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GLOBAL DYNAMICS BELOW THE STANDING WAVES
FOR THE FOCUSING SEMILINEAR SCHRÖDINGER EQUATION

WITH A REPULSIVE DIRAC DELTA POTENTIAL

MASAHIRO IKEDA AND TAKAHISA INUI

We consider the focusing mass-supercritical semilinear Schrödinger equation with a repulsive Dirac delta
potential on the real line R:(

i@tuC
1
2
@2xuC 
ı0uCjuj

p�1uD 0; .t; x/ 2 R�R;

u.0; x/D u0.x/ 2H
1.R/;

where 
 � 0, ı0 denotes the Dirac delta with the mass at the origin, and p > 5. By a result of Fukuizumi,
Ohta, and Ozawa (2008), it is known that the system above is locally well-posed in the energy spaceH 1.R/

and there exist standing wave solutions ei!tQ!;
 .x/ when ! > 1
2

2, where Q!;
 is a unique radial

positive solution to�1
2
@2xQC!Q�
ı0QDjQj

p�1Q. Our aim in the present paper is to find a necessary
and sufficient condition on the data below the standing wave ei!tQ!;0 to determine the global behavior
of the solution. The similar result for NLS without potential (
 D 0) was obtained by Akahori and Nawa
(2013); the scattering result was also extended by Fang, Xie, and Cazenave (2011). Our proof of the
scattering result is based on the argument of Banica and Visciglia (2016), who proved all solutions scatter
in the defocusing and repulsive case (
 < 0) by the Kenig–Merle method (2006). However, the method
of Banica and Visciglia cannot be applicable to our problem because the energy may be negative in the
focusing case. To overcome this difficulty, we use the variational argument based on the work of Ibrahim,
Masmoudi, and Nakanishi (2011). Our proof of the blow-up result is based on the method of Du, Wu, and
Zhang (2016). Moreover, we determine the global dynamics of the radial solution whose mass-energy is
larger than that of the standing wave ei!tQ!;0. The difference comes from the existence of the potential.
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1. Introduction

1A. Background. We consider the focusing mass-supercritical semilinear Schrödinger equation with a
repulsive Dirac delta potential on the real line R:
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i@tuC

1
2
@2xuC 
ı0uCjuj

p�1uD 0; .t; x/ 2 R�R;

u.0; x/D u0.x/ 2H
1.R/;

(ıNLS)

where 
 � 0, ı0 denotes the Dirac delta with the mass at the origin, and p > 5. The system (ıNLS)
appears in a wide variety of physical models with a point defect on the line; see [Goodman et al. 2004]
and the references therein. We define the Schrödinger operator H
 as the formulation of a formal
expression �1

2
@2x � 
ı0:

H
' WD �
1
2
@2x'; ' 2 D.H
 /;

D.H
 / WD
˚
'2H 1.R/\H 2.R nf0g/ W @x'.0C/� @x'.0�/D � 2
'.0/

	
:

H
 is a nonnegative self-adjoint operator on L2.R/ (see [Albeverio et al. 2005] for more details), which
implies that (ıNLS) is locally well-posed in the energy space H 1.R/.

Proposition 1.1 [Fukuizumi et al. 2008, Section 2; Cazenave 2003, Theorem 3.7.1]. For any u0 2H 1.R/,
there exist T˙ D T˙.ku0kH1/ > 0 and a unique solution

u 2 C
�
.�T�; TC/IH

1.R/
�
\C 1

�
.�T�; TC/IH

�1.R/
�

of (ıNLS). Moreover, the following statements hold:

� (blow-up criterion) T˙ D1, or T˙ <1 and limt!˙T˙
k@xu.t/kL2 D1, where the double-sign

corresponds.

� (conservation laws) The energy E and the mass M are conserved by the flow; i.e.,

E.u.t//DE.u0/; M.u.t//DM.u0/ for any t 2 .�T�; TC/;

where for ' 2H 1.R/, we define E and M as

E.'/DE
 .'/ WD
1
4
k@x'k

2
L2
�
1
2

 j'.0/j2�

1

pC1
k'k

pC1

LpC1
; (1-1)

M.'/W D 1
2
k'k2

L2
: (1-2)

We investigate the global behaviors of the solution. By the choice of the initial data, (ıNLS) has various
solutions, for example, scattering solutions, blow-up solutions, and so on. Let us recall the definitions of
scattering and blow-up. Let u be a solution to (ıNLS) on the maximal existence time interval .�T�; TC/.

Definition 1.1 (scattering). We say that the solution u to (ıNLS) scatters if and only if T˙ D1 and
there exist u˙ 2H 1.R/ such that

ku.t/� e�itH
u˙kH1 ! 0 as t !˙1;

where fe�itH
 g denotes the evolution group of i@tu�H
uD 0.

Definition 1.2 (blow-up). We say that the solution u to (ıNLS) blows up in positive time (resp. negative
time) if and only if TC <1 (resp. T� <1).
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Since a pioneer work by Kenig and Merle [2006], the global dynamics without assuming smallness
for focusing nonlinear Schrödinger equations have been studied. For the focusing cubic semilinear
Schrödinger equation in three dimensions, Holmer and Roudenko [2008] proved that ku0kL2kru0kL2 <
kQkL2krQkL2 implies scattering and, on the other hand, ku0kL2kru0kL2 > kQkL2krQkL2 implies
finite-time blow-up if the initial data u0 2H 1.R3/ is radially symmetric and satisfies the mass-energy
condition M.u0/E.u0/ <M.Q/E.Q/, where Q is the ground state. For nonradial solutions, Duyckaerts,
Holmer, and Roudenko [Duyckaerts et al. 2008] proved the scattering part and Holmer and Roudenko
[2010] proved the solutions in the above blow-up region blow up in finite time or grow up in infinite
time. Fang, Xie, and Cazenave [Fang et al. 2011] extended the scattering result and Akahori and Nawa
[2013] extended both the scattering and the blow-up result to mass-supercritical and energy-subcritical
Schrödinger equations in general dimensions.

Recently, Banica and Visciglia [2016] proved all solutions scatter in the defocusing case. On the other
hand, in the focusing case, (ıNLS) has blow-up solutions and nonscattering global solutions. Thus, their
method cannot be applicable to our problem.

1B. Main results. To state our main result, we introduce several notations.
Let ! be a positive parameter that denotes the frequency. We define action S! and a functional P as

S!.'/D S!;
 .'/ WDE.'/C!M.'/D
1
4
k@x'k

2
L2
�
1
2

 j'.0/j2C 1

2
!k'k2

L2
�

1

pC1
k'k

pC1

LpC1
; (1-3)

P.'/D P
 .'/ WD
1
2
k@x'k

2
L2
�
1
2

 j'.0/j2�

p� 1

2.pC 1/
k'k

pC1

LpC1
; (1-4)

where P appears in the virial identity (see [Le Coz et al. 2008]).
We often omit the index 
. We sometimes insert 0 into 
, such as S!;0 and P0.
We consider the three minimizing problems

n! WD inf
˚
S!.'/ W '2H

1.R/nf0g; P.'/D0
	
; (1-5)

r! WD inf
˚
S!.'/ W '2H

1
rad.R/nf0g; P.'/D0

	
; (1-6)

l! WD inf
˚
S!;0.'/ W '2H

1.R/nf0g; P0.'/D0
	
; (1-7)

where H 1
rad.R/ WD f' 2H

1.R/ W '.x/D'.�x/g.
Equation (1-7) is nothing but the minimizing problem for the nonlinear Schrödinger equation without

a potential, and l! is positive and is attained by

Q!;0.x/ WD

�
.pC 1/!

2
sech2

�
.p� 1/

p
!

p
2

jxj

�� 1
p�1

;

which is a unique positive solution of

�
1
2
@2xQC!QD jQj

p�1Q: (1-8)

For n! and r! , we prove the following statements, some of which were proved by Fukuizumi and
Jeanjean [2008].
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Proposition 1.2. Let 
 be strictly negative. Then the following statements are true:

(1) n! D l! and n! is not attained.

(2) n! < r! and �
r! D 2l! if 0 < ! � 1

2

2;

r! < 2l! if ! > 1
2

2:

(3) If ! > 1
2

2, then r! is attained by

Q!.x/DQ!;
 .x/ WD

�
.pC 1/!

2
sech2

�
.p� 1/

p
!

p
2

jxjC tanh�1
�



p
2!

��� 1
p�1

;

which is a unique positive solution of �1
2
@2xQC!Q�
ı0QD jQj

p�1Q. On the other hand, r! is
not attained if 0 < ! � 1

2

2.

The function ei!tQ! with ! > 1
2

2 is a global nonscattering solution to (ıNLS), which is called the

standing wave. The fact that n! ¤ r! comes from the existence of the potential, which means that the
following main result in the radial case does not follow from that in the nonradial case.

By using the minimizing problems, we define subsets in H 1.R/ for ! > 0 as follows:

N C! WD f'2H
1.R/ W S!.'/<n! ; P.'/�0g;

N �! WD f'2H
1.R/ W S!.'/<n! ; P.'/<0g;

and
RC! WD f'2H

1
rad.R/ W S!.'/<r! ; P.'/�0g;

R�! WD f'2H
1
rad.R/ W S!.'/<r! ; P.'/<0g:

We state one of our main results, which treats the nonradial case. We classify the global behavior of
the solution whose action is less than n! .

Theorem 1.3 (nonradial case). Let ! > 0. Let u be a solution to (ıNLS) on .�T�; TC/ with the initial
data u0 2H 1.R/.

(1) If the initial data u0 belongs to N C! , then the solution u scatters.

(2) If the initial data u0 belongs to N �! , then one of the following four cases holds:

(a) The solution u blows up in both time directions.

(b) The solution u blows up in a positive time, and u is global toward negative time and

lim sup
t!�1

k@xu.t/kL2 D1:

(c) The solution u blows up in a negative time, and u is global toward positive time and

lim sup
t!1

k@xu.t/kL2 D1:

(d) The solution u is global in both time directions and

lim sup
t!˙1

k@xu.t/kL2 D1:
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Proposition 1.2 and a direct calculation give n! D l! D !
pC3
2.p�1/S1;0.Q1;0/. By these relations, we

can rewrite the main theorem in the nonradial case into a version independent of the frequency !.

