msp



ANALYSIS AND PDE
Vol. 11, No. 6, 2018

dx.doi.org/10.2140/apde.2018.11.1535

SQUARE FUNCTION ESTIMATES FOR THE BOCHNER-RIESZ MEANS

SANGHYUK LEE

We consider the square-function (known as Stein’s square function) estimate associated with the Bochner—
Riesz means. The previously known range of the sharp estimate is improved. Our results are based on
vector-valued extensions of Bennett, Carbery and Tao’s multilinear (adjoint) restriction estimate and an
adaptation of an induction argument due to Bourgain and Guth. Unlike the previous work by Bourgain
and Guth on L? boundedness of the Bochner-Riesz means in which oscillatory operators associated to
the kernel were studied, we take more direct approach by working on the Fourier transform side. This
enables us to obtain the correct order of smoothing, which is essential for obtaining the sharp estimates
for the square functions.

1. Introduction

We consider the Bochner—Riesz mean of order «, which is defined by

7€‘;‘7(5>=( '5'2) F©), >0 Rl d=2.

Let 1 < p < oco. The Bochner—Riesz conjecture is that the estimate

IR fllp = ClLfllp (1
holds (except for p = 2) if and only if
1 1 1
a>a(p)—max(d)§—5‘—§,0). 2)

The Bochner-Riesz mean, which is a kind of summability method, has been studied in order to understand
convergence properties of Fourier series and integrals. In fact, for 1 < p < oo, L? boundedness of
RY implies R f — f in L? as t — oo. The necessary condition (2) has been known for a long time
[Fefferman 1971; Stein 1993, p. 389].

When d = 2, the conjecture was verified by Carleson and Sj6lin [1972]; also see [Fefferman 1971]. In
higher dimensions d > 3, the problem is still open and partial results are known. The conjecture was shown
to be true for max(p, p’) > 2(d + 1)/(d — 1) by an argument due to Stein [Fefferman 1970], also see
[Stein 1993, Chapter 9], and the sharp L2 — L e restriction estimate (the Stein—Tomas theorem) for
the sphere [Tomas 1975; Stein 1986]. It was Bourgain [1991a; 1991b] who first made progress beyond this
result when d = 3. Since then, subsequent progress has been tied to that of the restriction problem. Bilinear
or multilinear generalizations under transversality assumptions have turned out to be the most effective and
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fruitful tools. These results have propelled progress in this area and there is a large body of literature on
restriction estimates and related problems. See [Tao et al. 1998; Tao and Vargas 2000a; Wolff 2001; Tao
2003; Lee and Vargas 2008; 2010; Lee 2004; 2006a; 2006b] for bilinear restriction estimates and related
results, [Bennett et al. 2006; 2015; Bourgain and Guth 2011; Lee and Vargas 2012; Bourgain 2013; Temur
2014; Bourgain and Demeter 2015; Bennett 2014; Bejenaru 2016; 2017; Ramos 2016] for multilinear
restriction estimates and their applications, and [Guth 2016a; 2016b; Shayya 2017; Du et al. 2017; Zhang
2015; Ou and Wang 2017] for the most recent developments related to the polynomial partitioning method.

Concerning improved L? boundedness of the Bochner—Riesz means in higher dimensions, the sharp
L? bounds for the Bochner—Riesz operator on the range max(p, p’) > 2(d + 2)/d were established by
the author [Lee 2004], making use of the sharp bilinear restriction estimate due to Tao [2003]. When
d > 5, further progress was recently made by Bourgain and Guth [2011]. They improved the range of
the sharp (linear) estimates for the oscillatory integral operators of Carleson—Sj6lin-type with phases
that additionally satisfy an elliptic condition (see [Stein 1986; Bourgain 1991c; Lee 2006a] for earlier
results) by using the multilinear estimates for oscillatory integral operators due to Bennett, Carbery and
Tao [Bennett et al. 2006] and a factorization theorem. Also see [Carleson and Sjolin 1972; Hormander
1973; Stein 1986; 1993, Chapter 11] for the relationship between the Bochner—Riesz problem and the
oscillatory integral operators of Carleson—Sjolin-type.

The following is currently the best known result for the sharp L? boundedness of the Bochner—Riesz
operator.

Theorem 1.1 [Carleson and Sjolin 1972; Lee 2004; Bourgain and Guth 2011]. Letd > 2, p €[1, o],
and po be defined by

12 L B

If max(p, p') > po, then (1) holds for a > a(p).T

Po=po(d) =2+

There are also results concerning the endpoint estimates at the critical exponent o = «(p); for example,
see [Christ 1987; 1988; Seeger 1996; Tao 1996]. It was shown by Tao [1998] that the sharp L# bounds
of RY for 1 < p < po <2d/(d —1) imply the weak-type bounds of R‘;(p ) for 1 < P < DPo. We refer
interested readers to [Lee et al. 2014] for variants and related problems.

Square function estimate. We now consider the square function G*f* which is defined by

2\
tdt) .

It was introduced by Stein [1958] to study the almost-everywhere summability of Fourier series. Due to

>l
or0 = ([ rs o

the derivative in 7, the square function behaves as if it is a multiplier of order « — 1 and the derivative d/0¢
makes an L? estimate possible by mitigating bad behavior near the origin. In this paper we are concerned

TFor the sharp bound for max(p, p’) > p«, we have the following relationships: bilinear, px = 2+ 4/d; multilinear,
px =3 +3/d + 0(d~2); conjecture, px =24 2/d + O(d~?).
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with the estimate
1G*Fllp < Cl flp- 4)

The L? estimate for the square function has various consequences and applications. First of all, it is
related to smoothing estimates for solutions to dispersive equations associated to radial symbols such as
wave and Schrodinger operators. See [Lee et al. 2012; 2013] for the details; see also Remark 3.3. The
sharp square-function estimate implies the sharp maximal bounds for Bochner—Riesz means, which will be
discussed below in connection to pointwise convergence. It also gives L? and maximal L? boundedness of
general radial Fourier multipliers, especially the sharp L? boundedness result of Hormander—Mikhlin-type;
see Corollary 1.3 below and [Carbery et al. 1984; Carbery 1985; Lee et al. 2012].

For 1 < p <2, the inequality (4) is well understood. In this range of p, we know G* is bounded on
L? if and only if & > d (% — %) + %; see [Sunouchi 1967; Lee et al. 2014]. Sufficiency can be shown by
using vector-valued Calder6n—Zygmund theory. In contrast with the case 1 < p <2,if p > 2,due to a
smoothing effect resulting from averaging in time, the problem has more interesting features and may
be considered as a vector-valued extension of the Bochner-Riesz conjecture in that its sharp L? bound
also implies that of the Bochner—Riesz operator. The condition o > max{ %, d (% - %)} is known to
be necessary for (4), see, for example [Lee et al. 2014], and it is natural to conjecture that this is also
sufficient for p > 2. This conjecture in two dimensions was proven by Carbery [1983], and in higher
dimensions d > 3, sharp estimates for p > 2(d 4+ 1)/(d — 1) were obtained by Christ [1985] and Seeger
[1986] and it was later improved to the range of p > 2(d + 2)/d by the author, Rogers, and Seeger
[Lee et al. 2012]. There are also endpoint estimates at the critical exponent « = d/2 —d/ p and weaker
LP2 — LP endpoint estimates were obtained in [Lee et al. 2014] for 2(d +1)/(d —1) < p < co.

There are two notable approaches for the study of the Bochner—Riesz problem. One, which may be
called the spatial-side approach, is to prove the sharp estimates for the oscillatory integral operators of
Carleson—Sjolin-type [Carleson and Sj6lin 1972; Hormander 1973; Stein 1986]. These operators are
natural variable coefficient generalizations of the adjoint restriction operators [Bourgain 1991c; Lee 2006a;
Wisewell 2005] for hypersurfaces with nonvanishing Gaussian curvature such as spheres, paraboloids, and
hyperboloids. The other, which we may call the frequency-side approach, is more related to the Fourier
transform side, based on a suitable decomposition in the frequency side and orthogonality between the
decomposed pieces [Fefferman 1973; Carbery 1983; Christ 1985; 1987; Seeger 1996; Tao 1998; Lee
2004]. As has been demonstrated in related works, the latter approach makes it possible to carry out finer
analysis and to obtain refined results such as the sharp maximal bounds, square-function estimates, and
various endpoint estimates.

The recently improved bound for the Bochner—Riesz operator in [Bourgain and Guth 2011] was
obtained from the sharp estimate for the oscillatory integral operators of Carleson—Sjolin-type with an
additional elliptic assumption. However, this approach doesn’t seem appropriate for the study of the
square function. In particular, there is an obvious difficulty when one tries to make use of the disjointness
of the singularity of the Fourier transform of RY f which occurs as ¢ varies; for example, see (76). This is
where the extra smoothing of order % for the square-function estimate comes in, which is most important
for the sharp estimates for G* f* [Carbery 1983; Christ 1985; Lee 2004; Lee et al. 2012]. This kind
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of smoothing can be seen clearly in the Fourier transforms of Bochner—Riesz means but is not easy to
exploit in the oscillatory kernel side. As is already known [Bourgain 1991c; Wisewell 2005; Lee 2006a;
Bourgain and Guth 2011], the behavior of the oscillatory integral operators of Carleson—Sjolin-type are
more subtle and generally considered to be difficult to analyze when compared to their constant-coefficient
counterparts, the adjoint restriction operators. So, we take the frequency-side approach, in which we
directly handle the associated multiplier by working in the frequency space rather than dealing with the
oscillatory integral operator given by the kernel of the Bochner—Riesz operator.
In this paper, we obtain the sharp square-function estimates which are new when d > 9.

Theorem 1.2. Let us define ps = ps(d) by

12
4d —6—k’
Then, if p > min(ps,2(d +2)/d) and a > d /2 —d/ p, the estimate (4) holds.

ps =2+ d=k (mod3), k=0,1,2. (5

The range here does not match that of Theorem 1.2. This results from an additional time average
which increases the number of decomposed frequency pieces. (See Section 3F.)

Maximal estimate and pointwise convergence. A straightforward consequence of the estimate (4) is the
maximal estimate

[sup 1R £1], < €I/l ©)

for @ > a(p), which follows from Sobolev imbedding and (4). Hence, Theorem 1.2 yields the sharp
maximal bounds for p > ps(d). When p > 2, it has been conjectured that (6) holds as long as (2) is
satisfied. The sharp L2 bound goes back to Stein [1958]. The conjecture in R? and the sharp bounds
for p > 2(d +1)/(d — 1), d = 3, were verified by square-function estimates [Christ 1985; Seeger
1986]. The bounds were later improved to the range p > 2(d + 2)/d by the author [Lee 2004] using
an L? — LP(L%) estimate. The inequality (6) has been studied in connection with almost-everywhere
convergence of Bochner-Riesz means. However, the problem of showing RY f — f a.e. for f € L?,
p > 2, o > a(p), was settled by Carbery, Rubio de Francia and Vega [Carbery et al. 1988]. Their
result relies on weighted L2 estimates. There are also results on pointwise convergence at the critical
a = a(p). See [Lee and Seeger 2015; Annoni 2017]. When 1 < p < 2, by Stein’s maximal theorem
almost-everywhere convergence of RY f — f for f € L? is equivalent to the L? — LP>*° estimate for
the maximal operator and it was shown by Tao [1998] that the stronger condition « > (2d —1)/(2p)—d /2
is necessary for (6). Except for d = 2 [Tao 2002], little is known beyond the classical result which follows
from interpolation between L2 (o > 0) and L' (a > (d — 1)/2) estimates.

Radial multiplier. Let m be a function defined on R4.. Combining the inequality due to Carbery, Gasper
and Trebels [Carbery et al. 1984] and Theorem 1.2, we obtain the following L? boundedness result of
Hormander—Mikhlin-type, which is sharp in that the regularity assumption cannot be improved. A similar
result for the maximal function f — sup,-o |F 1 (m(t]-]) f )| is also possible thanks to the inequality
due to Carbery [1985].
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Corollary 1.3. Let d > 2, and ¢ be a nontrivial smooth function with compact support contained in
(0, 00). If min(ps,2(d +2)/d) <max(p, p’) < oo and o > d!% —% , then

|77 im0 A1, < sup llom ()12 1. -

About the paper. In Section 2, by working in the frequency side we provide an alternative proof of
Theorem 1.1. Although, this doesn’t give an improvement over the current range, we include this because
it has some new consequences, clarifies several issues which were not clearly presented in [Bourgain and
Guth 2011], and provides preparation for Section 3, in which we work in a vector-valued setting. The
proof in that paper is sketchy and doesn’t look readily accessible. Also the heuristic that a function with
Fourier support in a ball of radius o behaves as if it is constant on balls of radius % is now widely accepted
and has important role in the induction argument but it doesn’t seem justified at high level of rigor. We
provide a rigorous argument by making use of Fourier series (see Lemmas 2.13 and 3.14). Another
problem of the induction argument is that the primary object (the associated surfaces or phase functions)
changes in the course of induction. However, these issues are not properly addressed in literature. We
handle this matter by introducing a stronger induction assumption (see Remark 2.4) and carefully handling
the stability of various estimates. We also use a different type of multilinear decomposition which is more
systematic, easier and more efficient for dealing with multiplier operators (see Section 2E, especially the
discussion at the beginning of Section 2E).

Section 3 is very much built on the frequency-side analysis in Section 2, as it may be regarded a
vector-valued extension of Section 2. Consequently, the structure of Section 3 is similar to that of Section 2
and some of the arguments commonly work in both sections. In such cases we try to minimize repetition
while keeping readability as much as possible. We first obtain vector-valued extensions of multilinear
estimates (Propositions 3.6 and 3.10) which serve as basic estimates for the sharp-square function estimate.
Then, to derive the linear estimate (Theorem 1.2) we adapt the frequency side approach in Section 2 to
the vector-valued setting and prove our main theorem.

Finally, the oscillatory integral approach has its own limits for proving Bochner—Riesz conjecture. As
is now well known [Bourgain 1991c; Wisewell 2005; Lee 2006a; Bourgain and Guth 2011], the sharp
LP-11 estimates for the oscillatory operators of Carleson-Sjolin-type fail for ¢ < go, go > 2d/(d — 1),
even under the elliptic condition on the phase [Wisewell 2005; Lee 2006a; Bourgain and Guth 2011].
The Fourier-transform-side approach may help further development in a different direction and thanks to
its flexibility may have applications to related problems.

Notation. The following is a list of notation we frequently use in the rest of the paper:

e C, ¢ are constants which depend only on d and may differ at each occurrence.
e For A, B> 0, we say A < B if there is a constant C such that A < CB.
o I =[-1,1]and 79 = [-1,1]¢ Cc RZ.

* 7, f(x) = f(x—h) and 7; / denotes 73, f for some £; eR4 i=1,....m.
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We denote by q(a, £) C R? the closed cube centered at a with side length 2¢, namely, a + £19. If
q = q(a, £), denote a, the center of q, by ¢(q).

e For r > 0 and a given cube or rectangle O, we denote by rQ the cube or rectangle which is the
r-times dilation of Q from the center of Q.

o Let p € S(R?) be a function with Fourier support in q(0, 1) and p > 1 on q(0, 1). And we also set
pB(z,r)(x) = P(( _Z)/r)'
« For a given set A C R, we define the set A 4+ O(8) by

A+ 0(8) := {x e R? : dist(x, A) < C8}.

* For a given dyadic cube g and function f, we define f; by f 0= Xq f .

e Besides " and , we also denote by F(-) and F~!(-) the Fourier transform and the inverse Fourier
transform, respectively.

e For a smooth function G on ¥, we set 1Gllcn 1y := maxjq <y max, ek [0%G(x)].

