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GLOBAL DYNAMICS BELOW THE STANDING WAVES
FOR THE FOCUSING SEMILINEAR SCHRODINGER EQUATION
WITH A REPULSIVE DIRAC DELTA POTENTIAL

MASAHIRO IKEDA AND TAKAHISA INUI

We consider the focusing mass-supercritical semilinear Schrodinger equation with a repulsive Dirac delta
potential on the real line R:

i0:u+ 202u +ySou+ [ulP"'u =0, (t,x) eRxR,
u(0, x) =up(x) € H'(R),

where y <0, §p denotes the Dirac delta with the mass at the origin, and p > 5. By a result of Fukuizumi,
Ohta, and Ozawa (2008), it is known that the system above is locally well-posed in the energy space H ! (R)
and there exist standing wave solutions ¢’ Q,, ,(x) when ® > %yz, where O, , is a unique radial
positive solution to —%8)26 0+w0—y80=|0Q|P~1Q. Our aim in the present paper is to find a necessary
and sufficient condition on the data below the standing wave e'®’ Q, ¢ to determine the global behavior
of the solution. The similar result for NLS without potential (y = 0) was obtained by Akahori and Nawa
(2013); the scattering result was also extended by Fang, Xie, and Cazenave (2011). Our proof of the
scattering result is based on the argument of Banica and Visciglia (2016), who proved all solutions scatter
in the defocusing and repulsive case (y < 0) by the Kenig—Merle method (2006). However, the method
of Banica and Visciglia cannot be applicable to our problem because the energy may be negative in the
focusing case. To overcome this difficulty, we use the variational argument based on the work of Ibrahim,
Masmoudi, and Nakanishi (2011). Our proof of the blow-up result is based on the method of Du, Wu, and
Zhang (2016). Moreover, we determine the global dynamics of the radial solution whose mass-energy is
larger than that of the standing wave e/®’ Q, . The difference comes from the existence of the potential.
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1. Introduction

1A. Background. We consider the focusing mass-supercritical semilinear Schrodinger equation with a
repulsive Dirac delta potential on the real line R:
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i0;u + %aiu +ySou+ulPlu=0, (t,x) eRxR,

u(0,x) =up(x) € H'(R), (SNLS)

where y <0, 8¢ denotes the Dirac delta with the mass at the origin, and p > 5. The system (§NLS)
appears in a wide variety of physical models with a point defect on the line; see [Goodman et al. 2004]
and the references therein. We define the Schrodinger operator H, as the formulation of a formal
expression —%8)26 — ydo:

Hy:=—302¢, ¢ €D(H,),
D(Hy) = {pe H' R)NH*(R\{0}) : dx¢(0+) — 0xp(0—) = —2y¢(0)}.

H, is a nonnegative self-adjoint operator on LZ(IR) (see [Albeverio et al. 2005] for more details), which
implies that (SNLS) is locally well-posed in the energy space H ' (R).

Proposition 1.1 [Fukuizumi et al. 2008, Section 2; Cazenave 2003, Theorem 3.7.1]. For any ug € H'(R),
there exist T+ = T+ (|uo||g1) > 0 and a unique solution

ueC((-T-,T4): H'R) N CH((-T-, T4); H'(R))
of (NLS). Moreover, the following statements hold:

* (blow-up criterion) T+ = 00, or T+ < 0o and limy—+1, [|0xu(t)|| 2 = 00, where the double-sign
corresponds.

e (conservation laws) The energy E and the mass M are conserved by the flow; i.e.,
E(u(r)) = E(uo), M(u(r)) = M(uo) foranyt e (=T-,T4),

where for ¢ € HY(R), we define E and M as

_ 1 2 1 2 1 p+1
E(p) = Ey(¢) = z[10x0l72 — 37|0(0)|" — m”‘/’HLHn (1-1)
M(p): = 3llol7-- (1-2)

We investigate the global behaviors of the solution. By the choice of the initial data, ({NLS) has various
solutions, for example, scattering solutions, blow-up solutions, and so on. Let us recall the definitions of
scattering and blow-up. Let u be a solution to (§NLS) on the maximal existence time interval (—7_, T4 ).

Definition 1.1 (scattering). We say that the solution u to (NLS) scatters if and only if 71 = oo and
there exist u4+ € H(R) such that

|l (2) —e_”H”uiHHl —0 ast— Foo,
where {e~"*f7} denotes the evolution group of i d,u — Hyu = 0.

Definition 1.2 (blow-up). We say that the solution u to (SNLS) blows up in positive time (resp. negative
time) if and only if T < oo (resp. T— < 00).
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Since a pioneer work by Kenig and Merle [2006], the global dynamics without assuming smallness
for focusing nonlinear Schrodinger equations have been studied. For the focusing cubic semilinear
Schrodinger equation in three dimensions, Holmer and Roudenko [2008] proved that |Jug||;2||Vuo| 2 <
1O1lz21IV Q|2 implies scattering and, on the other hand, |uo| z2[|Vuollz2 > |Qll12]IV Q|2 implies
finite-time blow-up if the initial data ug € H!(R?) is radially symmetric and satisfies the mass-energy
condition M (ug) E(ug) < M(Q)E(Q), where Q is the ground state. For nonradial solutions, Duyckaerts,
Holmer, and Roudenko [Duyckaerts et al. 2008] proved the scattering part and Holmer and Roudenko
[2010] proved the solutions in the above blow-up region blow up in finite time or grow up in infinite
time. Fang, Xie, and Cazenave [Fang et al. 2011] extended the scattering result and Akahori and Nawa
[2013] extended both the scattering and the blow-up result to mass-supercritical and energy-subcritical
Schrodinger equations in general dimensions.

Recently, Banica and Visciglia [2016] proved all solutions scatter in the defocusing case. On the other
hand, in the focusing case, (§NLS) has blow-up solutions and nonscattering global solutions. Thus, their
method cannot be applicable to our problem.

1B. Main results. To state our main result, we introduce several notations.
Let w be a positive parameter that denotes the frequency. We define action S, and a functional P as

1
Sw (@) = Sw.y(9) == E(@) + oM(p) = {11007 — 3710(0)]> + Jolle|7, — mlkﬂllfﬂ], (1-3)
— 1 2 1 2 p—1 p+1
P(p) = Py(p) := 3110x¢ 72 — 3710 (0)]" — m”‘ﬂ”yﬂm (1-4)
where P appears in the virial identity (see [Le Coz et al. 2008]).

We often omit the index y. We sometimes insert O into y, such as Sy o and Py.
We consider the three minimizing problems

new = inf{Sy(p) : g€ H' (R)\ {0}, P(p) =0}, (1-5)
ro :=inf{S, () : o € Hy(R)\ {0}, P(p)=0}. (1-6)
lo 1= inf{Sw,0(¢) : p € H' (R)\ {0}, Po(¢) =0}, (-7

where Hrid(R) ={pe HY(R) : p(x) =¢p(—x)}.
Equation (1-7) is nothing but the minimizing problem for the nonlinear Schrodinger equation without
a potential, and /,, is positive and is attained by
1
(r+Do  H((p—Dvo, |77
T sech 5 | x| ,

Qa),O(x) = { \/—

which is a unique positive solution of

-1920+w0 =01P7'0. (1-8)

For n,, and r4, we prove the following statements, some of which were proved by Fukuizumi and
Jeanjean [2008].
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Proposition 1.2. Let y be strictly negative. Then the following statements are true:
(1) ney = ly and ny, is not attained.

(2) ny <rge and
Fo =2y if0<a)§%y2,
Fo <2y if o> %yz.

3) If > %yz, then ry, is attained by

_ _ [+ Do 2((1)—1)@ (L))}
Quw(x) = 0p,y(x):= { 5 sech 7 |x| + tanh T ,

which is a unique positive solution of —%3% O +wQ—y80 =|0|P~1Q. On the other hand, r, is
not attained if 0 < w < %yz.

The function e’®? Q,, with @ > %yz is a global nonscattering solution to (§NLS), which is called the
standing wave. The fact that n,, # r, comes from the existence of the potential, which means that the
following main result in the radial case does not follow from that in the nonradial case.

By using the minimizing problems, we define subsets in H!(R) for @ > 0 as follows:

N = {pe H'(R) : Su(p) <ng, P(p)=0},

Ny =1{pe H'[R) : Sp(p) <ne, P(p) <0},
d
N ,R’a-i)_ = {(pEHrLd([R) 1 Sw(@)<re, P(p)>0},

Ry =19 € Hyy(R) : S (@) <ro. P(p) <0}

We state one of our main results, which treats the nonradial case. We classify the global behavior of
the solution whose action is less than 7.

Theorem 1.3 (nonradial case). Let w > 0. Let u be a solution to (NLS) on (—T—, T+) with the initial
data ug € H'(R).

