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Abstract
We obtain some restrictions on the topology of infinite volume hyperbolic manifolds. In particular, for any n and any closed negatively curved manifold M
of dimension ≥ 3, only finitely many hyperbolic n–manifolds are total spaces
of orientable vector bundles over M .
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Introduction

A hyperbolic manifold is, by definition, a quotient of a negatively curved symmetric space by a discrete isometry group that acts freely. Recall that negatively
curved symmetric spaces are hyperbolic spaces over the reals, complex numbers,
quaternions, or Cayley numbers.
The homotopy type of a hyperbolic manifold is determined by its fundamental
group. Conversely, for finite volume hyperbolic manifolds, fundamental group
determines the diffeomorphism type, thanks to the Mostow rigidity theorem.
By contrast infinite volume hyperbolic manifolds with isomorphic fundamental
groups can be very different topologically. For example, the total spaces of
many plane bundles over closed surfaces carry hyperbolic metrics (this and
other examples are discussed in the section 2).
In this paper we attempt to count hyperbolic manifolds up to intersection preserving homotopy equivalence. A homotopy equivalence f : N → L of oriented
n–manifolds is called intersection preserving if, for any k and any pair of (singular) homology classes α ∈ Hk (N ) and β ∈ Hn−k (N ), their intersection number
in N is equal to the intersection number of f∗ α and f∗ β in L. For example, any map that is homotopic to an orientation-preserving homeomorphism
is an intersection preserving homotopy equivalence. Conversely, oriented rank
two vector bundles over a closed oriented surface are isomorphic iff their total
spaces are intersection preserving homotopy equivalent.
Theorem 1.1 Let π be the fundamental group of a finite aspherical cell complex and let X be a negatively curved symmetric space. Let ρk be a sequence of
discrete injective representations of π into the group of orientation-preserving
isometries of X . Suppose that ρk is precompact in the pointwise convergence
topology.
Then the sequence of manifolds X/ρk (π) falls into finitely many intersection
preserving homotopy equivalence classes.
The space of conjugacy classes of faithful discrete representations of a group
π into the isometry group of a negatively curved symmetric space is compact
provided π is finitely presented, not virtually nilpotent and does not split over
a virtually nilpotent group (see 10.1). Since all the intersections in a hyperbolic
manifold with virtually nilpotent fundamental group are zero (see 12.1), we get
the following.
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Corollary 1.2 Let π be the fundamental group of a finite aspherical cell complex that does not split as an HNN–extension or a nontrivial amalgamated
product over a virtually nilpotent group.
Then, for any n, the class of orientable hyperbolic n–manifolds with fundamental group isomorphic to π breaks into finitely many intersection preserving
homotopy equivalence classes.
A particular case of 1.2 was proved by Kapovich in [22]. Namely, he gave a proof
for real hyperbolic 2m–manifolds homotopy equivalent to a closed orientable
negatively curved manifold of dimension m ≥ 3.
If π does split over a virtually nilpotent group, the space of representations
is usually noncompact. For instance, this happens if π is a surface group.
Yet, for real hyperbolic 4–manifolds homotopy equivalent to closed surfaces,
Kapovich [22] proved a result similar to 1.2.
More generally, Kapovich [22] proved that there is a universal function C(−, −)
such that for any incompressible singular surfaces Σg1 , Σg2 in an oriented
real hyperbolic 4–manifold we have |h[Σg1 ], [Σg2 ]i| ≤ C(g1 , g2 ). Reznikov [34]
showed that for any singular surfaces Σg1 , Σg2 in a closed oriented negatively
curved 4–manifold M with the sectional curvature pinched between −k2 and
−K 2 there is a bound |h[Σg1 ], [Σg2 ]i| ≤ C(g1 , g2 , k, K, χ(M )) for some universal
function C .
Another way to classify hyperbolic manifolds is up to tangential homotopy
equivalence. Recall that a homotopy equivalence of smooth manifolds f : N →
L is called tangential if the vector bundles f ∗ T L and T N are stably isomorphic.
For example, any map that is homotopic to a diffeomorphism is a tangential
homotopy equivalence. Conversely, a tangential homotopy equivalence of open
n–manifolds is homotopic to a diffeomorphism provided n > 4 and each of the
manifolds is the total space of a vector bundle over a manifold of dimension
< n/2 [25, pp 226–228].
An elementary argument (based on finiteness of the number of connected components of representation varieties and on finiteness of the number of symmetric
spaces of a given dimension) yields the following.
Theorem 1.3 Let π be a finitely presented group. Then, for any n, the class
of complete locally symmetric nonpositively curved Riemannian n–manifolds
with the fundamental group isomorphic to π falls into finitely many tangential
homotopy types.
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Knowing both the intersection preserving and tangential homotopy types sometimes suffices to recover the manifold up to finitely many possibilities.
Theorem 1.4 Let M be a closed orientable negatively curved manifold of
dimension ≥ 3 and n > dim(M ) be an integer. Let fk : M → Nk be a sequence
of smooth embeddings of M into orientable hyperbolic n–manifolds such that
fk induces monomorphisms of fundamental groups. Then the set of the normal
bundles ν(fk ) of the embeddings breaks into finitely many isomorphism classes.
In particular, only finitely many orientable hyperbolic n–manifolds are total
spaces of vector bundles over M .
In some cases it is easy to decide when there exist infinitely many rank m vector
bundles over a given base. For example, by a simple K–theoretic argument the
set of isomorphism classes of rank m vector bundles over a finite cell complex
K is infinite provided m ≥ dim(K) and ⊕k H 4k (K, Q) 6= 0. Furthermore,
oriented rank two vector bundles over K are in one-to-one correspondence
with H 2 (K, Z) via the Euler class. Note that many arithmetic closed real
hyperbolic manifolds have nonzero Betti numbers in all dimensions [30]. Any
closed complex hyperbolic manifold has nonzero even Betti numbers because
the powers of the Kähler form are noncohomologous to zero. Similarly, for each
k , closed quaternion hyperbolic manifolds have nonzero 4k th Betti numbers.
Examples of vector bundles with hyperbolic total spaces are given in the section 2. Note that according to a result of Anderson [1] the total space of any
vector bundle over a closed negatively curved manifold admits a complete metric
with the sectional curvature pinched between two negative constants.
I am grateful to Bill Goldman, Misha Kapovich, and Jonathan Rosenberg for
many helpful discussions. I would like to thank Heinz Helling and SFB-343 at
the University of Bielefeld for support and hospitality.