Corollary 1.4. We define the subsets N ˙ in H 1.R/ as

N CW D
˚
'2H 1.R/ WE.'/M.'/�<E0.Q1;0/M.Q1;0/

� ; P.'/�0
	
;

N �W D
˚
'2H 1.R/ WE.'/M.'/�<E0.Q1;0/M.Q1;0/

� ; P.'/<0
	
;

where � WD .pC3/=.p�5/. Let u be a solution to (ıNLS) on .�T�; TC/ with the initial data u0 2H 1.R/.
Then, we can prove the same conclusion as in Theorem 1.3, where N ˙! is replaced by N ˙, respective of
the sign.

The equivalency is proved in the Appendix.
Next, we state the other main result for radial solutions. If we restrict solutions to (ıNLS) to radial

solutions, then we can classify the global behavior of the radial solutions whose action is larger than n!
and less than r! .

Theorem 1.5 (radial case). Let ! > 0 and u be a solution to (ıNLS) with the initial data u0 2H 1
rad.R/.

Then, we can prove the same conclusion as in Theorem 1.3, where N ˙! is replaced by R˙! , respective of
the sign.

Remark 1.1. Even if solutions to (ıNLS) are restricted to radial ones, the possibility that (b)–(d) (grow-
up) occurs cannot be excluded since we consider one spatial dimension. In [Le Coz et al. 2008], it was
proved that if the initial data satisfies xu0 2 L2 and P.u0/ < 0, then the solution blows up in a finite
time in both time directions.

1C. Difficulties and idea for the proofs. Our proof of the scattering part is based on the argument of
Banica and Visciglia [2016], where they proved all solutions scatter in the defocusing case. We also use a
concentration compactness argument (see Sections 3C–3E) and a rigidity argument (see Section 3E). In
the focusing case, it is not clear that each profile has positive energy when we use profile decomposition.
To prove this with 
 D 0, the orthogonality property of the functional P0 was used in [Fang et al. 2011;
Akahori and Nawa 2013]. However, it is not easy to prove the orthogonality of the functional P
 because
of the presence of the Dirac delta potential (
 ¤ 0). To overcome this difficulty, we use the Nehari
functional I!;
 (see (2-7) for the definition) instead of P
 . Then we can prove that the subsets for the
data defined by I! instead of P are the same as the subsets N ˙! (see Proposition 2.15) using an argument
similar to that of [Ibrahim et al. 2011].

Theorem 1.5 (radial case) does not follow from Theorem 1.3 (nonradial case) since we treat solutions
whose action is larger than or equal to n! in Theorem 1.5. Recently, Killip, Murphy, Visan, and Zheng
[Killip et al. 2016] also considered a similar problem and extended the region to classify solutions under
radial assumption for NLS with the inverse-square potential. They used the radial Sobolev inequality, which
is only effective in higher dimensions, to prove a translation parameter in the linear profile decomposition
is bounded. However, this method cannot be applied to our problem. In the one-dimensional case, it is
not clear whether the translation parameter is bounded or not. To avoid this difficulty, we use the fact that
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the translation parameter �xn appears in the profile decomposition if xn appears (see Theorem 3.5 for
more detail).

Next, we explain the blow-up results. Holmer and Roudenko [2010] proved a blow-up result for the
cubic Schrödinger equation without potentials in three dimensions by applying the Kenig–Merle method
[2006]. Recently, Du, Wu, and Zhang [Du et al. 2016] gave a simpler proof for blow-up, in which they
only used the localized virial identity. We apply their method to the equation with a potential.

1D. Construction of the paper. In Section 2, we consider the minimizing problems from the viewpoint
of variational argument. We prove the existence and nonexistence of a minimizer for r! and n! , and that
the subsets for the data defined by I! instead of P are the same as the subsets in H 1.R/ defined by P in
this section. In Section 3, we prove the scattering results by a concentration compactness argument and a
rigidity argument. We explain the necessity of the Nehari functional I! instead of P. In Section 4, we
prove the blow-up results, based on the argument of Du et al. [2016].

2. Minimizing problems and variational structure

2A. Minimizing problems. Let .˛; ˇ/ satisfy the conditions

˛ > 0; 2˛�ˇ � 0; 2˛Cˇ � 0; .˛; ˇ/¤ .0; 0/: (2-1)

We set

� WDmaxf2˛�ˇ; 2˛Cˇg; � WDminf2˛�ˇ; 2˛Cˇg:

We define a scaling transformation and a derivative of functional as

'
˛;ˇ

�
.x/ WD e˛�'.e�ˇ�x/; (2-2)

L˛;ˇ
�0
S.'/ WD @�S.'

˛;ˇ

�
/j�D�0 ; (2-3)

L˛;ˇS.'/ WD L˛;ˇ0 S.'/ (2-4)

for any function ' and any functional S WH 1.R/! R. We define functionals K˛;ˇ! by

K˛;ˇ! .'/DK˛;ˇ!;
 .'/

WD L˛;ˇS!.'/

D @�S!.e
˛�'.e�ˇ� � //j�D0

D
1
4
.2˛�ˇ/k@x'k

2
L2
C
1
2
!.2˛Cˇ/k'k2

L2
� 
˛j'.0/j2�

.pC 1/˛Cˇ

pC 1
k'k

pC1

LpC1
: (2-5)

We especially use the following functionals:

P.'/D P
 .'/ WDK
1
2
;�1

! .'/D 1
2
k@x'k

2
L2
�
1
2

 j'.0/j2�

p� 1

2.pC 1/
k'k

pC1

LpC1
; (2-6)

I!.'/D I!;
 .'/ WDK
1;0
! .'/D 1

2
k@x'k

2
L2
� 
 j'.0/j2C!k'k2

L2
�k'k

pC1

LpC1
: (2-7)
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Remark 2.1. Both the functionalP, which appears in the virial identity (3-2), and the Nehari functional I!
are used to prove the scattering results. It is proved in Proposition 2.15 that P and I! have same sign under
a condition for the action. To prove this, we introduce the parameter .˛; ˇ/ based on [Ibrahim et al. 2011].

We also use J ˛;ˇ! defined by

J ˛;ˇ! .'/D J ˛;ˇ!;
 .'/ WD S!.'/�
K
˛;ˇ
! .'/

�
: (2-8)

Lemma 2.1. We have the relations

.L˛;ˇ ��/k@x'k2L2 D
�
0 if ˇ � 0;
�2ˇk@x'k

2
L2

if ˇ > 0;

.L˛;ˇ ��/k'k2
L2
D

�
2ˇk'k2

L2
if ˇ � 0;

0 if ˇ > 0;

.L˛;ˇ ��/j'.0/j2 D
�
ˇj'.0/j2 if ˇ � 0;
�ˇj'.0/j2 if ˇ > 0;

.L˛;ˇ ��/k'kpC1
LpC1

D

�
..p� 1/˛C 2ˇ/k'k

pC1

LpC1
if ˇ � 0;

.p� 1/˛k'k
pC1

LpC1
if ˇ > 0:

In particular,

�J ˛;ˇ! D .��L˛;ˇ /S!.'/� jˇjmin
˚
1
2
k@x'k

2
L2
; !k'k2

L2

	
�
1
2

 jˇjj'.0/j2C

.p� 5/˛

pC 1
k'k

pC1

LpC1
:

Moreover, we have

�.L˛;ˇ ��/.L˛;ˇ ��/S!.'/D .L˛;ˇ ��/.L˛;ˇ ��/
�
1
2

 j'.0/j2C

k'k
pC1

LpC1

pC 1

�
� �

1
2

 jˇj2 j'.0/j2C

.p� 5/˛

pC 1
L˛;ˇk'kpC1

LpC1
�
.p� 5/˛�

pC 1
k'k

pC1

LpC1
:

Proof. These relations are obtained by simple calculations. We only note that

.p� 1/˛C 2ˇ D .p� 5/˛C 2.2˛Cˇ/� .p� 5/˛: �

By this lemma and p > 5, we find that J ˛;ˇ! .'/ � 0 for any ' 2H 1.R/. Next, we see that K˛;ˇ! is
positive near the origin in H 1.R/.

Lemma 2.2. Let f'ngn2N�H
1.R/nf0g be bounded in L2.R/ such that k@x'nkL2! 0 as n!1. Then

K
˛;ˇ
! .'n/ > 0 for large n 2 N.

Proof. By 
 < 0, p > 5, and the Gagliardo–Nirenberg inequality, we have

K˛;ˇ! .'n/�
1
4
.2˛�ˇ/k@x'nk

2
L2
�
.pC 1/˛Cˇ

pC 1
Ck@x'nk

1
2
.p�1/

L2
k'nk

1
2
.pC3/

L2
> 0

for sufficiently large n 2 N, where C is a positive constant. �
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We define the following minimizing problems for ! > 0 and .˛; ˇ/ satisfying (2-1):

n˛;ˇ! WD inf
˚
S!.'/ W '2H

1.R/nf0g; K˛;ˇ! .'/D0
	
; (2-9)

r˛;ˇ! WD inf
˚
S!.'/ W '2H

1
rad.R/nf0g; K

˛;ˇ
! .'/D0

	
; (2-10)

l˛;ˇ! WD inf
˚
S!;0.'/ W '2H

1.R/nf0g; K
˛;ˇ
!;0 .'/D0

	
: (2-11)

If .˛; ˇ/D
�
1
2
;�1

�
, these are nothing but n! , r! , and l! . We prove that these minimizing problems

are independent of .˛; ˇ/ and Proposition 1.2 holds in the following subsections.

2B. Radial minimizing problem. First, we consider the radial minimizing problem r
˛;ˇ
! . For 
 � 0,

S! WH
1
rad.R/! R satisfies the following mountain pass structure:

(1) S!.0/D 0.

(2) There exist ı; � > 0 such that S!.'/ > ı for all ' with k'kH1 D �.

(3) There exists  2H 1
rad.R/ such that S!. / < 0 and k kH1 > �.

Indeed, (1) is trivial, (2) can be proved by the Gagliardo–Nirenberg inequality, and (3) is obtained by a
scaling argument.

Let
C WD

˚
c 2 C

�
Œ0; 1� WH 1

rad.R/
�
W c.0/D0; S!.c.1//<0

	
;

b WD inf
c2C

max
t2Œ0;1�

S!.c.t//:

Lemma 2.3. The identity b D r˛;ˇ! holds.