(1) If the initial data ugy belongs to N‘j', then the solution u scatters.
(2) If the initial data ug belongs to N, then one of the following four cases holds:

(a) The solution u blows up in both time directions.

(b) The solution u blows up in a positive time, and u is global toward negative time and

limsup |[0xu(?)]|z2 = oo.
t—>—00

(c) The solution u blows up in a negative time, and u is global toward positive time and
limsup |[0xu(t)]|z2 = oo.
t—>00
(d) The solution u is global in both time directions and

limsup |[0xu(?)]|2 = oo.
t—=+o0
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Proposition 1.2 and a direct calculation give n,, = [, = ®2?=D 1 ¢(Q1,0). By these relations, we
can rewrite the main theorem in the nonradial case into a version independent of the frequency w.

Corollary 1.4. We define the subsets N+ in H'(R) as

Nti={peH (R): E(9)M(9)° <Eo(Q1,0)M(Q1,)°, P(p)>0},
NT:={peH'R): E(0)M(p)° <Eo(Q1,0)M(Q1,0)°, P(p) <0},

where o := (p+3)/(p—>5). Let u be a solution to (SNLS) on (—T—, T4) with the initial data ug € H'(R).
Then, we can prove the same conclusion as in Theorem 1.3, where Nf is replaced by Nk, respective of
the sign.

The equivalency is proved in the Appendix.

Next, we state the other main result for radial solutions. If we restrict solutions to (SNLS) to radial
solutions, then we can classify the global behavior of the radial solutions whose action is larger than n,
and less than r,.

Theorem 1.5 (radial case). Let w > 0 and u be a solution to (SNLS) with the initial data ug € Hrzd(lR).
Then, we can prove the same conclusion as in Theorem 1.3, where ./\/CjE is replaced by sz respective of
the sign.

Remark 1.1. Even if solutions to (6NLS) are restricted to radial ones, the possibility that (b)—(d) (grow-
up) occurs cannot be excluded since we consider one spatial dimension. In [Le Coz et al. 2008], it was
proved that if the initial data satisfies xug € L? and P(ug) < 0, then the solution blows up in a finite
time in both time directions.

1C. Difficulties and idea for the proofs. Our proof of the scattering part is based on the argument of
Banica and Visciglia [2016], where they proved all solutions scatter in the defocusing case. We also use a
concentration compactness argument (see Sections 3C-3E) and a rigidity argument (see Section 3E). In
the focusing case, it is not clear that each profile has positive energy when we use profile decomposition.
To prove this with y = 0, the orthogonality property of the functional Py was used in [Fang et al. 2011;
Akahori and Nawa 2013]. However, it is not easy to prove the orthogonality of the functional P, because
of the presence of the Dirac delta potential (y # 0). To overcome this difficulty, we use the Nehari
functional /, , (see (2-7) for the definition) instead of P,. Then we can prove that the subsets for the
data defined by I, instead of P are the same as the subsets N, {jE (see Proposition 2.15) using an argument
similar to that of [Ibrahim et al. 2011].

Theorem 1.5 (radial case) does not follow from Theorem 1.3 (nonradial case) since we treat solutions
whose action is larger than or equal to n, in Theorem 1.5. Recently, Killip, Murphy, Visan, and Zheng
[Killip et al. 2016] also considered a similar problem and extended the region to classify solutions under
radial assumption for NLS with the inverse-square potential. They used the radial Sobolev inequality, which
is only effective in higher dimensions, to prove a translation parameter in the linear profile decomposition
is bounded. However, this method cannot be applied to our problem. In the one-dimensional case, it is
not clear whether the translation parameter is bounded or not. To avoid this difficulty, we use the fact that
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the translation parameter —x;, appears in the profile decomposition if x, appears (see Theorem 3.5 for
more detail).

Next, we explain the blow-up results. Holmer and Roudenko [2010] proved a blow-up result for the
cubic Schrodinger equation without potentials in three dimensions by applying the Kenig—Merle method
[2006]. Recently, Du, Wu, and Zhang [Du et al. 2016] gave a simpler proof for blow-up, in which they
only used the localized virial identity. We apply their method to the equation with a potential.

1D. Construction of the paper. In Section 2, we consider the minimizing problems from the viewpoint
of variational argument. We prove the existence and nonexistence of a minimizer for r,, and n4, and that
the subsets for the data defined by /,, instead of P are the same as the subsets in H ! (R) defined by P in
this section. In Section 3, we prove the scattering results by a concentration compactness argument and a
rigidity argument. We explain the necessity of the Nehari functional /,, instead of P. In Section 4, we
prove the blow-up results, based on the argument of Du et al. [2016].

2. Minimizing problems and variational structure
2A. Minimizing problems. Let («, ) satisfy the conditions

a>0, 20—B>0, 20+B>0, (a,pB)F#(0,0). (2-1)
We set
po=max{2a — B, 20 + B},  w:=min{2e —f, 20 + B}.

We define a scaling transformation and a derivative of functional as

o3P (x) = e p(ePry), 22)
£5P8(0) 1= 0,5(05 P ) a=2,- (2-3)
2P S(p) = L5 P S(p) (2-4)

for any function ¢ and any functional S : H!(R) — R. We define functionals K%# by

K2P (9) = K25 (p)

1= L% S, (¢)
= 0350 p(eP* )12
(p+Da+p +1
= 12— PB)ox¢ll7, + F0Qa + B¢l . — yalp)> — Tllwllfﬁl- (2-5)
We especially use the following functionals:
P(p) = Py(p):=KZ (p) =3l0x0ll7. — 2vIe0)]> — m||¢”£p+l’ (2-6)

+1
Lo(9) = Iy (@) := K% (@) = 310x0172 = YO + olel7. — lel? i (2-7)



GLOBAL DYNAMICS FOR THE NLS WITH A REPULSIVE DIRAC DELTA POTENTIAL 487

Remark 2.1. Both the functional P, which appears in the virial identity (3-2), and the Nehari functional /,,
are used to prove the scattering results. It is proved in Proposition 2.15 that P and [, have same sign under
a condition for the action. To prove this, we introduce the parameter («, ) based on [Ibrahim et al. 2011].

We also use Jg’ﬂ defined by

KSP
I ) = I ) = Sule) - =0 eR)

Lemma 2.1. We have the relations

0 if B=<0,
—2B3x¢l1Z> if B>0,

(L ) 0xp]2, = {
{2mwm; if B <0,

%P —mllel?,

if >0,
Ble(O)> i B=0.
mmwﬁ if >0,
p—Da+2B)el7 L i B =<0,
nﬂmﬁﬂl if B> 0.

(L~ e =

_ +1
P —ll? T, =
In particular,

_ _ . (p—95a 1
ISP = (- £%P) S0 (p) = 1Bl min{L0x0l2,. 0llll2,} — 1v1BlI0(0)* + ﬁ”@”ij+l'

Moreover, we have

_ _ lell7 -
e =P = )Sut) = (€ = e = ) (o) + 2 L)
1 2, (p—Sa +1 _ (p=Sap +1
2 =3y IBP IO + -2 L P lol T = S el

Proof. These relations are obtained by simple calculations. We only note that
(p—Da+28=(p—5a+2Qa+p)>(p—>5«. O
By this lemma and p > 5, we find that ch’f’ﬂ (¢) > 0 for any ¢ € H'(R). Next, we see that Kg’ﬂ is
positive near the origin in H 1 (R).
Lemma 2.2. Let {@, nen C H(R)\{0} be bounded in L*(R) such that ||0x@n||;2 — 0 as n — oo. Then
Kg’ﬂ (¢n) > 0 for large n € N\
Proof. By y <0, p > 5, and the Gagliardo—Nirenberg inequality, we have

(p+Da+p (p—1)
mﬁw»zam—mmWw;——G:T—cmWwﬂ’

for sufficiently large n € N, where C is a positive constant. O

|2(p+3) >0

ln|
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We define the following minimizing problems for w > 0 and («, B) satisfying (2-1):

ngl = inf{Sw (@) : 9 H' (R)\ {0}, K&P (9) =0}, (2-9)
reP = inf{Su(¢) : g € Hag(R)\ {0}, K& (9)=0}, (2-10)
12 .= inf{Sy,0(p) : g€ H (R)\ {0}, K2 (9) =0}. 2-11)

If (o, B) = (% —1), these are nothing but n,, ry, and /,. We prove that these minimizing problems
are independent of (&, B) and Proposition 1.2 holds in the following subsections.

2B. Radial minimizing problem. First, we consider the radial minimizing problem rg’ﬂ . For y <0,
So : Hrg 4(R) — R satisfies the following mountain pass structure:

(1) Sp(0) =0.

(2) There exist §, p > 0 such that S, (¢) > § for all ¢ with ||¢| g1 = p.