Outline of the paper. The section 2 is a collection of examples of hyperbolic
manifolds. Some invariants of maps and representations are defined in sections 3
and 4. Sections 5, 6, and 7 are devoted to a proof of the theorem 1.3 and
other related results. Sections 8, 9, and 10 contain background on algebraic
and geometric convergence needed for the main theorem which is proved in
section 11. Theorems 1.1 and 1.2 are proved in section 12. Finally, theorem 1.4
is proved in section 13.
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Examples

To help the reader appreciate the results stated above we collect some relevant
examples of hyperbolic manifolds.
Example 2.1 (Plane bundles over closed surfaces) Total spaces of rank
two vector bundles over closed surfaces often admit hyperbolic metrics. For
instance, an orientable R2 –bundle over a closed oriented surface of genus g
admits a real hyperbolic structure provided the Euler number e of the bundle
satisfies |e| < g [27, 28] (cf [18], [21], [23, 24]). Complex hyperbolic structures
exist on orientable R2 –bundles over closed oriented surfaces when |e + 2g − 2| <
g [16].
Note that the Euler number is equal to the self-intersection number of the zero
section, hence the total spaces of bundles with different Euler classes are not
intersection homotopy equivalent.
For nonorientable bundles over nonorientable surfaces the condition |e| ≤ [ g8 ] on
the twisted Euler number implies the existence of a real hyperbolic structure [3].
Example 2.2 (Plane bundles over closed hyperbolic 3–manifolds)
Total spaces of plane bundles over closed hyperbolic 3–manifolds sometimes
carry hyperbolic metrics [4].
In fact, it can be deduced from [4] that for every k there exists a closed oriented real hyperbolic 3–manifold M = M (k) and oriented real hyperbolic 5–
manifolds N1 , . . . , Nk that are total spaces of plane bundles over M and such
that no two of them are intersection preserving homotopy equivalent.
Example 2.3 (Fundamental group at infinity) There are real hyperbolic
4–manifolds that are intersection homotopy equivalent but not homeomorphic
to plane bundles over closed surfaces [18]. The invariant that distinguishes these
manifolds from vector bundles is the fundamental group at infinity.
Even more surprising examples were given in [29] and [19]. Namely, there are
orientable real hyperbolic 4–manifolds that are homotopy equivalent but not
homeomorphic to handlebodies; these manifolds have nontrivial fundamental
group at infinity. Note that if N and L are orientable 4–manifolds that are
homotopy equivalent to a handlebody, then each homotopy equivalence N → L
is both tangential and intersection preserving.
Geometry and Topology, Volume 2 (1998)
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Example 2.4 (Nonorientable line bundles) Here is a simple way to produce homotopy equivalent hyperbolic manifolds that are not tangentially homotopy equivalent.
First, note that via the inclusion O(n, 1) ,→ O(n + 1, 1), any discrete subgroup
of O(n, 1) can be thought of as a discrete subgroup of O(n+1, 1) that stabilizes
n+1
a subspace HnR ⊂ Hn+1
→ HnR is an O(n, 1)–
R . The orthogonal projection HR
n
equivariant line bundle over HR . In particular, given a real hyperbolic manifold
M , the manifold M × R carries a real hyperbolic metric.
If H 1 (M, Z2 ) 6= 0, this construction can be twisted to produce nonorientable
line bundles over M = HnR /π1 (M ) with real hyperbolic metrics. Indeed, a
nonzero element w ∈ H 1 (M, Z2 ) ∼
= Hom(π1 (M ), Z2 ) defines an epimorphism
w : π1 (M ) → Z2 . Make Z2 act on Hn+1
as the reflection in HnR . Then let
R
n+1
n
∼
π1 (M ) act on line bundle HR × R = HR by γ(x, t) = (γ(x), w(γ)(t)). The
quotient Hn+1
R /π1 (M ) is the total space of a line bundle over M with the first
Stiefel–Whitney class w.
In particular, line bundles with different first Stiefel–Whitney classes have total space that are homotopy equivalent but not tangentially homotopy equivalent. (Tangential homotopy equivalences preserve Stiefel–Whitney classes yet
w1 (Hn+1
R /π1 (M )) = w1 (M ) + w.) Thus, we get many tangentially homotopy
inequivalent manifolds in a given homotopy type.

3

Invariants of continuous maps

Definition 3.1 Let B be a topological space and SB be a set. Let ι be a
map that, given a smooth manifold N , and a continuous map from B into N ,
produces an element of SB . We call ι an invariant of maps of B if the two
following conditions hold:
(1) Homotopic maps f1 : B → N and f2 : B → N have the same invariant.
(2) Let h : N → L be a diffeomorphism of N onto an open subset of L. Then,
for any continuous map f : B → N , the maps f : B → N and h ◦ f : B → L
have the same invariant.
There is a version of this definition for maps into oriented manifolds. Namely, we
require that the target manifold is oriented and the diffeomorphism h preserves
orientation. In that case we say that ι is an invariant of maps of B into
oriented manifolds.
Geometry and Topology, Volume 2 (1998)
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Example 3.2 (Tangent bundle) Assume B is paracompact and SB is the
set of isomorphism classes of real vector bundles over B . Given a continuous
map f : B → N , set τ (f : B → N ) = f # T N , the isomorphism class of the
pullback of the tangent bundle to N under f . Clearly, τ is an invariant.
Example 3.3 (Intersection number in oriented n–manifolds) Assume
B is compact. Fix two cohomology classes α ∈ Hm (B) and β ∈ Hn−m (B). (In
this paper we always use singular (co)homology with integer coefficients unless
stated otherwise.)
Let f : B → N be a continuous map of a compact topological space B into an
oriented n–manifold N where dim(N ) = n. Set In,α,β (f ) to be the intersection
number I(f∗ α, f∗ β) of f∗ α and f∗ β in N . We next show that In,α,β is an
integer-valued invariant of maps into oriented manifolds.
Recall that the intersection number I(f∗ α, f∗ β) can be defined as follows. Start
with an arbitrary compact subset K of N that contains f (B). Let A ∈
H n−m (N, N \K) and B ∈ H m (N, N \K) be the Poincaré duals of f∗ α ∈ Hm (K)
and f∗ β ∈ Hn−m (K), respectively. Then, set I(f∗ α, f∗ β) = hA ∪ B, [N, N \K]i
where [N, N \K] is the fundamental class of N near K [13, VII.13.5]. Note
that
I(f∗ α, f∗ β) = hA ∪ B, [N, N \K]i = hA, B ∩ [N, N \K]i = hA, f∗ βi.
The following commutative diagram shows that I(f∗ α, f∗ β) is independent of
K.
f∗

D −1

f∗

Hm (B) −−−→ Hm (N, N \f (B)) −−−→ H n−m (f (B)) −−−→ H n−m (B)

x
x


∗
f ∗y
i∗ 
i
i

∗
Hm (K) −−−→

Hm (N, N \K)

D −1

−−−→

H n−m (K)

f∗

−−−→ H n−m (B)

Note that In,α,β is an invariant. Indeed, property (1) holds trivially; property
(2) is verified in [13, VIII.13.21(c)].
We say that an invariant of maps is liftable if in part (2) of the definition the
word “diffeomorphism” can be replaced by a “covering map”. For example,
tangent bundle is a liftable invariant. Intersection number is not liftable. The
following proposition shows to what extent it can be repaired.
Proposition 3.4 Let p : Ñ → N be a covering map of manifolds and let B
be a finite connected CW–complex. Suppose that f : B → Ñ is a map such
that p ◦ f : B → N is an embedding (ie a homeomorphism onto its image).
Then ι(f ) = ι(p ◦ f ) for any invariant of maps ι.
Geometry and Topology, Volume 2 (1998)
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Proof Since p ◦ f : B → L is an embedding, so is f . Then, the map p|f (B) :
f (B) → p(f (B)) is a homeomorphism. Using compactness of f (B), one can
find an open neighborhood U of f (B) such that p|U : U → p(U ) is a diffeomorphism. Since invariants ι(f ) and ι(p ◦ f ) can be computed in U and p(U ),
respectively, we conclude ι(f ) = ι(p ◦ f ).