Proof. First, we prove b � r˛;ˇ! . To see this, it is sufficient to prove the existence of fcng � C such that
maxt2Œ0;1�S!.cn.t//! r

˛;ˇ
! as n!1. We take a minimizing sequence f'ng for r˛;ˇ! , namely,

S!.'n/! r˛;ˇ! as n!1 and K˛;ˇ! .'n/D 0 for all n 2 N:

We set Qcn.�/ WD L˛;ˇ
�
'n for � 2 R. Then, we see that S!. Qcn.�// < 0 for large �. Moreover,

max
�2R

S!. Qcn.�//D S!. Qcn.0//D S!.'n/! r˛;ˇ! as n!1

since K˛;ˇ! .'n/D 0 for all n 2 N. We define Cn.t/ for t 2 Œ�L;L� such that

Cn.t/ WD

(
Qcn.t/ if � 1

2
L� t � L;�

2
L
.t CL/

�M
Qcn
�
�
L
2

�
if �L� t < �1

2
L:

C is continuous in H 1.R/ and we have S!.Cn.L// < 0 and maxt2Œ�L;L� S!.Cn.t//D S!.'n/! r
˛;ˇ
!

when L> 0 and M DM.n/ are sufficiently large. By changing variables, we obtain a desired sequence
cn 2 C. Next, we prove b � r˛;ˇ! . It is sufficient to prove

c.Œ0; 1�/\
˚
'2H 1

rad.R/nf0g WK
˛;ˇ
! .'/D0

	
¤∅ for all c 2 C:
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We take an arbitrary c 2 C. Now, c.0/ D 0 and S!.c.1// < 0. Therefore, K˛;ˇ! .c.t// > 0 for some
t 2 .0; 1/ by Lemma 2.2 and K˛;ˇ! .c.1// � ..pC 1/˛C ˇ/S!.c.1// < 0. By continuity, there exists
t0 2 .0; 1/ such that K˛;ˇ! .c.t0//D 0. Thus, we get b D r˛;ˇ! . �

Next, we prove the existence and nonexistence of a minimizer for the minimizing problem r
˛;ˇ
! .

See [Fukuizumi and Jeanjean 2008, Lemmas 15, 19, 20, 21, and 25] for the proofs of the following
Lemmas 2.4, 2.5, 2.6, 2.7, and 2.8, respectively.

The following lemma means that it is sufficient to find a nonnegative minimizer.

Lemma 2.4. If ' 2H 1.R/ is a minimizer of r˛;ˇ! , then j'j 2H 1.R/ is also a minimizer.

Definition 2.1 (Palais–Smale sequence). We say that f'ngn2N �H
1.R/ is a Palais–Smale sequence for

S! at the level c if and only if the sequence f'ngn2N satisfies

S!.'n/! c and S 0!.'n/! 0 in H�1.R/ as n!1:

By the mountain pass theorem, we obtain a Palais–Smale sequence at the level b D r˛;ˇ! . We may
assume that the sequence is bounded.

Lemma 2.5. Any Palais–Smale sequence of S! considered on H 1
rad.R/ is also a Palais–Smale sequence

of S! considered on H 1.R/. In particular, a critical point of S! considered on H 1
rad.R/ is also a critical

point of S! considered on H 1.R/.

Lemma 2.6. Let f'ngn2N�H
1.R/ be a bounded Palais–Smale sequence at the level c for S! . Then there

exists a subsequence still denoted by f'ng for which the following holds: there exist a critical point '0
of S! , an integer k � 0, for j D 1; : : : ; k, a sequence of points fxjng � R, and nontrivial solutions �j .x/
of the equation (1-8) satisfying

'n*'0 weakly in H 1.R/;

S!.'n/! c D S!.'0/C

kX
jD1

S!;0.�
j /;

'n�

�
'0C

kX
jD1

�j .x� xjn/

�
! 0 strongly in H 1.R/;

jxjn j !1; jx
j
n � x

i
nj !1 for 1� j ¤ i � k

as n!1, where we agree that in the case k D 0, the above holds without �j and xjn .

Lemma 2.7. Assume that
r˛;ˇ! < 2l˛;ˇ! :

Then the bounded Palais–Smale sequence at the level r˛;ˇ! admits a strongly convergent subsequence.

Lemma 2.8. If ' 2H 1.R/nf0g is a critical point of S! , that is, ' satisfies

�
1
2
@2x'C!' � 
ı0' D j'j

p�1' (2-12)
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in the distribution sense, then it satisfies

' 2 C j .R nf0g/\C.R/; j D 1; 2;

�
1
2
@2x'C!' D j'j

p�1'; x ¤ 0;

@x'.0C/� @x'.0�/D�2
'.0/;

@x'.x/; '.x/! 0 as jxj !1:

Lemma 2.9. There exists a unique positive classical solution ' of (2-12) if and only if ! > 1
2

2. It is

nothing but Q! . If 0 < ! � 1
2

2, then the classical solution does not exist.

Proof. We have a unique positive classical solution Q!;0 of (1-8). If ! > 1
2

2, then we get a classical

solution ' of (2-12) by the translation of Q!;0. See [Fukuizumi and Jeanjean 2008] for more detail. �

Lemma 2.10. The inequality r˛;ˇ! < 2l
˛;ˇ
! holds when ! > 1

2

2.

Proof. When ! > 1
2

2, we know Q! is well defined. We find that Q! satisfies K˛;ˇ! .Q!/ D 0 and

S!.Q!/ < 2l
˛;ˇ
! by direct calculations. �

By Lemmas 2.7 and 2.10, we find that when ! > 1
2

2, the function Q! attains r˛;ˇ! .

Lemma 2.11. If 0 < ! � 1
2

2, then r˛;ˇ! D 2l

˛;ˇ
! holds.

Proof. Suppose that r˛;ˇ! < 2l
˛;ˇ
! . By Lemmas 2.7 and 2.8, we have a unique positive classical solution

of (2-12), which contradicts Lemma 2.9. Thus, it suffices to show r
˛;ˇ
! � 2l

˛;ˇ
! for all ! > 0. Let

'n.x/ WDQ!;0.x�n/CQ!;0.xCn/:

Then, S!.'n/ ! 2l! and K˛;ˇ! .'n/ ! 0 as n ! 1. Thus, there exists a sequence f�ng such that
K
˛;ˇ
! .�n'n/ D 0 and �n ! 1 as n ! 1. Therefore, we have S!.�n'n/ ! 2l! as n ! 1 and

K
˛;ˇ
! .�n'n/D 0 for all n 2 N. This means that r˛;ˇ! � 2l

˛;ˇ
! . �

Remark 2.2. The rearrangement argument implies

l˛;ˇ! D inf
˚
S!;0.'/ W '2H

1
rad.R/nf0g; K

˛;ˇ
!;0 .'/D0

	
:

Therefore, the arguments in Section 2B do work for l˛;ˇ! .

2C. Nonradial minimizing problem. In this subsection, we prove n˛;ˇ! D l
˛;ˇ
! and n˛;ˇ! is not attained.

Lemma 2.12. We have

l˛;ˇ! D j ˛;ˇ! WD inf
˚
J
˛;ˇ
!;0 .'/ W '2H

1.R/nf0g; K
˛;ˇ
!;0 .'/�0

	
:

Proof. First, we prove j ˛;ˇ! � l
˛;ˇ
! :

j ˛;ˇ! � inf
˚
J
˛;ˇ
!;0 .'/ W '2H

1.R/nf0g; K
˛;ˇ
!;0 .'/D0

	
D inf

˚
S!;0.'/ W '2H

1.R/nf0g; K
˛;ˇ
!;0 .'/D0

	
D l˛;ˇ! :
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Next, we prove l˛;ˇ! � j
˛;ˇ
! . We take ' 2H 1.R/nf0g such that K˛;ˇ!;0 .'/� 0. If K˛;ˇ!;0 .'/D 0, then

l˛;ˇ! � S!;0.'/D J
˛;ˇ
!;0 .'/:

If K˛;ˇ!;0 .'/ < 0, then there exists �� 2 .0; 1/ such that K˛;ˇ!;0 .��'/ D 0. Indeed, this follows from
continuity and the fact that K˛;ˇ!;0 .�'/ > 0 holds for small � 2 .0; 1/ by Lemma 2.2. By �� < 1,

l˛;ˇ! � S!;0.��'/D J
˛;ˇ
!;0 .��'/� J

˛;ˇ
!;0 .'/:

Therefore, we have l˛;ˇ! � J
˛;ˇ
!;0 .'/ for any ' 2 H 1.R/n f0g such that K˛;ˇ!;0 .'/ � 0. This implies

l
˛;ˇ
! � j

˛;ˇ
! . Hence, we get l˛;ˇ! D j

˛;ˇ
! . �

Let �y'.x/ WD '.x�y/ throughout this paper.

Proposition 2.13. The identity n˛;ˇ! D l
˛;ˇ
! holds.