2. Estimates for multiplier operators

In this section we consider the multiplier operators of Bochner—Riesz-type which are associated with
elliptic-type surfaces. They are natural generalizations of the Bochner—Riesz operator R{. We prove
the sharp L? boundedness of these of operators and this provides an alternative proof of Theorem 1.1.
Basically we adapt the induction argument in [Bourgain and Guth 2011]. However, compared to the
(adjoint) restriction counterpart, the induction argument becomes less obvious when we consider it for
the Fourier multiplier operator. However, exploiting sharpness of bounds for the frequency-localized
operator Ty, see (9)—(10), we manage to carry out a similar argument. See Section 2F.
From now on we write

E=(t1)eRITIXR

Let ¥ be a smooth function defined on / 4 and Xo be a smooth function supported in a small neighborhood
of the origin. We consider the multiplier operator 7% = T () which is defined by

FTF)(E) = (r =¥ ()% 1o (€) £ (£).

By a finite decomposition, rotation and translation and by discarding the harmless smooth multiplier,
it is easy to see that the L? boundedness of RY is equivalent to that of 7%, which is given by () =
I-(1-|¢ |2)%. A natural generalization of the Bochner—Riesz problem is as follows: If det Hyr # 0 on
the support of yo (here, H is the Hessian matrix of 1), we may conjecture that, for 1 < p <oo, p # 2,

ITfllp < CILf Nl ©)

if and only if & > a(p). From explicit computation of the kernel of 7% it is easy to see that the condition
o > a(p) is necessary for (7). However, in this paper we only work with specific choices of .
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2A. Elliptic function. Let us set
¥o(§) = 51¢17.

For 0 < g, K % and an integer N > 100d we denote by &(e,, N) the collection of smooth functions
which is given by
(o, N) ={y¥ : [¥ = Vollcn (ga-1y = &0}

If y € (o, N) and a € %Id_l, then H(a) has eigenvalues Aq,...,A4z_1 close to 1 and we may
write Hy(a) = P~ ' DP for an orthogonal matrix P, while D is a diagonal matrix with diagonal entries
Als...,Ag—1. We denote by /Hy(a) the matrix P~!D’P, where D’ is the diagonal matrix with
diagonal entries /A1, ..., v/A4—1. So, (,/Htﬂ(a 2= Hy(a).

For ¢ € B(eo, N), a € 2I‘Jl lLand0 < ¢ < E,we define

Ve = S (W EVEV@I ' +a0) @ - Yy (@) VA @] 7). ®

Since ¥ € &(eo, N), by Taylor’s theorem it is easy to see that || 7~V || ¢ v (ya—1) < Ce for € &(eo, N).§
Hence we get the following.

Lemma 2.1. Let v € &(eo, N) and a € %Id_l. Then there is a constant k = k(&o, N), independent
of a, ¥, such that ¥} € &(eo, N) provided that 0 < € < k.

Remark 2.2. If ¥ is smooth and Hy (a) has d — 1 positive eigenvalues, after finite decomposition and
affine transformations we may assume ¥ € & (g, N) for arbitrarily small ¢, and large N. Indeed, for
given ¢ > 0, decomposing the multiplier (z — ¥ ({))% xo(§) to multipliers supported in balls of small
radius ¢/ C with some large C, one may assume that F f is supported in B((a, ¥ (a)), e/C). Then, the
change of variables (12) transforms ¥ — v/ and gives rise to a new multiplier operator 7%(y?) and,
as can be easily seen by a simple change of variables, the operator norm || 7%(¥})||p— p remains same.
(See the proof of Proposition 2.5.) By Lemma 2.1 we see ¥, € &(go, N) if ¢ is small enough.

2B. Multiplier operator with localized frequency. Let ¢ be a smooth function supported in 2/. For

8>0, ¥ €®(eo, N), and f with Fourier transform supported in %I 4 we define the (frequency-localized)

multiplier operator Ty = Ts(y) by
e =o( )i, ©)

As is well known, the L? bound for Ty largely depends on the curvature of the surface © = 1 ({). By
decomposing the multiplier dyadically away from the singularity t = ¥ ({), in order to prove (7) for
p>2d/(d—1)and @ > a(p), it is enough to show that, for any & > 0,

d_d=1_
15 fllp <C877 2 °l flp (10)

174 The following recovers the sharp L? bound up to the currently best

whenever f is supported in >
known range in [Bourgain and Guth 2011].

TIndeed, since |3% (V& — Yo)| < &1*1=2 for any multi-index &, we need only to show [0%(YE — Yo)| S e for |a| =0,1,2.
This follows by Taylor’s theorem since N > 100d.
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Proposition 2.3. Let ¢ > 0. If p > po(d) and &o is small enough, there is an N = N(e) such that (10)
holds uniformly provided that € &(go, N) and supp f C %I d

It is possible to remove the loss of § ¢ in (10) by the e-removal argument in [Tao 1998, Section 4].

Induction quantity. To control the L? norm of T, for 0 < §, we define A(5) = A, (5) by

A@) = sup{[I Ts(¥) f|Lr - ¥ € &0, N), | fll, <1, supp f € 319}

Remark 2.4. Though the induction argument in [Bourgain and Guth 2011] heavily relies on the stability
of the multilinear estimates, such issue doesn’t seem properly addressed. In particular, after (multiscale)
decomposition and rescaling, the associated phase functions (or surfaces) are no longer fixed-phase
functions (or surfaces).” This requires the induction quantity defined over a class of phase functions or
surfaces. This leads us to consider A(§).

From the estimate for the kernel of 75 (see Lemma 2.9), it is easy to see that A(§) < C uniformly in
Y €B(eo, N)if § > 1 and A(S) < Cs~ T if0<§ < 1, because the L !-norm of the kernel is uniformly
O(8§~ 2 ). To prove Proposition 2.3, we need to show A(§) < 5%_%_8 for any ¢ > 0. However, due
to the lack of monotonicity A(§) is not suitable for closing the induction. So, we need to modify A(§).
For B, § > 0, we define

ABS) = AP(S) = sup 5T 5P AL(s).
/4 p
§<s<1
Hence, Proposition 2.3 follows if we show AP (§) < C for any 8 > 0.

The following lemma makes precise the heuristic that the bound of Ts improves if it acts on functions
with Fourier transforms supported in a smaller set. However, this becomes less obvious for the multiplier
operator when it is compared to the restriction (adjoint) operator; see [Bourgain and Guth 2011]. This
type of improvement is basically due to the parabolic rescaling structure of the operator, and generally
appears in L? — [ estimates for p, g satisfying (d +1)/q < (d —1)(1—=1/p), p < g, which are not
invariant under the parabolic rescaling. The following is important for the induction argument to work.

Proposition 2.5. Let 0 < § < 1, ¥ € &(go, N), and (a, ) € R¥~1 x R. Suppose that supp f C
q((a, ), &) C %Id, O<e< % and 8 < (10)~2¢&2 Then, there is a k = k (g0, N) such that for 0 < & <k

ITs fllp < CAE2) f Il (11)
holds with C independent of { and .

Proof. Decomposing q(a, €) into as many as O(d?), we may assume f is supported in q((a, 1), e/(10d)).

Since ¥ € B(eo, N) and supp f Cq((a, pn),e/(10d)), by Taylor’s theorem we have ¢((f—1/f(§‘))/8)f(§),
which is supported in the set

2
¢ 1) ilt=v(@—-Vy@)(E—a)l < %

TItis only true for the paraboloid.
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Hence, we may write

¢(f—;ﬁ(§))};(g):¢(f—;ﬂ(§))i(f—W(a)—VW(a)-(é—a))fA(g)’

g2

where y is a smooth function supported in %I such that y =1 on %I . Letusset M = (y/Hy(a))"! and
make the change of variables in the frequency domain

(€. 1) > L& 1) = (Ml +a,e*t + Y (a) +eVy(a)- MO). (12)

Then it follows that T—YE()
F(Ts)f)(LE) = ¢ (W

Since L is an invertible affine transformation, it is easy to see

)i(r)f(Lé)-

171 @@, =9 VG D g,

for any g. We also note that supp()?(r)f(L-)) C %Id and by Lemma 2.1 there exists a k¥ > 0 such that
Yi e B(eo, N) if 0 < & < k whenever ¢ € &(go, N). So, by the definition of A(§) it follows that, for
0<e<k,

175 £, = @005 Hf‘l (¢(i‘m)z(f)ms>)

e2§

p
<003 4(e728) |77 (7(0) (L) lp < CAET20) £ -

For the last inequality we also use the trivial bound || F~1(7(z)&)|, < C|lgll, for any 1 < p < co. The
inequality is valid for any ¥ € &(g,, N). This gives the desired bound. O

We will need the following estimate which is easy to show by making use of Rubio de Francia’s
one-dimensional inequality [Rubio de Francia 1985].

Lemma 2.6. Let {q} be a collection of (distinct) dyadic cubes of the same side length 0. Let 2 < p < o0.
Then, there is a constant C, independent of the collection {q}, such that

1

(Z ||f—1<fxq)||;;)” <Clflp.
q

2C. Multilinear estimates. In this subsection we consider various multilinear estimates which are basi-
cally consequences of multilinear restriction and Kakeya estimates in [Bennett et al. 2006].
For ¢ € (o, N) let us set

F=TW) ={CyE):¢ez 197"
Let2 <k <d,andlet Uy, Us,..., U, be compact subsets of 191 Fori=1,...,k,and A > 0, set
Li ={@G v (@) : L€l Ti(A)=Ti+0Q).
For £ = (¢, ¥ (£)) € T' (), let N(§) be the upward unit normal vector at (&, ¥ ($)).
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For vy, ..., v € R, denote by Vol(vy, ..., vg) the k-dimensional volume of the parallelepiped given
by {s1v1 +---+srvr i €0, 1], 1 <i <k}. Transversality among the surfaces I'y, ..., [y is important
for the multilinear estimates. The degree of transversality is quantitatively stated as follows:

VoI(N(£1).N(§2). ..., N(§x)) = 0 (13)

for some o0 > 0 whenever & € I, i = 1,...,k. Since ¥ € B(g,, N), we know Vi is a diffeo-
morphism which is close to the identity map. The condition (13) may be replaced by a simpler one:
Vol(¢1, 82, ..., k|) 2 0 whenever §; € U;, i =1,...,k. The following is due to Bennett, Carbery and
Tao [Bennett et al. 2006].

Theorem 2.7. Let 0 <§ K 0 K 1 and ¥ € B(eo, N). Suppose that 'y, . .., Ty are given as in the above
and (13) is satisfied whenever & € I';, i = 1,...,k, and suppose that I?', cli@é),i=1,....k. Then,if
p =2k /(k—1) and ¢, is sufficiently small, for ¢ > 0 there are constants N = N(g) such that, for x € R4,
k
[T
i=1

holds with C, Cy, independent of .

k
<Co G5 [ 621 F
LP/k(B(x,6=1)) i=1

Besides the stability issue, this estimate is essentially the same as the multilinear restriction estimate in
[Bennett et al. 2006]; see Theorem 1.16 of that paper, as well as Lemma 2.2, for the case k = d and see
Section 5 for the case of lower linearity 2 < k < d. Though we are considering only the surfaces which
are the graphs of ¥ € &(go, N), the theorem remains true for surfaces even with vanishing curvature as
long as the transversality condition is satisfied. Uniformity of the estimate follows from the fact that the
multilinear Kakeya and restriction estimates are stable under perturbation of the associated surfaces. The
estimate is conjectured to be true without § ¢ loss (this is equivalent with the endpoint k-linear restriction
estimate) but it remains open when k > 3 even though the corresponding endpoint case for the multilinear
Kakeya estimate was obtained by Guth [2010].

Remark 2.8. The proof of Theorem 2.7 is based on the multilinear Kakeya estimate and an induction-
on-scale argument, which involves iteration of the induction assumption to reduce the exponent of §~1.
Such an improvement of exponent is possible at the expense of extra loss of bounds in terms of 6 ~¢. By
following the argument in [Bennett et al. 2006], one can easily see that one may take C; < C log é; see
the paragraph below (20). Hence, the bound becomes less efficient when o gets as small as §¢ for some
¢ > 0. In R3 the sharp bound depending on o was recently obtained by Ramos [2016]. However, the
argument of Bourgain and Guth avoids such problems by keeping the Fourier supports of functions largely
separated while being decomposed. In contrast with the conventional approach in which functions are
usually decomposed into finer frequency pieces, this was achieved by decomposing the input functions
into those of relatively large frequency supports.

Lemma 2.9. Let ¢ € C°(21) and n € CC°°(Id), where % <n<2 Let0<§ <Ko =<1. Set

R nE) T —v©)))\ .
Ks=F (@(T)X(é)),
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and Ryr(x) = (1 + 8|x|)™M. Suppose j is supported in a cube of side length Co and |8g)2| <o for
any «. Then, for any M, there is an N = N(M) such that

|Ks(x)| < C89 7 Rpr (x) (14)
with C depending only on ||V || cn (ya—1).
Proof. Changing variables t — 6t + ¥ (), we write

Ks(x) = (Zn)_d(?/ei‘s’xd /ei(x,'§+x"w(§))¢(§)dé'dr,

where

n,ét+yv(@)r
C

5(6) = w( )i(;, 51+ 9(0).

We note that |8‘Z¢3| <o ([¥]ciw + IInllciel). Then, if |x’|/100 > |x4|, by integration by parts it
follows that

‘[ei(x/'§+xd¢(§))q§(é)d§

Note that ¢(£) = 0 if |z| > 5C since % < n < 1. This gives the desired inequality (14) by taking
integration in T since § < 0. On the other hand, if |x’|/100 < |xg4|, we integrate in t first. Since

< Co IV llemra-ry + Il em gay) (A +o|x D™,

10L3] < (1w llci + lInllcr), by integration by parts again we have

‘ / e PGE) dr| = CIYllem gary +mllen gay) (1 + [Sxal) ™.

This and taking integration in ¢ yield (14). O

From Theorem 2.7 and Lemma 2.9 we can obtain the sharp multilinear L? estimate for 75 under the
transversality condition without localizing the multilinear operator on a ball of radius %. In fact, since
Ts f = Kg = f and the kernel K (from Lemma 2.9) is rapidly decaying outside of B(0, C/§), one may
handle f as if it were supported in a ball B of radius §~1~%. This type of localization and Holder’s
inequality make it possible to lift the L2 estimate to that of L?, p > 2, with sharp bound. Such an idea of
deducing L7 estimates from L? ones goes back to Stein [1993, pp. 442—443], see also [Fefferman 1970;
1973], and in [Lee 2004; Lee et al. 2012] a similar idea was used to make use of the L2 bilinear restriction
estimate. The same argument also works with the multilinear estimates with a little modification. We
make it precise in what follows.

Proposition 2.10. Let0<§ K0 K0 K landy € B(go, N),andlet Q1,..., Qi € %Id be dyadic cubes

of side length 6. Suppose that (13) is satisfied whenever & € ' N Q;, i =1,...,k, and supp fi C 0Qi,
i=1,....k. Then,if p>2k/(k—1)and &, is small enough, for e > 0 there isan N = N(g) such that
d_d

k k
[175 <Co G5 ]85 £l (15)

i=1 LP/k®RD) i=1

holds with C, Cg independent of .
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Proof. Set Q; = {£ : dist(£, Q;) < éo’}, and let j; be a smooth function supported in O; which satisfies
xi =1 on Q; and |8§_‘)Zl~| <ol Let us define K; by

Fikn© =o( ).

Since fi is supported in Q;, we have Ty f; = K; * f;.