4

Invariants of representations

Assume X is a smooth contractible manifold and let Diffeo(X) be the group of
all self-diffeomorphisms of X equipped with compact-open topology. Let π be
the fundamental group of a finite-dimensional CW–complex K with universal
cover K̃ .
We refer to a group homomorphism ρ : π → Diffeo(X) as a representation. To
any representation ρ : π → Diffeo(X), we associate a continuous ρ–equivariant
map K̃ → X as follows. Consider the X –bundle K̃ ×ρ X over K where K̃ ×ρ X
is the quotient of K̃ × X by the following action of π
γ(k̃, x) = (γ(k̃), ρ(γ)(x)), γ ∈ π.
Since X is contractible, the bundle has a section that is unique up to homotopy
through sections. Any section can be lifted to a ρ–equivariant continuous map
K̃ → K̃ ×X . Projecting to X , we get a ρ–equivariant continuous map K̃ → X .
Note that any two ρ–equivariant continuous maps g̃, f˜: K̃ → X , are ρ–
equivariantly homotopic. (Indeed, f˜ and g̃ descend to sections K → K̃ ×ρ X
that must be homotopic. This homotopy lifts to a ρ–equivariant homotopy of
f˜ and g̃ .)
Assume now that ρ(π) acts freely and properly discontinuously on X . Then
the map f˜ descends to a continuous map f : K → X/ρ(π1 (K)). We say that
ρ is induced by f .
Let ι be an invariant of continuous maps of K . Given a representation ρ such
that ρ(π) acts freely and properly discontinuously on X , set ι(ρ) to be ι(f )
where ρ is induced by f . We say ρ is an invariant of representations of π1 (K).
Similarly, any invariant ι of continuous maps of K into oriented manifolds
defines an invariant of representations into the group of orientation-preserving
diffeomorphisms of X .
Note that representations conjugate by a diffeomorphism φ of X have the same
invariants. (Indeed, if f˜: K̃ → X is a ρ–equivariant map, the map φ ◦ f˜ is
Geometry and Topology, Volume 2 (1998)
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φ◦ρ◦φ−1 –equivariant.) The same is true for invariants of orientation-preserving
representations when φ is orientation-preserving.
Example 4.1 (Tangent bundle) Let τ be the invariant of maps defined
in 3.2. Then, for any representation ρ such that ρ(π) acts freely and properly
discontinuously on X , let τ (ρ) be the pullback of the tangent bundle to X/ρ(π)
via a map f : K → X/ρ(π) that induces ρ.
In fact, τ can be defined for any representation as follows. Look at the “vertical”
bundle K̃ ×ρ T X over K̃ ×ρ X where T X is the tangent bundle to X . Set τ (ρ)
to be the pullback of the vertical bundle via a section K → K̃ ×ρ X . Thus,
to every representation ρ : π1 (K) → Diffeo(X) we associated a vector bundle
τ (ρ) of rank dim(X) over K .
Example 4.2 (Intersection number for orientation preserving actions)
Assume the cell complex K is finite and choose an orientation on X (which
makes sense because, like any contractible manifold, X is orientable).
Fix two cohomology classes α ∈ Hm (K) and β ∈ Hn−m (K). Let In,α,β is an
invariant of maps defined in 3.3 where n = dim(X).
Let ρ be a representation of π into the group of orientation-preserving diffeomorphisms of X such that ρ(π) acts freely and properly discontinuously on X .
Then let In,α,β (ρ) be the intersection number I(f∗ α, f∗ β) of f∗ α and f∗ β in
X/ρ(π) where f : K → X/ρ(π) is a map that induces ρ.

5

Spaces of representations and tangential homotopy equivalence

Let X be a smooth contractible manifold and let Diffeo(X) be the group of
all self-diffeomorphisms of X equipped with compact–open topology. We equip
the space of representations Hom(π, Diffeo(X)) with the pointwise convergence
topology, ie a sequence of representations ρk converges to ρ provided ρk (γ)
converges to ρ(γ) for each γ ∈ π .
In the next two sections we explore the consequences of the following observation.
Proposition 5.1 Let ρ0 and ρ1 be injective representations of π into
Diffeo(X) such that the groups ρ0 (π) and ρ1 (π) act freely and properly discontinuously on X . Suppose that ρ0 and ρ1 can be joined by a continuous path
Geometry and Topology, Volume 2 (1998)
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of representations ρt : π → Diffeo(X) (where continuous means that, for every
γ ∈ π , the map ρt (γ) : [0, 1] → Diffeo(X) is continuous).
Then the homotopy equivalence of manifolds X/ρ0 (π) and X/ρ1 (π) induced
by ρ1 ◦ (ρ0 )−1 is tangential.
Proof Since ρt : π → Diffeo(X) is a continuous path of representations, the
covering homotopy theorem implies that the bundles τ (ρ0 ) and τ (ρ1 ) are isomorphic (the invariant τ is defined in 4.1).
Let f0 : K → X/ρ0 (π) and f1 : K → X/ρ1 (π) be homotopy equivalences that
induce ρ0 and ρ1 , respectively. For i = 1, 2 the bundle τ (ρi ) is isomorphic to
the pullback of the tangent bundle to X/ρi (π) via fi . Thus f1 ◦ (f0 )−1 is a
tangential homotopy equivalence.
Remark 5.2 In fact, the covering homotopy theorem implies that τ is constant on any path-connected component of the space Hom(π1 (K), Diffeo(X)).
Corollary 5.3 Under the assumptions of 5.1, suppose that dim(X) ≥ 5 and
that each of the manifolds X/ρ0 (π) and X/ρ1 (π) is homeomorphic to the total
space of a vector bundle over a manifold of dimension < dim(X)/2.
Then ρ0 and ρ1 are smoothly conjugate on X .
Proof According to [25, pp 226–228], the homotopy equivalence f1 ◦ (f0 )−1 is
homotopic to a diffeomorphism. Hence, ρ0 and ρ1 are smoothly conjugate on
X.
Remark 5.4 More precisely, the result proved in [25, pp 226–228] is as follows.
Let f : N0 → N1 be a tangential homotopy equivalence of smooth n–manifolds
with n ≥ 5. If each of the manifolds is homeomorphic to the interior of a
regular neighbourhood of a simplicial complex of dimension < n/2, then f is
homotopic to a diffeomorphism.

6

Discrete representations in stable range

Suppose X is a symmetric space of nonpositive sectional curvature. Note that
for any discrete torsion-free subgroup Γ ≤ Isom(X) that stabilizes a totally
geodesic submanifold Y , the exponential map identifies the quotient X/Γ and
the total space of normal bundle of Y /Γ in X/Γ. Applying 5.1, we deduce the
following.
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Theorem 6.1 Let X be a nonpositively curved symmetric space of dimension
≥ 5 and let π be a group. Let ρ1 and ρ2 be injective discrete representations of
π into the isometry group of X that lie in the same path-connected component
of the space Hom(π, Isom(X)). Suppose that each of the representation ρ1 and
ρ2 stabilizes a totally geodesic subspace of dimension < dim(X)/2.
Then ρ1 and ρ2 are smoothly conjugate on X .
Remark 6.2 Of course, the above argument works in other geometries as well.
Here is a sample result for complete affine manifolds.
Let ρ0 and ρ1 be injective representations of a group π into Aff(Rn ) that lie
in the same path-connected component of the space of representations Hom(π,
Aff(Rn )). Assume that the groups ρ0 (π) and ρ1 (π) act freely and properly
discontinuously on Rn and, furthermore, suppose that ρ0 (π) and ρ1 (π) are
contained in Aff(Rk ) ⊂ Aff(Rn ).
Since the coordinate projection Rn → Rk is Aff(Rk )–equivariant, the manifolds Rn /ρ0 (π) and Rn /ρ1 (π) are the total spaces of vector bundles over the
manifolds Rk /ρ0 (π) and Rk /ρ1 (π), respectively. Then 5.3 implies that ρ0 and
ρ1 are conjugate by a diffeomorphism of Rn provided n ≥ 5 and k < n/2.