Proof. First, we prove n˛;ˇ! � l
˛;ˇ
! . We take an arbitrary ' 2H 1.R/nf0g such that K˛;ˇ! .'/D 0. Since

K
˛;ˇ
!;0 .'/�K

˛;ˇ
! .'/D 0 due to 
 � 0, by Lemma 2.12, we then have

l˛;ˇ! � J
˛;ˇ
!;0 .'/� J

˛;ˇ
! .'/;

which implies
l˛;ˇ! � inf

˚
J ˛;ˇ! .'/ W '2H 1.R/nf0g; K˛;ˇ! .'/D0

	
D inf

˚
S!.'/ W '2H

1.R/nf0g; K˛;ˇ! .'/D0
	
D n˛;ˇ! :

Next, we prove n˛;ˇ! � l
˛;ˇ
! . We note that Q!;0 attains l˛;ˇ! . Then, there exists a sequence fyngn2N with

yn!1 as n!1 such that S!.�ynQ!;0/! S!;0.Q!;0/D l
˛;ˇ
! as n!1. For this fyng,

K˛;ˇ! .�ynQ!;0/�K
˛;ˇ
!;0 .�ynQ!;0/DK

˛;ˇ
!;0 .Q!;0/D 0

holds for all n 2 N. Since K˛;ˇ! .��ynQ!;0/ < 0 for large � > 1 and K˛;ˇ! .�ynQ!;0/ > 0, there exists
�n >1 such that K˛;ˇ! .�n�ynQ!;0/D 0 by continuity. For this f�ng, we have �n! 1 as n!1. Indeed,
since

0DK˛;ˇ! .�n�ynQ!;0/

D �2n
�
1
4
.2˛�ˇ/k@x�ynQ!;0k

2
L2
C
1
2
!.2˛Cˇ/k�ynQ!;0k

2
L2
� 
˛j�ynQ!;0.0/j

2
�

��pC1n

.pC 1/˛Cˇ

pC 1
k�ynQ!;0k

pC1

LpC1
;

and K˛;ˇ!;0 .�ynQ!;0/D 0, we have

0D 1
4
.2˛�ˇ/k@x�ynQ!;0k

2
L2
C
1
2
!.2˛Cˇ/k�ynQ!;0k

2
L2
� 
˛j�ynQ!;0.0/j

2

��p�1n

.pC 1/˛Cˇ

pC 1
k�ynQ!;0k

pC1

LpC1

D .1��p�1n /
.pC 1/˛Cˇ

pC 1
k�ynQ!;0k

pC1

LpC1
� 
˛j�ynQ!;0.0/j

2

D .1��p�1n /
.pC 1/˛Cˇ

pC 1
kQ!;0k

pC1

LpC1
� 
˛j�ynQ!;0.0/j

2:
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Therefore, �n! 1, since j�ynQ!;0.0/j ! 0 as n!1. Hence, S!.�n�ynQ!;0/! S!;0.Q!;0/D l
˛;ˇ
!

as n!1 and K˛;ˇ! .�n�ynQ!;0/D 0 for all n 2 N. This implies n˛;ˇ! � l
˛;ˇ
! . �

Proposition 2.14. For any ! > 0, the minimizing problem n
˛;ˇ
! is not attained; namely, there does not

exist ' 2H 1.R/ such that K˛;ˇ! .'/D 0 and S!.'/D n
˛;ˇ
! .

Proof. We assume that ' attains n˛;ˇ! . If '.0/D 0, then S!;0.'/D S!.'/D n
˛;ˇ
! D l

˛;ˇ
! and K˛;ˇ!;0 .'/D

K
˛;ˇ
! .'/D 0 holds; that is, ' also attains l˛;ˇ! . By the uniqueness of the ground state for l˛;ˇ! , we know

' DQ!;0. However, Q!;0.0/¤ 0. Therefore, '.0/¤ 0. Now, j'.x/j ! 0 as x!1 since ' 2H 1.R/.
Hence, j'.0/j> j'.y/j for sufficiently large jyj. Thus,

K˛;ˇ! .�y'/ < K
˛;ˇ
! .'/D 0:

Since K˛;ˇ! .��y'/ > 0 for small � 2 .0; 1/ by Lemma 2.2 and K˛;ˇ! .�y'/� 0, there exists �� 2 .0; 1/
such that K˛;ˇ! .���y'/D 0 by continuity. By the definition of n˛;ˇ! ,

n˛;ˇ! � J ˛;ˇ! .���y'/ < J
˛;ˇ
! .�y'/ < J

˛;ˇ
! .'/� n˛;ˇ! :

This is a contradiction. �

Since S!;0.Q!;0/D l
˛;ˇ
! Dn

˛;ˇ
! and S!;
 .Q!;
 /D r

˛;ˇ
! if !> 1

2

2, and 2l˛;ˇ! D r

˛;ˇ
! if !� 1

2

2 hold,

we find that r˛;ˇ! , l˛;ˇ! and n˛;ˇ! are independent of .˛; ˇ/ and so we denote r˛;ˇ! , l˛;ˇ! and n˛;ˇ! by r! ,
l! and n! respectively and obtain Proposition 1.2.

2D. Variational structure. We define subsets N ˛;ˇ;˙
! and R˛;ˇ;˙! in H 1.R/ such that

N ˛;ˇ;C
! WD

˚
'2H 1.R/ W S!.'/<n! ; K

˛;ˇ
! .'/�0

	
;

N ˛;ˇ;�
! WD

˚
'2H 1.R/ W S!.'/<n! ; K

˛;ˇ
! .'/<0

	
;

R˛;ˇ;C! WD
˚
'2H 1

rad.R/ W S!.'/<r! ; K
˛;ˇ
! .'/�0

	
;

R˛;ˇ;�! WD
˚
'2H 1

rad.R/ W S!.'/<r! ; K
˛;ˇ
! .'/<0

	
:

We note that N ˙! D N
1
2
;�1;˙

! and R˙! D R
1
2
;�1;˙
! . From now on, let .m! ;M

˛;ˇ;˙
! / denote either

.n! ;N
˛;ˇ;˙
! / or .r! ;R

˛;ˇ;˙
! /. The following proposition implies that P and I! have same sign if

S! <m! .

Proposition 2.15. For any .˛; ˇ/ satisfying (2-1), M˙! DM˛;ˇ;˙
! .

Proof. It is easy to check that M˛;ˇ;˙
! are open subsets in H 1.R/ because of Lemma 2.2. Moreover,

we have 0 2M˛;ˇ;C
! and M˛;ˇ;C

! [M˛;ˇ;�
! is independent of .˛; ˇ/. And M˛;ˇ;C

! are connected if
� > 0 by the scaling contraction argument (see the proof of Lemma 2.9 in [Ibrahim et al. 2011]). Then
M˛;ˇ;C
! DM˛0;ˇ 0;C

! for .˛; ˇ/¤ .˛0; ˇ0/ such that 2˛�ˇ>0, 2˛Cˇ>0 and 2˛0�ˇ0>0, 2˛0Cˇ0>0.
Of course, then M˛;ˇ;�

! DM˛0;ˇ 0;�
! .
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We take f.˛n; ˇn/g satisfying 2˛n�ˇn > 0 and 2˛nCˇn > 0 for all n 2N and .˛n; ˇn/ converges to
some .˛; ˇ/ such that �D 0. Then K˛n;ˇn! !K

˛;ˇ
! , and so

M˛;ˇ;˙
! �

[
n2N

M˛n;ˇn;˙
! :

Since each set in the right-hand side is independent of .˛; ˇ/, so is the left. �

Let k'k2H WD
1
4
k@x'k

2
L2
C
1
2
!k'k2

L2
�
1
2

 j'.0/j2.

Lemma 2.16. If P.'/� 0, then

S!.'/�k'k
2
H �

p� 1

p� 5
S!.'/;

which means that S!.'/ is equivalent to k'k2
H1 .

Proof. The left inequality is trivial. We consider the right inequality:

0� 2P.'/

� k@x'k
2
L2
� 
 j'.0/j2�

p� 1

pC 1
k'k

pC1

LpC1

D�
1
4
.p� 5/k@x'k

2
L2
C
1
2
.
.p� 3//j'.0/j2C .p� 1/E.'/

� �
1
4
.p� 5/k@x'k

2
L2
C
1
2
.
.p� 5//j'.0/j2C .p� 1/E.'/:

Therefore, we have
1
4
.p� 5/k@x'k

2
L2
�
1
2

.p� 5/j'.0/j2C 1

2
.p� 5/!k'k2

L2
� .p� 1/E.'/C .p� 5/!M.'/

� .p� 1/.E.'/C!M.'//:

Hence, we obtain

k'k2H �
p� 1

p� 5
S!.'/: �

Lemma 2.17. If u0 2 MC! , then the corresponding solution u stays in MC! for all t 2 .�T�; TC/.
Moreover, if u0 2M�! , then the corresponding solution u stays in M�! for all t 2 .�T�; TC/.

Proof. Let u02MC! . Since the energy and the mass are conserved, u.t/2MC![M�! for all t 2 .�T�; TC/.
We assume that there exists t�� > 0 such that u.t��/ 2M�! . By continuity, there exists t� 2 .0; t��/ such
that P.u.t�//D 0 and P.u.t// < 0 for t 2 .t�; t���. By the definition of m! , if u.t�/¤ 0, then

m! >E.u0/C!M.u0/DE.u.t�//C!M.u.t�//�m! :

This is a contradiction. Thus, u.t�/D 0. By the uniqueness of solution, uD 0 for all time. This contradicts
u.t��/ 2M�! . By the same argument, the second statement can be proved. �

Lemmas 2.16 and 2.17 imply that all the solutions in MC! are global in both time directions.

Proposition 2.18 (uniform bounds onP ). There exists ı>0 such that for any '2H 1.R/with S!.'/<m! ,
we have

P.'/�minf2.m! �S!.'/; ık'k2Hg or P.'/� �2.m! �S!.'//:
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Proof. We may assume '¤ 0. Now s.�/ WDS!.'�/ and n.�/ WD k'�kpC1
LpC1

, where '�.x/ WD e
1
2
�'.e�x/

for � 2 R. Then s.0/D S!.'/ and s0.0/D P.'/, and we have

s.�/D 1
4
e2�k@x'k

2
L2
C
1
2
!k'k2

L2
�
1
2

e�j'.0/j2�

e
p�1
2
�

pC1
k'k

pC1

LpC1
; n.�/De

p�1
2
�
k'k

pC1

LpC1
;

s0.�/D 1
2
e2�k@x'k

2
L2
�
1
2

e�j'.0/j2�

e
p�1
2
�.p�1/

2.pC1/
k'k

pC1

LpC1
; n0.�/D 1

2
e
p�1
2
�.p�1/k'k

pC1

LpC1
;

s00.�/De2�k@x'k
2
L2
�
1
2

e�j'.0/j2�

e
p�1
2
�.p�1/2

4.pC1/
k'k

pC1

LpC1
; n00.�/D 1

4
e
p�1
2
�.p�1/2k'k

pC1

LpC1
:

By an easy calculation, we have

s00 D 2s0C 1
2

 j'.0/j2�

p� 5

2.pC 1/
n0 � 2s0�

p� 5

2.pC 1/
n0 � 2s0:

First, we consider P < 0. We have s0.�/ > 0 for sufficiently small � < 0. Therefore, by continuity, there
exists �0 < 0 such that s0.�/ < 0 for �0 < �� 0 and s0.�0/D 0. Integrating the inequality on Œ�0; 0�, we
have

s0.0/� s0.�0/� 2.s.0/� s.�0//:

Therefore, we obtain

P.'/� �2.m! �S!.'//:

