and y belong to an interval /.

Proposition 10.5.3 Let V be a connection, let yy be a pointin R\ I and let « be an
element of Q' (T, Endy(P)). Then

(129) (dvFy,y, o) = / Y0 (e (@),
R
where Y70 (s) := [ygs, Y.

We can observe that the right-hand side of Equation (129) does not depend on the
choice of yo € R\ I. Indeed, by the cocycle identity, ¥ ¥>?>* —¥>¥>Z is constant and
equal to [xz,Yy]=0,if x,z & 1.

Proof Let B be a primitive of 7*« on I such that B(y) = 0. Let r — V’ be a
one-parameter smooth family of connections with V® = V such that

d r_
dr ‘t:OV -

Let G! be the family of sections of End(P) such that G(z) =1d and (G")*V = VI.
Then by construction

E‘tzOGt =5
Moreover,
Fy,, (V') = (0, (Y). G (0, (Y))).
Thus,
(130) (dv Fy,y,a) = {0y (Y), B(Y)oy(Y)).
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Let ¢(¢) be a curve with values in / such that ¢(0) = y and ¢(1) =Y. Let

S (@) = (oy(c@)), B(c(t))ay (c(1))).
Then

1
(131) (v Fy.y.a) = f(1) — f(0) = /0 F(s)ds.

Since oy and o), are parallel,

f(s) = (o3 (c(9), T*a(é(s)) .0y (c(5)),

and we have, letting J be the interval whose endpoints are ¥ and y,
(132) (dv Fy,y.a) = Sign(Y — y) /;(o;’}, *().oy)
= Sign(¥Y — y) /J tr(p?? . 7 * ().
We finally deduce the result from (132) and the fact that for any yoy & I we have

Sign(Y—y)/ J/=/ ylrry. O
J R

10.6 Poisson brackets on the space of connections

Since Fy x is not an observable in the sense of Section 10.2.2, we first need to regularize
these functions.

10.6.1 Regularization Let u and v be two C°° measures compactly supported in
a bounded interval ]a, b[ of R. Let us consider the function

FM,U:=/ Fy xdp-dv(X, x).
R2

We consider this function as defined on the space of connections over the bundle
P — T'. We obviously have:

Proposition 10.6.1 Let {(in, vn)}nen be two sequences of measures weakly con-
verging to (p,v). Then {Fy, v, }neN converges uniformly on every compact to F .

We say the sequence {(tn, Vn)}neN is regularizing for the pair (X, x) if u,, v, are
smooth measures weakly converging to the Dirac measures supported at X and x
respectively.
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10.6.2 Poisson brackets of regularization We now have:

Proposition 10.6.2 For any pair of smooth measures (u,v) with compact support,
Fyv is an observable. Let (u,v) and (i, V) be two pairs of C* measures on R.
Then the Poisson bracket {F ,, Fz v} is equal to

EONEDY [R ¥ m(). Xx](FX,yFy,x _ n%FX’XFY,y) dA(X, x,Y, ),

mez

where m(u) =u+m and A = p @ v ® it ® v. In particular, if all measures are
supported on [0, 1], then the bracket {Fy ,, Fiz v} is equal to

1
(134) /[ L. Xx](FX,yFy,x — = Fx.x Fy,y) dA(X, X, 7, 7).
0,1

Proof By Proposition 10.5.3, we have that if a does not belong to the union K of the
supports of u and v,

(AFyu. ) = / P X e dye - dv (X, ).
]R2

Let us denote by Cy :=C— % tr(C) Id the trace-free part of the endomorphism C. For
any s in R, let

(135) Apy(s) = /RZ WX’X’“(S) pOX’X(s) du-dv(X, x).

Observe that Ay, € Q°(R,Endy(P)) and the support of A w,v is included in K. Let
us trivialize P using the connection V. Then let

Guv(s) = Z Apv(s +m).

mezZ

Then Gy (s) is periodic and thus of the form 7*B, with B € Q°(T, P). Moreover,

1
(136) / tr(B.a) = / tr(r*B.n%a) = / tr(App.-7¥a) = (dFy,,, ).
T 0 R
It follows by (136) that
(137) dF, ,(s) =B eg=D"

In particular, according to Definition 10.2.1, F , is an observable. From (135) we
have

Mo == [ [Tof @ anavo+ [T [ pEre aeanx.
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For any smooth probability measure & let us write dé = £ d\, where A is the Lebesgue
measure. Then, since pX X is parallel, we have

Vi, A (s) = —i(s) / 05 (5) dv (x) + b(s) /_ o5 (5) dpu(X)
—(s) /_ o3 (5) dv (x) + D (s) / o5 (5) dpu(X)

= i) [ o a0~ (o) [ b v
R R
It follows that
(138) tr(Au,v(S +M)Va, AE,F(S))

=(s) ]H; YN+ m) r(py g ) dja- dv - dE(X. x, Y)

- s X’ —
=) [ ) o o) dpedv- 0T (X . ).