(3) There exists Y € Hrld([R) such that S, (¥) <0 and ||Y| g1 > p.

a

Indeed, (1) is trivial, (2) can be proved by the Gagliardo—Nirenberg inequality, and (3) is obtained by a
scaling argument.

Let
C:={c e C([0,1]: Hyy(R)) : ¢(0)=0, Se(c(1)) <0},

b:=inf max S,(c(?)).
c€C tel0,1]

Lemma 2.3. The identity b = r* holds.

Proof. First, we prove b < rg’ﬁ . To see this, it is sufficient to prove the existence of {c¢,} C C such that

max;e[o,1] Sw(cn (1)) — rg’ﬂ as n — oo. We take a minimizing sequence {¢, } for rg’ﬁ, namely,

Sew(n) — rg’ﬂ as n — 0o and KZ‘)"B (pn) =0 forall n e N.
We set ¢, (1) := E%’ﬂ @n for A € R. Then, we see that S, (¢,(A)) < 0 for large A. Moreover,

max S, (Cn(1)) = Su(En(0)) = Sw(pn) > rg? asn— o0
€eR

since Kg’ﬂ (¢n) = 0 for all n € N. We define ¢, (¢) for t € [-L, L] such that

En(t) if —3L<t=<L,

TV G Ma ) i -Lsr<iL

% is continuous in H ! (R) and we have S, (%, (L)) <0 and maxse(—1,,1] So (¢n(t)) = Swlen) — rg’ﬂ
when L > 0 and M = M (n) are sufficiently large. By changing variables, we obtain a desired sequence
cp € C. Next, we prove b > rg"B . It is sufficient to prove

([0, 1)) N {pe HigR)\ {0} : K&FP (9)=0} #2 forallc eC.
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We take an arbitrary ¢ € C. Now, ¢(0) = 0 and S, (c(1)) < 0. Therefore, Kff,’ﬁ (c(t)) > 0 for some
t € (0,1) by Lemma 2.2 and Kg’ﬂ (c() <((p+ Do+ B)Su(c(1)) <0. By continuity, there exists
to € (0, 1) such that Kg’ﬂ (c(t9)) = 0. Thus, we get b = rg’ﬂ. O

Next, we prove the existence and nonexistence of a minimizer for the minimizing problem rg’ﬂ .

See [Fukuizumi and Jeanjean 2008, Lemmas 15, 19, 20, 21, and 25] for the proofs of the following
Lemmas 2.4, 2.5, 2.6, 2.7, and 2.8, respectively.
The following lemma means that it is sufficient to find a nonnegative minimizer.

Lemma 2.4. If ¢ € H(R) is a minimizer of rg"B, then |¢| € HY(R) is also a minimizer.

Definition 2.1 (Palais—Smale sequence). We say that {@y }neny C H(R) is a Palais—-Smale sequence for
S, at the level c if and only if the sequence {¢y, }nen satisfies

Sw(gn) —>c and  SL(py) =0 in H'(R)  asn— oo.

B

By the mountain pass theorem, we obtain a Palais—Smale sequence at the level b = rg”. We may

assume that the sequence is bounded.

Lemma 2.5. Any Palais—Smale sequence of S, considered on Hrlld([R{) is also a Palais—Smale sequence
of S considered on H'(R). In particular, a critical point of S, considered on Hrfld(R) is also a critical
point of S,, considered on H'(R).

Lemma 2.6. Let {@, nen C HY(R) be a bounded Palais—Smale sequence at the level ¢ for S,,. Then there
exists a subsequence still denoted by {@, } for which the Jfollowing holds: there exist a critical point go
of S, an integer k > 0, for j =1, ...k, a sequence of points {x;} C R, and nontrivial solutions v’ (x)

of the equation (1-8) satisfying

On — @o weakly in Hl(IR),

k
Sw(@n) = ¢ = Su(@0) + Y Sw o),
j=1
k . .
¥n — ((,00 + Z v/ (x —x; )) —0 strongly in H'(R),
ji=1

|x,{|—>oo, |x,{—x£,|—>oo for1<j#i<k
as n — oo, where we agree that in the case k = 0, the above holds without v/ and x,ﬁ .

Lemma 2.7. Assume that
rg’ﬂ < 213”3.

B

Then the bounded Palais—Smale sequence at the level ro" admits a strongly convergent subsequence.

Lemma 2.8. If ¢ € H'(R)\ {0} is a critical point of Sy, that is, ¢ satisfies

1920+ wp —ydop = lp|? g (2-12)



490 MASAHIRO IKEDA AND TAKAHISA INUI

in the distribution sense, then it satisfies
p e CTR\{ODNCR). j =12,
5030 +wp =[P, x#0,
dx@(0+) — dxp(0—) = —2y¢(0),
0x@(x),p(x) >0 as|x| — oo.
Lemma 2.9. There exists a unique positive classical solution ¢ of (2-12) if and only if © > %yz. It is
nothing but Qy. If 0 <w < %yz, then the classical solution does not exist.

Proof. We have a unique positive classical solution Qo of (1-8). If w > %)/2, then we get a classical
solution ¢ of (2-12) by the translation of Q0. See [Fukuizumi and Jeanjean 2008] for more detail. [

Lemma 2.10. The inequality rg’ﬂ < 213"3 holds when @ > %yz.

Proof. When o > %yz, we know Q,, is well defined. We find that 0, satisfies Kg’ﬂ(Qw) = 0 and
Su(0p) < 213"3 by direct calculations. O

By Lemmas 2.7 and 2.10, we find that when w > %yz, the function Q, attains rg’ﬁ .
Lemma 2.11. If 0 <w < %)/2, then rg’ﬂ = 215”’ holds.

Proof. Suppose that rg’ﬂ < 213’3 . By Lemmas 2.7 and 2.8, we have a unique positive classical solution
of (2-12), which contradicts Lemma 2.9. Thus, it suffices to show rz’ﬁ < 2[3"3 for all w > 0. Let
n(x) = Quw,0(x —n)+ Qp,o(x +n).

Then, Sy (¢n) — 2ls and Kg,ﬂ (¢n) — 0 as n — oo. Thus, there exists a sequence {A,} such that
Kg:ﬂ()kn(pn) =0and A, — 1 as n — oo. Therefore, we have S, (An¢n) — 2l, as n — oo and
Kg)’ﬂ (An@n) = 0 for all n € N. This means that rg"B < 2]3’/3_ O

Remark 2.2. The rearrangement argument implies

198 = inf{S,.0(p) : p € HL R\ {0}, K&h () =0}.

Therefore, the arguments in Section 2B do work for lg’ﬂ .

a,p

- lg’ﬂ and n," is not attained.

2C. Nonradial minimizing problem. In this subsection, we prove ng,
Lemma 2.12. We have
198 = joP = inf{J2E (p) - p e H' )\ {0}, KZh (p) <0}
Proof. First, we prove jg’ﬂ < lg’ﬂ :
j&P <inf{J50 (@) 9 H R\ {0}, KoG () =0}

= inf{Su.0(p) : g€ H' W\ {0}, K35 (¢) =0}
— B

w
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Next, we prove lg’ﬂ < jg’ﬂ. We take ¢ € H!(R)\ {0} such that KZ”O (p) <0.If Kz’,o (¢) =0, then
12 < Su0(p) = I35 (@).
If Kg’,o (¢) < 0, then there exists A« € (0, 1) such that Kg’,o (Axp) = 0. Indeed, this follows from
continuity and the fact that Kg’,g (A¢) > 0 holds for small A € (0, 1) by Lemma 2.2. By A, < 1,
18P < Sy 0(hup) = Tk (Map) < T3E (0).

Therefore, we have lg’ﬁ <J 35 (¢) for any ¢ € H'(R)\ {0} such that Kg:g (¢) < 0. This implies

lg’ﬂ < jao,"'B. Hence, we get lg’ﬁ =jo". O

Let 7y¢(x) := ¢(x — y) throughout this paper.
Proposition 2.13. The identity n%? = 1%# holds.
Proof. First, we prove ng;ﬂ > lg’ﬂ. We take an arbitrary ¢ € H(R)\ {0} such that Kg’ﬂ (¢) = 0. Since
Kz:g (p) < Kg’ﬂ (p) = 0due to y <0, by Lemma 2.12, we then have
128 < 138 () < IZP (),

which implies
12F <inf{12P (p) : pe H'(R)\ {0}. K%P (9)=0}

= inf{ Sy, (¢) : p € H (R)\ {0}, K&P (9) =0} = n%P.