7

Locally symmetric nonpositively curved manifolds
up to tangential homotopy equivalence

Let G be a subgroup of Diffeo(X) such that the space of representations
Hom(π, G) has finitely many path-connected components. Then 5.1 implies
that the class of manifolds of the form X/ρ(π) where ρ is injective and ρ(π)
acts freely and properly discontinuously on X falls into finitely many tangential
equivalence classes.
For example, Hom(π, G) has finitely many path-connected components if π
is finitely presented and G is either real algebraic, or complex algebraic, or
semisimple with finite center [15]. In particular, the following is true.
Theorem 7.1 Let π be a finitely presented torsion-free group and let X be a
nonpositively curved symmetric space. Then the class of manifolds of the form
X/ρ(π), where ρ ∈ Hom(π, Isom(X)) is a faithful discrete representation, falls
into finitely many tangential homotopy types.
Geometry and Topology, Volume 2 (1998)
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Proof Represent X as a Riemannian product Y × Rk where Y is a nonpositively curved symmetric space without Euclidean factors. By de Rham’s
theorem this decomposition is unique, so Isom(X) ∼
= Isom(Y ) × Isom(Rk ). The
group Isom(Y ) is semisimple with trivial center, hence the analytic variety
Hom(π, Isom(Y )) has finitely many path-connected components [15, p 567].
The same is true for Hom(π, Isom(Rk )) because Isom(Rk ) is real algebraic [15,
p 567]. Hence the analytic variety
Hom(π, Isom(X)) ∼
= Hom(π, Isom(Y )) × Hom(π, Isom(Rk ))
has finitely many connected components.
Corollary 7.2 Let π be a finitely presented torsion-free group. Then, for any
n, the class of locally symmetric complete nonpositively curved n–manifolds
with the fundamental group isomorphic to π falls into into finitely many tangential homotopy types.
Proof For any n there exist only finitely many nonpositively curved symmetric
spaces of dimension n. Hence 7.1 applies.

8

Geometric convergence

In this section we discuss some basic facts on geometric convergence. The notion
of geometric convergence was introduced by Chaubaty (see [7]). More details
relevant to our exposition can be found in [11], [26] and [5]. In this section we
let G be a Lie group equipped with some left invariant Riemmanian metric.
Definition 8.1 Let C(G) be the set of all closed subgroups of G. Define a
topology on C(G) as follows. We say that a sequence {Γn } ∈ C(G) converges
to Γgeo ∈ C(G) geometrically if the following two conditions hold:
(1) If γnk ∈ Γnk converges to γ ∈ G, then γ ∈ Γgeo .
(2) If γ ∈ Γgeo , then there is a sequence γn ∈ Γn with γn → γ in G.
Fact 8.2 ([11]) The space C(G) is compact and metrizable.
Fact 8.3 ([26]) Γn → Γgeo iff for every compact subset K ⊂ G the sequence
Γn ∩ K → Γgeo ∩ K in the Hausdorff topology (ie for any ε > 0, there is N
such that, if n > N , then Γn ∩ K lies in the ε–neihgborhood of Γgeo ∩ K and
Γgeo ∩ K lies in the ε–neihgborhood of Γn ∩ K ).
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Fact 8.4
such that,
such that,
ε–close to

([26]) Let Γgeo ⊂ G is a discrete subgroup. Then there is ε > 0
for any Γn → Γgeo in C(G) and any compact K ⊂ G, there is N
if n > N and γ ∈ Γgeo ∩ K , then there is a unique γn ∈ Γn that is
γ.

In particular, Γn is discrete for n > N , since e ∈ Γn is the only element of Γn ,
that is in the ε–neighbourhood of the identity.
Remark 8.5 Let Γn be a sequence of torsion-free groups converging to a
discrete group Γgeo in C(G). Then Γgeo is torsion-free. Indeed, choose γ ∈ Γgeo
with γ k = e. Find a sequence γn → γ . Then γnk → e. By 8.4 we have γnk = e
for large n. Since Γn are torsion-free, k = 1 as desired.
Theorem 8.6 ([26]) Let X be a simply connected homogeneous Riemannian
manifold and G be a transitive group of isometries. Let Γn be a sequence of
torsion-free subgroups of G converging geometrically to a discrete subgroup
Γgeo . Let U ⊂ X be a relatively compact open set.
Then, if n is large enough, there exists a relatively compact open set V with
U ⊂ V and smooth embeddings ϕ̃n : U → V such that ϕ̃n descend to embeddings ϕn : U/Γgeo → V /Γn .
U


py

ϕ̃n

−−−→

V

pn
y

U/Γgeo −−−→ V /Γn
ϕn

The embeddings ϕ̃n converge C r –uniformly to the inclusion.
Sketch of the Proof Let K = {g ∈ G : g(V ) ∩ V 6= ∅}, so K is compact.
By 8.4, if we take n sufficiently large, then for any γ ∈ Γgeo ∩ K there exists a
unique γn ∈ Γn that is close to γ . It defines an injective map rn of Γgeo ∩ K
into Γn .
Our goal is to construct embeddings ϕn : U → V that are close to the inclusion
and rn –equivariant (in the sense that ϕn (γ(x)) = rn (γ)ϕn (x) for γ ∈ Γgeo ).
The construction is non-trivial and we refer to [26] for a complete proof.
Lemma 8.7 Let G be a Lie group and Γn be a sequence of discrete groups
that converges geometrically to Γ = Γgeo . If the identity component Γ0 of
Γgeo is compact, the sequence {Γn } has unbounded torsion (ie for any positive
integer N , there is γ ∈ Γn(N ) of finite order which is greater than N ).
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Proof Choose  > 0 so small that the closed 4–neighborhood U of Γ0 is
disjoint from Γ \ Γ0 (this is possible since Γ0 is compact). Given M > 1,
for large n, Γn and Γ are /M –Hausdorff close on the compact set U . Take
an arbitrary element g ∈ Γ0 in –neighborhood of the identity e and choose
gn ∈ Γn so that it is /M –close to g .
First, show that gn has finite order. Suppose not. Since U is compact and
hgn i is discrete and infinite, there is a smallest k > 1 with (gn )k ∈
/ U . So,
(gn )k−1 ∈ U . The metric is left invariant, hence,
d((gn )k−1 , (gn )k ) = d(gn , e) < d(g, e) + d(gn , g) <  + /M < 2.
Since Γn and Γ are e/M –Hausdorff close on U and since Γ ∩ U = Γ0 , we get
d((gn )k−1 , Γ0 ) < /M < . This implies d((gn )k , Γ0 ) < 3 and, thus, (gn )k ∈ U ,
a contradiction. Thus gn has finite order.
We have just showed that any neighborhood of g contains an element of finite
order gn ∈ Γn (for n large enough). So we get a sequence gn converging to
g . Assume the torsion of Γn is uniformly bounded by N . Then, for any finite
order element h ∈ Γn , we have hN ! = e. In particular e = (gn )N ! converges to
gN ! . We, thus, proved that any element g in Γ0 that is –close to the identity
satisfies gN ! = e. This is absurd. (Indeed, it would mean that the map Γ0 → Γ0
that takes g to gN ! maps the –neighborhood of the identity to the identity.
But the map is clearly a diffeomorphism on some neighborhood of the identity).
Thus, Γn has unbounded torsion as desired.
Lemma 8.8 Let G be a Lie group and let Γn be a sequence of discrete groups
that converges geometrically to Γ = Γgeo . Then the identity component Γ0 of
Γgeo is nilpotent.
Proof Denote the identity component by G0 . The group Γgeo is closed, so it
is a Lie group. So the identity component Γ0 of Γgeo is a Lie group; we are
to show that Γ0 ≤ G0 is nilpotent. Let U be a neighborhood of the identity
that lies in a Zassenhaus neighborhood in G0 (see [33, 8.16]). Being a Lie
group Γ0 is generated by any neighborhood of the identity, in particular by
V = U ∩ Γ0 . To show Γ0 is nilpotent, it suffices to check that, for some
k , V (k) = {e}, that is, any iterated commutator of weight k with entries in
V is trivial [33, 8.17]. Fix an iterated commutator [v1 . . . [vk−2 [vk−1 , vk ]] . . . ]
with vk ∈ V and choose a sequences gkn → vk where gkn ∈ Γn . For n large
enough, the elements gkn , . . . gkn lie in a Zassenhaus neighborhood. Then by
Zassenhaus–Kazhdan–Margulis lemma [33, 8.16] the group hgkn , . . . gkn i lies in a
connected nilpotent Lie subgroup of G0 . The class of any connected nilpotent
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Lie subgroup of G0 is bounded by dim(G0 ). Thus, for k > dim(G0 ), the
n [g n , g n ]] . . . ] is trivial, for large n. This
k –iterated commutator [g1n . . . [gk−2
k−1 k
implies [v1 . . . [vk−2 [vk−1 , vk ]] . . . ] is trivial and, therefore, Γ0 is nilpotent.