Let {B} be the collection of boundedly overlapping balls of radius § ! which cover RZ. For ¢ > 0 we
denote by 3 the balls B(a,5~17¢) if B = B(a,5~'). By decomposing f; = XgJi + xg fi, we bound
the (p/ k)-th power of the left-hand side of (15) by

Z[ 1‘[|Tsfl<x)|kdx—2[ [Tik s ficolf dx < 1 +11,

i=1 i=1
where

I—Z/Hm*(ngl)(xn =y (Z [1‘[|Ks*gl(x>|kdx)

i=1 gi=xge fi i=1
forsomel

The second sum in I/ is summation over all possible choices of g; with g; = x5 fi or X5 ¢ fi, and
g = X5 c f; for some i. So, in ]_[,_1 K5 * g; (x) there is at least one g; which satisfies g; = XBcf,

Since F(K; * (xg/i)) C (8N Q, , taking a sufficiently small ¢ > 0, from continuity it is easy to
see that F'1 = K1 x (x5/1).-.., Fx = Kg * (x5.fk) satisfy the assumption of Theorem 2.7. So, by
Theorem 2.7 and Plancherel’s theorem we see

k
(5) Zl’[SanKz*(menz <o o (1) ST Ixasinf

i=1 B i=1

for Yy € &(g,, N) and &, small enough. Since p > 2, by applying Holder’s inequality twice we have

Isg_cs(g) 1—[ s2(G+d(i+e)(5- 2))(Z||Xzsf||”) <o € ( ) (1‘[5—||f,||p) :

i=1 i=1
For /1, we use Lemma 2.9. There is a constant C = C(||/|[¢~ (ya—1)) such that |K; * (yge fi)(x)] <
C(S(S’E(M_d_l)ﬁdﬂ x| fi|(x)if x € B, and |K; * g; (x)| < CdRg41 * | fi|(x). Thus, we get

1T < 87 ge—d— 1)P[n(ﬁd+1*lﬁl(x))kdx<502N8 o ]_[Ilﬁllp

i=1 i=1

for some c1, ¢ > 0 because ||Rg41* fp < cs 1 | for 1 < p < oo by Young’s convolution inequality.
Combining the two estimates for 7 and I/ with N large enough, we see that for ¢ > O there is an N such

that
’ l_[ Ts fi

for ¥ € (g0, N) and &, small enough. Therefore, choosing ¢ = ¢/c, we get the desired bound (15). O

<co % (5)” 1‘[8*—*||fl||p

Lo/k (g =1
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In what follows we show that if the normal vectors of the surfaces are confined in a C §-neighborhood
of a k-plane in Proposition 2.11, then the associated multilinear restriction estimate has an improved
bound. In particular, if one takes p = 2k /(k — 1), the bound in (17) is ~ §7%§ %, which is better than
the corresponding bound ~ §~°¢ §2 in Proposition 2.10. However, it seems difficult to make use of such
an improvement to get a better linear bound without using the square sum function (see Corollary 2.12
below).

Proposition 2.11. Let0< 6§ Ko K 1, ¥ € &(eo, N), and I1 be a k-plane containing the origin. Suppose
that I'(Y), T'1,..., g are given as in the above and (13) is satisfied whenever & € Iy, i = 1,... k.
Suppose that

supp F; c i) NN"Y(IT+ 0(8)). i=1,....k. (16)

Then, if 2 < p <2k /(k —1) and & is sufficiently small, for ¢ > 0 there is an N = N(¢g) such that

k
Fi
i=1
holds with C, Cg, independent of .

k
< Co-Ces o5t D T 1l 7
LP/k(B(x,6—1)) =t

If p/k > 1, the inequality could be shown by using Holder’s inequality and the k-linear multilin-
ear restriction estimate in [Bennett et al. 2006]. However, this is not true in general and we prove
Proposition 2.11 by making use of the induction-on-scale argument and the multilinear Kakeya estimate.
The following is a consequence of Proposition 2.11.

Corollary 2.12. Suppose that the same assumptions in Proposition 2.11 hold. Let {q}, q C %I 4 pe the
collection of dyadic cubes of side length £, 2728 < £ <2718, Then, if 2 < p <2k/(k —1), fore >0
there is an N = N(¢) such that, for x € R4,

k
1%
i=1

holds with C, Cg, independent of W € &(go, N).

k 1

2
<Co 5[] (E:IEqV) PB(x,5-1)
q

L2/k(B(x,6-1)) i1

(18)

p

This may be compared with a discrete formulation of the multilinear inequality in [Bourgain and Guth
2011, (1.1), p. 1250]. The inequality (18) can be easily deduced from Proposition 2.11 by the standard
argument using Plancherel’s theorem and orthogonality; see the proof of Corollary 3.11. So, we omit the
proof.

Proof of Proposition 2.11. For p = 2 the estimate (17) follows from Holder’s inequality and Plancherel’s
theorem. Hence, in view of interpolation, it is enough to show (17) for p = 2k /(k — 1).

We prove (17) by adapting the proof of the multilinear restriction estimate in [Bennett et al. 2006]. By
translation we may assume x = 0. We make the following assumption that, for 0 < § < ¢ and some « > 0,

k
[1s

i=1

k
<575 ] IF | (19)

i=1

L2/6=D(B0.5~1)
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holds uniformly for ¥ € &(s,, N) whenever (16) holds and (13) is satisfied for & € Iy, i = 1,...,k. It
is clearly true with a large o > 0, as can be seen by making use of Lemma 2.9. We show (19) implies
that, for ¢ > 0, there is an N such that

k
[1F
i=1

holds uniformly for ¥ € &(go, N). In what follows we set R = §~1.
Iteration of the implication from (19) to (20) allows us to suppress « as small as ~ ¢. In fact, since

k
<Ceo 575755 T IF |2 (20)
L2/6=D(B(0.5-1)) i1

the implication remains valid as long as ¢ € B(eo, N), by fixing an ¢ and iterating the implication (19)
to (20) / times, we have the bound

- —1 S S | _ -
CéO' KIRZ atce(1+2 7 e+-42 )SCEIU lclRZ Ol+208‘

Choosing  such that 2~ a ~ & gives the bound Cyo€k°¢ ¢ RC¢. Hence, taking ¢ = ¢/C, we get the
desired bound.

Let {g} be the collection of dyadic cubes (hence essentially disjoint) of side length £, £ < R™2 <2¢,
such that R? =|_J ¢. Since the Fourier transform of Pp(z.vE)¥i is supported in 1"(8%) NAN~1(IT+ 0(8%)),
by the assumption it follows that

k
[1rscvrF

i_

L2/ k=D (B(z,R1/2) L2/ k=D (B(z,R1/2))

i=1
4 k k
<6 W]‘[ gz, vy Filla S 87385 T

i=1

1
PB(z,/R) (Z |Fi¢I|2) “2
q

Here Fj4 is given by F(Fi4) = F; Xgq- Since the supports of F(p B(z.VR) F;4) are boundedly overlapping,
the last inequality follows from Plancherel’s theorem. By the rapid decay of p we have, for a large M > 0,

o d
8 284 l_[ XB(Z R1/2+8)(Z|Eq| ) H +8M1_[”Fl||2 (21)

i=1
For a given £ € N™!(I), let {vy, ..., vk_; } be an orthonormal basis for the tangent space T (N~L(11))

i=1 IL>&=D(B(z,¥/R))

at £, vy =N(&), and let vg 41, ..., vy form an orthonormal basis for (span{vy, ..., Vg_q, e DT (So,
the vectors v1,...,Vk_1, V41 ---» Vg depend on & € N~1(IT).) Then, we define p(£) and P (£) by

pE =E+{x:|x-v|<CiV8E, j=1,....k—1, and |x-v;| <C18, j =k +1,...,d},
PE) ={x:|x-v|<CV5 j=1,....0k—1,and |x-v;| <C, j =k +1,....d}.

Since N™!(IT) is smooth, N~!(IT) 4+ O(§) can be covered by a collection of boundedly overlapping
{p(Ey)}, Eo € NTI(IT) (here, we are seeing N~ 1 (IT) as a subset of R%), such that for any ¢ there exists
&, satisfying R

supp F; Nq C 5 p(6a) (22)

with a sufficiently large C1 > 0.
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For (i, q) satisfying supp Fin g # 9 let us denote by &; 4 the & which satisfies (22) (if there are
more than one, we simply choose one of them). We also denote by L (i, ¢) the bijective affine map from
%P(Si,q) to q(0, 1). Then we define ﬁiq by

F(Fig)(®) = Fiq(®).

1
p(L(i. q)§)
We also set P; g = P (& 4) and K; g = F 1 (p(L(i,q)-)). By RP; 4 we denote the rectangle which is
the R-times dilation of P; 4 from the center of P; 4. Also denote by P; 4 the set RTep; ,¢ Which is the
R'*¢_times dilation of P; 4 from its center. Since K; 4 * F,q = Fiq and |K; 4| < xrP;,/|RPigl, we
have, for y € B(x,2R27¢) and some ¢ > 0,

AP;,
| Fig)?(v) < R 1L % | Fig ) (x).

|Fiqg(0)I* = |Kiql* | Fig|? (y)< Bl
iq

|RPl,q|

The last inequality is trivial since |ﬁi,q| ~ R°®|RP; 4| for some ¢ > 0. Hence, for x, y € B(z, R%"'s)
we have

Xp
3 FigP(0) S RS 22 4 | By P (). (23)
q

q | ,q|

Integrating in y over B(z, R%"'S) for each 1 <i <k, we see that, for x € B(z, R%"‘S),

1 k ~ 1
2 dk XPi . 2
XB(z,R1/2+¢) (Z IFiqlz) SRR [] (Z ﬁ * |Fl-q|2) (x). (24)

i=1

k

[

i=1

. o 1 .
Now, integration in x over B(z, R27¢) yields

k 1

k ~ 1
2 d XP 2
] XB(z,R1/2+€)(Z|Fiq|2) ‘ SRR H(Z|P | |qu|2)
2 1,9

i=1 q i=1

. (29
L2/(k=1)(B(z,R1/2+¢))

Combining this with (21) we have, for any large M > 0,

i
io1 lL2re=nBi,VR)

k
+ M [T IF 2. 26)

L2/ k=D (B(z,R1/2+¢)) i-1

k X L
_a_ P;
S 1_[(Z|P,qql*|F”’|)

i=1

We now cover B(0, R) with boundedly overlapping balls B(z, +/R) and use the above inequality for
each of them. Then we get

k
[1s

i=1

k ~ 1
AP; ~ 2

[1(3 7 al)
|Pi,q|

i=1"4q

(04

<§T2TeE
L2/ =D (B(0,R))

k
+ M€ TT I 2.

L2/*=D(B(0,2R)) =1
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Here we have an increased ¢ because of the overlapping of the balls B(z, R%"'g) in the right-hand side.
Since ), ||ﬁ,-q 13 ~ || F; |3, for (20) it is sufficient to show

k
v ad ~
<o *54 “1‘[(} :||F,-q||%).
q

L1/®=1(B(0,2R)) Pl

ﬁ(Z Py |2)
|i5i,q| lq

i=1"4q

By rescaling this is equivalent to

ﬁ(Z Ik fia)

i=1"4q

L1/(k=1)(B(0,2))

k
So* R[] (Z ||ﬁ,q||1). 27)
q

i=1

LetZ; ={q : supp F; Ng # @}, 1; CZ; and T; 4 be a finite subset of R4. Allowing the loss of (log R)€
in bound, by a standard reduction with pigeon-holing it suffices to show

ﬁ(z > mw) Sa‘gR“’lE[(Z > le-,q+r|). (28)

i=1"gel; t1€T;i 4 LV/=D(B(0.2)) i=1 "qel; ©€Ti 4

We write x = (u, v) € IT x [T+ (= R?). Then the left-hand side is clearly bounded by
k

n(z )3 XP,.,M,v))

i=1 “gel; t1€T; 4

sup
vellt

LV/®*=1(B(0,2)

where B (0,p) C R¥ is the ball of radius p which is centered at the origin.
For v € TT+ let us set

(Pig+7)" ={u:(u,v)ePig+r}.

Then (P; 4 + 7)Y is contained in a tube of length ~ 1 and width CR_%, with axis parallel to N(§; 4).
This is because the longer sides of P; 4, except the one parallel to N(&; ), are transversal to IT. More
precisely, we can show that if &, is sufficiently small and N is large enough, there a constant ¢ > 0,

independent of ¥ € &(go, N), such that, for w € (Tg, ,(N~1(I1)) & span{N(E,-,q)})L,
Aw, T > ¢ > 0. (29)

Since (13) is satisfied whenever §; € T';, i = 1,...,k, we know N(§1,4). ..., N(§ 4) which are, respec-
tively, parallel to the axes of tubes (P1,4 +17)", ..., (Pk 4 + 7)Y, satisfy | VOI(N(§1,4), ..., Nk 4)) 2 0.
Also note that |Pl.’j gt 7| ~ | P; 4|. Hence, by the multilinear Kakeya estimate in R¥ (Theorem 3.7) it
follows that

<ot ﬁ(Z|Pi,q+f|)~

L1/ *=1(B(0,2)) i=1\q.z

ﬁ (Z APigte(-. v))

i=1 ¢,T

This gives the desired inequality (28).
Now it remains to show (29). By continuity, taking sufficiently small -, we only need to show (29)
when Y = ¥ since [ — Yol lcn a1y < €o. Though it is easy to show and intuitively obvious, we
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include a proof for clarity. By rotation we may assume I1 N {x; = —1} = {(y,a,—1): y € R¥~1} for
some a € R~k Since T contains the origin, IT can parametrized (except for IT N {x; = 0}) as follows:

s(y,a,—1), seR, yeRFL (30)

We may assume I'; (§) N (N"!(IT) + O(8)) # @ because otherwise F; = 0 and there is nothing to prove.
Since N(I') N IT = @ if |a| is large, we may assume that |a| < C for some C > 0 and note that §; , € I'().
Furthermore, it suffices to show that

nn (7, (N"'(ID) & span{N(§; )})" = {0}, (31)

which implies £(w, IT) >0if w € (Téi,q (N~1(I1)) @ span{N (Si,q)})l. Then, by continuity and compact-
ness (29) follows. We now verify (29) with ¥ = 1. By rotation we may assume a = (0,...,0,a) =:
(0,a) € R4*—1 x R. Using the above parametrization of IT, we see that

IT =span{ey,...,ex_1,(0,...,0,0,a,—1)}.

The normal vector at (x’, |x’|2/2) € R¥~! x R is parallel to (x’, —1). Hence, if (x', |x'|2/2) € N~1(II),
that is, (x’, —1) € 1, then x’ takes the form x” = (y, @) because of (30). Hence, it follows that N~!(IT) =
{(».0.a.5(1y[* +al®)}. Then, if & 4 = (y.0.a. 5(|y|* + a?)), we have T, , (N~!(IT)) is spanned
by y1 = (1,0,...,0,0,y1), y2=(0,1,...,0,0,0,¥2), ..., yx—1 = (0,0,...,1,0,0, yr_q). For (31)
it is sufficient to show that 3 := I1 N (span{(y,0,a,—1), y1,..., Vk—1})+ = {0}. Let w € B. Then,
since w € span{ey,...,e;r_1, (0,...,0,0,a,—1)}, we may write w = (c1,...,Cr—_1,0,cra, —cx). Also,
wyr=--=w-yr_1=w-(y,0,a,—1)=0givesc; =---=c; =0. So, v =0 and, hence, we get (31). [

2D. Scattered modulation sum of scale . When the Fourier transform of a given function f is supported
in a ball of radius o, then f behaves as though it were constant on balls of radius o~ !. This observation
has important role in Bourgain and Guth’s argument [2011] and is widely taken for granted without being
made rigorous. There seems to be several ways which make this heuristic rigorous; see [Tao and Vargas
2000b; Tao 1999]. For this purpose we make use of the Fourier series expansion.

Fix o0 > 0 and large positive constants M = M(d) > 100d and Cjps which are to be chosen to be large.
For [ € 0~ 179 we set

A= A1(0) =Cyu (1 + o)™, 5 fx) = fx-1). (32)
For o > 0, we define [F]q, |[F]|s (the scattered modulation sum of o-scale) by
[Flo)= Y AlluFOl (Flle@) =Y ApAplu 4, F)l. (33)
leg—174 I1,l,ec— 174

Lemma 2.13. Let &y, xo € R4. Suppose that F is a function with F supported in q(§o,0). Then, if
X € q(xo, é)
|[F(x)] = [Flo(x0) = |[F]lo(x).

It should be noted that the inequality holds regardless of &g, xo, and o.
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Proof. Let a be a smooth function supported in [—7, 7]¢ and a(x) = 1 if [x;| <1, i =1,...,d. Set

A(x.§) = a(x)aE)e’™*.
Since |8‘gA| < Cq for any multi-indices o, by expanding into Fourier series in £ we have
a(va@)e™ =" aj(x)e™ x. fe[-m ), (34)
lezd

while a; satisfies |a;(x)| < Car (1 +]I[)~™ for any large M > 0. On the other hand, from the inversion
formula we have

F(x) = @)~ / o1 G060 i (s—x0)-(E~£0) ix0% (£ 5.