We can now compute the Poisson bracket as defined in Definition 10.2.1:
(139)  {Fuw. Fas) = /R (Ao ()7 (Vg d P 5(5)) dA(s)

-y /R (A () Va, A5 (s +m)) dA(s)

mez
= Z / tr(Ap,v (s +m)Vy, A 5(s)) dA(s).
meZ R

Using (138), we get that

(140) {Fy. Faz}= ) /R LU m) ey py ) AAX. X, Y.)

meZ

- Z /R4 YXXa (s 4 m) tr(pf)’ypg(’x) dA(X, x,s, ).

meZ

Using the dummy changes of variable s = y on line one and s =Y on line two of (140),
we finally get

(141) {Fu,. Fiv)
= /1;4(WX’X’Q()7+M)_WX’X’Q(Y+m))tr(pg’ypg(’x)d)n(X,x,Y, ¥)

meZ

= [(Y—i—m)(y+m),Xx]tr(pg’ypOX’x)dA(X,x,Y, »).
R4

meZ
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We conclude the proof of the proposition by remarking that

tr(pX*p¥Y) = w(pX?) tr(p¥),

and thus
1
(142) tw(pg pa”) = tr(pX?) tr(p¥) — 5wt ) r(p™?).
Combining equations (141) and (142) yields the result. m|

As corollaries, we obtain:

Corollary 10.6.3 Let (5, vy) and (iiy, v,) be regularizing sequences for (X, x) and
(Y, y) respectively. Assume that {X,x,Y, y} C]0, 1[. Then

nlipgo{Fan;Vn’ Fﬁn:ﬁn} = [Yy? Xx](FX,yFY,x - nLZFX,XFY,y)-

Corollary 10.6.4 Let (X, x,Y,y) be a quadruple of pairwise distinct points. Then
(Fx,x, Fy,y) is a pair of acceptable observables. Moreover,

{Fxx. Fy.y} =Yy, Xx)(Fx,y Fy.x — -5 Fx x Fr.y).

This last corollary interprets the swapping algebra as an algebra of “observables” on
the space of connections.

10.7 Drinfel’d—Sokolov reduction and the multifraction algebra

We introduced in Section 10.5.1 functions of connections depending on the choice of a
trivialization of P. We now introduce functions that only depend on the associated
oper and do not rely on the choice of trivialization of P.

We first relate cross ratios to our previously defined coordinate functions.
10.7.1 Cross ratios The following proposition follows at once from the definitions.

Proposition 10.7.1 Let D be a Hitchin oper associated to the connection V with
trivial holonomy. Let X, x,Y, y be a quadruple of pairwise distinct points of T . Let
X,X,Y,y beliftsof X,x,Y,y in R. Then

FAA;’;(V) . F}";’)—E(V)
FA';’;(V) . F?,J-}-(V) ’

bp(X,x,Y,y)=

10.7.2 The main theorem We can now prove our main theorem, which relates the
Poisson structure on the space of opers and the multifraction algebra.
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Theorem 10.7.2 Let (Xy, xo, Yo, Yo, X1, X1, Y1, V1) be pairwise distinct points. Then
the cross fractions [Xo; xo; Yo; o] and [X1; x1; Y1; y1] define a pair of acceptable
observables whose Poisson bracket with respect to the Drintel’d—-Sokolov reduction
coincides with their Poisson bracket in the multifraction algebra.

Proof This is an immediate consequence of Proposition 10.7.1 and Corollary 10.6.4,
as well as the definition of the Poisson structure coming from the symplectic reduction
in Theorem 10.3.3. O

Appendix: Existence of vanishing sequences

We prove the existence of vanishing sequences.

Definition A.1.1 (separability in groups) Let G be a group.

e Wessay G is subgroup separable if given any finitely generated subgroup H in G,
any g € G and any & & Hg, there exists a finite index subgroup G¢ in G such that if
7 is the projection of G onto G/ Gy, then nw(h) € n(Hg).

e  Wessay G is double coset separable if given any finitely generated subgroups H
and K in G, any g € G and any h € HgK , there exists a finite index subgroup Gy
in G such that if 7 is the projection of G onto G/Gy, then n(h) € n(HgK).

Observe that a double coset separable group is then subgroup separable and residually
finite. G Niblo [24] proved:

Theorem A.1.2 A surface group is double coset separable.
As an immediate consequence, since 771(.S) is countable, we have:

Corollary A.1.3 Vanishing sequences exist.
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