9

Algebraic convergence

The set of representations Hom(π, G) of a group π into a topological group G
can be given the so-called algebraic topology (also called pointwise convergence
topology). Namely, a sequence of representations ρk converges to ρ provided
ρk (γ) converges to ρ(π) for each γ ∈ π . In this section we discuss how algebraic
and geometric convergences interact.
It follows from definitions that geometric limit always contains the algebraic
one. More precisely, if ρk converges to ρ algebraically and ρk (π) converges to
Γgeo geometrically, then ρk (π) ⊂ Γgeo . In particular, if Γgeo is discrete, so is
ρ(π).
Theorem 9.1 Let π be a finitely generated group and let X be a negatively
curved symmetric space. Let ρk ∈ Hom(π, G) be a sequence of representations
converging algebraically to a representation ρ where, for every k , the group
ρk (π) is discrete and the sequence {ρk (π)} has uniformly bounded torsion.
Suppose that ρ(π) is an infinite group without nontrivial normal nilpotent
subgroups.
Then the closure of {ρk (π)} in the geometric topology consists of discrete
groups. In particular, the group ρ(π) is discrete.
Proof Passing to subsequence, we can assume that {ρk (π)} converges geometrically to Γgeo . Being a closed subgroup Γgeo is a Lie group. Suppose,
arguing by contradiction, that the identity component Γ0 of Γgeo is nontrivial.
By lemma 8.8, Γ0 is a nilpotent Lie group.
Since ρ(π) does not have a nontrivial normal nilpotent subgroup, ρ(π) ∩ Γ0 =
{e}, so ρ(π) is discrete. Using the Selberg lemma we find a torsion-free subgroup Π ≤ ρ(π) of finite index. The group Π is infinite since ρ(π) is. Notice
that the group Π may have at most two fixed points at infinity (any isometry
that fixes at least three points is elliptic [2, p 84]). The next goal is to show
that Π is virtually nilpotent.
According to [9, 3.3.1], the nilpotence of Γ0 implies one the following mutually
exclusive conclusions:
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Case 1 Γ0 has a fixed point in X (hence Γ0 is compact which is is impossible
by 8.7).
Case 2 Γ0 fixes a point p ∈ ∂X and acts freely on X ∪ ∂X \ {p}.
Since Π normalizes Γ0 (in fact, Γ0 is a normal subgroup of Γgeo ) it has to fix
p too. If p is the only fixed point of Π, then every nontrivial element of Π is
parabolic [14, 8.9P]. Any parabolic preserves horospheres centered at p [2, p
84], therefore, according to [8] Π is virtually nilpotent.
If Π fixes two points at infinity, then it acts freely and properly discontinuously
on the geodesic joining the points. Hence Π ∼
= Z, the fundamental group of a
circle.
Case 3 Γ0 has no fixed points in X and preserves setwise some bi-infinite
geodesic. In this case the fixed point set of Γ0 is the endpoints p and q of the
geodesic. Indeed, Γ0 fixes each of the endpoints, since Γ0 is connected. Assume
Γ0 fixes some other point of ∂X . Then any element of Γ0 is elliptic (see [2,
p 85]) and, as such, it fixes the bi-infinite geodesic pointwise. Thus Γ0 has a
fixed point in X which contradicts the assumptions of Case 3.
Since Π normalizes Γ0 , it leaves the set {p, q} invariant. Moreover, Π preserves
{p, q} pointwise because Π contains no elliptics (any isometry that flips p and
q has a fixed point on the geodesic joining p and q ). Therefore, Π ∼
= Z as
before. Hence, Π is virtually nilpotent.
Thus, ρ(π) has a nilpotent subgroup of finite index and, therefore, has a normal
nilpotent subgroup of finite index. This contradicts the assumption that ρ(π)
is an infinite group without nontrivial normal nilpotent subgroups.
Remark 9.2 Let Γ be a torsion-free discrete subgroup of Isom(X) that has
a nontrivial normal nilpotent subgroup. Then Γ is, in fact, virtually nilpotent.
Indeed, repeating the arguments above, we see that Γ fixes a point at infinity
and, hence, is virtually nilpotent. Conversely, any virtually nilpotent group
clearly has a normal nilpotent subgroup of finite index.
Lemma 9.3 Let G be a Lie group and let π be a finitely generated group
without nontrivial normal nilpotent subgroups. Let ρk ∈ Hom(π, G) be a
sequence of discrete faithful representations that converges algebraically to a
representation ρ. Then ρ is faithful.
Proof Denote the identity component of G by G0 . It suffices to prove that the
group K = Ker(ρ) is nilpotent. Let V be a set of generators for K (maybe infinite). To show K is nilpotent, it suffices to check that, for some m, V (m) = {e},
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that is, any iterated commutator of weight m with entries in V is trivial [33,
8.17]. Fix an iterated commutator [v1 . . . [vm−2 [vm−1 , vm ]] . . . ] with vm ∈ V .
For k large enough, the elements ρk (v1 ), . . . , ρk (vm ) lie in a Zassenhaus neighborhood of G0 . Then by Zassenhaus–Kazhdan–Margulis lemma [33, 8.16] the
group hρk (v1 ), . . . , ρk (vm )i lies in a connected nilpotent Lie subgroup of G0 .
The class of any nilpotent subgroup of G0 is bounded by dim(G0 ). Thus, for
m > dim(G0 ), the m–iterated commutator
[ρk (v1 ) . . . [ρk (vm−2 )[ρk (vm−1 ), ρk (vm )]] . . . ]
is trivial, for large k . Since ρk is faithful [v1 . . . [vm−2 [vm−1 , vm ]] . . . ] is trivial
and we are done.
Corollary 9.4 Let X be a negatively curved symmetric space and let π be
a finitely generated, torsion-free, discrete subgroup of Isom(X) that is not
virtually nilpotent. Then the set of faithful discrete representations of π into
Isom(X) is a closed subset of Hom(π, Isom(X)).
Proof Let a sequence ρk of faithful discrete representations converge to ρ ∈
Hom(π, Isom(X)). According to 9.2 the group π has no normal nilpotent subgroup. Then 9.3 implies ρ is faithful. By compactness ρk (π) has a subsequence
that converges geometrically to Γgeo which is a discrete group by 9.1. Therefore,
ρ(π) ⊂ Γgeo is also discrete as wanted.
Corollary 9.5 Let X be a negatively curved symmetric space and let π be a
finitely generated, torsion-free, discrete subgroup of Isom(X) that is not virtually nilpotent. Suppose ρk is a sequence of injective, discrete representations
of π into Isom(X) that converges algebraically. Then the closure of {ρk (π)} in
the geometric topology consists of discrete groups.
Proof Combine 9.1, 9.2, and 9.4.