Hence, since x € q(xo, (lr), inserting the harmless bump function a, we may write

§—£o

o

F(x) = 2m) 4! xo)o / A(a(x—xo), )e"xofﬁ(g)dg.

Using (34) we have

F) = @) 40050 3 ay(x =) [ e TR de.

lezd

Then it follows that

IF)I< Y. AllgF(xo)l < ) Ay Apltg+i) F()l. (35)

leo—174 l1,lbeo—174

The second inequality follows by applying the first one to each t; F' with the roles of x, x¢ interchanged. [

2E. Multiscale decomposition. We now attempt to bound part of T f with a sum of products which
satisfy the transversality assumption, while the remaining parts are given by a sum of functions which have
relatively small Fourier supports. The first is rather directly estimated by making use of the multilinear
estimates and the latter is to be handled by Proposition 2.5, the induction assumption and Lemma 2.6.
In what follows, we basically adapt the idea in [Bourgain and Guth 2011]. However, concerning the
decomposition in that paper, reappearance of many small-scale functions in large-scale decomposition
becomes problematic when one attempts to sum up resulting estimates. For the adjoint restriction estimates
this can be overcome by using L°°-functions, as was done in [Bourgain and Guth 2011]. But such an
argument doesn’t work for the multiplier operators and leads to a loss in its bound. To get over this, unlike
the decomposition in [Bourgain and Guth 2011] where one starts to decompose with d -linear products
and proceeds by reducing the degree multilinearity based on dichotomy, we decompose the multiplier
operator by increasing the degree of multilinearity in order to avoid small-scale functions appearing inside
of large-scale ones. This has a couple of advantages. First, this allows us to keep the function relatively
intact in the course of decomposition so that we can easily add up decomposed pieces to obtain the sharp
LP bound. Secondly, the decomposition makes it possible to obtain directly obtain the L? — L? estimate.
Hence we don’t need to rely on the factorization theorem to deduce L? — L? from L° — L?. (The same
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is also true for the adjoint restriction operators.) Hence, we can obtain the sharp L? bounds for multiplier
operators of Bochner—Riesz-type, which lack symmetry.

2E1. Spatial and frequency dyadic cubes. Let 0 < e, < 1, 1 K N, ¥ € &(g,, N), and T be given
by (9). Let k = (g0, N') be the number given in Proposition 2.5 so that (11) holds whenever 0 < ¢ < x and
Y € B(eo, N). Let m be an integer such that 2 <m <d —1, and 01, ..., 0, be dyadic numbers such that

Koy K-+ K o1 < min(k, 1). (36)

These numbers will be specified to terminate induction. We call o; the i-th scale.

Let us denote by {q’ } the collection of the dyadic cubes q’ of side length 20; which are contained in 1 d
(so, q' denotes the member of {q'} and the cubes q' are essentially disjoint). Rather than introducing a
new notation to denote each collection of ¢/, we take the convention that {g’} denotes the collection of all
dyadic cubes of side length 20; contained in /¢ if it is not specified otherwise. For each i-th scale there
is a unique collection so that there will be no ambiguity, and we also use ¢’ as indices which run over the

o =14 (37)

qi

set {q' }. Thus, we may write

For the rest of this section, we assume that
supp f C %I d
Since f = Zqi fqi, fori =1,...,m, we write

Tsf =) Tsfy (38)
qi
Clearly, we may assume that g’ is contained in a Co;-neighborhood of the surface I' (1) because Tz fqi =0
otherwise. So, in what follows, q', g/, ...,q;,; and q; denote the elements of {q'}.
For convenience we extend in a trivial way the map N defined on T'(y) to the cube /¢ by setting, for

f=oeld,

n(¢.7v) =N ¥ ().
This extension is not necessarily needed in what follows because we only consider a small neighborhood
of I'(y). However, this allows us to define a normal vector for any point in / 4 and makes exposition
simpler. This definition of n agrees with the one given in the next section.

Definition 2.14. Let k be an integer such that 1 <k <m and fix a constant ¢ > 0. Let q’f, e, qiﬂ e{d"}
(k-th scale cubes). We say q]f, q’zc, e, q,’iH are (01,072, ...,0x)-transversal if
Vol(n(§1),n(52), ..., n(€k+1)) = co102 -+ O, (39)
whenever &; € qf?, i =1,...,k+ 1. And we simply denote this by “q7, q’Z‘, ey q’,§+1 trans” and say q’f,
q]2‘, el q,’iH are transversal, omitting dependence on 01,02, ..., Ok.
Let us set 1
Ml = _.9 1= 17 ,m
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We denote by {Q'} the collection of the dyadic cubes of side length 2M;, which covers R (so, again
denotes a member of the sets {Q'}). We write'

o' =r%
0

(40)
Since the Fourier support of Tj fq,- is contained ¢, it may be thought of as a constant on £’ by invoking

Lemma 2.13 with 0 = 0;. Since the scale o; is clear from the side length of the cube g, we simply set
[Tqul] = [T(gfqi]o’[v

[Ts foill := [[Ts foillo -

2E2. o01-scale decomposition. Bilinear decomposition is rather elementary. Fix x € R4. From (38),
|Ts £ <Y | Ts fn ().
q1

We denote by ql = ql(x) a cube q! € {q'} such that |T3fq>1k ()] = maxgp |T5fq,£ (x)|. (There may be
many such cubes but qL denotes just one of them.) Then we consider the following two cases separately:

Y 1Ts S (0] < 10091 Ts £,1 ()]

q
For the second case

D 1Ts £ (0)] > 1007 Ts £, (x))|

q1
Yo T fu )] <509 Ts £ ()] <274 | Ts fn ().
dist(q!,ql) <1001

ql
Hence there is q] € {q'} such that dist(q], q1) > 100y and

—(d- —d- 1
Y UTs fp ) S o7 CTONTs £ (0] < 07 VT £ ()T £ ()12
q1

From these two cases we get

_d
ZITsfql(X)l§rr;§1X|Tsfq1(X)|+C01 2
1

q

max

1
|5 £, (O Ts £, ()13 @1)
dist(q{,qi)Zal 1 2
Using the imbedding £ C £°°, Proposition 2.5 and Lemma 2.6 give
1 1
P 4
p —28\P p =2
I 73 ol < (L1771 ) < (S A9 1fl)” 5 A@TDI . 42
q! q!
Hence, combining this with (41), we have
1
175 fllp S A@T>OIfllp +07¢  max  Ts /1 Ts Sl (43)
di 1 q1 Lb) 2
ist(qy,95) 201
We now proceed to decompose the bilinear expression appearing in the left-hand side.
T Here we take the same convention for {Q} as we do for {q}.
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In the following section we explain how one can achieve trilinear decomposition out of (43) before we
inductively obtain the full k-linear decomposition which we need for the proof of Theorem 1.1. Once
one gets familiar with it, extension to a higher degree of multilinearity becomes more or less obvious.

2E3. 0,-scale decomposition. Suppose that we are given two cubes q% and q% of first scale such that
dist(qi, qé) Z o01. For i = 1,2, we denote by {ql.z} the collection of dyadic cubes in of side length o>
contained in ql-1 such that

et i=12 (44)
2
We also denote by {q?} the set {q2} U {q3}. Then it follows that
Tsfo=) Tsfp i=12. (45)
2
q;

We may also assume that q%, q% are contained in the Co,-neighborhood of I'(y) because Ty fq%, Ty fq%
are zero otherwise.

Decomposition from this stage is no longer as simple as in the o-scale case. We need to use spatial
localization in order to compare the values of the decomposed pieces. This makes it possible to bound
large parts of the operator with transversal products.

Let us fix a cube Q2 and x¢ be the center of Q2. Let q3, € {43}, 95, € {q5} be the cubes such that

[75 /2, 1(x0) = max([Ts f2](xo0),  [Ts.fp2 1(x0) = maX[Tsf 2] (xo)-
ql
Let us define A? C {g?}, i = 1,2, by
A? = a7 : [T5 f2)(x0) = 039 max([Ts £z 1(x0). [Ts £, 1 (x0))}-
Using (45), we split the summation to get
TsfTsfoy = Z TsfpTsf + Z TsfpTs Jo2- (46)

(43,03)EA 1 XA (03,93) €A1 x A2

2(d—

Since there are at most O(o, )) pairs (q2, q%), the second sum in the right-hand side is bounded by

> ITsfp 2 ()| T5 Sz (0| = of max([Tqu 2](x0))*. (47)
(ql,q2)¢A1XAz

For a cube q we denote by ¢(q) the center of q. Let [T = H(q%*, q%*) be the 2-plane which is spanned
by ny = n(c(q%*)), ny = n(c(q%*)), and define

N =NQ% qb. q3) = {4*> € A2 U A2 : dist(n(¢?), TT) < Coy}. (48)

Clearly, Vol(ni,n;) Z o1 and dist(n(qz),H) > o0y if a|2 g M. Since 01 > 0, if q2 g N, then
Vol(ny,na,n(£)) = 010, for £ € g Also, n(ql-z*) Cn; + O(02), i =1,2. So, it follows that

Vol(n(§1).n(§2), n(§3)) 2 0102 (49)
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if & € o2, £ € q2,. and & € q2 ¢ M. That is, q2,. q2,. q2 are transversal. Hence, we split
Z(q%,qﬁ)eAlez Téfq%Ta fq% into

>, Ts fp () Ts fa (x) + > Ts f2 () Ts f2 (%) (50)
(a7.03) €A 1% A2 (a7.03) €A1 X A2
q%,q%éfﬁ q% or q% n

Each term appearing in the second sum can be bounded by a product of three operators which satisfy the
transversality condition. Indeed, suppose that (q%, q%) € Ay xAjand q% Z . The case q% ¢ N can be
handled similarly by symmetry. Since [T f2](xo) > o24(T; f2.1(x0), we have

2
3

(75 £21(x0)[Ts fi2] (x0) = ([T f2, 1(x0)[Ts £,21 (x0)) ([Tsfqg](xO)[Tsfqgl(xO))%

< 02_% (ITs £21(x0)[T5 £z 1(x0)[Ts fqgl(x()))%-

Hence, from this and (49) it follows that
> Ts f2 () Ts f2 (x)

(42,93)€A1X A2
q% or q%éﬁ

3
<0, ¢ ) (H[Tsfqg](Xo))- (51)

q%,q%,q% trans {=1

We combine (46), (47), (50) and (51) to get, for x € 02,
|75 fq1 ()T fq1 (X)]

3 3
+o3 ¢ ) (H[Ts fqg](xo)) :

203,03 trams i =1

= 0f (max{T; /2] (v0)) "+

Y. Ts T () Ts f2(x)
(a7.93) €A1 XA
q7.43€N

Using Lemma 2.13 again, we have, for x € Q2,

2
ITs 133 ()5 Sy (0)| < 0 (max| [T /211 )
+ > Ts £ () Ts f2 (x)
(q%,q%)GAl xA>
q7,03€N

3
+o ¢ ). (HI[Tsfqg]l(X))- (52)

a7,05,03 trans (=1

Taking L% on both sides of the inequality over each 2, summing along 92, and using Proposition 2.5
and Lemma 2.6, we get
2 2
D
ITs fuTi fall g S (A3 28)21 /12 + (Z » )
22 a3 32,0} ad) L)

2
+05¢ sup  max ITs (11 f2) Ts (v2 f) Ts (3 Sl 5. (53)

71,72,T3 q%,q%,q% trans

> TsfpTs /2

2
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where [91(Q2, q1, q3) is a subset of 9U(Q?, q1, q1). Here, for simplicity we now denote 7, f by 7 f just
to indicate translation by a vector. The precise value of /; is not significant in the overall argument. To
show (53), for the first term in the right-hand side of (52) we may repeat the same argument as in (42). In
fact, by (33) and the rapid decay of A; combined with Holder’s inequality to summation along /,!’, and
using Proposition 2.5 and Lemma 2.6 we have

|max (73 11, % sup|max 173 e2 1, < 4T 28)1 1 -

For the third term of the right-hand side of (52), thanks to (33) and the rapid decay of Ay, it is enough to
note that there are as many as O(o, C) transversal q%, q%, q%.
We combine (53) with (43) to get

ITs fllp < A7) fllp + 07 A0 28I £,

|-

> Ts(fle)Ts(fsz)
Q% " apCap, 3Ca;
a3,a3 CIN(Q2,a1,93)
1

+07%05C sup max ||Ts(flfq%)Tg(fzfqg)Ts(fsfqg)ll%- (54)

71,72,T3 ql,q%,qg trans

+01_C Sup max (

71,172 q1 q2 trans

Here [91](Q2, q%, q%) also depends on 71, 72. We keep decomposing the trilinear transversal part in order
to achieve a higher level of multilinearity.

2E4. From k-transversal to (k+1)-transversal. Now we proceed inductively. Suppose that we are given

dyadic cubes q , q’zc L q’,i‘l of (k—1)-th scale which are transversal:

Vol(r(§1).n(82), . ... n(§k)) = 0102 -+ Oy (55)
whenever &; € qf‘ 1 i =1,... k. As before, we denote by {qf-‘} the collection of dyadic cubes of side
length 203 contained in f‘ such that

Udf=af"" i=1.... .k (56)
k

and we also denote by {g¥} the set Ul 1{ql }. Hence,

k
HTsqu—l—l_[(ZTsfk) Z l_[(Tsf ) 57)

i=1 i=1 kl—l

Fix a dyadic cube QF of side length 2M; and let x be the center of Q. Fori =1, ...k, let qf.‘* € {qf.c }
be such that
[T £ 1(x0) = max[Tj fyx](x0)

q;

TNote that the sequence is independent of 92
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and we set, fori =1,...,k,

AF = {af 75 £ (00) = 0" max [Ty fix J(xo)}-

.....

Then, it follows that
k

> [ 1175 f61(x0) < max(Ts fyx] (o). (58)

@t Ty AF 15T
Let ny, ..., n; denote the normal vectors n(c (q]f*)), ....n(c (qi ,)), respectively, and let
% =1 @* ok L as
be the k-plane spanned by ny, ..., n;. Now, for a sufficiently large constant C > 0, we define
N=nQ qf a5 g = {g"  dist(n(d"), T¥) < Coy}. (59)

By (55) it follows that if qf.‘ Z M, (39) holds whenever & € q]f*, o, & € qllg* and &4 € qf.‘. Hence,
q]f*, ey qllg*, qf.‘ are transversal.

We write
k k k
> I1 Ts fy = > ] Ts foe + > ] Ts fye-  (60)
(@ ,af)elTiz, AF =1 (@ naOelTiz, AF =T (@ naOelTiz, AF =1
af,..qkemn q¥ &9 for some i
Consider a k-tuple (q]f, cees q]]g) which appears in the second sum. There is a qf.‘ ¢ 9. By the same

manipulation as before, we get

k

ak2 K i x
H[Tsfq;c](m) <o, 7T l_[([Tafq;c*](XO))m([Tsqus](XO))m-
i=1

i=1

Since q’l‘*, cee, qi*, qf-‘ are transversal, by Lemma 2.13 we have, for x € Q¥
k k+1
> [17s /)| <0 € Z H ([Ts £](x0)) F5T. (61)
(q'f,--.,q’,i)el_[f-‘zl Af." i=1 ql ..... qk+l trans [=
qff &N for some i

Combining (58) and (61) with (57) and (60), and applying Lemma 2.13 yield, for x € 0k,

k
[17s /10

i=1 k+1 k
k —
< (max |[7s £ ]1(0)" + 03 © Z H 175 £ 1)) 7T > [17s /(0.
a qlf ..... qk+1 trans = q]f ..... q’,ée i=1

@K,k gk
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where [91](QF, q]f_l, cee, qllg_l) is a subset of M(QF, q]f_l, e, qi_l). After taking the (p/k)-th power
of both sides of the inequality, we integrate on R4, and use Proposition 2.5 and Lemma 2.6 along with
(33) to get

l
k+1 "

H Ts fop 1<x> SACCO flp oS sup max |\ [] T q;c)
i=1 Tlsees Tk+1 ql, ,qk_H transl ; Lp/(k+1)
1
P
‘(x| = el I
0k qlf ..... q,’ie i=1
L[ Co L O P
2E5. Multiscale decomposition. Fork =2,...,d —1, let us set
1
p
Smkf = sup max ( Ts(ti f « ) ) .
T1 e Tk q]l‘_l ..... qi_l trans ; k; | l_l_ll l ql Lr/k(Qk)
qlf ..... qke[‘ﬁ](ﬂk
k k—1 k—1 k k ky : :
Here [91](Q%) depends on 71, ..., 7, and g7 *,...,q; , but n(q"), q* € [M](Q¥), is contained in a
k-plan. Starting from (54) we iteratively apply (62) to the transversal products to get
ITs fllp < Z 0 GAQ Sl
m+1 1 T
+ Z ak—_lemkf —i—al sup l_[ Tsti fqr . (63)
k=2 Tl Tl 7 qm+1 trans i=1 Lp/m+1)

2F. Proof of Proposition 2.3. For given 8 > 0, we need to show that AP(s) < C for0 <s < 1if
P > po(d). Let & > 0 be small enough such that (100d)~'8 > &, and choose a small &, > 0 and
N = N(¢) large enough such that Proposition 2.10 and Corollary 2.12 hold uniformly for ¢ € &(eo, N).