Next, we consider P � 0. If

4P.'/�
p� 5

2.pC 1/
L
1
2
;�1
k'k

pC1

LpC1
;

then, by adding
p� 5

2
P.'/�

p� 5

2
k'k2H�

p� 5

2.pC 1/
L
1
2
;�1
k'k

pC1

LpC1

to both sides, we get ˚
4C 1

2
.p� 5/

	
P.'/� 1

2
.p� 5/k'k2H:

Thus, we get P.'/� ık'k2H. If

4P.'/ <
p� 5

2.pC 1/
L
1
2
;�1
k'k

pC1

LpC1
;

then

0 < 4s0 <
p� 5

2.pC 1/
n0 (2-13)

at �D 0. Moreover,

s00 � 4s0� 2s0�
p� 5

2.pC 1/
n0 < �2s0
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holds at �D 0. Now let � increase. As long as (2-13) holds and s0>0, we have s00<0 and so s0 decreases
and s increases. Since p > 5, we also have

n00 � 2n0 � 4n > 0

for all � � 0 Hence, (2-13) is preserved until s0 reaches 0, which it does at finite �1 > 0. Integrating
s00 < �2s0 on Œ0; �1�, we obtain

s0.�1/� s
0.0/ < �2.s.�1/� s.0//:

Therefore, by the definition of m! ,

P.'/ > 2.m! �S!.'//: �

3. Proof of the scattering part

3A. Strichartz estimates and small data scattering. We recall the Strichartz estimates and a small data
scattering result in this subsection. See [Banica and Visciglia 2016, Sections 3.1 and 3.2] for the proofs.
We define the exponents r , a, and b as

r D pC 1; a WD
2.p� 1/.pC 1/

pC 3
; b WD

2.p� 1/.pC 1/

.p� 1/2� .p� 1/� 4
:

Then we have the following estimates.

Lemma 3.1 (Strichartz estimates). We have

ke�itH
'kLat L
r
x
. k'kH1 ;

ke�itH
'k
L
p�1
t L1x

. k'kH1 ;



Z t

0

e�i.t�s/H
F.s/ ds






Lat L

r
x

. kF k
Lb
0

t L
r0
x
;





Z t

0

e�i.t�s/H
F.s/ ds






L
p�1
t L1x

. kF k
Lb
0

t L
r0
x
;

where b0 denotes the Hölder conjugate of b, namely, 1=b0C 1=b D 1.

Proposition 3.2. Let the solution u 2 C.R W H 1.R// to (ıNLS) satisfy u 2 Lat .R W L
r
x.R//. Then the

solution u scatters.

For the proof of Proposition 3.2, see [Banica and Visciglia 2016, Proposition 3.1].
The analogous statement to Proposition 3.2 for the following semilinear Schrödinger equation without

potentials is well known: �
i@tuC

1
2
@2xuCjuj

p�1uD 0; .t; x/ 2 R�R;

u.0; x/D u0.x/ 2H
1.R/;

(NLS)

where p > 5.
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Proposition 3.3 (small data scattering). Let ' 2H 1.R/ and u, v denote the solutions to (ıNLS), (NLS),
respectively, with the initial data '. Then, there exist " > 0 and C > 0 independent of " such that u and v
are global and they satisfy kukLat Lrx.R/ < Ck'kH1 and kvkLat Lrx.R/ < Ck'kH1 , if k'kH1 < ".

For the proof of Proposition 3.3, see [Banica and Visciglia 2016, Proposition 3.2].

3B. Linear profile decomposition and its radial version. To prove the scattering results, we introduce the
linear profile decomposition theorems. The linear profile decomposition for nonradial data, Proposition 3.4,
is obtained in [Banica and Visciglia 2016].

Proposition 3.4 (linear profile decomposition). Let f'ngn2N be a bounded sequence in H 1.R/. Then, up
to subsequence, we can write

'n D

JX
jD1

eit
j
nH
 �

x
j
n
 j CW J

n 8J 2 N;

where tjn 2 R, xjn 2 R,  j 2H 1.R/, and the following hold:

� For any fixed j , we have

either tjn D 0 for any n 2 N; or tjn !˙1 as n!1;

either xjn D 0 for any n 2 N; or xjn !˙1 as n!1:

� Orthogonality of the parameters:

jtjn � t
k
n jC jx

j
n � x

k
n j !1 as n!1; 8j ¤ k:

� Smallness of the reminder:

8" > 0; 9J D J."/ 2 N such that lim sup
n!1

ke�itH
W J
n kL1t L

1
x
< ":

� Orthogonality in norms: for any J 2 N,

k'nk
2
L2
D

JX
jD1

k j k2
L2
CkW J

n k
2
L2
C on.1/; k'nk

2
H D

JX
jD1

k�
x
j
n
 j k2H CkW

J
n k

2
H C on.1/;

where kvk2H WD
1
2
k@xvk

2
L2
� 
 jv.0/j2. Moreover, we have

k'nk
q
Lq D

JX
jD1

keit
j
nH
 �

x
j
n
 j k

q
Lq CkW

J
n k

q
Lq C on.1/; q 2 .2;1/; 8J 2 N;

and in particular, for any J 2 N,

S!.'n/D

JX
jD1

S!.e
it
j
nH
 �

x
j
n
 j /CS!.W

J
n /C on.1/;

I!.'n/D

JX
jD1

I!.e
it
j
nH
 �

x
j
n
 j /C I!.W

J
n /C on.1/:
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Proof. See [Banica and Visciglia 2016, Theorem 2.1 and Section 2.2]. �

Remark 3.1. It is not clear whether

P.'n/D

JX
jD1

P.eit
j
nH
 �

x
j
n
 j /CP.W J

n /C on.1/ 8J 2 N

holds or not. That is why we use the Nehari functional I! to prove the scattering results.

We introduce the reflection operator R such that R'.x/ WD '.�x/.
Proposition 3.4 is insufficient to prove the scattering result for radial data. We need the following

linear profile decomposition for radial solutions, which is a key ingredient.

Theorem 3.5 (linear profile decomposition for radial data). Let f'ngn2N be a bounded sequence in
H 1

rad.R/. Then, up to subsequence, we can write

'n D
1

2

JX
jD1

�
eit

j
nH
 �

x
j
n
 j C eit

j
nH
 �

�x
j
n
R j

�
C
1

2
.W J

n CRW J
n / 8J 2 N; (3-1)

where tjn2R, xjn2R,  j2H 1.R/, and the following hold:

� For any fixed j , we have

either tjn D 0 for any n 2 N; or tjn !˙1 as n!1;

either xjn D 0 for any n 2 N; or xjn !˙1 as n!1:

� Orthogonality of the parameters:

jtjn � t
k
n j !1; or jxjn � x

k
n j !1 and jxjn C x

k
n j !1 as n!1; 8j ¤ k:

� Smallness of the reminder:

8" > 0; 9J D J."/ 2 N such that lim sup
n!1

ke�itH
W J
n kL1t L

1
x
< ":

� Orthogonality in norms: for any J 2 N,

k'nk
2
L2
D

JX
jD1



1
2
.�
x
j
n
 j C �

�x
j
n
R j /



2
L2
C


1
2
.W J

n CRW J
n /


2
L2
C on.1/;

k'nk
2
H D

JX
jD1



1
2
.�
x
j
n
 j C �

�x
j
n
R j /



2
H
C


1
2
.W J

n CRW J
n /


2
H
C on.1/:

Moreover, for any q 2 .2;1/, we have

k'nk
q
Lq D

JX
jD1



1
2
eit

j
nH
 .�

x
j
n
 j C �

�x
j
n
R j /



q
Lq
C


1
2
.W J

n CRW J
n /


q
Lq
C on.1/ 8J 2 N;
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and in particular, for any J 2 N,

S!.'n/D

JX
jD1

S!
�
1
2
eit

j
nH
 .�

x
j
n
 j C �

�x
j
n
R j /

�
CS!

�
1
2
.W J

n CRW J
n /
�
C on.1/;

I!.'n/D

JX
jD1

I!
�
1
2
eit

j
nH
 .�

x
j
n
 j C �

�x
j
n
R j /

�
C I!

�
1
2
.W J

n CRW J
n /
�
C on.1/:

Proof. Since f'ng is bounded in H 1.R/, we can apply the linear profile decomposition without the
radial assumption, Proposition 3.4, and obtain the following: for any J 2 N and j 2 f1; 2; : : : ; J g, up to
subsequence, there exist ftjn gn2N, fxjngn2N, and  j 2H 1.R/ such that we can write

'n D

JX
jD1

eit
j
nH
 �

x
j
n
 j CW J

n :

Since 'n is radial,

2'n.x/D 'n.x/C'n.x/D 'n.x/C'n.�x/D 'n.x/CR'n.x/:

By combining the identities, we get

2'n.x/D

JX
jD1

eit
j
nH
 �

x
j
n
 j CW J

n CR
� JX
jD1

eit
j
nH
 �

x
j
n
 j CW J

n

�

D

JX
jD1

�
eit

j
nH
 �

x
j
n
 j C eit

j
nH
 �

�x
j
n
R j

�
CW J

n CRW J
n ;

where we have used Reit
j
nH
 D eit

j
nH
R and R�y D ��yR, which gives (3-1).

We only prove the orthogonality of the parameters. If xjnCxkn! Nx 2R and tjn D tkn for j < k, then we
replace  j C �� NxR k by  j and 0 by  k and regard the remainder terms as W J

n . By this replacement,
we have jxjn � xkn j ! 1 and jxjn C xkn j ! 1 as n!1 when tjn D tkn . The orthogonality in norms
follows from the orthogonality of the parameters by a standard argument. �

Lemma 3.6. Let k be a nonnegative integer and, for l 2 f0; 1; 2; : : : ; kg, we have 'l 2 H 1.R/ (or
'l 2H

1
rad.R/) satisfying

S!

� kX
lD0

'l

�
�m! � ı; S!

� kX
lD0

'l

�
�

kX
lD0

S!.'l/� ";

I!

� kX
lD0

'l

�
� �"; I!