Next, we prove nZ,’ﬂ < lg’ﬂ . We note that Q, o attains lg’ﬂ . Then, there exists a sequence {y, }nen With
Yn — 00 as n — oo such that Sy (1y, Qw,0) = Sw,0(Qw,0) = lg"B as n — oo. For this {y,},

K22 (1), 00.0) = K&h (1, 00.0) = Koh (Qw.0) =0

holds for all 7 € N. Since K%? (Aty, Qw,0) < O for large A > 1 and KoP (ty, Qw,0) > 0, there exists
An > 1 such that Kg’ﬂ (AnTy, Qw,0) =0 by continuity. For this {A,}, we have A, — 1 as n — oo. Indeed,
since

0=K%P(An1y, Qw.0)
_12¢/(1 2 1 2 2
=2, (3Qa = PB)10x1y, Qw,0l72 + 50Qa + BTy, Qwoll72 — vl Ty, Qw.0(0)]?)

_Ap+1(P+1)a+:3

+1
173, Qw.oll7 41+

and Kg’,o (ty, Qw,0) =0, we have

0= %(20[ = B)ll9x Ty, Qw,0||1242 + %0)(20‘ + By, Qw,O“iz —yalty, Qw,0(0)|2

1@+ Dat+p +1
12 p
n p+1 ”TJ’n Qw,olle—i-l
e+ Da+p +1
=(1-27 Y b+ 1 7y, QO),O”{}J-‘,—I —vyalty, Qw,0(0)|2
e+ Da+p +1
=(1-27 1) ||Qw,0||£p+1 —vyalty, Qw,0(0)|2-

p+1
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Therefore, A, — 1, since |1y, Qw,0(0)| = 0 as n — oo. Hence, Sy (An 1y, Qw,0) = Sw,0(Qw,0) = lg’ﬂ
as n — oo and K,‘f,’ﬁ (AnTy, Ow,0) = 0 for all n € N. This implies ng,’ﬂ < lg’ﬂ. O
’ﬂ

Proposition 2.14. For any w > 0, the minimizing problem ng,
exist ¢ € H(R) such that Kw’ﬂ () =0and S, (p) = na,"B.

is not attained; namely, there does not

Proof. We assume that ¢ attains nz,’ﬂ. If ¢(0) =0, then S,0(¢) = Sw(p) = nw"B =g %8 and K "B 0(@) =
Kg’ﬂ (¢) = 0 holds; that is, ¢ also attains lg’ﬂ . By the uniqueness of the ground state for /g’ p , we know
@ = Q0. However, Q4 ,0(0) # 0. Therefore, ¢(0) # 0. Now, |¢(x)| — 0 as x — oo since ¢ € H }(R).
Hence, |¢(0)| > |¢(y)| for sufficiently large |y|. Thus,

K2 (r,0) < K3P (9) =0,

Since Kg’ﬂ (Aty@) > 0 for small A € (0, 1) by Lemma 2.2 and Kg’ﬂ (typ) <0, there exists A« € (0, 1)

such that Kg’ﬁ (A«Ty@) = 0 by continuity. By the definition of nffjﬂ ,

n%P < J2B (Mtyp) < 12 (1y0) < J2P (9) < n%P.
This is a contradiction. O

SlnceSwO(Qwo)—laﬂ—na’gandSa,y(wa)—rw if o> 1y2, and 2l L ﬂlfa)<1 y2 hold,

we find that 7y’ o.p L1y %8 and an are independent of (c, ) and so we denote 7y’ o.p e # and noy ﬂ by 7w,

l, and n, respectively and obtain Proposition 1.2.

2D. Variational structure. We define subsets N A£ and R(‘f)’ﬂ 0 B (R) such that

NGB+ = {g e H'R) : Sulp) <nw, K3P ()20},
NZP~ = {pe H'(R) : Sulp) <no, K&F (9) <0},
REPH = {pe HL(R) 1 Su(9) <ro, K& ()20},
REP™ = {pe HYyR) : Sulp) <rw, K& (9) <0},

1_ 1
We note that NF = N2’ L% and RE=RZ Y% From now on, let (mw,/\/la’ﬁ’i) denote either
(New» Ny 8. jE) or (ry, Re B, jE) The following proposition implies that P and I, have same sign if
S <M.

Proposition 2.15. For any («, B) satisfying (2-1), ./\/laﬂ)E = ./\/lff,’ﬂ o+

Proof. 1t is easy to check that ./\/lff,"6 * are open subsets in H ! (R) because of Lemma 2.2. Moreover,
we have 0 € MZ’ﬁ’JF and Mff,’ﬂ’+ U /\/lff,’ﬁ’_ is independent of (o, 8). And Mff,"B’Jr are connected if
1 > 0 by the scaling contraction argument (see the proof of Lemma 2.9 in [Ibrahim et al. 2011]). Then
/_\/laﬂ oM @Bt for(a ,B);é(oz B’) such that 20— >0, 2+ > 0and 2o’ — ' >0, 2o’ + B’ > 0.
Of course, then Mw = ./\/la,
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We take {(an, Bn)} satisfying 20, — B, > 0 and 2w, + 8, > O for all n € N and (o, 85 ) converges to
some (a, B) such that = 0. Then KoPr . k%P and so
B, £ n>Bn,t
MEPE | | MePro
neN

Since each set in the right-hand side is independent of (e, ), so is the left. ([
Let [l¢l3; := gl13x017, + z0l0ll7, — 7710 O)
Lemma 2.16. If P(p) > 0, then

p—1
Sa)(QD),
p—>5

Sw(@) <llel3, <

which means that S, (@) is equivalent to ||(,0||12L11
Proof. The left inequality is trivial. We consider the right inequality:
0=<2P(p)

p—1 +1
< ll0xell7 > — ¥1p(0)]* — ﬁllwllfm

=—3(P=3)8x0172 + 5 (P =3P O + (p = D E(9)
<=3 =5)8x¢l72 + 3(r(p = 5@ + (p — DE(p).
Therefore, we have
1P =9Nx0ll72 = 37 (p —3)eO)* + 3(p —ollel;. < (p— DE(@) + (p — 5w M(p)
=(@—-D(E(p) +oM(p)).
Hence, we obtain

p_

1
lell3, < p Sw(@). O

-5

Lemma 2.17. If ug € M}, then the corresponding solution u stays in M for all t € (=T—, T4).
Moreover, if ug € M, then the corresponding solution u stays in M, forall t € (=T_,Ty).

Proof. Letug € M. Since the energy and the mass are conserved, u(1) € M UM forallz € (—=T—, Ty).
We assume that there exists 4% > 0 such that u(tx«) € M. By continuity, there exists t« € (0, #4x4) such
that P(u(t«)) = 0 and P(u(t)) <O for ¢ € (t«, tx«]. By the definition of m,,, if u(tx) # 0, then

Mo > E(uo) +oM(uo) = Eu(tx)) + oMu(t+)) = me.
This is a contradiction. Thus, u(#«) = 0. By the uniqueness of solution, u = 0 for all time. This contradicts
u(txx) € M. By the same argument, the second statement can be proved. O

Lemmas 2.16 and 2.17 imply that all the solutions in M, are global in both time directions.

Proposition 2.18 (uniform bounds on P). There exists § >0 such that for any ¢ € H'(R) with Sy, (¢) <me,

we have

P(p) = min{2(mew — Su(9).8ll@l3} or P(p) < —2(mw— So(9)).
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Proof. We may assume ¢ # 0. Now s(1) := S (¢?) and n(1) := ||o* ||Lp+1, where ¢ (x) := e%kcp(ekx)
for A € R. Then 5(0) = S, (¢) and s’ (0) = P(¢), and we have

p—1

e 2 +1 p=1 +1
s =3¢ 1x¢ 12+ 300072 —3ve e O P =—llell [y n@)=e 2 el f5,
/ 1 24 2 1. A 2 epT_u(P—l) p+1 1 p+1
S =3 0x0l—2ve o) P ————— ]2 7} W ()=4e"T A p-DlplZS L
2(p+1)
L_IA 2
e 2 *(p-1) +1
" (M) =502 —Lyerp(0) P ——————lll? 7. ') =L T A (p=1)2elIZ L.
4(p+1)
By an easy calculation, we have
-5 p—>5
s" =25+ 1 0 2 P72 n <2 — ———n' <25
O =5G22 T S

First, we consider P < 0. We have s’(1) > 0 for sufficiently small A < 0. Therefore, by continuity, there
exists Ag < 0 such that s"(1) <0 for Ag <A <0 and s"(Ag) = 0. Integrating the inequality on [A¢, 0], we
have

s'(0) —5'(A0) = 2(s(0) —5(20)).

Therefore, we obtain
P(p) = =2(my — Su(9)).