Let0<s<§ <1,andletoy,...,o, be dyadic numbers satisfying (36). Since A(§) < C foré = 1
and 5 < 0,:28, we see

A(0728) < A(0728) X (0.10-21 (07 28) + C < (0728)" T +5 P 4P () + C. 64)

By Proposition 2.10 and Lemma 2.6 we have, for p > 2(m + 1)/m,

m+1

1_[ TS‘Elfql

which uniformly holds for ¥ € &(g,, N).
We have two types of estimates for MK f. Since qlf_l, cees q,lg_l are already transversal,

' > 1_[ Ts(zi f, > ‘ﬁ Ts (i f ok

quqf»‘_l i=1 qy seees q’,ﬁ trans (=1
a0 sensaf C[MN(QF)

AT —C.ogod_d=1
sup max S(o1-rom) 88T 2 [ fllp, (65)

m
TlseesTm+1 ql ..... Bn41 trans

Lp/(m+1)
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Here we slightly abuse the definition “trans” and “q’f, ey qi trans” means (55) holds if & € qf.‘, i =
.,k. Since there are as many as O(o; €Y k-tuples (qll‘, e, q,lg) and the above inequality holds

regardless of Q, we get

k
imkf < ok_c sup  max 1_[ Ts(z; ok
T1yeees Tk q7 seees [t trans i=1
Since q’f ey qi are transversal, by Proposition 2.10 (also see Remark 2.8) and Lemma 2.6, we get, for
p=2k/ (k -1,
5 ,_7_ Cs ;_
1‘[T3(rl <(01 co_1)Ce 87 81‘[||er Tt VA

i=1
Hence, for p > 2k /(k — 1), we have the uniform estimate for v € &(go, N)

i=1

M <o Cso™ T ¢ £ (66)

On the other hand, fixing 71, ..., 7%, 4] k—1 yeees( k_l trans, and Qk, we consider the integrals appearing

in the definition of MK f. Let us write Q% = q(z, 1/0%). Using Corollary 2.12, for 2 < p < 2k/(k — 1),
we have

k
> I1 Ts (i fo)

kg1 i=1
1
% ,....qk e[M(Q5)

Since [M)(QF) c NQF, q’f_l, s qi_l) it is clear that if q € [‘ﬁ](ﬂk) then qf-‘ c N7I(IT) +

SO 1‘7k l_[

Lr/k (k) Pl

( Y T ) —

qf €[M(Q%)

‘ (67)

O(oy) for a k-plane I1. Since q]f_l,...,qllg 1 are transversal and q C qk Ui=1,....k, we
know Zq’f ek 15 (11 fq/lc), s Dgkem(ak) Ty (tx qu) satisfy the assumptions of Corollary 2.12

(Proposition 2.11) with § = 0} and 6 = 07 - - - 6% _1. Hence, Corollary 2.12 gives (67).
Recalling that the qf.‘ are contained in a Coy-neighborhood of I'(¥), we see that #N(Qk )is < ali_k.
So, by Holder’s inequality we have

_c _—e—pk=-1)(3- 1)
H > 1‘[T5<nfql> <050, > Zm(nqun pB(Z o),
kgt =1 Lr/k(Qk) 1<l
q]l‘ ..... qﬁ cnQk)
Here we bound o1, ..., 01 with o;_1 using (36) and replace C, with a larger constant C, since ¢ is

fixed. By using the rapid decay of p we sum the estimates along QF to get
(k )( 1 1 ) 1
—e—(k—1)(1-1 P
o f <0 Goy TV sl (S msasor)| (©%)
h P p
q

By Proposition 2.5, Lemma 2.6, and (64) we get, for 2 < p <2k/(k —1),

ﬂ+2d —k—1_2d—k+1

_d=1d_ _
imkf<(crkclak S B ﬂAﬂ(S)‘i‘UkC)Hf”p-
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Here we also use (100d)™18 > ¢. So, if p >2Q2d —k +1)/2d —k —1),
Wk £ < (07 C 025 F 0P AP () + 0. C) 1 £ 1
for some o > 0. Combining this with (66), we have for some o > 0

_ _d—1_,d_ l —
gmkfg(gkc(ﬁ T+ —|—0k 10k8 +5 BAB(S)-FU )||f||p
provided that

_ o (2Qd—k+1) 2%
P=MM 0 k=1 "k=1/)

Since (100d)~!8 > ¢ and po > 2d/(d — 1), from (64) we note that A(Uk_28) < 0]‘:8_%+%_5A5 ().
Thus, by (63), the above inequality, (64), and (65) we obtain

m
_ _ _d—1_,d_ _ _d—1_,d_
ITs fllp < Y (0G0t AP () + 07 )6~ 2 To 7P| fllp+ 0,58 7 T2 7P 11, (69)

for some o > 0 provided that

L (20d—k+1) 2%
1
P= 2d—k—1 k-1

2>m + 1
), k=2.....mand p> 2D (70)
m

Since the estimates (65)—(68) hold uniformly for ¥ € &(g,, N), so does (69). Taking supremum along
Y and f, we have

A((S)s(ZCok_ o AP (s) + Cop, )5— +5B,

d—1_d d=1_d
By multiplying §Z ~ % to both sides, § 2 5 TP A(S) < Y7, CoC 0% AP (s) + Co,,C. This is
valid as long as s < 6 < 1. Hence, taking supremum for s < § < 1 yields

m
AB(s) < Z Cak_clcr,‘c"fl’3 (s) + Co,,€
k=1
if (70) is satisfied. Therefore, choosing 07 < -+ - K g, successively, we can make Z?:l C ak__cla
This gives the desired AP (s) < C Om C provided that (70) holds.
Finally, we only need to check that the minimum of

2m + 1) C(20Qd—k+1) 2%k
= max( 20 2 1
Plm) max( m ’k=n21?§,mmm( 2d—k—1 k—1)) 2=m=d

is po(d) as can be done by routine computation. O

Remark 2.15. The minimum of P is achieved when m is near 2d /3. So, it doesn’t seem that the argument
makes use of the full strength of the multilinear restriction estimates.
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3. Square function estimates

In this section we prove Theorem 1.2. We firstly obtain multi(sub)linear square-function estimates which
are vector-valued extensions of multilinear restriction estimates. Then, we modify the argument in
Section 2F to obtain the sharp square-function estimate from these multilinear estimates. Although the
basic strategy here is similar to the one in the previous section, due to the additional integration in t we
need to handle a family of surfaces. This argument in this section is very much in parallel with that of
the previous section.

3A. One-parameter family of elliptic functions. As before, for 0 < g, K % and an integer N > 100d,
we denote by & (g, N) the class of smooth functions defined on / d=1 5 I which satisfy

¥ = Vo —tllen (ga-1x1) < 0. (71)
This clearly implies that, for all (x,7) € [ d=1y | ,
0¥ (x,t) €1 —eo, 1+ &) (72)
For ¢ € (g0, N) and zg = (¢, 1) € %Id, define
V2, (1) =8_2( (Co+8H $ito + 8tw2(t 0)) —W(Zo)—SVﬂ/’(ZO)le/f)f),

where 7—[;/’0 =(VHW(-, 10))(£0)) ™. Then we have the following.

Lemma 3.1. Let zg € %Id and € B(eo, N). There is a k = k(go, N) > 0, independent of ¥, (. to,
such that 7 is contained in &(eo, N) if 0 <& < k.
Proof. 1t is sufficient to show that |80‘3ﬂ (Y7, 1) —¥o({) —1)| < Ce, with C independent of ¢ €
B (g0, N), if || + B < N and (¢, 1) € I

Let0<e < 1 If (2. 1) € 19 and || +28 > 2, trivially |8°‘8‘8(w20(§ t)—Vo(C,t)—1)| < Ce because
zo9 = (Co,t0) € 5 Id Thus, it is sufficient to consider the cases § =1, |¢| =0and 8 =0, 0 < |¢| < 2.
The first case is easy to handle. Indeed, from Taylor’s theorem and (72)
&2

t
tWOJ_&Wma_O@'

To handle the second case, we consider Taylor’s expansion of i in ¢ with integral remainder:

V(1) =¥ (L to) +0: ¥ (8, 10) (1 —10) + R1(E, 1),

&W%@O—%—QZQM@W_(M(%+ﬁ%§m+

where

1
RiG0 = =107 [ (1=9BU(E (= 0)s +10) ds.
0
The change of variables t — to + &2(0; ¥ (z0)) " 't, ¢ — Lo + 87—[?04’ gives

2
w(éo+eﬂ‘”§to+ ! )

d: ¥ (20)

v
=¢£ 1/f( tO)§O(§)+1/f(Zo)+8V§1ﬂ(ZO)H é‘+8 8t¢(§0+87—l20é‘,1‘0)

Gy T RED.
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where ¥ (-, 1,‘0)20 is defined by (8) and R(¢.1)=Ri(& +87—lgfoﬁ, to+&2(d; ¥ (z0))~'t). Hence, it follows
that "
&W@o+8%z§my—&W@w
e _ P . € — Y 0

Since ¥ (-.10) —fo € &(go, N) and (Y (-.10) —to)7, = W( 1 10)g,» we have [9F (¥ (- 10)g — Vo) = Ce
on I for || =0, 1,2 (similarly to the proof of Lemma 2.1). By (72) and the mean Value theorem
we also have (9, (z¢)) ™! ag(atw(go + 87‘lz0§, 10) — 0: ¥ (zo))t = O(e) in CN (197 1) for |o| =0, 1, 2.
Note that

t+e2R(¢, ).

e 2R(E,1) = )07 (o + eHY L. &2 (0¥ (20)) ™ ts + 1) dis.

(1—
(3z1ﬁ( 0))2 /

Thus, again by (72) it is easy to see that 8“ (672R) = 0(¢211?]) for any «. Therefore, combining the all
together we have |3“(w20( 1) — Yo —t)| <Ceon 197! for |a| =0,1,2. O

3B. Square function with localized frequency. Abusing the conventional notation we denote by m(D) f
the multiplier operator given by m &) =m(§) f (¢), and we also write D = (D', D) where D’,
D, correspond to the frequency variables ¢, t, respectively.

In order to show (4), by the Littlewood—Paley decomposition, scaling, and further finite decompositions,

1+3 2 1
H( 1—¢2 )

for some small ¢ > 0. And by decomposmg f which may now be assumed to be supported in .S d-14

it is sufficient to show

—R“f(X) =Cllfllp

p

O(£?), and rotation we may assume f is supported in B(—e , ce?) with some ¢ > 0. Hence, by discarding
the harmless smooth multiplier, the matter reduces to showing

[1(Da + V2 =ID")5 flza—ezazer ), < CIf llp-

By changing variables in the frequency domain, Dy — D441, (D', Dg) — (¢D’,e>Dy) and t — g2t +1,
this is equivalent to

[1(Da —=¥5r (D", NS 2e(D) fll2¢1y |, = CILf N (73)

where ¥y, (8,1) = e 2(1 — /1 + 2€2t 4 412 — £2|¢|2) and y, is a smooth function supported in a small
neighborhood of the origin. Clearly, v/, satisfies (71) with &, = C¢&? for some C > 0. Consequently, we
are led to consider general ¥ € &(go, N) rather than the specific ¥,

Let us define the class £(N) of smooth functions by setting

EN)={neC®Ux D) nlcvygaxn <1 3 <n=<1}.
Let € B(go, N) and € E(N). For 0 <8 and f with f supported in %Id, we define S5 = S5 (¥, n) by
U(D,t)(Dd—w(D/,t)))f

(74)

S3./(6) = H¢( .

L2(1)
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Compared to v, the role of 7 is less significant but this enables us to handle more general square functions
(in particular, see Remark 3.3). By dyadic decomposition away from the singularity, the matter of showing
(73) is reduced to obtaining the sharp bound

1S5/ 1lp < C85~ "2 fllp. e>0, (75)

when f is supported in a small neighborhood of the origin. This is currently verified for p > 2(d +2)/d
[Lee et al. 2012] by making use of the bilinear restriction estimate for the elliptic surfaces. The following
is our main result concerning the estimate (75).

Proposition 3.2. Let ps = ps(d) be given by (5) and supp f C %Id. If p > min(ps(d),2(d +2)/d) and
&0 is sufficiently small, for € > 0 there is an N = N (&) such that (75) holds uniformly for € &(go, N),
ne&(N).

Proof of Theorem 1.2. By choosing a small € > 0 in the above, we can make /3, be in &(g,, N) for
any g9 and N. Hence, Proposition 3.2 gives (75) for any ¢ > 0 if p > min(ps(d),2(d + 2)/d). Hence,
dyadic decomposition of the multiplier operator in (73) and using (75) followed by summation along
dyadic pieces gives (73) for « > d /2 —d/ p. This proves Theorem 1.2. O

Remark 3.3. As has been shown before, for the proof of Theorem 1.2 it suffices to consider an operator
which is defined without 7, but by allowing 7 in (74) we can handle the square-function estimates for the
operator f — ¢((1—|D|/t)/8) f, which is closely related to smoothing estimates for the solutions to
the Schrodinger and wave equations; for example, see [Lee et al. 2012]. In fact, Proposition 3.2 implies,

for e > 0,
(p(=2) o

if p > ps(d). Indeed, by finite decompositions, rotation and scaling, as before, it is sufficient to consider

<857575C| £ 1l (76)
p

the time average over the interval I, = (1 — &2, 1 4 ¢2) and we may assume that f is supported in
B(—eg, ce?). Writing

L= 81/t =172+ EDT @ = V2 = L) (@ + Vi = [¢?)

for £ € B(—ey, ce?), the same change of variables D; — Dy + 1, (D', Dg) — (¢D’,e>Dy) and
t — &2t + 1 transforms ¢ ((1 —|£|/t)/8) to

¢(77(§, (T — lPbr))
£728/2

with a smooth 7 which satisfies n € (1 —ce/2, 1+ ce/2). Hence, we now apply Proposition 3.2 with
sufficiently small ¢ to get (76).

As before, in order to control the L? norm of S5 we define B(§) = B,(§) by

B(8) = sup{lISs (¥, n) fllL» : ¥ € (60, N), n€ EWN), || fllp <1, supp f C 317}
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As before, using Lemma 2.9 it is easy to see that B(§) < C if § > 1, and B(§) < C5~¢ for some ¢ > 0
otherwise (for example, see the paragraph below Proposition 3.6). We also define for 8 > 0 and § € (0, 1),
BEG) =BE@) = sup 5T 5P B,(s).

§<s<1
Thus, Theorem 1.2 follows if we show B2 (6) < C for any B > 0. As observed in the previous section,

the bound for Ss /" improves if the Fourier transform of f is contained in a set of smaller diameter. The
following plays a crucial role in the induction argument (see Section 3F).