� kX
lD0

'l

�
�

kX
lD0

I!.'l/C "

for ı, " satisfying 2" < ı. Then 'l 2MC! for all l 2 f0; 1; 2; : : : ; kg. Namely, we have 0� S!.'l/ < m!
and I!.'l/� 0 for all l 2 f0; 1; 2; : : : ; kg.
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Proof. We assume there exists an l 2 f0; 1; 2; : : : ; kg such that I!.'l/ < 0. Then, we have J 1;0! .'l/�m! .
Indeed, there exists �� 2 .0; 1/ such that I!.��'l/ D 0 since I!.'l/ < 0 and I!.�'l/ > 0 for small
� 2 .0; 1/ by Lemma 2.2. Thus, we obtain

m! � S!.��'l/D J
1;0
! .��'l/� J

1;0
! .'l/:

By the positivity of J! D J
1;0
! and the assumptions, we obtain

m! � J!.'l/�

kX
lD0

J!.'l/

D

kX
lD0

�
S!.'l/�

1

2
I!.'l/

�

D

kX
lD0

S!.'l/�
1

2

kX
lD0

I!.'l/

� S!

� kX
lD0

'l

�
C "�

1

2

�
I!

� kX
lD0

'l

�
� "

�
�m! � ıC "C " < m! :

This is a contradiction. So, I!.'l/� 0 for all l 2 f0; 1; 2; : : : ; kg. Moreover, for any l 2 f0; 1; 2; : : : ; kg,
we have

S!.'l/D J!.'l/C
1
2
I!.'l/� 0;

and

S!.'l/�

kX
lD0

S!.'l/� S!

� kX
lD0

'l

�
C "�m! � ıC " < m! :

Therefore, we get 'l 2MC! for all l 2 f0; 1; 2; : : : ; kg. �

3C. Perturbation lemma and nonlinear profile decomposition. We use a perturbation lemma and lem-
mas for nonlinear profiles. The proofs of these results are the same as in the defocusing case (see [Banica
and Visciglia 2016]).

Lemma 3.7. For any M > 0, there exist " D ".M/ > 0 and C D C.M/ > 0 such that the following
occurs. Let v 2 C.R WH 1.R//\Lat .R W L

r
x.R// be a solution of the integral equation with source term e:

v.t/D e�itH
'C i

Z t

0

e�i.t�s/H

�
jv.s/jp�1v.s/

�
dsC e.t/

with kvkLat Lrx <M and kekLat Lrx < ". Moreover assume '0 2H 1.R/ is such that ke�itH
'0kLat Lrx < ".
Then the solution u.t; x/ to (ıNLS) with initial condition 'C'0,

u.t/D e�itH
 .'C'0/C i

Z t

0

e�i.t�s/H

�
ju.s/jp�1u.s/

�
ds;

satisfies u 2 LatL
r
x and moreover ku� vkLat Lrx < C".
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See [Fang et al. 2011, Proposition 4.7] and [Banica and Visciglia 2016, Proposition 3.3] for the proof.
Following Lemmas 3.8, 3.9, and 3.10 can be proved in the same manner as [Banica and Visciglia 2016,

Propositions 3.4, 3.5, and 3.6], respectively.

Lemma 3.8. Let fxngn2N be a sequence of real numbers such that jxnj !1 as n!1, u0 2H 1.R/

and U 2 C.R WH 1.R//\Lat .R W L
r
x.R// be a solution of (NLS) with the initial data u0. Then we have

Un.t/D e
�itH
 �xnu0C i

Z t

0

e�i.t�s/H

�
jUn.s/j

p�1Un.s/
�
dsCgn.t/;

where Un.t; x/D U.t; x� xn/ and kgnkLat Lrx ! 0 as n!1.

Lemma 3.9. Let ' 2 H 1.R/. Then there exist solutions W˙ 2 C.R˙ W H 1.R//\Lat .R˙ W L
r
x.R// to

(ıNLS) such that
kW˙.t; � /� e

�itH
'kH1 ! 0 as t !˙1:

Moreover, if ftngn2N is such that tn!�1 as n!1 and W˙ is global, then

W˙;n.t/D e
�itH
'nC i

Z t

0

e�i.t�s/H

�
jW˙;n.s/j

p�1W˙;n.s/
�
dsCf˙;n.t/;

where 'nDeitnH
', W˙;n.t; x/DW˙.t � tn; x/, kf˙;nkLat Lrx ! 0 as n ! 1, and the double-sign
corresponds.

Lemma 3.10. Let ftngn2N, fxngn2N be sequences of real numbers such that tn!�1 and jxnj !1
as n!1, ' 2H 1.R/ and V˙ 2 C.R˙ WH 1.R//\Lat .R˙ W L

r
x.R// be solutions of (NLS) such that

kV˙.t; � /� e
�itH0'kH1 ! 0 as t !˙1:

Then we have

V˙;n.t; x/D e
�itH
'nC i

Z t

0

e�i.t�s/H

�
jV˙;n.s/j

p�1V˙;n.s/
�
dsC e˙;n.t; x/;

where 'nDeitnH
 �xn', V˙;n.t; x/DV˙.t�tn; x�xn/, ke˙;nkLat Lrx!0 as n!1, and the double-sign
corresponds.

3D. Construction of a critical element. We define the critical action level Sc! for fixed ! as

Sc! WD sup
˚
S W S!.'/ < S for any ' 2MC! implies u 2 LatL

r
x

	
:

By the small data scattering result Proposition 3.3, we obtain Sc! >0. We prove Sc!Dm! by contradiction.
We assume Sc! < m! . By this assumption, we can take a sequence f'ngn2N � MC! such that

S!.'n/! Sc! as n!1, and kunkLat Lrx.R/ D1 for all n 2 N, where un is a global solution to (ıNLS)
with the initial data 'n. Then, we obtain the following lemma.

Lemma 3.11 (critical element). We assume Sc! <m! . Then we find a global solution uc 2C.R WH 1.R//

of (ıNLS) which satisfies uc.t/ 2MC! for any t 2 R and

S!.u
c/D Sc! ; ku

c
kLat L

r
x.R/ D1:
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This uc is called a critical element.

Proof. First, we consider the nonradial case.

Case 1: nonradial data. By 'n 2N C! and Lemma 2.16, we have

k'nk
2
H1 . k'nk2H .E.'n/C!M.'n/ < n!

for all n 2 N. Since f'ng is a bounded sequence in H 1.R/, we apply the linear profile decomposition,
Proposition 3.4, and then obtain

'n D

JX
jD1

eit
j
nH
 �

x
j
n
 j CW J

n 8J 2 N:

By the orthogonality of the functionals in Proposition 3.4, we have

S!.'n/D

JX
jD1

S!.e
it
j
nH
 �

x
j
n
 j /CS!.W

J
n /C on.1/;

I!.'n/D

JX
jD1

I!.e
it
j
nH
 �

x
j
n
 j /C I!.W

J
n /C on.1/;

where on.1/! 0 as n!1.
By these decompositions and S!.'n/ < n! , we can find ı; " > 0 satisfying 2" < ı and

S!.'n/� n! � ı; S!.'n/�

JX
jD0

S!.e
it
j
nH
 �

x
j
n
 j /CS!.W

J
n /� ";

I!.'n/� �"; I!.'n/�

JX
jD0

I!.e
it
j
nH
 �

x
j
n
 j /C I!.W

J
n /C "

for large n. Therefore, by Lemma 3.6, we see that

eit
j
nH
 �

x
j
n
 j 2N C! and W J

n 2N
C
! for large n;

which means that, by Lemma 2.16,

S!.e
it
j
nH
 �

x
j
n
 j /� 0 and S!.W

J
n /� 0 for large n:

So, we have

Sc! D lim sup
n!1

S!.'n/� lim sup
n!1

JX
jD1

S!.e
it
j
nH
 �

x
j
n
 j /

for any J. We prove Sc! D lim supn!1 S!.e
it
j
nH
 �

x
j
n
 j / for some j. We may assume j D 1 by

reordering. If this is proved, then we find that J D 1 and W J
n ! 0 in L1t H

1
x as n ! 1. Indeed,

lim supn!1 S!.W
1
n /D 0 holds and thus lim supn!1 kW

1
n kH1 D 0 holds by kW 1

n kH1 Ð S!.W 1
n / since

W 1
n belongs to N C! for large n 2N. On the contrary, we assume Sc! D lim supn!1 S!.e

�it
j
nH
 �

x
j
n
 j /
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fails for all j . Then, for all j , there exists ı D ıj > 0 such that

lim sup
n!1

S!.e
it
j
nH
 �

x
j
n
 j / < Sc! � ı:

By reordering, we can choose 0� J1 � J2 � J3 � J4 � J5 � J such that

1� j � J1 W t
j
n D 0 8n; x

j
n D 0 8n;

J1C 1� j � J2 W t
j
n D 0 8n; lim

n!1
jxjn j D1;

J2C 1� j � J3 W lim
n!1

tjn DC1; x
j
n D 0 8n;

J3C 1� j � J4 W lim
n!1

tjn D�1; x
j
n D 0 8n;

J4C 1� j � J5 W lim
n!1

tjn DC1; lim
n!1

jxjn j D1;

J5C 1� j � J W lim
n!1

tjn D�1; lim
n!1

jxjn j D1:

Above we are assuming that if a > b, then there is no j such that a � j � b. Notice that J1 2 f0; 1g by
the orthogonality of the parameters. We may treat only the case J1 D 1 here. The case J1 D 0 is easier.
We have 0 < S!. 1/ < Sc! � ı by .tjn ; x

j
n/D .0; 0/ and the assumption. Hence, by the definition of Sc! ,

we can find N 2 C.R WH 1.R//\Lat .R W L
r
x.R// such that

N.t; x/D e�itH
 1C i

Z t

0

e�i.t�s/H
 .jN.s/jp�1N.s// ds:

For every j such that J1C1� j � J2, let U j be the solution of (NLS) with the initial data  j . Since
we have �

x
j
n
 j 2N C! , we know  j satisfies

S!;0. 
j /� S!.�xjn

 j /� Sc! < n! D l!

and P0. j /� 0. (since 0 > P0. j /D limn!1 P.�xjn 
j /� 0 if we assume P0. j / < 0.) Therefore,

we see that the solution U j scatters by [Fang et al. 2011; Akahori and Nawa 2013]; that is, U j .t; x/ 2
C.R WH 1.R//\Lat .R W L

r
x.R//. We set U jn .t; x/ WD U j .t; x� x

j
n/.