Next, we consider P > 0. If
b — 1 p+1
4p > —-——r ,
((,0) - 2(p+ 1) ||§0||Lp+l
then, by adding

p—

B P— +1
P pgy=r2 p
) (p) = ||‘P||7-¢ B

m 1||</’||Lp+1

to both sides, we get
4+ 300 =5}P) = 5(p—3)llelF

Thus, we get P(¢) > 8||<p||%{ If

D— 1 p+1
4P < — ’
then
-5
0<ds’ < L2 (2-13)
2(p+1)
at A = 0. Moreover,
" / / p— 5 / /
s <45 —2s n <-2s

2(p+ 1)
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holds at A = 0. Now let A increase. As long as (2-13) holds and s’ > 0, we have s” < 0 and so s’ decreases
and s increases. Since p > 5, we also have

n”>2n">4n>0

for all A > 0 Hence, (2-13) is preserved until s’ reaches 0, which it does at finite A1 > 0. Integrating
s" < —=25" on [0, A1], we obtain

s'(A1) =5"(0) < =2(s (A1) — 5(0)).
Therefore, by the definition of m,,

P(¢) >2(mey — Sw(p)). O

3. Proof of the scattering part

3A. Strichartz estimates and small data scattering. We recall the Strichartz estimates and a small data
scattering result in this subsection. See [Banica and Visciglia 2016, Sections 3.1 and 3.2] for the proofs.
We define the exponents r, a, and b as

g2 2=+ S 2D+
' p+3 7 (p-D2=(p-1)—4

r=p+1,
Then we have the following estimates.
Lemma 3.1 (Strichartz estimates). We have
—itH
le™" " ollLary < el

—itH
le™ @l p=1 100 S l@lla1.

t
/ e 1= Hy F () ds SIFl
A t

4 9
LYL), L

SIFlly

t
—i(t—s)H
/(; e 1 ) )/F(S) ds Lfc/’

Ly
where b’ denotes the Hélder conjugate of b, namely, 1/b’ +1/b = 1.

Proposition 3.2. Let the solution u € C(R : H'(R)) to (§NLS) satisfy u € L4(R : L".(R)). Then the
solution u scatters.

For the proof of Proposition 3.2, see [Banica and Visciglia 2016, Proposition 3.1].
The analogous statement to Proposition 3.2 for the following semilinear Schrodinger equation without
potentials is well known:

idsu+ %chu +uP"lu=0, (t,x) eRxR,

1 (NLS)
u(0,x) =up(x) € H' (R),

where p > 5.
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Proposition 3.3 (small data scattering). Let ¢ € H(R) and u, v denote the solutions to (SNLS), (NLS),
respectively, with the initial data ¢. Then, there exist ¢ > 0 and C > 0 independent of ¢ such that u and v
are global and they satisfy ||ullpepr. ) < Cllellgr and [viLerrwy < Clellg. if llellgr <e.

For the proof of Proposition 3.3, see [Banica and Visciglia 2016, Proposition 3.2].

3B. Linear profile decomposition and its radial version. To prove the scattering results, we introduce the
linear profile decomposition theorems. The linear profile decomposition for nonradial data, Proposition 3.4,
is obtained in [Banica and Visciglia 2016].

Proposition 3.4 (linear profile decomposition). Let {¢y, }nen be a bounded sequence in H(R). Then, up
to subsequence, we can write
J :
on= ety LWl vieN,
j=1
where l,{ eR, x,{ eR, ¥/ € HY(R), and the following hold:
e For any fixed j, we have

either t,{ =0 foranyneN, or t,{ — +o0 asn— oo,

either x,{ =0 foranyneN, or x,{ — +00 asn— oo.
e Orthogonality of the parameters:
|t,{ —Z,’fI + IX,{ —x,’f| —00 asn— o0, Vj #k.
e Smallness of the reminder:

Ve>0,3J = J(e) €N suchthar limsup |le " Hr WnJ||L§>oL§o <e.

n—00
e Orthogonality in norms: for any J € N,
J J
lenll7> =D 10717 + W 172 +0n(D), NleallFy = Y e W/l + IW 17 +on(D),
j=1 J=1

where ||v||12q = %||8xv||]242 —y|v(0)|2. Moreover, we have

J
. .
lenllfa =Y e e/ 11+ 1W] 11s +on(1). g€ (2,00), VIeN,
Jj=1
and in particular, for any J € N,

J )
So(en) = Y Sl e y)) + Su(W,)) +on(D),
j=1
J - .
Ia)((pn) — Z Iw(eltn H)/-L—x'{ w/) + Ia)(WnJ) +0n(1)
j=1
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Proof. See [Banica and Visciglia 2016, Theorem 2.1 and Section 2.2]. O

Remark 3.1. It is not clear whether

J .
Plgn) =Y P "o y)) 4 PW]) +0,(1) VJeN
j=1

holds or not. That is why we use the Nehari functional /,, to prove the scattering results.

We introduce the reflection operator R such that Re(x) := ¢(—x).
Proposition 3.4 is insufficient to prove the scattering result for radial data. We need the following
linear profile decomposition for radial solutions, which is a key ingredient.

Theorem 3.5 (linear profile decomposition for radial data). Let {¢n}nen be a bounded sequence in
Hrid([R{). Then, up to subsequence, we can write

| —

J
on =75y (" eyl w et RyT) 4 W AR vIeN, (3-1)
j=1

where l,{ eR, x,{ eR, ¥/ e H'(R), and the following hold:
e For any fixed j, we have

either Z,{ =0 foranyneN, or t,{ — +oo asn— oo,

either x,{ =0 foranyneN, or x,{ — +00 asn— oo.
e Orthogonality of the parameters:
J_ 4k J_ vk J k i
It] —t;| > 00, or |x)—x,|—>o00 and |x; +x,|—>00 asn—o0, VjF#k.
e Smallness of the reminder:

Ve>0, 3J =J()eN suchthat limsup |e " WnJ||L§>°L§;° <e.
n—00

e Orthogonality in norms: for any J € N,

J

lenl2s = Y |5y v7 + R + |30 +RWD| 72 + 0a()),
j=1

J
lenll = Y |3 v/ + Ry D + 1500+ RW[F + o ().
j=1

Moreover, for any g € (2, 00), we have

J _
lonllds =Y |2e™ ™ (x o/ +o_ Ry L, + |3 +RWH|T, +ou() VIEN,
j=1
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and in particular, for any J € N,

J )
Swlgn) = Y Su(3¢" ™ (x v/ +1_RYD)) + S (50, +RW,) + 0n (1),
j=1

J A
. j . .
To(pn) = ) To(3¢" (! + o RYD)) + Lo (300 + RW,))) +o0a(1).
j=1
Proof. Since {@,} is bounded in H!(R), we can apply the linear profile decomposition without the
radial assumption, Proposition 3.4, and obtain the following: for any J€ N and j € {1,2,...,J},upto
subsequence, there exist {#;) }nen, {X Inen, and ¥/ € H!(R) such that we can write

J
. .
On = Ze”" HV‘EX}{ v/ + Wn".
Jj=1
Since ¢, is radial,

20n(x) = @n(x) + @n(x) = @n(x) + @n(—=x) = n(x) + Ren(x).

By combining the identities, we get

J ) J )
20n(x) = Zeit’{H”Tx;{l//] + WnJ —i—R(Z e”’iH”txzw] + an)

Jj=1 j=1

J
. . . .
=Y (e eyl el e Ry )+ W+ RW
j=1

where we have used Re!'n Hy = ¢/tn HyR and Rt, = 7_, R, which gives (3-1).

We only prove the orthogonality of the parameters. If x,{ + x,’f — x € Rand t,{ = t,]f for j <k, then we
replace ¥/ + Tz Ryk by ¥/ and 0 by vk and regard the remainder terms as WnJ . By this replacement,
we have |x,4 - x,’f| — oo and |x,4 + x,’f| — 00 as n — oo when t,{ = t,’f. The orthogonality in norms
follows from the orthogonality of the parameters by a standard argument. O

Lemma 3.6. Let k be a nonnegative integer and, for | € {0,1,2, ...k}, we have ¢; € H'(R) (or
@] € Hrzd(R)) satisfying

k k k
Sw(Zw) <mgy—3, Sw( <P1) > Sulgr) —e.
k k k
Iw(z(pl) = &, Iw( ‘/’l)lew(‘pl)+8
1=0 =0 1=0

for 8, ¢ satisfying 2e < §. Then ¢ € M} foralll €{0,1,2,...,k}. Namely, we have 0 < Sy, (¢;) < my
and Iy(¢;) >0 foralll €{0,1,2,...,k}.
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Proof. We assume there exists an / € {0, 1,2, ..., k} such that 7, (¢;) < 0. Then, we have Jal,’o(w) > M.
Indeed, there exists A« € (0, 1) such that /,(A«¢;) = 0 since 1, (¢;) < 0 and I, (A¢;) > 0 for small
A € (0,1) by Lemma 2.2. Thus, we obtain

Mo < Swser) = T3 Qpr) < I3 (01).