10

A compactness theorem

In this section we state a compactness theorem for the space of conjugacy
classes of faithful discrete representations of a group π into the isometry group
of a negatively curved symmetric space. The proof follows from the work of
Bestvina and Feighn [6] based on ideas of Rips (see the review of [6] by Paulin in
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MR96h : 20056). Earlier versions of the theorem have been proved by Thurston,
Morgan and Shalen [32].
Let X be a negatively curved symmetric space and Isom(X) be the isometry
group of X . We equip Hom(π, Isom(X)) with the algebraic topology.
Theorem 10.1 Let X be a negatively curved symmetric space and let π be
a discrete, finitely presented subgroup of the isometry group of X . Suppose
that π is not virtually nilpotent and does not split as an HNN–extension or a
nontrivial amalgamated product over a virtually nilpotent group.
Then the space of conjugacy classes of faithful discrete representations of π into
Isom(X) is compact.
Here is an example of a group that does not split over a virtually nilpotent
group.
Proposition 10.2 Let M be a closed aspherical n–manifold such that any
nilpotent subgroup of π1 (M ) has cohomological dimension ≤ n − 2. Then
π1 (M ) does not split as a nontrivial amalgamated product or HNN–extension
over a virtually nilpotent group.
Proof Assume, by contradiction, that π = π1 (M ) is of the form Γ1 ∗N Γ2 or
Γ0 ∗N where N is a virtually nilpotent group and Γk is a proper subgroup of
π , for k = 0, 1, 2.
First, suppose that both Γ1 and Γ2 have infinite index in π . Note that by the
definition of HNN–extension, Γ0 has infinite index in π . Then it follows from
the Mayer–Vietoris sequence [10, VII.9.1, VIII.2.2.4(c)] that
cd(π) ≤ max(cd(Γk ), cd(N ) + 1).
k

The cohomological dimension of π = π1 (M ) is n because M is a closed aspherical n–manifold. Since |π : Γk | = ∞, Γk is the fundamental group of a noncompact manifold of dimension n, hence cd(Γk ) < cd(π). Finally, cd(N ) ≤ n − 2
and we get a contradiction.
Second, assume that π = Γ1 ∗N Γ2 and, say, Γ1 has finite index in π . Look at the
map i∗ : Hn (Γ1 ) → Hn (π) induced by the inclusion i : Γ1 → π in the homology
with w1 (M )–twisted integer coefficients. It is proved in [10, III.9.5(b)] that the
image of i∗ is generated by |π : Γ1 | · [M ] where [M ] is the fundamental class of
M.
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Since Γ1 has finite index in π , the group N is of finite index in Γ2 because
N = Γ1 ∩ Γ2 . In particular, cd(Γ2 ) = cd(N ) ≤ n − 2 [10, VIII.3.1].
Look at the nth term of the Mayer–Vietoris sequence with w1 (M )–twisted
integer coefficients [10, VII.9.1]:
· · · −→ Hn N −→ Hn Γ1 ⊕ Hn Γ2 −→ Hn Γ −→ Hn−1 N −→ · · ·
Using the cohomological dimension assumption on N , we get 0 = Hn (N ) =
Hn−1 (N ) = Hn (Γ2 ), and hence the inclusion i : Γ1 → π induces an isomorphism of nth homology.
Thus |π : Γ1 | = 1 which contradicts the assumption the Γ1 is a proper subgroup
of π .
Corollary 10.3 Let M be a closed aspherical manifold of dimension ≥ 3 with
word-hyperbolic fundamental group. Then π1 (M ) does not split as a nontrivial
amalgamated product or HNN–extension over a virtually nilpotent group.
Proof It is well known that any virtually nilpotent subgroup of a wordhyperbolic group is virtually cyclic. Since any virtually cyclic group has cohomological dimension one, proposition 10.2 applies.

11

The Main theorem

Throughout this section ι is an invariant of continuous maps of K into oriented
manifolds. We also use the letter ι for the corresponding invariant of discrete
representations. Let π be the fundamental group of a finite CW–complex K .
Theorem 11.1 Let X be a contractible homogeneous Riemannian manifold
and G be a transitive group of orientation-preserving isometries. Let ρk ∈
Hom(π, G) be a sequence of representations such that
• the groups ρk (π) are torsion-free, and
• ρk converges algebraically to ρ, and
• ρk (π) converges geometrically to a discrete group Γgeo .
Let f : K → X/Γgeo be a continuous map that induces the homomorphism
ρ : π → ρ(π) ⊂ Γgeo . Then ι(ρk ) = ι(f ) for all large k .
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Proof According to 8.4, we can assume that the groups ρk (π) are discrete.
Being a limit of torsion-free groups the discrete group Γgeo is itself torsion-free
by 8.5. Thus Γgeo acts freely and properly discontinuously on X , so X/Γgeo is
a manifold.
We consider the universal covering q : K̃ → K . Since K is a finite complex,
one can choose a finite connected subcomplex D ⊂ K̃ with q(D) = K . (Pick
a representing cell in every orbit, the union of the cells is a finite subcomplex
that is mapped onto Y by q . Adding finitely many cells, one can assume the
complex is connected.)
According to section 4, the representation ρ defines a continuous ρ–equivariant
map f˜: K̃ → X which is unique up to ρ–equivariant homotopy. The map f˜
descends to a continuous map f¯: K → X/ρ(π).
The identity map id : X → X is equivariant with respect to the inclusion
ρ(π) ,→ Γgeo , therefore, f˜ is equivariant with respect to the homomorphism
ρ : π → Γgeo . We denote by f the composition of f¯ and the covering X/ρ(π) →
X/Γgeo = N induced by the inclusion ρ(π) ⊂ Γgeo .
Let U ⊂ X be an open relatively compact neighborhood of f˜(D). We are in
position to apply Theorem 8.6. Thus, if k is large enough, there is a sequence
of embeddings ϕ̃k : U → V ⊂ X that converges to the inclusion and is rk –
equivariant (recall that rk was defined in the proof of 8.6). So the map ϕ̃k ◦
f˜: D → V is rk ◦ρ–equivariant. By the very definition of rk we have rk ◦ρ = ρk
whenever the left hand side is defined. We now extend the map ϕ̃k ◦ f˜: D → V
by equivariance to a ρk –equivariant map ξ˜k : K̃ → X . The map ξ̃k descends
to ξk : K → V /ρk (π) ⊂ X/ρk (π). Notice that by construction ξk = ϕk ◦ f .
Since ϕk converge to the inclusion, ϕk is orientation-preserving for large k .
Thus ι(ξk ) = ι(f ) for large k because ι is an invariant of maps into oriented
manifolds.
Notice that ι(ξk ) = ι(ρk ) since the map ξk is ρk –equivariant (according to
section 4 any ρk –equivariant map can be used to define ι(ρk )). Therefore, for
large k , ι(ρk ) = ι(f ) as desired.
Remark 11.2 Let X be a negatively curved symmetric space. Then, according to 9.1, the assumption “Γgeo is discrete” of the theorem 11.1 can be replaced
by “ρk (π) are discrete and ρ(π) is an infinite group without nontrivial normal
nilpotent subgroups”.
Remark 11.3 In some cases the conclusion of the theorem 11.1 can be improved to “ι(ρk ) = ι(ρ) for all large k ”. Since ι(ρ) = ι(f¯), it suffices to show
that ι(f¯) = ι(f ).
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This is clearly true when ρ(π) = Γgeo in which case it is usually said that
ρk converges to ρ strongly. Another obvious example is when ι is a liftable
invariant. Finally, according to 3.4, ι(f¯) = ι(f ) provided f is homotopic to an
embedding (ie a homeomorphism onto its image).
Corollary 11.4 Let X be a negatively curved symmetric space and let K
be a finite cell complex such that π = π1 (K) is a torsion-free, not virtually
nilpotent, discrete subgroup of Isom(X). Let ρk be a sequence of discrete
injective representations of π into the group of orientation-preserving isometries
of X . Suppose that ρk converges in the pointwise convergence topology.
Then ι(ρk ) = ι(ρk+1 ) for all large k .
Proof The result follows from 11.1 and 9.5.
Remark 11.5 The results of this section certainly hold if ι is any invariant
of maps rather that an invariant of maps into oriented manifolds. For such a ι
we do not have to assume that the isometry groups preserve orientation.