Proposition 3.4. Let 0 <8 < 1, ¥ € €(g0, N), and n € E(N). Suppose that f is supported in q(a, €),
108 <g< %, and a € %Id. Then, if € > 0 is small enough, there is a k = k (&0, N) such that

1.1 _
IS5 (. m) fllp < Ce? "2 Byp(e728)I1 f Il (77)
holds with C independent of , and e, whenever ¢ < k.

Proof. By breaking the support of f into a finite number of dyadic cubes, we may assume that f is
supported in q(a, ve) for a small constant v > 0 satisfying v2d? € [27>,27%). This only increases the
bound by a constant multiple. Since f is supported in q(a, ve) and a = (d,ag) € %I 4 from (72) and the
fact that % <n<1,itis clear that (,b(n(D, t)(Dg—vy (D', t))/8)f = 0 for ¢ contained in an interval [c, B]
of length < ve because qﬁ(n(é, (T —yv(, t))/8) is supported in an O(§)-neighborhood of T = ¥ (¢, ).

Leta =ty <t; <---<t;=pf,1<0("), be such that 75| — tx < v?e% Since § < 1072¢2, by
(71) and (72) it follows that if 7 € [tg, tx41], then ¢(n(§, 1) (t — ¥ (¢, 1))/8) f (€) is supported in the
parallelepiped

Pe={ 0 _max |6 —aj <ve. [r— (@i t) = Ve @) G —a)] <2477},

geeey

This follows from Taylor’s theorem since ¥ € B(go, N). By (72) it is easy to see that {Py }§<=1 are
overlapping boundedly. In fact, ¢ (n(§,)(z — ¥ (£, 1))/8) £ (§), t € [tk, tx+1], is supported in

Pr=1{6eqa.ce):|t—y( u)| <Ce*}, k=0,....1—1,

with C > 3d?v?? and the {73k} are boundedly overlapping because of (72), and by Taylor’s expansion
it is easy to see that Py C Py because the second remainder is uniformly O(g2) for ¥ € &(go, N).

Let ¢ be a smooth function supported in 27 4 and ¢ =1 on I4. Let Lp, be the affine map which
bijectively maps Py to 1<, and set ¢p, = @(Lp, ) so that ¢p, vanishes outside of 2P, and equals 1
on Py. Here 2P; denotes the parallelepiped which is given by dilating Py twice from the center of Py.
Then we have

s =3 [ ¢(”(D 1 Dd VD ”)))wpkw)f(x) d.
k k
Since p > 2, by Holder’s inequality it follows that
L D.1)(Dg -y (D', ?N\»
Saf(X)SCEP_Z(Z ¢(”( IPa =V t”)sopk(mf(x) ) |
X L (Ix)
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Hence it is sufficient to show that

‘ ¢(U(D, 1)(Dg—y(D'.1))

8

1
because (Zk lor, (D)f||g) ? < C| f|p for 2 < p < oco. This follows by interpolation between the
estimates for p = 2 and p = oo. The first is an easy consequence of Plancherel’s theorem because the

< CeBy(e?8)ll9p (D) flp (78)
p

)wpkw)f

L2(Ix)

{2P;} are boundedly overlapping and the latter is clear since F ! (Ppp,) € L' uniformly.
Now we make the change of variables

t =@y @ )+, &> LE) = (L), La(©)),
where
L) =My, +d. Lg@) =e*t+yd.n)+eVey (@ . i)Hy,, |
and

e2xq = x4, 8’H2/;,’,k)(xl + x4 Ve (a. 1)) — x'.

Then, (78) follows if we show
H H ) (n(L(D),r>(Dd - ;,tkwcz))) ;

e72§

< CBy(e )|/ lp
p

L7(0,2v2)

when the support f is contained in L™!(2Py). Clearly, n(L(£),t) € E(N) and L~1(2P) is contained
in the set {(¢,7) 1 |¢] < 4v, |t| < 8d%V?} C %Id. From Lemma 3.1 there exists « > 0 such that wg,tk €
B(e0, N) if 0 < & < k. Hence, using the definition of B,(§) we get the desired inequality for & <. O

3C. Multi(sub)linear square-function estimates. Let € B (., N) and set
I'=T'y):={¢vE0): ¢ e 51}, (79)
As before we denote by I'’ (§) the §-neighborhood I'! + O(§). Clearly, from (72) it follows that, for § > 0,
r'eNrs@) =0 if|t—s|>CS§ (80)
for some C > 0. We also denote by N’ the (upward) normal map from the surface I'? to sé-1,

Definition 3.5 (normal vector field n = n(v)). The map (¢, t) — (¢, ¥ (¢, t)) is clearly one-to-one and
we may assume that the image of this map contains / d by extending v (£, ¢) to a larger set / a1y 1,
while (71) is satisfied. Hence, for each £ = (¢, 7) € I'¢ there is a unique 7 such that & = (¢, (¢, 1)). Then
we define n(£) to be the normal vector to I'? at &, which forms a vector field on <.

A natural attempt for the multilinear generalization of Sg is to consider ]_[f-;l Ss fi under a transversality
condition between supp f;. But, the induction-on-scale argument does not work well with this naive gener-
alization and it doesn’t seem easy to obtain the sharp multilinear square-function estimates directly. We get
around this difficulty by considering a vector-valued extension in which we discard the exact structure of the
operator Sg. As is clearly seen in its proof, the estimate in Proposition 3.6 is not limited to the surfaces given
by ¥ € &(go, N) but it holds for a more general class of surfaces as long as the transversality is satisfied.
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Proposition 3.6. Let 2 < k < d be an integer and 0 < 0 < 1, and let T'? be given by ¥ € B (o, N), and
the functions G;, 1 <i <k, be defined on R¢ x I. Suppose that, for eacht € I, G1(-,1t),...,Gr(-,1)
satisfy that, for0 <§ < o,

suppGi (-, 1) C T (), rel, (81)
and suppose that

Vol(n(§1),n(82),....n(5)) X o, (82)

whenever &; € supp Gi (+,1)+ O(d) for somet € 1. Then, if p > 2k/(k —1) and g, > 0 is small enough,
for e > 0 thereis an N = N(¢) such that

k
[T1Gi 20y

i=1

holds with C, Cg independent of .

k

_ _ 1
<Co %5 [[(211Gil.2 ) (83)
Lr/k(B(x,671)) i=1 ®

Without being concerned about the optimal « for a while, we first observe that, for p > 2, there is an
o such that

H ||Gi ”L%(I) HLp(Rd) = CS_O‘HG,- ||L§_’[ (34)

holds uniformly if ¥ € &(eo, N) and N is large enough (N > 100d). (It is enough to keep IVl ray
uniformly bounded.) To see this, let ¢ be a smooth function supported in 2/ with ¢ = 1 on I, and we set
K§ = F Y o((r —¥/(£.1))/C8) 5(§)). Then, by Lemma 2.9 |K}(x)| < C8Rp(x) for a large M with
C depending only on ||y ||cn (ya). Since supp F(G;(-,1)) C T*(8), we have G;(-.,1) = K§ * G;(-,1).
So, |Gi(x,t)| < C88Rp *|Gi(-,t)|, t € I, and by Minkowski’s inequality we get

1Gi (oDl 27y < €88t # (G (-.0) | 217 (0)- (85)

Young’s convolution inequality gives (84), namely with « = d — 1, if taking sufficiently large M.
Proof of Proposition 3.6. Since

T—W(f’t)

FG ) =0

)z@f(Gi(-,z)),

by Schwarz’s inequality and Plancherel’s theorem, |G;(x, )| < §2 IGi(-,t)|l2. So, this gives (83) for
p = oo. Thus, by interpolation it is sufficient to show (83) with p =2k /(k —1).

Let us set R = §~! and we may set x = 0. Following the same argument as in the proof of
Proposition 2.11 we start with the assumption that, for 0 < § < o,

k
[T1Gi 20y

i=1

k
_k
SRRZ[]IGi,, (86)
L2/(=D(B(0,R)) i=1 -

holds uniformly for ¢ € Q_ﬁ(so, N) whenever (81) and (82) are satisfied. By (84) and Holder’s inequality,
this is true for a large o > 0. Hence, it is sufficient to show (86) implies that for € > 0 there is an N = N(¢)
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such that, for some « > 0,

k
[T1GiL2¢ry

i=1

k
< Co REFCRTITT G2 (87)
L2/%=D(B(0,R)) i=1 o

holds uniformly for ¥ € &(go, N). Then, iterating this implication from (86) to (87) gives the desired
inequality; see the paragraph below (20).

Since pB( VR is supported in a ball of radius ~ R™ 2, the Fourier transform of PB(z. J/R) Gi(-,1)
is contained in I'? + O(R_f) for each ¢ and (82) holds with § = R™ > since § <« 0. Hence, by the
assumption (86), it follows that

k k
a k
o GillL2(s <CR2R 4| [lp Gillp2 - (88)
11:[1 B(z,+/R) () L2/ k=D (B(z. V) 1:1_[1 B(z,+/R) Xt
We now decompose G; (-,t) into {G; 4(-, )}, which is defined by
F(Gig(-.1) = xgF(Gi(-,1)). (89)

Here {¢q} are the dyadic cubes of side length /, R~z <] < 2R_%, which we already used in the proof of
Proposition 2.11. We write

Gi(x.1) =Y Gig(x.0).
q

In what follows we assume G; 4 # 0. By (81) it follows that, for each ¢, the cubes {¢} appearing in the
sum are contained in I'! (R_%) because G; 4(-,t) =0, otherwise. We also note from (72) that there is an
interval I; 4 of length C R™2 such that Gigq(-,1)=0ift €1; 4. Hence we may multiply the characteristic
function of yj, 4 SO that

Gi,q = Gi,q('?t)XI,'.q(t)' (90)

Since the Fourier supports of {p B(z ﬁ)Gi,q( -, 1)} are boundedly overlapping, by Plancherel’s theorem
it follows that

l_[ ”pB(z f)Gz “L2 <C 1_[ 91

i=1 i=1

1
(ZU)B(Z VR Gidl )

2
LX,),‘

Combining this with (88) we have

k
<CRSR % I1
i=1

[Tlese.vrGill2a

_ 2
iy L2/ (k—1) L

x.t

1
2
(Z |PB(z,ﬁ)G""’|2)
q

Since p B(z.V/R) is rapidly decaying outside of B(z, +/R), we have for any large M > 0

k
[T1ese.vrGillezay

i=1

L2/Gk—1)

k
< RS H

i=1

-M
+R 1_[ ||Gl ”LZl. (92)

X, i=1

1
2
XB(z,R1/2+¢) (Z Gig |2)
q
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We now partition the interval /; 4 further into intervals Il =[t1.t;41), L =1,..., Lo, of length ~ R,
Then the Fourier support of G; 4(-,1), t € I =1, tl+1] s contained in an O(R™') neighborhood

of ', Let (¢g, 74) be the center of ¢ and we deﬁne a set rllq by

=€ DL =gl <C82. |t =Yg 1)~ Ve (Gq. 1) - (§ —Gg)| < C8) (93)

with a constant C > 0 large enough. It follows that the Fourier transform of G; 4(-,1), t € Ii, !
supported in r . This is easy to see from the second-order Taylor approximation because ¥ € (’5(80, N ).
Also deﬁne m by

I_ é° Cg T=V (g, t)) = Ve (Gq.t1)-(C—8g) o4)
RSV Cs
with a suitable C > 0 such that mf’ 7 is comparable to 1 on r . Now, we set
F(Gig(-.1) = (mf,,,)‘lﬂGi,q(-,z))x,;q(n. 95)

Denoting by nll. g the normal vector n({g, ¥ ($4.17)), we also set with a large C > 0
_ . l l I -1
= {x Hxeni | =C |x —(x-n; g)n; 4| < CR 2}.

Let us set Kilq = F_l(mll.q) so that G; 4(-.,1) = Gl.lq(-,t) * K;q ift € Il.lq. Since p is supported
in (0, 1),

i _d+1
|Kigl SR 2 XRT!,

By (90) it follows that
. 2 _ . 2 _ . 2
D NGialzoqy =2 1Gialza, = 2 1Giall iz
q q q.!
Thus, by (95) we have
Ty — I (.
> 1Gigl7ay =D G ()% K] alZaqr )
q q.!
SYNGE Dl KL ]
q.! i

_d+1
S NGOl ogr % (RT2 ppgs ). (96)
i.q L,

We denote by T; l the tube R'*¢T ll 7 which is an R!*¢-times dilation of T ! from its center. So,

from (96) we have, for X,y € B(z, R2+9),

AT
Z ||Gi,q(yv')||L2(1) < RCSZ ||G q( t)”Lz(]l (| |)( X)-
q
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Once we have this equality we can repeat the argument from (23) to (26) which is in the proof of
Proposition 2.11 and also using (92), we have

k
[T1Gi Iz

i=1

L2/(k=1(B(0,R))

< Rce+%+7d1k + &,

L2/(k=1(B(0,2R))

XF 3
(ZHG DN (| |))

where £ = R™M ]_[5;1 1Gill;2 ) for any large M > 0. Hence, for (87) it suffices to show that

H(ch T (fT|))

i=1

i=1

k
d+k
SoT*RERE TGl -
L2/(=D(B(0,2R)) =1 !

Since by (95) |G} olza )Hz ~|1Giq ||L2(Iz
supports of F(G; q( 1)), and by Plancherel’s theorem

ZH ||Gil,q||L%(11{q) H; ~ Z ”Gi’quitz(z) =G 2y H;
q

,» making use of the disjointness of Il.l 7 and the

Hence, the above inequality follows from

Hzf’l“ ( Tq|)

i=1gq,l

<Co *R*“R™ % H Y oIl

i=1gq,

L1/(k=1D(B(0,2R))

LetZ; ={(q.!): Gl-l 7 # 0}, I; CZ; and 77‘1 be a finite subset of R%. By scaling and pigeonholing,
losing (log R)€ in its bound, this reduces to

1Y Y .

i=1(g.)eT; ceT},

<Co™®RRT" ]_[ Yo T+l 97

= 1
i=1(g.)eT; ceT/,

Ll/(k—l)(B(O,Z))

Here we note that if G; 4 # 0, then ¢ € supp F(G;(-,t)) + O(+/$) for some 7. So, by (82) we have
Vol(ny,...,n;) = o whenever n; € {nll. ¢ Gl.lq #£0}, i =1,..., k. Therefore, the estimate follows from
the multilinear Kakeya estimate which is stated below in Theorem 3.7. O

Theorem 3.7 [Bennett et al. 2006; Guth 2010; Carbery and Valdimarsson 2013]. Let2 <k <d, 1 < R
and%;, i =1,2,...,k, be collections of tubes of width R™? (possibly with infinite length), with major
axes parallel to the vectors in ®; C S~1. Suppose Vol(61, 05, ..., 0k) > o holds whenever 6; € ©;,
i =1,...,k. Then there is a constant C such that, for any subset T; C%;, i =1,...,k,

k k
. CRF 67! ( T~).
H(Z XT') Ll/(k—l)(B(o,l))E e l:l_ll T;| l|

i=1 "T; €T;

This is a rescaled version of the estimate due to Guth [2010] (the case d = k) and Carbery and
Valdimarsson [2013]; also see [Bennett et al. 2006]. However, we don’t need the endpoint estimate for
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our purpose and the estimate in [Bennett et al. 2006] is actually enough because we allow a §~¢ loss in
our estimate.

Corollary 3.8. Let v € &(go,N), n € E(N), and 0 < § < 0. Suppose that (82) holds whenever
& esupp fi +0(5), i =1,2,...,k. Then, if p>2k/(k—1) and &, is small enough, for & > 0, there
is an N = N(g) such that the following estimate holds with C, Cg, independent of  and n:

k
<Co s TTGIfill2)-

LP/k(B(x,871) i=1

k
[1Ssw.nf

i=1

To show this we need only to replace G; with ¢ (r)(D, t)(Dg—y (D', t))/8) fi and apply Proposition 3.6.
The assumptions in Proposition 3.6 are satisfied with Gy, ..., Gi. Thus, the estimate is straightforward
because Hd)(n(D, 1)(Dg—y(D',1))/$) fi HL)% ) < 82 | /1|2, which follows by Plancherel’s theorem and
taking 7-integration first.