By the positivity of J, = Jal,’0 and the assumptions, we obtain

k
My < Ju(pr) < ZJw((pl)
=0

(Solon =2 1uten)

M:r

l

Il
<)

M~

k
Sw(@) =3 2 Tu(g1)
l =0

k k
ESw(Zwl) +8—%(lw(2§01)—£‘) <Mep—0+e+e<mg.
=0

=0

Il
<)

This is a contradiction. So, I, (¢;) >0 forall/ € {0,1,2,...,k}. Moreover, for any [ € {0,1,2,....k},
we have

So(@1) = Jo(@1) + 310(@1) = 0,

and
k k
Sule) <3500 = So( X 01) +e <mu =845 <m.
Therefore, we get ¢; € M} foralll €{0,1,2,...,k}. O

3C. Perturbation lemma and nonlinear profile decomposition. We use a perturbation lemma and lem-
mas for nonlinear profiles. The proofs of these results are the same as in the defocusing case (see [Banica
and Visciglia 2016]).

Lemma 3.7. For any M > 0, there exist ¢ = ¢(M) > 0 and C = C(M) > 0 such that the following
occurs. Let v e C(R: HY(R)) N L4(R: L".(R)) be a solution of the integral equation with source term e:

(i) =e Mg i [ PR (017~ v(s)) ds +e(2)
0

with ||v||Lerr, < M and |le||Lapr, <e. Moreover assume o € HY(R) is such that ||e_”HV(po||L;zL§C <e.
Then the solution u(t, x) to (SNLS) with initial condition ¢ + ¢y,

u(t) =e " (¢ + go) +1i [ i, (lu ()7~ u(s)) ds,
0

satisfies u € LY L and moreover ||u —v|papr < Ce.
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See [Fang et al. 2011, Proposition 4.7] and [Banica and Visciglia 2016, Proposition 3.3] for the proof.
Following Lemmas 3.8, 3.9, and 3.10 can be proved in the same manner as [Banica and Visciglia 2016,
Propositions 3.4, 3.5, and 3.6], respectively.

Lemma 3.8. Let {x, }nen be a sequence of real numbers such that |x,| — oo as n — 0o, ug € H'(R)
and U € C(R: HY(R)) N LY(R : L".(R)) be a solution of (NLS) with the initial data wo. Then we have

t
Un(t) = e_”HyTxnuo +1i / ¢TIt Hy (lUn(S)lp_lUn(s)) ds + gn(1),
0

where Uy (t, x) = U(t, x — xp) and ||gn|[Lar;, — 0 asn — oo.

Lemma 3.9. Let ¢ € H'(R). Then there exist solutions Wy € C(Ryx : HY(R)) N L4(R4 : L.(R)) to
(6NLS) such that
[Wi(t,)—e ™ol g1 =0 ast — +oo.

Moreover, if {ty}nen is such that t, — Foo as n — oo and Wy is global, then

t
Wan(t) = "y, +i / e I (W (9)|P 7 W (5)) ds + S (2),
0

where @, =e'nfr g, Win(t,x)=We(t —tn,x), | fxnllLerr, — 0 as n — oo, and the double-sign
corresponds.
Lemma 3.10. Let {t,}neN, {Xn}nen be sequences of real numbers such that t, — Foo and |x,| — 00

asn— 00,9 € HY(R) and Vi € C(Rx : HY(R)) N LR : L".(R)) be solutions of (NLS) such that

||Vi(l,')—e_itH°g0||H1 —0 ast— +oo.

Then we have
t
Vin(t.x)=e 1 tHrg, +i / ey (VL 4 (5) [PV () ds + e (1. ).
0

where @ =e'nHy Tx, @ Van (6, X) =V (t—tn, x—Xp), [lex,n Lo L7, — 0 asn — oo, and the double-sign
corresponds.

3D. Construction of a critical element. We define the critical action level S for fixed w as
S& :=sup{S : Su(p) < S for any ¢ € M} impliesu € L{L%}.

By the small data scattering result Proposition 3.3, we obtain S¢ > 0. We prove S¢ = m,, by contradiction.

We assume S¢ < mg,. By this assumption, we can take a sequence {@n}nen C M such that
Sow(pn) > Sg asn — 00, and [un||Le 7 () = oo for all n € N, where uy, is a global solution to (SNLS)
with the initial data ¢,. Then, we obtain the following lemma.

Lemma 3.11 (critical element). We assume S&, < mg,. Then we find a global solution u® € C(R : H'(R))
of (SNLS) which satisfies u°(t) € M} for anyt € R and

So) =85, |ullLarr@ = oo
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This u€ is called a critical element.

Proof. First, we consider the nonradial case.

Case 1: nonradial data. By ¢, € NV} and Lemma 2.16, we have

lenllFn < llenll% < E(@n) +0M(pn) <ne

for all n € N. Since {¢,} is a bounded sequence in H!(R), we apply the linear profile decomposition,
Proposition 3.4, and then obtain

J ,
. j .
gn= e Her,,l»wJ +w] vJeN.
J=1
By the orthogonality of the functionals in Proposition 3.4, we have

J

Solgn) = Y Sule ™ e iy)) + Su (W) +on(),
j=1

J
. .
To(pn) = D L@ e p7) + 1o (W) + on(1),
j=1
where 0, (1) — 0 as n — oo.
By these decompositions and Sy, (¢, ) < 1, we can find 8, & > 0 satisfying 2¢ < § and

J .
Swlgn) <70—8, Su(en) =Y Sule eyl +S,(W,)) —e,
j=0
J

Lolpn) ==&, lo(gn) < Y Lol Hre y)) + Ly(W]) + e
j=0

for large n. Therefore, by Lemma 3.6, we see that
¢l Hy T Y/ e NS and W] eN forlargen,
which means that, by Lemma 2.16,

Sw(eit’{ Hyrxz ¥v/)>0 and Sw(WnJ) >0 for large n.
So, we have
S¢ =limsup Sy, (¢n) > lim sup Z Sw(e”" HV‘C wf)

n—-oo n—>oo . =1

it HV‘L’ w/) for some j. We may assume j = 1 by

for any J. We prove S¢ = limsup,_, ., Sw(e
reordering. If this is proved, then we find that J = 1 and W*’ — 0in LH]} as n — oco. Indeed,
lim sup,,_, oo Se (W,!) = 0 holds and thus lim sup,,_, o, [|W,} | 71 = 0 holds by || W,} || 1 & Se(W,}) since

1 — 1 —ity Hy ]
W,! belongs to N for large n € N. On the contrary, we assume SS = lim sup,,_, o, Se (e ™7 T Y/)
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fails for all j. Then, for all j, there exists 6 = §; > 0 such that

hmsupSw(e””H”r wj)<SC s.
n—00

By reordering, we can choose 0 < J; < J, < J3 < J4 < Js5 < J such that

1<j=<Ji: t,{=0 Vn, x,{:O Vn,
L+1<j<J: =0 va, lim |x/| = oo,
L+1<j<J3: limt] = +oo, xp =0 Vn,
n—>00 .
Ja+1<j<Jy: lim t] =—o0, xj; =0 Vn,
n—>oo .
Ja+1<j<Js: lim t/=+oo, lim |x;| = oo,
n—>oo n—>oo .
Js+1<j<J: lim 1] = —oo0, lim |x]| =00
n—>oo n—>o0

Above we are assuming that if a > b, then there is no j such that a < j < b. Notice that J; € {0, 1} by
the orthogonality of the parameters. We may treat only the case J; = 1 here. The case J; = 0 is easier.
We have 0 < S, (¥1) < S5 — 8 by (t,{ , x;{ ) = (0,0) and the assumption. Hence, by the definition of S,
we can find N € C(R: H'(R)) N L4(R : L".(R)) such that

t
N(tx) = eyt [T (N )N ) ds
0

For every j such that J; +1 < j < J, let U/ be the solution of (NLS) with the initial data y/. Since
we have 7_; ¥/ € N, we know ¥/ satisfies

Sw,O(wj) = Sw(f ﬂﬁj) = Scf) <Ny =ly

and Po(y¥/) > 0. (since 0 > Po(¥/) = limy 00 P(z, J ¥/) > 0if we assume Po(¥/) < 0.) Therefore,
we see that the solution U/ scatters by [Fang et al. 2011 Akahori and Nawa 2013]; that is, U/ (¢, x) €
C(R: H'(R)) N L4(R: L”(R)). We set U/ (1, x) := U’ (t. x — x}}).