12

Hyperbolic manifolds up to intersection preserving homotopy equivalence

A homotopy equivalence f : N → L of oriented n–manifolds is called intersection preserving if, for any m and any pair of (singular) homology classes
α ∈ Hm (N ) and β ∈ Hn−m (N ), their intersection number in N is equal to the
intersection number of f∗ α and f∗ β in L. For example, any map that is homotopic to an orientation-preserving homeomorphism is an intersection preserving
homotopy equivalence [13, 13.21].
Proposition 12.1 Let N be an oriented hyperbolic manifold with virtually
nilpotent fundamental group. Then the intersection number of any two homology classes in N is zero.
Proof It suffices to prove that N is homeomorphic to R × Y for some space
Y . First note that any torsion-free, discrete, virtually nilpotent group Γ acting
on a hyperbolic space X must have either one or two fixed points at infinity
(see the proof of 9.1). If Γ has only one fixed point, Γ is parabolic and,
hence, it preserves all horospheres at the fixed point. Therefore, if H is such a
horosphere, X/Γ is homeomorphic to R × H/Γ. If Γ has two fixed points, Γ
preserves a bi-infinite geodesic. Hence X/Γ is the total space of a vector bundle
over a circle and the result easily follows.
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Theorem 12.2 Let π be the fundamental group of a finite aspherical cell
complex and let X be a negatively curved symmetric space. Let ρk be a
sequence of discrete injective representations of π into the group of orientationpreserving isometries of X . Suppose that ρk is precompact in the pointwise
convergence topology.
Then the sequence of manifolds X/ρk (π) falls into finitely many intersection
preserving homotopy equivalence classes.
Proof According to 12.1, we can assume that π1 (K) is not virtually nilpotent.
Argue by contradiction. Pass to a subsequence so that no two of the manifolds
X/ρk (π) are intersection preserving homotopy equivalent and so that ρk converges algebraically.
Being the fundamental group of a finite aspherical cell complex, π has finitely
generated homology. Choose a finite set of generators of H∗ (π). Using 11.4
we pass to a subsequence so that In,α,β (ρk ) = In,α,β (ρk+1 ) for any pair of
generators α ∈ Hm (N ) and β ∈ Hn−m(N ). Hence, the homotopy equivalence
that induces ρk+1 ◦ (ρk )−1 is intersection preserving.
Theorem 12.3 Let K be a finite connected cell complex such that π1 (K)
does not split as an HNN–extension or a nontrivial amalgamated product over
a virtually nilpotent group. Then, given a nonnegative integer n and homology
classes α ∈ Hm (K) and β ∈ Hn−m (K), there exists C > 0 such that,
(1) for any continuous map f : K → N of K into an oriented hyperbolic
n–manifold N that induces an isomorphism of fundamental groups, and
(2) for any embedding f : K → N of K into an oriented hyperbolic n–
manifold N that induces a monomorphism of fundamental groups,
the intersection number of f∗ α and f∗ β in N satisfies |hf∗ α, f∗ βi| ≤ C .
Proof First, we prove (1). Arguing by contradiction, consider a sequence of
maps fk : K → Nk that induce π1 –isomorphisms of K and oriented hyperbolic
n–manifolds Nk and such that In,α,β (fk ) is an unbounded sequence of integers.
Pass to a subsequence so that no two integers In,α,β (fk ) are the same. Each
map fk induces an injective discrete representation ρk of π1 (K) into the group
of orientation-preserving isometries of a negatively curved symmetric space; in
particular In,α,β (ρk ) = In,α,β (fk ). Since in every dimension there are no more
than four negatively curved symmetric spaces, we can pass to a subsequence to
ensure that all the symmetric spaces where ρk (π1 (K)) acts are isometric.
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According to 12.1, we can assume that π1 (K) is not virtually nilpotent. By 10.1
there exists a sequence of orientation-preserving isometries φk of X such that
the sequence φk ◦ ρk ◦ (φk )−1 is algebraically precompact. As we explained
in the section 4, In,α,β (ρk ) = In,α,β (φk ◦ ρk ◦ (φk )−1 ). Thus 11.4 provides a
contradiction. Finally, according to 3.4, (1) implies (2).
Corollary 12.4 Let π be the fundamental group of a finite aspherical cell
complex that does not split as an HNN–extension or a nontrivial amalgamated
product over a virtually nilpotent group.
Then, for any n, the class of hyperbolic n–manifolds with fundamental group
isomorphic to π breaks into finitely many intersection preserving homotopy
equivalence classes.
Proof By 12.1, we can assume that π1 (K) is not virtually nilpotent. Thus
the result follows from 12.2 and 10.1.

13

Vector bundles with hyperbolic total spaces

I am most grateful to Jonathan Rosenberg for explaining to me the following
nice fact.
Proposition 13.1 Let K be a finite CW–complex and m be a positive integer. Then the set of isomorphism classes of oriented real (complex, respectively)
rank m vector bundles over K with the same rational Pontrjagin classes and
the rational Euler class (rational Chern classes, respectively) is finite.
Proof To simplify notation we only give a proof for complex vector bundles
and then indicate necessary modifications for real vector bundles. We need to
show that the “Chern classes map” (c1 , . . . , cm ) : [K, BU (m)] → H ∗ (K, Q) is
finite-to-one. First, notice that c1 classifies line bundles [20, I.3.8, I.4.3.1], so
we can assume m > 1.
The integral ith Chern class ci ∈ H ∗ (BU (m), Z) ∼
= [BU (m), K(Z, 4i)] can
be represented by a continuous map fi : BU (m) → K(Z, 2i) such that ci =
fi∗ (α2i ) where α2i is the fundamental class of K(Z, 2i). (Recall that, by the
Hurewicz theorem Hn−1 (K(Z, n), Z) = 0 and Hn (K(Z, n), Z) ∼
= Z; the class
in H n (K(Z, n), Z) ∼
= Hom(Hn (K(Z, n), Z); Z) corresponding to the identity
homomorphism is called the fundamental class and is denoted αn .)
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It defines “Chern classes map”
c = (f1 , . . . , fm ) : BU (m) → K(Z, 2) × · · · × K(Z, 2m).
We now check that the map induces an isomorphism on rational cohomology. According to [17, 7.5, 7.6] for even n, H n (K(Z, n), Q) ∼
= Q[αn ]. By
the Künneth formula
∗
∼ m
∼ m
∼
H ∗ (×m
i=1 K(Z, 2i), Q) = ⊗i=1 H (K(Z, 2i), Q) = ⊗i=1 Q[α2i ] = Q[α2 , . . . α2m ]
m
m
and under this ring isomorphism αs21 × · · · × αs2m
corresponds to αs21 . . . αs2m
.
∗
∼
It is well known that H (BU (m), Q) = Q[c1 , . . . , cm ] [31, 14.5]. Thus the
∗
homomorphism c∗ : H ∗ (×m
i=1 K(Z, 2i), Q)) → H (BU (m), Q) defines a homomorphism Q[α2 , . . . α2m ] ∼
= Q[c1 , . . . , cm ] that takes α2i to ci . Since this is an
isomorphism, so is c∗ as promised.