For every j such that J2C 1� j � J3, we associate with profile  j the function

W j
� .t; x/ 2 C.R� WH

1.R//\Lat .R� W L
r
x.R//

by Lemma 3.9. We claim that W j
� .t; x/ 2 C.R WH

1.R//\Lat .R W L
r
x.R//. Indeed, by the assumption,

we see that S!.W j
� /D limn!1 S!.eit

j
nH
 j / < Sc! , since eit

j
nH
 j !W j

� in H 1.R/ with tjn !1
as n!1. Therefore, by the definition of Sc! , we obtain W j

� .t; x/ 2 C.R WH
1.R//\Lat .R W L

r
x.R//.

We set W j
�;n.t; x/ WDW

j
� .t � t

j
n ; x/.

For every j such that J3C 1� j � J4, we associate with profile  j the function

W
j
C
.t; x/ 2 C.RC WH

1.R//\Lat .RC W L
r
x.R//

by Lemma 3.9. And the same argument as above gives us thatW j
C
.t; x/2C.R WH 1.R//\Lat .R WL

r
x.R//.

We set W j
C;n.t; x/ WDW

j
C
.t � t

j
n ; x/.
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For every j such that J4C 1� j � J5, we associate with profile  j the function

V j� .t; x/ 2 C.R� WH
1.R//\Lat .R� W L

r
x.R//

by Lemma 3.10. We will prove V j� .t; x/ 2 C.R WH
1.R//\Lat .R W L

r
x.R//. Now,

lim sup
n!1

S!.e
it
j
nH
 �

x
j
n
 j / < Sc! � ı

holds by the assumption. Here, since e�itH
 is unitary in L2.R/ and conserves the linear energy, and

 � 0, we have

S!.e
it
j
nH
 �

x
j
n
 j /DE.eit

j
nH
 �

x
j
n
 j /C!M.eit

j
nH
 �

x
j
n
 j /

D k�
x
j
n
 j k2H�

1

pC1
keit

j
nH
 �

x
j
n
 j k

pC1

LpC1

�
1
4
k@x.�xjn

 j /k2
L2
C
1
2
!k�

x
j
n
 j k2

L2
�

1

pC1
keit

j
nH
 �

x
j
n
 j k

pC1

LpC1

D
1
4
k@x 

j
k
2
L2
C
1
2
!k j k2

L2
�

1

pC1
keit

j
nH
 �

x
j
n
 j k

pC1

LpC1
:

Since tjn !1, we have keit
j
nH
 �

x
j
n
 j k

pC1

LpC1
! 0 as n!1 by [Banica and Visciglia 2016, Section 2,

(2.4)]. Therefore, we obtain
1
4
k@x 

j
k
2
L2
C
1
2
!k j k2

L2
� Sc! � ı:

Since  j is the final state of V j� , we have

S!;0.V
j
� /D

1
4
k@x 

j
k
2
L2
C
1
2
!k j k2

L2
� Sc! � ı < n! D l! :

By [Fang et al. 2011; Akahori and Nawa 2013], we have V j� .t; x/ 2C.R WH
1.R//\Lat .R WL

r
x.R//. We

set V j�;n.t; x/ WD V j� .t � t
j
n ; x� x

j
n/.

For every j such that J5C 1� j � J, we associate with profile  j the function

V
j
C
.t; x/ 2 C.RC WH

1.R//\Lat .RC W L
r
x.R//

by Lemma 3.10. And the same argument as above gives us that V j
C
.t; x/2C.R WH 1.R//\Lat .R WL

r
x.R//.

We set V j
C;n.t; x/ WD V

j
C
.t � t

j
n ; x� x

j
n/.

We define the nonlinear profile as

ZJn WDN C

J2X
jDJ1C1

U jn C

J3X
jDJ2C1

W j
�;nC

J4X
jDJ3C1

W
j
C;nC

J5X
jDJ4C1

V j�;nC

J6X
jDJ5C1

V
j
C;n:

By Lemmas 3.8, 3.9, and 3.10, we have

ZJn D e
�itH
 .'n�W

J
n /C iz

J
n C r

J
n ;
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where krJn kLat Lrx ! 0 as n!1 and

zJn .t/ WD

Z t

0

e�i.t�s/H

�
jN.s/jp�1N.s/

�
ds

C

J2X
jDJ1C1

Z t

0

e�i.t�s/H

�
jU jn .s/j

p�1U jn .s/
�
ds

C

J3X
jDJ2C1

Z t

0

e�i.t�s/H

�
jW j
�;n.s/j

p�1W j
�;n.s/

�
ds

C

J4X
jDJ3C1

Z t

0

e�i.t�s/H

�
jW

j
C;n.s/j

p�1W
j
C;n.s/

�
ds

C

J5X
jDJ4C1

Z t

0

e�i.t�s/H

�
jV j�;n.s/j

p�1V j�;n.s/
�
ds

C

JX
jDJ5C1

Z t

0

e�i.t�s/H

�
jV
j
C;n.s/j

p�1V
j
C;n.s/

�
ds:

We also have 



zJn � Z t

o

e�i.t�s/H

�
jZJn .s/j

p�1ZJn .s/
�
ds






Lat L

r
x

! 0 as n!1:

Therefore, we get

ZJn D e
�itH
 .'n�W

J
n /C i

Z t

o

e�i.t�s/H

�
jZJn .s/j

p�1ZJn .s/
�
dsC sJn ;

with ksJn kLat Lrx ! 0 as n!1. In order to apply the perturbation lemma, Lemma 3.7, we need a bound
on supJ .lim supn!1 kZ

J
n kLat L

r
x
/. We have

lim sup
n!1

.kZJn kLat L
r
x
/p � 2kN k

p

Lat L
r
x
C 2

J2X
jDJ1C1

kU j k
p

Lat L
r
x
C 2

J3X
jDJ2C1

kW j
� k

p

Lat L
r
x

C2

J4X
jDJ3C1

kW
j
C
k
p

Lat L
r
x
C 2

J5X
jDJ4C1

kV j� k
p

Lat L
r
x
C 2

JX
jDJ5C1

kV
j
C
k
p

Lat L
r
x
;

where we have used Corollary A.2 in [Banica and Visciglia 2016]. For simplicity, ajn denotes 2kN kp
Lat L

r
x

if 1 � j � J1, 2kU jn k
p

Lat L
r
x
D 2kU j k

p

Lat L
r
x

if J1C 1 � j � J2, and so on. Then, the above inequality
means

lim sup
n!1

.kZJn kLat L
r
x
/p �

JX
jD1

ajn:

There exists a finite set J such that k j kH1 < "0 for any j 62 J , where "0 is the universal constant in
the small data scattering result, Proposition 3.3. By Proposition 3.3 and the orthogonalities in H -norm
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and L2-norm,

lim sup
n!1

.kZJn kLat L
r
x
/p � lim sup

n!1

JX
jD1

ajn D lim sup
n!1

X
j2J

ajnC lim sup
n!1

X
j 62J

ajn

. lim sup
n!1

X
j2J

ajnC lim sup
n!1

X
j 62J

keit
j
nH
 �

x
j
n
 j kH

. lim sup
n!1

X
j2J

ajnC lim sup
n!1

k'nkH

. lim sup
n!1

X
j2J

ajnCn! .
X
j2J

aj Cn! �M;

where M is independent of J.
By Lemma 3.7 and Proposition 3.4, we can choose J large enough in such a way that

lim sup
n!1

ke�itH
W J
n kLat L

r
x
< ";

where "D ".M/>0. Then, we get the fact that un scatters for large n, and this contradicts kunkLat Lrx D1.
Therefore, we obtain J D 1 and

'n D e
it1nH
 �x1n 

1
CW 1

n ; Sc! D lim sup
n!1

S!.e
it1nH
 �x1n 

1/; W 1
n ! 0 in L1t H

1
x :

By the same argument as [Banica and Visciglia 2016], we get x1n D 0. Let uc be the nonlinear profile
associated with  1. Then, Sc! D S!.u

s/ and the global solution uc does not scatter by a contradiction
argument and the perturbation lemma (see the proof of Proposition 6.1 in [Fang et al. 2011] for more detail).

Case 2: radial data. We only focus on the difference of the proof between the radial case and the nonradial
case, which is in the profiles. By the linear profile decomposition for the radial data Theorem 3.5, we have

'n D
1

2

JX
jD1

�
eit

j
nH
 �

x
j
n
 j C eit

j
nH
 �

�x
j
n
R j

�
C
1

2
.W J

n CRW J
n / 8J 2 N:

For every j such that J1C 1 � j � J2, let U j be the solution to (NLS) with the initial data 1
2
 j.

Since we have
1
2
�
x
j
n
 j C 1

2
�
�x

j
n
R j 2RC! ;

 j satisfies S!;0
�
1
2
 j
�
< l! and P0

�
1
2
 j
�
� 0. Indeed, if we assume S!;0

�
1
2
 j
�
� l! , then by

Theorem 3.5 and 
 � 0,

r! > S
c
! � lim sup

n!1
S!.'n/� lim sup

n!1

�
S!
�
�
x
j
n

1
2
 j
�
CS!.��xjn

R1
2
 j /

�
� lim sup

n!1

�
S!;0

�
�
x
j
n

1
2
 j
�
CS!;0

�
�
�x

j
n
R1
2
 j
��

D S!;0
�
1
2
 j
�
CS!;0

�
1
2
 j
�
� 2l! :
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This contradicts r! � 2l! . Moreover, we see that

2P0
�
1
2
 j
�
D lim sup

n!1

�
P0
�
�
x
j
n

1
2
 j
�
CP0

�
�
�x

j
n
R1
2
 j
��
D lim sup

n!1
P
�
�
x
j
n

1
2
 j C �

�x
j
n
R1
2
 j
�
� 0:

Therefore, by [Fang et al. 2011; Akahori and Nawa 2013], we have

U j .t; x/ 2 C.R WH 1.R//\Lat .R W L
r
x.R//:

We set U jn .t; x/ WD U j .t; x� x
j
n/.

For every j such that J4C 1� j � J5, we associate with profile  j the function

V j� .t; x/ 2 C.R� WH
1.R//\Lat .R� W L

r
x.R//

by Lemma 3.10. We prove V j� .t; x/ 2C.R WH
1.R//\Lat .R WL

r
x.R//. Now, by the assumption, we have

lim sup
n!1

2S!
�
1
2
eit

j
nH
 �

x
j
n
 j
�
D lim sup

n!1

˚
S!.e

it
j
nH
 �

x
j
n

1
2
 j /CS!