For every j such that J, + 1 < j < J3, we associate with profile ¥/ the function

W(t,x) e C(R_: H'(R)) N LY(R_ : L".(R))

by Lemma 3.9. We claim that W/ (t, x) eC(R: H' (R)N LY ([R{ L".(R)). Indeed, by the assumption,
we see that S, (W) = lim, 00 Sw(e”” Hyyly < S¢, since eltin Hy v/ — W7 in H'(R) with t;, — oo
as n — oo. Therefore, by the definition of Sg,, we obtain W/(t,x)e CR: HY(R)) N L4(R : L”.(R)).
We set W/ ,,(t Xx):= WJ(t—t,,,x)

For every j such that J3 4+ 1 < j < J4, we associate with profile 1/ the function

W/(t,x) e C(Ry : H'(R) N LERy : LL(R))

by Lemma 3.9. And the same argument as above gives us that W] (t,x) e C(R: HY(R))NL4(R: L.(R)).
We set Wj LX) = Wj (t—1t],x).
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For every j such that J4 4+ 1 < j < Js, we associate with profile 1/ the function
VI(t,x) e C(R-: H'(R)) N L4R—: L".(R))
by Lemma 3.10. We will prove V7 (¢, x) e C(R: HY(R)) N LR : L7.(R)). Now,

lim sup Sw(e”” HVr wj) <S85—6
n—0o0

holds by the assumption. Here, since e "/*H» is unitary in L?(R) and conserves the linear energy, and

y <0, we have

Swle ety = B e -wf)+wM(e”'4Hyf v

H +1
= |z, Mﬂj 13— +1 He”” 't Mﬁ ||£p+1
1 H +1
> 410e (e, w2, + 4 wuuwan e B g1,
1 2 1 112 H i P+1
= 2110xv¥7 17> + z0lv/ lI7- — L et Hy R [y

p—H

p+1

Lo+l ™ 0 as n — oo by [Banica and Visciglia 2016, Section 2,

_ ; » -
Since t;, — 0o, we have e/ Hy TVl

n
(2.4)]. Therefore, we obtain

1y 172 + 3ollv /117, < S5 -4
Since ¥/ is the final state of V./, we have
Swo(VL) = g10:x97 172 + 301197 17> < 6 —8 <no = lo.

By [Fang et al. 2011; Akahori and Nawa 2013], we have V/(t,x) e C(R: HY(R)) N L4(R: L".(R)). We
set V2 (1, x) 1= VJ(t—tn,x xn)
For every j such that Js + 1 < j < J, we associate with profile ¥/ the function

Vi, x) e CRy: H'R) N LRy : LL(R))

by Lemma 3.10. And the same argument as above gives us that VJ (t,x) e C(R: HY(R))NL4(R: L".(R)).
We set VJ L1 X) = Vj(t t,x—x3).
We deﬁne the nonlinear profile as

I I3 Ta Js Jo
J
Zi=N+ D> U+ Y W+ Y Wi, + Y VIi+ > Vi,
j=J1+1 j=J2+1 j=J3+1 Jj=Ja+1 j=Js+1

By Lemmas 3.8, 3.9, and 3.10, we have

7z = e_”H"(sDn - WnJ) + iZnJ + rnJ,

n
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where ||”nJ||L§‘L; — 0asn — oo and

Z (1) = / I (N ()P N () ds
0

- [ e ot ud o) ds

Jj= J]-H

s / SOy (W1 () [PIWI () ds

Jj= Jz+1

Ly [ e o w60 ds

Jj= J3+1

- [ e (v V00 ds

Jj= J4+1

s [ (v 1 o) ds
j=Js5+1
‘We also have

—0 asn — o0.

t
z] —/ eIy (170 (5)|P=1 27 (5)) ds
4 LYLY

Therefore, we get
t
Zy = e gy - W) +i / e U= Hy (12T (5)|P71 2] (5)) ds +5;]
o

with ||s;1’ ||Larr — 0 as n — oo. In order to apply the perturbation lemma, Lemma 3.7, we need a bound
=X
on sup ; (limsup,, _, o, ||Z,{ lLarr). We have

J2 J3
J
limsup(I1Z;/ g zr)? 20N fapr +2 D MU N ap, +2 D W1 aps
neo j=J1+1 j=Ja+1
Ja . Js J
jyp jnP jyp
+2 3 IWIZepe 42 D V2N e +2 D0 IV
j=J3+1 j=J4+1 Jj=Js5+1

where we have used Corollary A.2 in [Banica and Visciglia 2016]. For simplicity, an denotes 2| N ||? LoLt
ifl <j<J, 2||UJ “L”L’ =2|U/ ”L” r if J1 +1 < j < J,, and so on. Then, the above mequahty

means
J

timsup(1Z] lzg15)” < 3o
j=1

There exists a finite set 7 such that ||/ || 71 < o for any j ¢ 7, where &g is the universal constant in
the small data scattering result, Proposition 3.3. By Proposition 3.3 and the orthogonalities in H-norm
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and L2-norm,

hm sup(||ZJ lLarr)? <limsup Z a) = limsup Z a + lim sup Z al

n—>oo n—o00 n—-oo

j= JEJ JE€T
< lim sup Z a’ + lim sup Z ||e”” HVT E/f] ll#
n—00 JET nee JE€T
< limsup Z al + limsup || @ ||
n—o0o jeg n—00

§1imsup2a,{ +ny < Zaj +ny <M,
n—>oo je] JEJ
where M is independent of J.
By Lemma 3.7 and Proposition 3.4, we can choose J large enough in such a way that
lim sup ||e_”HV WnJ lLarr <e,
n—>oo
where & = (M) > 0. Then, we get the fact that u, scatters for large n, and this contradicts |[un | a7, = co.
Therefore, we obtain J = 1 and
(pnze”'iHer}qwl+Wnl, S¢ = limsup S, (e’ nHy 11& ), wl -0 inL®H!.
n—->oo
By the same argument as [Banica and Visciglia 2016], we get x} = 0. Let u® be the nonlinear profile
associated with ¥1. Then, S ¢ = Se»(1®) and the global solution u¢ does not scatter by a contradiction
argument and the perturbation lemma (see the proof of Proposition 6.1 in [Fang et al. 2011] for more detail).

Case 2: radial data. We only focus on the difference of the proof between the radial case and the nonradial
case, which is in the profiles. By the linear profile decomposition for the radial data Theorem 3.5, we have

| —

J
j . . . 1
=5 Z (¢! o gu! +entre G Ry)+ oW +RW) VIeN.

For every j such that J1 +1 < j < J,,letU J be the solution to (NLS) with the initial data %wj .
Since we have

1 /Ll : J +
zfxéw +2T_x’4Rw ERw,

W/ satisfies Sw,o(%wj) <1, and Po(%wj) > 0. Indeed, if we assume Sw,o(%wj) > l,, then by
Theorem 3.5 and y <0,
o > S5 > limsup S, (¢n) > limsup(Se, (‘L’x’{ %Wj) + Sw(r_xljz‘R%wJ))

n—o00 n—oo

> lim sup(Sw,O(rx’{ %wj) + Sw,o(f_x’,;R%Wj))
o0

n—

= S,0(3¥7) + Swo(3¥7) > 21,
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This contradicts r,, < 2[,. Moreover, we see that

2Po(3y7) = limsup(Po(c,; 5¥7) + Po(t_,/R5¥7)) =limsup P(z ;397 +1_ ;R3y7) 2 0.

n—-oo n—-oo

Therefore, by [Fang et al. 2011; Akahori and Nawa 2013], we have
U/(t,x) e CR: HY(R)) N L4[R: L"(R)).
We set U,{(t,x):z Uj(t,x—x,{). '
For every j such that J4 + 1 < j < J5, we associate with profile ¢/ the function
VIt x) e C(R-: H'(R)) N LY(R_: L’.(R))

by Lemma 3.10. We prove V7 (¢, x) € C(R: H'(R)) N L%(R: L”.(R)). Now, by the assumption, we have

lim sup 2Sw(%e”'4 Hl’rx’{ wj) = lim sup{Sw(e”'{ Hy T %wj) + Sw(Re”é Hy T %wj)} <S5 —34.

n—0o0 n—>oo

In the same argument as that for ¥/ in the nonradial case, we obtain
b 197 2+ S 397 |22 = 355 —5)
4119x2 L2 T 2%2 L2 = 2o :
Now, since 1/ is the final state of V./, we have
. . 2 . 2
Soo(VD) = 3[0x397 |12 + 30 397 [ 12 < 3085 =8) < 370 < lo.

By [Fang et al. 2011; Akahori and Nawa 2013], we have VI(t,x) e CR: HY(R)) N L4R: L".(R)).
We set V2, (¢, x) :=VI(t —t;,x —x;).
Other statements are the same as in the nonradial case. O

3E. Extinction of the critical element. We assume that [|u“||L¢((0,00):L;) = 00, Where such u® is called
a forward critical element, and we prove u¢ = 0. In the case of ||u€|| L4((~00,0):L%) = 00, the same
argument as below does work.

Lemma 3.12. Let u be a forward critical element. Then the orbit of u, {u(t, x) : t > 0}, is precompact in
H(R). And then, for any € > 0, there exists R > 0 such that

/ |8xu(t,x)|2dx—|—/ |u(t,x)|2dx+/ lu(t,x)|P ™ dx <& foranyt € Ry.
|x|>R |x|>R |x|>R

This lemma is obtained in the same way as the defocusing case (see [Banica and Visciglia 2016]).
Now, we prove u = 0 by the localized virial identity and contradiction. Let u # 0. For ¢ : R4 — R,
we define a function / by

1) = /R o(xDlu(t. ) dx.