The following result is a consequence of Corollary 3.8 and localization argument in the proof of
Proposition 2.10.

Proposition 3.9. Let 0 <§ < 0 <& < 1 and Y € &(eo, N), n € E(N) and let Q1,..., Q C 319 be
dyadic cubes of side length 6. Suppose that (82) is satisfied whenever & € Q;, i = 1,...,k, and suppose
that supp f,' CQi,i=1,...,k. Then,if p>2k/(k—1)and e, is small enough, for e > 0 there is an
N = N(¢) such that

1_[ Ss (¥, U)ﬁ
i=1
holds with C, Cg, independent of ¥ and n.

<Co G570 1‘[(8“* vam! (98)

i=1

Proof. The proof is similar to that of Proposition 2.10. So, we shall be brief. Let ¢, Q;, 7i, {8}, and {B}
be the same as in the proof of Proposition 2.10. We set
Y)Y,
xi(§)).

—1 T](é, t)(‘f -
=
Then S5 (v, n) fi = || K] * f; ||L2(I)' The (p/ k)-th power of the left-hand side of (98) is bounded by

)
Z/]‘[an*ﬁan(,) x<ItIL

i=1

where
I—Z[]_[IIK’*(XBJ‘:)IILZ(,) v, =¥ ( ) /1‘[||K‘*gl||L2(,) )
i=1 gi=xge fi i=1
for some i

As before, the second sum is taken over all choices with g; = xg.fi or xzc fi, and g; = yge fi for some i.
By choosing ¢ > 0 small enough, we see that y1(D)(x5./1), -- .. Xk (D)(x5.fk) satisfy the assumption
of Corollary 3.8. Since K! * (x5/i)) = d)(n(D, t)y(Dg — w(D/,t))/S))Zi (D)(xgfi), by Corollary 3.8
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and Holder’s inequality

1o (1Y’ 21‘[8 Blaghllf <omc ()’ (Ha—nﬁnp)

i=1
To handle 11 we note from Lemma 2.9 that |K? (x)| < C8Rp (x) with C depending only on ||y lewn ra-1y,
[nllcw (ray- Thus,
1KY % (rge f))llp2 < C88* M= VRg 1y x| fil(x)

if x € B, and || K; % fl-(x)||L%(I) < C38Rg+1 *|fi|(x). The rest of proof is the same as before. We omit
the details. O

3D. Multilinear square-function estimate with confined direction sets. From the point of view of
Proposition 2.11 we may expect a better estimate thanks to the smallness of supports of the Fourier
transforms of the input functions when they are confined in a small neighborhood of a k-dimensional
submanifold. The following is a vector-valued generalization of Proposition 2.11.

Proposition 3.10. Letk,2 <k <d, be an integer, 0 <o <K 1 be fixed, and I1 C RY be a k-plane containing
the origin. Let Y € &(co, N) and T'? be defined by (19). For 0 < § < o, suppose that the functions
G1,...,Gy defined on R% x I satisfy (81) for t € I and (82) whenever &; € supp F(G;(-.,1)) + O(5),

i=1,2,....k, for somet € 1. Additionally we assume that, forallt € I,
n(supp G1(-.1).....n(supp G (-.1)) € SY™1 N (TT+ O(5)). (99)
Then, if 2 < p <2k /(k — 1) and ¢ is sufficiently small, for ¢ > 0 there is an N = N(¢) such that
1 1 k
iz < g Cegdk(3=5)—¢ [T1Gil.- (100)
i1 ek Bees—1) i=1 !

holds uniformly for Y € &(go, N).
The following is an easy consequence of (100).

Corollary 3.11. Let {q}, q C %I 4. be the collection of dyadic cubes of side length |, § <1 < 26.
Define G q by F(Giq(-,1)) = xqF(Gi(-.1)) and set R = % Suppose that the same assumptions as in
Proposition 3.10 are satisfied. Then, if 2 < p <2k /(k — 1) and &, is small enough, for ¢ > 0 there is an
N = N(g) such that

k
[T1Gi 2,

i=1

holds uniformly for ¥ € &(go, N).

k

<o €5~ ]

LP/%(B(x,R) Pl

(101)

1
2
2
(2 :uGi,qule(,)) P8R
q p

Proof. Observe that

Nz =

(o521

i=

) .
i=1 LP/k(B(x,R)) Li() || g p/k
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Then, the functions p((- —x)/R)G;, i = ., k, satisfy the assumption in Proposition 3.10 because
supp F(o((- —x)/R)Gi(-,1)) = supp G( t) + O(R™1). So, from Proposition 3.10 we get

k
l_[ ||Gi||L$(1) Hp(%)Gi‘B

i=1
Since G; = Zq G, q and the supports of {]—"(,o((- —Xx)/R)Gi (-, t))}q are boundedly overlapping, by

Plancherel’s theorem it follows that
24
=X
(7))
(Zle()ena],

()5
(o),

Combining this with the above inequality, we get
Now Holder’s inequality gives the desired estimate (101). O

Lr/k(B(x,R))

k
<G [ RGD)
i=1

L2

2 ~ :
LxliLza) L2(D)

<o Cege ]_[ rR4G3)
Ll)/k(B(x’R)) i=1

k
[T1Gi 2

i=1

As an application of Corollary 3.11 we obtain the following.

Corollary 3.12. Let y € (¢, N), € E(N), 0 <8 K& K 0, and S5 = S5, n) be defined by (74).
Let T1 be a k-plane which contains the origin. Suppose (82) holds whenever & € supp f; + O(a),
i=1,2,...,k,and

n(supp fi) CTL+ O@G), i=1,2,... k. (102)
Let {q}, q € %Id, be the collection of dyadic cubes of side length |, 6 < | < 26. Define f; 4 by

F(fi,)) = xqF(fi). Then, if 2k/(k —1) < p < 2 and s, is sufficiently small, for ¢ > 0 there is an
N = N(g) such that

<oeo ]

LP/K(B(x,1/5)) Pl

(Z | S5 fial ) PBG1/)|

i=1
holds uniformly for  and 1.

This follows from Corollary 3.11. Indeed, it suffices to check that

Gi =p(E(- —x)p((Dg —y(D'.1))/0) fi

satisfies the assumption of Corollary 3.11 with § = & as long as 0 <« &. This is clear because

Gt =74 (¢ () (550 ).

Proof of Proposition 3.10. The argument here is similar to the proof of Proposition 3.6. The estimate for

p = 2 follows from Holder’s inequality and Plancherel’s theorem. So, by interpolation it is sufficient to
show (100) for p =2k /(k —1).
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Letusset R = % > 1 and we may set x = 0. As usual we start with the assumption that, for 0 < § < o,

k
[T1Gi 2

i=1

holds uniformly for ¥ € (g0, N) whenever G1, ..., Gy satisfy (81), (82) and (99). By (84) and Holder’s
inequality, (103) is true for some large «. As before it is sufficient to show that (103) implies for any
£ > 0 there is an N = N(¢g) such that

k
< CROR™E []1Gi 2 (103)
L?/k(B(0,R)) io1 !

< Co*REFeER™S ]‘[ 1Gillz2,

|Gi ”L%(I)
L7/k(B(0,R)) i=1

i=1
holds uniformly for ¥ € &(go, N). Then iteration of this implication gives the desired estimate (100).
Fix z € R? and consider pB(z,ﬁ)Gl(' , t),l. .. ’pB(z,ﬁ)Gk(' ,1). Then it is clear from (81) and (99)
that supp F(pp(, /&) Gi(-.1) C I'' + O(R™2) and
1
n(supp F(pp(, yg)0i(-.1))) C I+ O(R™2).
Also, since § < o, (82) holds if &; € supp ]-"(pB(Z VR) G;(-,1)). Hence, by the assumption (103) we get

k
a _d
SRERTE [T lepe,yrGilliz,- (104)
i=1

1‘[ lop. v Gill 2y

i=1

L2/(k—1)

Now we proceed in the same way as in the proof of Proposition 3.6, and we keep using the same
notations. As before, let {g} be the collection of dyadic cubes (hence essentially disjoint) of side
length ~ R™2 such that /¢ = (U ¢. We decompose the function G; (-, ) into G; 4( -, t), which is defined
by (89), and get (91), which is clear. Then, combining (91) and (104), we have

k 1
o d >
Gill,» <CR2R % G 2)
l=1 9\/?) 1 ”L[(I) L2/(k—l) l=l_[l (; |pB(Z,\/§) l’ql Lit
Then this gives
d k 1
Gi <R%Z7% . G 2 ‘. 105
’ﬁ) l”L%(I) L2/G—1) 1_[ XB(Z,RI/Z-‘r )(Z | l,q| ) . + ( )

i=1 i=1 q

x.t

where £ = R™M ]_[l_l |G ||L2 for any large M.

We also denote by (N?)~! (deﬁned from N (7471) to 79~ 1) the inverse of N? : 'Y — S9~1 which is
well defined because i € &(go, N). Since 3;¢ € (1 —&o, 1 +&5), there is an interval I; ,q of length CR™2
such that G; 4(-,t) =01if t € I; ¢4; see (90). As in the proof of Proposition 3.6 we partition /; 4 into
intervals /; l =[t;.ti11], L = 1,...,lo, of side length ~ R~ Since the Fourier transform of G; (-, )
is supported in% +0(@8)ifr e I l = [t;, t74+1] and the normal vectors are confined in IT 4+ O(9), it
follows that

supp F(Gi g (-,1) C T (8) N (N) 1 () + 0()), 1 €[, 1141]
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Fix 77, and let us set

&l = (Gt € (ND)THI) N TY) N (supp F(Gig (- 1) + O(8)).

(As before, we may assume that this set is nonempty, otherwise the associated function Gl? 7 is equal
to 0. See below.) Let vy,..., vy_1 be an orthonormal basis for the tangent space TE;, ((N')~I(IT)) at
; q, and uy,...,u _g be a set of orthonormal vectors such that {N’ (él.t,’q), Vi oo VU U g}
forms an orthonormal basis for R¥. Let us set
el ={E &) NIE D <C8. |E—§ ) vl <CVE i=1.... k-1,
and |(§ — Elq) u,|<C8 i=1,. d—k},

Pl ={&:|&- NI )| <C. [E-v|<CVE i=1.....k—1 and [§-u;|<C. i =1,...,d—k}

with a sufficiently large C > 0. Then F(G; 4(-,t)), t € [t;,t;41] is supported in rl 7

The rest of proof is s1m11ar to that of Proposmon 3.6, so we shall be brief. Let m ig be a smooth
function naturally adapted to rl. 7 such that ml. "™ 1 on rlt ! 7 and F~ 1(mt’ ) is supported in RP; ’ . This
can be done by using p and composing it with an appropriate affine map; for example, see (94). As before
we define Gl{q(- ,1) by (95) and let K;fq = ]-'_l(m?,q) so that Gl.l,q(~ 1) = Gl.l’ (-, 1) % Kt’ ift e Il )

Hence,

I 1 1 -1
ZGi"I:ZGi,q("Z)*Kifq’ |Kiq| S IRP; | ArP)

Let us set P ’ = RH"SP” Hence, from the same lines of inequalities as in (96) and repeating an
argument s1m11ar to that in the proof of Proposmon 3.6 we have, for x € B(y, R2+8)

X pl
H(Z 1Gigl 2(1)()6)) 5RcsHZ”Gil,q("t)”iz(Ié)* (|P |)(J’)

i=1 i=1gq,i

Now, we use the lines of argument from (23) to (26), and combine this with (105) to get

k
1_[ ||Gi “L%(I)

i=1

L2/=D(B(0,R))

< Rest5 +E.

L2/(k=1(B(0,2R))

X”lz 1
H(Z ”G [)sz(lé)*( P ))
i=1 |P |

. ~ 2 . .
Since ), ; ” |Giq ||L2(11) H2 ~ 4 H |Giq ||L%(Iq) H2 ~ |G; ”Li,t’ the proof is completed if we show

H(Z Ja.* f;ft |) <CR“c™'R™* ﬁ(z ||fq,1||1).

i=1"gq, L2/%=D(B(0,2R)) i=1"gq,

Finally, to show the above inequality we may repeat the argument in the last part in the proof of
Proposition 2.11. In fact, we need only to show the associated Kakeya estimate; for example, see (28)
and (97). Using the coordinates (u, v) x IT x IT+ = R4 as before, it is sufficient to show that the longer
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sides of Pl.t ! g Are transverse to I1. More precisely, if &, is sufficiently small and N is large enough, there
exists a constant ¢ > 0, independent of ¥ € &(go, N), such that, for

w e (T (N™'(ID) @ span{N(E/,)}) ™ (106)

(29) holds. Since ¥ (¢, t) = %|§|2 +1 + R with [R| ¢~ (1axp) < €0, by the same perturbation argument
it is sufficient to consider ¥ (¢, 1) = %lf |2 4 ¢. For this case (29) clearly holds for w satisfying (106)
because translation by ¢ doesn’t have any effect. The same argument works without modification. [

3E. Multiscale decomposition for Sg f. In this section we obtain a multiscale decomposition for
the square function, which is to be combined with multilinear square-function estimates to prove
Proposition 3.2. This will be carried out in a way similar to how we obtained the decomposition
in Section 2, though we need to take care of the additional 7-average.

Let0<eo <1, | KN, ¢ € &(g0, N), n € E(N), and S be given by (74). Let N’, n be given by
Definition 3.5. Let ¥k = k(&,, N) be the number given in Proposition 3.4 so that (77) holds whenever
O<e<k, Ye 6_5(80, N), and n € E(N). As before, let 01,...,0m, and My, ..., M, be dyadic numbers

such that

. 1
K01 K- Ko <min(k, 1), M;= o (107)

1

We assume that f is Fourier supported in %I 4 We keep using the same notation as in Section 2E. In
particular, {q'}, {Q} are the collection of (closed) dyadic intervals of side length 20;, 2M;, respectively,
so that (37) and (40) holds.

3E1. Decomposition by normal vector sets. Let {#'} be a discrete subset of S¢~! whose elements are
separated by distance ~ o;. Let 0 be disjoint subsets of {q' } which satisfies, for some 67,

o' c {q’ : dist(n(q"),0") < Co;} (108)
and

o' =t} i=1....m. (109)
ol

Obviously, such a partitioning of {q’} is possible. Disjointness between ' will be useful later for
decomposing the square function. Then we also define an auxiliary operator by

1
2
S, f = (Z |szqz-|2) |
qi eai
As before, ', ka, 0; and Oj. , denote the elements in {0’} for the rest of this section.
Definition 3.13. We define n(d") to be a vector! 6 € {#?} such that dist(n(q’), #) < Co; whenever q' € d'.
Particularly, we may set n(d') = 6" if (108) holds.

TPossibly, there is more than one 6. In that case we simply choose one of them. Ambiguity of the definition does not cause
any problem in what follows.
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Since the map N is injective for each ¢, the elements of 9’ are contained in an O(o;) neighborhood
of the curve {£ : n(§) = 0’} with / = n(d"). From (72) we observe that for any interval J of length
0; there are as many as O(1) g’ €0’ such that ¢((Dg — ¥ (D'.1))/8) f,i # 0 if t € J. Hence, dividing
I intervals of length ~ o; and taking integration in ¢ we see that

Ss(z qu) < (Z |szqi|2)2 =6, f (110)

g €l g €vi

with the implicit constant independent of ’. Since Ss f < Zai Ss (Zqiea[ fq;), i=1,...,m, we also

have
1

szsZ(Z |szqf|2)2=260,:f (111)
ol

NER=Y,
3E2. o1-scale decomposition. Decomposition at this stage is similar to that of 75 in Section 2. So, we
shall be brief. Fix x € R? and let ol € {o'} such that
601 S(x) = max 601 S (x).
* ol

Considering the cases ) S, f(x) = 1004 601 f(x)and ) S, f(x)> 1004 601 f(x) separately,
we have i i

S/ S8, S 6, ) +ol ™ max (8, f(06, ()}
o! n@L)-n@")|z0:
SE /W40l max (8, /(06 [(x)2.