Therefore c induces an isomorphism on rational homology. Then, since BU (m)
is simply connected, the map c must be a rational homotopy equivalence [17,
7.7]. In other words the homotopy theoretic fiber Fc of the map c has finite
homotopy groups.
Consider an oriented rank m vector bundle f : K → BU (m) with characteristic
classes c ◦ f : K → ×m
i=1 K(Z, 2i). Our goal is to show that the map c ◦ f has
at most finitely many nonhomotopic liftings to BU (m). Look at the set of
liftings of c ◦ f to BU (m) and try to construct homotopies skeleton by skeleton
using the obstruction theory. The obstructions lie in the groups of cellular
cochains of K with coefficients in the homotopy groups of Fc . (Note that the
fibration Fc → BU (m) → ×m
i=1 K(Z, 2i) has simply connected base and fiber
(since m > 1), so the coefficients are not twisted.) Since the homotopy groups
of Fc are finite, there are at most finitely many nonhomotopic liftings. This
completes the proof for complex vector bundles.
For oriented real vector bundles of odd rank the same argument works with
c = (p1 , . . . , p[m/2] ), where pi is the ith Pontrjagin class. Similarly, for oriented
real vector bundles of even rank we set c = (e, p1 , . . . , pm/2−1 ), where e is the
Euler class. (The case m = 2 can be treated separately: since SO(2) ∼
= U (1)
any oriented rank two vector bundle has a structure of a complex line bundle
with e corresponding to c1 . Thus, according to [20, I.3.8, I.4.3.1], oriented rank
two vector bundles are in one-to-one correspondence with H 2 (K, Z).)
Remark 13.2 A similar result is probably true for nonorientable bundles.
However, the argument given above fails due to the fact BO(m) is not simply connected (ie the map c = (p1 , . . . , p[m/2] ) of BO(m) to the product of
Eilenberg–MacLane spaces is not a rational homotopy equivalence even though
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it induces an isomorphism on rational cohomology). For simplicity, we only
deal with oriented bundles.
Remark 13.3 Note that, if either m is odd or m > dim(K), the rational
Euler class is zero, and, hence rational Pontrjagin classes determine an oriented
vector bundle up to a finite number of possibilities.
Corollary 13.4 Let M be a closed smooth manifold and let m be an integer
such that either m is odd or m > dim(M ). Let fk : B → Nk be a sequence of
smooth immersions of B into complete locally symmetric nonpositively curved
Riemannian manifolds Nk with orientable normal bundle and dim(Nk ) = m +
dim(M ).
Then the set of the normal bundles ν(fk ) of the immersions falls into finitely
many isomorphism classes.
Proof We can assume that all the manifolds Nk are quotients of the same
symmetric space X since in every dimension there exist only finitely many
symmetric spaces.
According to section 4, the immersions fk induce representations ρk : π1 (M ) →
Isom(X) such that τ (fk ) = τ (ρk ). The sequence τ (ρk ) of vector bundles
breaks into finitely many isomorphism classes because the representation variety Hom(π1 (M ), Isom(X)) has finitely many connected components (see 7.1).
In particular, there are only finitely many possibilities for the total Pontrjagin
class of τ (ρk ).
The normal bundle of the immersion fk satisfies ν(fk )⊕T M ∼
= τ (fk ). Applying
the total Pontrjagin class, we get p(ν(fk )) ∪ p(T M ) = p(τ (fk )). The total
Pontrjagin class of any bundle is a unit, hence we can solve for p(ν(fk )). Thus,
there are only finitely many possibilities for p(ν(fk )). Finally, 13.1 and 13.3
imply that there are only finitely many possibilities for ν(fk ).

Theorem 13.5 Let M be a closed negatively curved manifold of dimension
≥ 3 and let n > dim(M ) be an integer. Let fk : B → Nk be a sequence of
smooth embeddings of M into hyperbolic n–manifolds such that for each k
• fk induces a monomorphism of fundamental groups, and
• the normal bundle ν(fk ) of the embedding fk is orientable.
Then the set of the normal bundles ν(fk ) falls into finitely many isomorphism
classes. In particular, up to diffeomorphism, only finitely many hyperbolic n–
manifolds are total spaces of orientable vector bundles over M .
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Proof Passing to covers corresponding to fk∗ , we can assume that fk : M →
Nk induce isomorphisms of fundamental groups. Arguing by contradiction,
assume that νk = ν(fk ) are pairwise nonisomorphic.
Arguing as in the proof of 13.4, we deduce that there are only finitely many
possibilities for the total Pontrjagin classes of νk . Thus, according to 13.1,
we can pass to a subsequence so that the (rational) Euler classes of νk are all
different. Denote the integral Euler class by e(νk ).
First, assume that M is orientable. Recall that, by definition, the Euler
class e(νk ) is the image of the Thom class τ (νk ) ∈ H m (Nk , Nk \fk (M )) under
the map fk∗ : H m (Nk , Nk \fk (M )) → H m (M ). According to [13, VIII.11.18]
the Thom class has the property τ (νk ) ∩ [Nk , Nk \fk (M )] = fk∗ [M ] where
[Nk , Nk \fk (M )] is the fundamental class of the pair (Nk , Nk \fk (M )) and [M ]
is the fundamental class of M .
Therefore, for any α ∈ Hm (M ), the intersection number of fk∗ α and fk∗ [M ]
in Nk satisfies
I(fk∗ [M ], fk∗ α) = hτ (νk ), fk∗ αi = hf ∗ τ (νk ), αi = he(νk ), αi.
Since M is compact, Hm (M ) is finitely generated; we fix a finite set of generators. The (rational) Euler classes are all different, hence the homomorphisms
he(νk ), −i ∈ Hom(Hm (M ), Z) are all different. Then there exists a generator α ∈ Hm (M ) such that {he(νk ), αi} is an infinite set of integers. Hence
{I(fk∗ [M ], fk∗ α)} is an infinite set of integers. Combining 12.3 and 10.3, we
get a contradiction.
Assume now that M is nonorientable. Let q : M̃ → M be the orientable twofold cover. Any finite cover of aspherical manifolds induces an injection on
rational cohomology [10, III.9.5(b)]. Hence e(q # νk ) = q ∗ e(νk ) implies that the
rational Euler classes of the pullback bundles q # νk are all different, and there
are only finitely many possibilities for the total Pontrjagin classes of q # νk .
Furthermore, the bundle map q # νk → νk induces a smooth two-fold cover of
the total spaces, thus the total space of q # νk is hyperbolic. Finally, M̃ is a
closed orientable negatively curved manifold. Thus, we get a contradiction as
in the oriented case.
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