GLOBAL DYNAMICS FOR THE NLS WITH A REPULSIVE DIRAC DELTA POTENTIAL 507

Then, by a direct calculation and using (§NLS), we have

I'()=Im / 0y (p(x )t )dxu(t, x) dox.
R

1"(t) = RG/R 3% (@(Ix)13xu(t, x)1> dx =y 3% (p(x])|x=olu(z, 0)[?

p—1 1
Ref 03 (@(IxI)[u(, x) [P dx — —RC/ 0% (@(IxI)[u(r, ) dx
p+1 Jr 4 Jr
— 2y Re{0x (¢(Ix)[x=0u(r, 0)xu(z, 0)}.
Taking ¢ = ¢(r) such that, for R > 0,

4
0<g<r? @IS 19" <2, |¢(4>|sﬁ,
and

- r2, 0<r <R,
r) =
¢ 0. r>2R.

we obtain
17(6) = 4P (1) +Re / @@ (x])-2)|35u(t. )P dr—L "L Re [ @ (|5 )= lur.2)|7+ dx
R p+1 R

~4Re [ o@Dl 0P dx = 4P@O)+ Ri+ Rat R, (3-2)
R

where

Ry :=Re /R (@2 (o (1x])) = D) [dxu(t, x) dox.

Ry:= —;’;11 Reé(aiwuxm—2)|u(z,x)|1’“ dx.

Ryi= =k Re [ od(o(x))lut P dx.

By the property of ¢, we have

|R1| = ReA{ai(w(IXI))—2}|8xu(t»X)|2 dx

< cf 9z, )P dx,
|x|>R
p—1
|Ry| =

2 — +1
P Re [ {82001 = 2t

< c/ lu(t, x)|PT dx,
|x|>R

Ra| = |1 Re [R 0 (o ()t x) dx

<C lu(t, x)|* dx.
|x|>R
Therefore, we obtain

1"(t) = 4P(u(t)) - C (/

|x|>R

|0u(t, x)|* dx +/

|x|>R

lu(t, x)|* dx +/

|x|>R

lu(t, x)|Pt1 dx).
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We note that there exists § > 0 independent of ¢ such that P(u(z)) > & by Proposition 2.18 since u belongs
to M. Therefore, by Lemma 3.12, if we take ¢ € (0, 38), then there exists R > 0 such that 1 (¢) > § for
any ¢ € R4. On the other hand, the mass conservation law gives /(¢) < R2||u(t)||i2 < C, where C is
independent of ¢, for any € Ry. Hence, we obtain a contradiction.

4. Proof of the blow-up part

To prove the blow-up results, we use the method of Du et al. [2016]. On the contrary, we assume that the
solution u to (SNLS) with ug € M, is global in the positive time direction and sup, ¢p N 101 (2)]| iz <
Co < oo. Then, we have sup;cg, [[u(t)[Ls < oo for any ¢ > p + 1 by energy conservation and the
Sobolev embedding.

For R > 0, we take ¢ such that

0, 0<r<1iR
r: b 2 b
@(r) %1’ > R.
0<gp<l1 d<i.
—_— _R

By the fundamental formula and the Holder inequality, we have

t t
un:um+[1ﬁym§nm+/|ﬂ@ms
0 0
<1(0) + 1)@/ [|Leo llu()]|7 2 0xu@)I7 »
glmy+@ﬂ§£ﬂ.

Here, we note that 1(0) < f|x\>R/2 [u(0,x)|?> dx = og(1) and f|x|>R lu(t, x)|> dx < I(t). Therefore,
we obtain the following lemma.

Lemma 4.1. Let 1o > 0 be fixed. Then, for any t < noR/(8Mu)Cy), we have

/| P dx oR(1) 4o
X|[>

We take another ¢ such that

4
0<e=<r? |¢I<r l¢'l<2, |¢(4>|sﬁ,
and
- r2, 0<r <R,
r) =
¢ 0. r>2R.

Then we have the following lemma.

Lemma 4.2. There exist two constants C = C(p, M(u), Co) > 0 and 84 > 0 such that

bq

1"(t) < 4P () + C llull 3o gy + CRZ Ul 21115 )
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Proof. By (3-2), we have
I"(t) =4Pu(t)) + R1 + Ra + R3.

First, we prove Ry < 0. By the definition of ¢, we see that
Ry = Re [ @ (xD) = 2)fosue. 0P dx =Re [ (o () = 2l0su(e.0) dx <0,
R R
Next, we consider R,. By the Holder inequality, we have

p-l 2 - p+1
pHRe/R(Bx(w(IXI)) 2)[u(t, x)|P ! dx

< cf lu(t, x)|P T dx
|x|>R

Ry=—

1-6, 0
< Cllull Lo x> ry 141l 2 121> R
0

where ¢ > p+ 1 and 0 < 67 < 1, since sup, g, [[u(?)||Ls < oc. Finally, we consider R3:

Ry =—4Re fR D (@(|xD) (. 0)] dx < CR™2 /IM u(t. ) dx = CR2|ulF2 1y gy O

Proof of Theorem 1.3(2) (and Theorem 1.5(2)). Since u(t) belongs to M, there exists § > 0 independent
of ¢ such that P(u(t)) < —§ for all t € R4 by Proposition 2.18. Therefore, we obtain

0 -2 2
2(x>r) T CR M2 x> Ry

I"(t) < —48 + Cllu|
We take 1o > 0 such that Cngq + Cn% < §. By Lemma 4.1, for t € [0, 70 R/ (8 M (u)Cyp)], we have
1"(t) < =38 +og(1).
Let T :=noR/(8M(u)Cy). Integrating the above inequality from O to 7, we get
I(T) < 1(0)+ I'(0)T + (=38 + or (1)) T2
For sufficiently large R > 0, we have —36 + og(1) < —24. Thus, we get
I(T) < 1(0) + I'(0)no R/ (8M (1) Co) — o R?,
where ¢ := 87]%/(8M(M)C0)2 > 0, and we can prove 1(0) = og(1)R? and 1’(0) = og(1)R. Indeed,
2 2 2 2
1(0) = /kaﬁ X[ Juo(x)|” dx + /\/ﬁqum X[ Juo(x)|” dx
SM(u)R—i—RZ/ luo(x)|? dx

VR<|x|
=og(1)R?,
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and

1'(0)E/lxkﬁeIw’(IXI)IIuo(X)Ilaxuo(X)ldx+/\F 9" (Ix D 1o (x)[10xuo0(x)] dx

R<|x|<2R

= Ox d +/ Ox d
/|x|<ﬁIXIluo(X)|| uo(x)| dx JR<lx|<2R |x[ o (x)[[dxr0(x)] dx

< ol VR + R [f 0 ()] [x10 (x)] dx

R<|x|
=oRr(1)R.
Therefore, we see that

I(T) <or(1)R? —agR%

For sufficiently large R > 0, we have og(1) —a¢ < 0. However, this contradicts

I(T) = /R o(xDlu(T. )] dx > 0.

This argument can be applied in the negative time direction. O

Appendix: Rewriting the main theorem into a version independent of the frequency

We prove Corollary 1.4. To see this, it is sufficient to prove the following lemma.
Lemma A.1. Let ¢ € H'(R). The following statements are equivalent:

(1) There exists w > 0 such that S, (@) < ly = ng.

(2) @ satisfies E(p)M(¢)° < Eo(Q1,0)M(Q1,0)°.

Proof. If ¢ = 0, the statement holds. Let ¢ € H!(R)\ {0} be fixed. +We define f(w) :=lp — S (p).
Then, (1) is true if and only if sup,,. o f (@) > 0. Noting that /,, = w21 S1,0(01,0), we know f has a

maximum at @ = wg, Where
2(p=1)

wo = ( M(w) )_ e >0
26,—-'__31)51,0(Q1,0)

Therefore, (1) is equivalent to f(wg) > 0. Now, since

p+3 2(p—=1)

M(g) T M(p) =

)=( ) S,(Q,)—( ) M(g) — E(p)

i T I)SIO(QIO) PO T 1)51 0(Q1,0) v Y
-

_ (2(p l)S1 O(QIO)) 7 CE(p)> 0,

pP+3

M(p)»—3

we have
2(17 1)

(5255510010) 7 = B
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Noting Q1,0 satisfies

p+3 p+1
101,017, = 2(p— )||3 x010l72 = 2 +1)||Q 1,0ll7 p41
we have
+3 2(p—51) p+3
(2f )SIO(QIO)) = Eo(Q1,00M(Q1,0) 775. O
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