1 Dl ' 21
|”(Dl)_"(02)|201

. i —1 _ 2
Since #0' <oy " and Ga}fGaéf = (Zq%eb{,qéebé(sfsfq%S‘gfqé) )2,
1

szl (T issalr) vor€( X Gagsisf)

1 1451
qlevs 1 al,azl
n(@)—n(,)IZ0o1

D=

=

Taking the L? norm on both side of the inequality yields
1

1

1_1 7 2\ P

15715 5 o7 (U3l ) +or€( X Wsssysislf)”
ql

q} ,q% trans

Hence, using Proposition 3.4 and Lemma 2.6, we have

2 1
15 fllp < 07 Bp(@T29) f lp +07C max 1Sy fyySs fypl3- (112)

q1,9, trans

We proceed to decompose those terms appearing in the bilinear expression.
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3E3. oy-scale decomposition, k > 2. Fixing o, for [ € 0179, let A; and 7; be given by (32). The
following is a slight modification of Lemma 2.13.

. 1
Lemma 3.14. Let 0 be a subset of {q'}. Set &, f = (Zq[ea |Ss /o |2) 2, and set
1 1
Sof1= D, A;Sy@mf). &1= Y (A6, (wu+)f)-
leM;74 1,I'eM; 74
If x, xo € Q, the following inequality holds with the implicit constants independent of :
S, f(x) T[S, f1(x0) T[S, f1I(x). (113)

Proof. Note that g’ is a cube of side length 20;. Since x, xo € £/, using (35) and the Cauchy—Schwarz
inequality, we get

Dg—y(D', 2 D.1)(Dg—y (D', 2
oL | 5 X aife(ME PN
leM;74
Integrating in t we get
(S5 [ (X)* S Y A(Ss(z fi)(x0))*. (114)
leM;74

Summation in q’ € 0 gives

; 1 ;
(Zeie2) s X af(Tessasoon?) .
giev leM;74 gl €d
from which we get the first inequality of (113). By interchanging the roles of x and x¢ in (114) and
summation in g’ € 0, it follows that
D Ssfi) @) S D A Y (S5 (x4 f) (X)),
gl €d leM;74 giev
Putting this in the right-hand side of the above inequality and repeating the same argument, we get the
second inequality of (113). O

Now we have the bilinear decomposition (112) on which we build a higher degree of multilinear
decomposition.

3E4. From k-transversal to (k+1)-transversal, 2 <k <m. Let us be given cubes q’f_l, q’zc_l, e q],:_

of side length o} which satisfy (55). Though we use the same notation as in the multiplier-estimate
case, it should be noted that the normal vector field n is defined on 71971 x C1 (see Definition 3.5). As
before, we denote by {q{-‘} the collection of dyadic cubes of side length o} contained in qf-‘_l, see (56),

1

which are partitioned into the subsets of {Df.‘ } so that

U( U qf‘)=q§“% i=1.... .k

k k k
) 0 q; €0;
So, we can write
k

1_[58( > qu—l):ﬁ&?(z > qu—‘)

= e =L el
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and recall the definition 1
Gaka‘ 1= Z |S3Fq§<|2)i.

qf-" ED?
Fix 9QF and let x¢ be the center of QF. Let Dk € {Dk} be an angular partition such that

S« fir—1(xo) =max S  f x—1(xop).
0,7 i ok 0,7
Let us set i

AF = {of :[6, f—11(x0) > (o) max [& , fi—l(xo)}, 1<i<k. (115)
i i 1<j<k Jx

We split the sum to get

HSs(Zka)fﬁSs(Z S 2 Is(X ) oe

i=1 k gk ek i=1 KeRk gkeok % .. 05T, Ak =1 kX

Thus, if x € Qk, by (113) and (110) the second term in the right—hand side is bounded by

k
> Is(Z )es X H[@D/(fk (x0)

@, 00 g[Tio A 1=1 “qfedf OF,.. 00 gTi_, Ak =1

S (max S, fy-1]xo))*

5(1“1,-3"k[ ok, f1x0))" (maX”@akf”(x)) (117)

Here {0¥} = Ui<i<k {Dk } and the third inequality follows from the definition of 60/( f because ql C qf‘ 1

Since (117) holds for each QF, integrating over all Qk, using Lemma 3.14, Proposmon 3.4 and Lemma 2.6,
we get

Z HSS(Z fk)H <”max| akf|HpNSl,lpHmaX60k(‘Ehf)H

(la . k)¢l_[l lAk =1 keak 1

4
< sup(Z 1o <rhf>||;:)
1_1
SSEPU,E” 2)(2 ||Sarhfq;<||;;)

af
<07 By 291 f I (118)
The second-to-last inequality follows from the definition of G« f and Holder’s inequality since there are
as many as O(ak_l) gk c ok
We note that vectors n(D]f*), cee, n(Di*) are linearly independent because q]f_l, qg_l, e, qi_l are

N =

transversal. We also denote by Hﬁ = H’;(qll‘_l, cees qlg_l,ﬂk ) the k-plane spanned by the vectors
n(D’f*), e ,n(bi*) Let us set

N=NGE .. 95 = (F  dist(n(d5), TT¥) < Coy ).
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We split the sum and use the triangle inequality so that

Ms( X T a)=l1s(X T a)s X Ts(Xx) ow

i=1 W eAk gf edk i=1 ke Ak gf edk wkepr 1=l qk ek
Df.‘ en 0{‘ &"ﬁ for some i
For the k-tuples ok, ..., 0’,5) appearing in the second summation of the right-hand side, there is a Df? for

which n(bf.C ) is not contained in TTX + O (o). In particular, suppose that n(blf) ¢ TTX + O(oy). Then, by
(113) and (115) we have
k

l_[ SS( 2 fk)(x) s H[G e Jogillro) =0 ([60’1‘ fq’f”](x‘)))#l 1_[([60{-‘*fq{-‘—l](xo))kL+l

=1 af ek i=1 i=1

Recall that Vol(n(§1),n(&2),...,n(§;)) Z 01---0p—1 if & € qf.‘_l, i =1,...,k. From the definition
of 9 it follows that dist(n(q), H’,ﬁ) > oy if ¥ € 0% and n(d%) ¢ 9. Hence
Vol(r(£1), n(52), ..., n(5x), n(§x11)) 2 01+~ 0%

if§ e q and q € Dl*, i=1,...,k,and &4, € qll§+1 and qll§+1 € 011‘. So these cubes are transversal.

Since there are only O(o; € oy-scale cubes, by (113) and Holder’s inequality

i 55( ) fq;,c) ()

i=1 qkebk
1 1 k
k.
S0 (I8 £y I =T (I8 fyp—11(0) 75
i=1 e
k+1 k+1 AN
AR a4 X ([Tseampimpe) )
I lk+1,lk+1€MAZd i=1 ql, ,qk_Htrans i=1
Here Al ,Al/ are rapidly decaying sequences. The same is true for any ok, Dk satisfying Df‘ € /_\f?,

1<i<k, and Dk & M for some i and this holds regardless of QF. So, we have for any x,

> (X )

ek i=1 qf ek
Df—‘g?‘ﬁforsomei 1 k41 .
1 P
-C ~ ~
LD l_[AziAz;( > (H S5t +1) )(x)) ) . (120)
llalian'alk-‘rlal]/(_i,_] i=1 q]f,...,qf_i_ltrans i=1

Since A, I;» A 1y are rapidly decaying, taking the L% norm and a simple manipulation give

| = Is(z e,

ek =1 qf eof
Df &M for some i

k+1

l_[ Ss (Tt

i=1

§Gk_c sup max (121)

T]yeees Tk+1 ql, ,qllz_Htrans

t\
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We now combine the inequalities (116), (117), (119), (120) to get

ﬁSS(Z Z qu-‘)

i=1 ok gk ek
< (max 165 /116" + 1o 1‘[53( DS qu)
=1 KeAk Fedk
akem
k+1 k+1 &k
+03. ¢ > HAI,-AI;( > (l_[ S5 (Tq;+17) f )(X)) ) -
ll,li,'~-,lk+1,l;/(+1 i=1 qlf,...,qi_i_l trans =1
Here 9t depends on q]f_l, cees qi_l,ﬂk. By taking the ——th power, integrating on R? and using (118)
and (121) we get
2 k+1 -
H(]‘[ Ss( > qu)) <07 By 29 fllp +0; € sup max | [ Ss(ui £y
i=1 kC k 1 p TlseensTh+41 ql ..... A% +1 trans i=1 ;
k 1
p
H(Zs( X z ) am
ok i=1 DI»CG ! LD/k(Dk)
D(@F gk =105 gf qu‘ !
where [‘)_“(](qlf_l, cees qk ~1,0%) denotes a subset of ‘ﬁ(qk Lo qlz_l, QF) which depends on q’f_l, e,
—1 9k,
3ES5. Multiscale decomposition. Fork =2,...,m, let us set
k L 1
J— k p
TEf= sp omax (Z 1‘[58( ) > rl-fq,k) )
Tlyeenr Tk q/f—l,,..,qé—l trans ok li=1 P koo i Lp/k(Qk)
0; € q; €9;
D (aF g =105) o qu‘ !
Here [‘YK](qk_l, cee, qi_l QF) also depends on 71, ..., 7 but this doesn’t affect the overall bound.
Starting from (112) we successively apply (122) to k- scale transversal products (given by qk L qi 1
transversal). After decomposmon up to the m-th scale we get
1S5 1p < Zok 00 By )| Sl + Zo,:ﬂzmkf
k=2
m+1
+(7n_1c sup max l_[ SsTi fqm (123)
Tlseees Tm+1 q] 5. :qm+1 trans i=1 ‘ Lp/(m+1)

3F. Proof of Proposition 3.2. We may assume d > 9 since ps > 2(d +2)/d for d < 9 and the sharp
bound for p > 2(d + 2)/d is verified in [Lee et al. 2012]. So, we have ps(d) > 2(d —1)/(d —2). The
proof is similar to that of Proposition 2.3. Let 8 > 0 and we aim to show that B8 (s) < C for 0 <s <1 if
p > ps(d). We choose & > 0 such that (100d)~! 8 > ¢. Fix g0 > 0 and N = N(g) such that Corollaries 3.8,
3.11 and 3.12 hold uniformly for ¥ € &(go, N).
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Let s < § < 1. Obviously, (o, 28) 7 +ﬂB(O’ 28) < BP(s) + oy —C because 5 < (o —2§ and B(8) =
B, (8) < C for § Z 1. Hence, it follows that

2(———)+2ﬂ8_7+

B(ok 25) <o PP (BP(s) + 07 ©). (124)

We first consider the (m—+1)-product in (123). By Corollary 3.8 we have, for p > 2(m + 1)/m,

1
m—+1 T
sup max
Tlyeeos Tl ] seees q%+ltrans ;

_7 d_
< Cooy S5 T £ e (125)

SsTi for
=1

Lp/(m+1)

For MK, as before we have two types of estimates. The first one follows from Corollary 3.8, while the
second one is a consequence of the square-function estimates in Corollary 3.12. From the definition of 9K,
we note that q’f, qlzc, ey qllg are contained, respectively, in q1 , q’2‘ Lo qi_l, which are transversal.

Hence, we have

k k
s % > oafg)ws X [Issow.

=1 ok e[d(qh,. gk, 0K) gk ok a7 05 .. trans (=1
qf caf !
Here “q’f, qlzc, ce, qk trans” means Vol(n(&1),...,n(&;)) > 01 ---0;_1 provided §&; € qf.‘, i=1,...,k.

Since there are as many as O(0; ° 1) k-tuples (qk Lo qi_l) and the above holds regardless of QF, by
Corollary 3.12 we have, for p > 2k /(k — 1),

_ _ —Co_d=2,d_
M f Lo C sup Z HnSa(fz SO CETE T . (126)
Tlyeens Tk ql ,qz, ,qk wans i =1 p/

Estimates for MK via Corollary 3.11. By fixing 71, . .., %, and (qk L qi_l) satisfying q’f‘l, e qi_l
are transversal, we first handle the integral over Q¥ Wthh is in the definition of K. Fori =1,...,k, set
= X ()

e 1.0k~ 1ak) q, keok
a) qu‘ !
Since q]f_l, cee, qi_l are transversal, (82) holds with o = oy --- 0x_1 whenever &; € supp fi + O(oy),

i=1,2,...,k. Also note that n(blf), n(Dk) C Hk(qk 1..., qi_l,Qk). Hence, it follows that (102)
holds with 6 = oy. Let us set

QK gk Lok = (dF tn(d®) e Y@L L gL Q0

Let write Q% = q(z, 1/0%). Then, by Corollary 3.12 we have, for 2 < p < 2k/(k — 1),

(M) ||, socior T

i=1 LP(9k) i=1

1 2l

2
( Z |sziqu|2) PB(z, <)
Ko kZliLe
q; €9

k—1
aFeo(@1,..af 71,05
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The dyadic cubes of side length oy, in Q(qk L qllg_l, 0%) are contained in an O(oy,)-neighborhood

of n~1(ITX) which is a smooth k-dimensional surface. Thus,
#af Caj_yraf € Q@i L QM) < Co*

Now, by Holder’s inequality we get
_Cs —e—k(5-1
(M50 [, oo™ 11

i=1 Lp(Dk) i=1
Summation along 0k using the rapid decay of the Schwartz function p gives

1_1y K ks
H(Hng,) 50;_0180]:8—k(7 ”)l_[ (Z|Safz‘fq{f|p) H :
D

i=1 i=1
Hence, using Proposition 3.4, Lemma 2.6, and (124), for 2 < p <2k/(k — 1), we have

N =

p
k
(X issusylr) pos
i Lp

et

¢ —ekslpsbl
H(]‘[ ngl) <o Co B2 £,
i=1 2d—k—3__2d—k—1
<o s T TR T T (62 £ BRI £l

— _d—=2_,d__
Uk_CI(S 75 ’3( +0k3ﬂ(s))||f||p
with some « > 0 if p > 2(2d —k —1)/(2d — k — 3). Here we have used (100d)~! 8 > . We note that

the right—hand side of the above is independent of 1, ..., 7; and there are only O(Uk__cl) many k-tuples
(qll‘_l, ey qk 1) satisfying qk LI qi ! are transversal. Thus, recalling the definition of 9K £, we

have for 2 < p <2k/(k—1)
~r _d=2_.,d_
MEf <0756~ T 5P (0,C + 2B ) £,

with some o > 0 provided that p > 2(2d —k —1)/(2d —k — 3). Combining this and (126) we have, for
some o > 0,

M f < C5™ T+ (0,.C + o BE3)[ /- (127)
provided that p > min(2(2d —k —1)/(2d —k —3),2k/(k —1)).

Closing induction. Let us set

B _(2d—k—1) 2k \ 2(m+1)
P<m>—maX(1§a;mmln( 2d—k—3 ’k—l)’ m )

Since p > ps >2(d —1)/(d —2) and (100d)~!8 > &, we have
2 _
ol B(ok_28) < 0,?8_%"—%_5 (BP(s) + Gk_c)

for some o > 0. Using (123), we combine the estimates (124), (125), and (127) to get

m
— — _d—=2,d__ —C o—9=2_d __
1S5.flp < C D05 G + 0. Sof BE )8~ 2 0P| fllp+ Copy €5~ 2 57 1
k=1
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for some « > 0 as long as p > p(m). The rest of proof is similar to that in Section 2F, so we intet;d to be
— —2

brief. By using the stability of the estimates along ¥ € &(eo, N), n € E(N), multiplying by § T+ on

both sides and taking the supremum along ¥, n and f, and taking the supremum along §, s <& <1, we get

m m
BB(s) < C(Z U/:_CIU,‘:)Bﬂ(s) +C Z o ©
for some o > 0 provided that p > p(m). Choosing o1, ..., 0ym—1 such that C ( Z:ll Ok_—cl

B¢() <Co,, C for p > p(m). Therefore, to complete the proof we need only to check that the minimum

0]‘;‘) < % gives
of p(m), 2 <m <d —1,is ps. This can be done by a simple computation.
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Note in proof

The range of sharp L? bound for the Bochner—Riesz means in Theorem 1.1 was recently improved by
Guth, Hickman and Tliopoulou [Guth et al. 2017] for d > 4.
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