�
Reit

j
nH
 �

x
j
n

1
2
 j
�	
< Sc! � ı:

In the same argument as that for V j� in the nonradial case, we obtain

1
4



@x 121 j

2L2 C 1
2
!


1
2
 j


2
L2
�
1
2
.Sc! � ı/:

Now, since  j is the final state of V j� , we have

S!;0.V
j
� /D

1
4



@x 12 j

2L2 C 1
2
!


1
2
 j


2
L2
�
1
2
.Sc! � ı/ <

1
2
r! � l! :

By [Fang et al. 2011; Akahori and Nawa 2013], we have V j� .t; x/ 2 C.R W H
1.R//\Lat .R W L

r
x.R//.

We set V j�;n.t; x/ WD V j� .t � t
j
n ; x� x

j
n/.

Other statements are the same as in the nonradial case. �

3E. Extinction of the critical element. We assume that kuckLat ..0;1/WLrx/D1, where such uc is called
a forward critical element, and we prove uc D 0. In the case of kuckLat ..�1;0/WLrx/ D 1, the same
argument as below does work.

Lemma 3.12. Let u be a forward critical element. Then the orbit of u, fu.t; x/ W t > 0g, is precompact in
H 1.R/. And then, for any " > 0, there exists R > 0 such thatZ

jxj>R

j@xu.t; x/j
2 dxC

Z
jxj>R

ju.t; x/j2 dxC

Z
jxj>R

ju.t; x/jpC1 dx < " for any t 2 RC:

This lemma is obtained in the same way as the defocusing case (see [Banica and Visciglia 2016]).
Now, we prove uD 0 by the localized virial identity and contradiction. Let u¤ 0. For ' W RC! R,

we define a function I by

I.t/ WD

Z
R

'.jxj/ju.t; x/j2 dx:
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Then, by a direct calculation and using (ıNLS), we have

I 0.t/D Im
Z

R

@x.'.jxj//u.t; x/@xu.t; x/ dx;

I 00.t/D Re
Z

R

@2x.'.jxj//j@xu.t; x/j
2 dx� 
@2x.'.jxj//jxD0ju.t; 0/j

2

�
p� 1

pC 1
Re
Z

R

@2x.'.jxj//ju.t; x/j
pC1 dx�

1

4
Re
Z

R

@4x.'.jxj//ju.t; x/j
2 dx

� 2
 Ref@x.'.jxj//jxD0u.t; 0/@xu.t; 0/g:

Taking ' D '.r/ such that, for R > 0,

0� ' � r2; j'0j. r; j'00j � 2; j'.4/j �
4

R2
;

and

'.r/D

�
r2; 0� r �R;

0; r � 2R;

we obtain

I 00.t/D 4P.u.t//CRe
Z

R

.@2x.'.jxj//�2/j@xu.t;x/j
2dx�

p�1

pC1
Re
Z

R

.@2x.'.jxj//�2/ju.t;x/j
pC1dx

�
1
4

Re
Z

R

@4x.'.jxj//ju.t;x/j
2dxD 4P.u.t//CR1CR2CR3; (3-2)

where

R1 WD Re
Z

R

.@2x.'.jxj//� 2/j@xu.t; x/j
2 dx;

R2 WD �
p� 1

pC 1
Re
Z

R

.@2x.'.jxj//� 2/ju.t; x/j
pC1 dx;

R3 WD �
1
4

Re
Z

R

@4x.'.jxj//ju.t; x/j
2 dx:

By the property of ', we have

jR1j D

ˇ̌̌̌
Re
Z

R

f@2x.'.jxj//� 2gj@xu.t; x/j
2 dx

ˇ̌̌̌
� C

Z
jxj>R

j@xu.t; x/j
2 dx;

jR2j D

ˇ̌̌̌
p� 1

pC 1
Re
Z

R

f@2x.'.jxj//� 2gju.t; x/j
pC1 dx

ˇ̌̌̌
� C

Z
jxj>R

ju.t; x/jpC1 dx;

jR3j D

ˇ̌̌̌
1
4

Re
Z

R

@4x.'.jxj//ju.t; x/j
2 dx

ˇ̌̌̌
� C

Z
jxj>R

ju.t; x/j2 dx:

Therefore, we obtain

I 00.t/D 4P.u.t//�C

�Z
jxj>R

j@xu.t; x/j
2 dxC

Z
jxj>R

ju.t; x/j2 dxC

Z
jxj>R

ju.t; x/jpC1 dx

�
:
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We note that there exists ı > 0 independent of t such that P.u.t// > ı by Proposition 2.18 since u belongs
to MC! . Therefore, by Lemma 3.12, if we take " 2 .0; 3ı/, then there exists R> 0 such that I 00.t/� ı for
any t 2 RC. On the other hand, the mass conservation law gives I.t/ � R2ku.t/k2

L2
< C , where C is

independent of t , for any t 2 RC. Hence, we obtain a contradiction.

4. Proof of the blow-up part

To prove the blow-up results, we use the method of Du et al. [2016]. On the contrary, we assume that the
solution u to (ıNLS) with u0 2M�! is global in the positive time direction and supt2RC

k@xu.t/k
2
L2
<

C0 <1. Then, we have supt2RC
ku.t/kLq <1 for any q > pC 1 by energy conservation and the

Sobolev embedding.
For R > 0, we take ' such that

'.r/D

�
0; 0 < r < 1

2
R;

1; r �R;

0� ' � 1; '0 �
4

R
:

By the fundamental formula and the Hölder inequality, we have

I.t/D I.0/C

Z t

0

I 0.s/ ds � I.0/C

Z t

0

jI 0.s/j ds

� I.0/C tk'0kL1ku.t/k
2
L2
k@xu.t/k

2
L2

� I.0/C
8M.u/C0t

R
:

Here, we note that I.0/�
R
jxj>R=2 ju.0; x/j

2 dx D oR.1/ and
R
jxj>R ju.t; x/j

2 dx � I.t/. Therefore,
we obtain the following lemma.

Lemma 4.1. Let �0 > 0 be fixed. Then, for any t � �0R=.8M.u/C0/, we haveZ
jxj>R

ju.t; x/j2 dx � oR.1/C �0:

We take another ' such that

0� ' � r2; j'0j. r; j'00j � 2; j'.4/j �
4

R2
;

and

'.r/D

�
r2; 0� r �R;

0; r � 2R:

Then we have the following lemma.

Lemma 4.2. There exist two constants C D C.p;M.u/; C0/ > 0 and �q > 0 such that

I 00.t/� 4P.u.t//CCkuk
�q

L2.jxj>R/
CCR�2kuk2

L2.jxj>R/
:
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Proof. By (3-2), we have

I 00.t/D 4P.u.t//CR1CR2CR3:

First, we prove R1 � 0. By the definition of ', we see that

R1 D Re
Z

R

.@2x.'.jxj//� 2/j@xu.t; x/j
2 dx D Re

Z
R

.'00.jxj/� 2/j@xu.t; x/j
2 dx � 0:

Next, we consider R2. By the Hölder inequality, we have

R2 D�
p� 1

pC 1
Re
Z

R

.@2x.'.jxj//� 2/ju.t; x/j
pC1 dx

� C

Z
jxj>R

ju.t; x/jpC1 dx

� Ckuk
1��q
Lq.jxj>R/

kuk
�q

L2.jxj>R/

� Ckuk
�q

L2.jxj>R/
;

where q > pC 1 and 0 < �q � 1, since supt2RC
ku.t/kLq <1. Finally, we consider R3:

R3 D�
1
4

Re
Z

R

@4x.'.jxj//ju.t; x/j
2 dx � CR�2

Z
jxj>R

ju.t; x/j2 dx D CR�2kuk2
L2.jxj>R/

: �

Proof of Theorem 1.3(2) (and Theorem 1.5(2)). Since u.t/ belongs to M�! , there exists ı > 0 independent
of t such that P.u.t// < �ı for all t 2 RC by Proposition 2.18. Therefore, we obtain

I 00.t/� �4ıCCkuk
�q

L2.jxj>R/
CCR�2kuk2

L2.jxj>R/
:

We take �0 > 0 such that C��q0 CC�
2
0 < ı. By Lemma 4.1, for t 2 Œ0; �0R=.8M.u/C0/�, we have

I 00.t/� �3ıC oR.1/:

Let T WD �0R=.8M.u/C0/. Integrating the above inequality from 0 to T, we get

I.T /� I.0/C I 0.0/T C 1
2
.�3ıC oR.1//T

2:

For sufficiently large R > 0, we have �3ıC oR.1/ < �2ı. Thus, we get

I.T /� I.0/C I 0.0/�0R=.8M.u/C0/�˛0R
2;

where ˛0 WD ı�20=.8M.u/C0/
2 > 0, and we can prove I.0/D oR.1/R2 and I 0.0/D oR.1/R. Indeed,

I.0/�

Z
jxj<
p
R

jxj2 ju0.x/j
2 dxC

Z
p
R<jxj<2R

jxj2 ju0.x/j
2 dx

.M.u/RCR2
Z
p
R<jxj

ju0.x/j
2 dx

D oR.1/R
2;
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and

I 0.0/�

Z
jxj<
p
R

j'0.jxj/jju0.x/jj@xu0.x/j dxC

Z
p
R<jxj<2R

j'0.jxj/jju0.x/jj@xu0.x/j dx

�

Z
jxj<
p
R

jxjju0.x/jj@xu0.x/j dxC

Z
p
R<jxj<2R

jxjju0.x/jj@xu0.x/j dx

. ku0k2H1

p
RCR

Z
p
R<jxj

ju0.x/jj@xu0.x/j dx

D oR.1/R:

Therefore, we see that
I.T /� oR.1/R

2
�˛0R

2:

For sufficiently large R > 0, we have oR.1/�˛0 < 0. However, this contradicts

I.T /D

Z
R

'.jxj/ju.T; x/j2 dx > 0:

This argument can be applied in the negative time direction. �

Appendix: Rewriting the main theorem into a version independent of the frequency

We prove Corollary 1.4. To see this, it is sufficient to prove the following lemma.

Lemma A.1. Let ' 2H 1.R/. The following statements are equivalent:

(1) There exists ! > 0 such that S!.'/ < l! D n! .

(2) ' satisfies E.'/M.'/� <E0.Q1;0/M.Q1;0/�.

Proof. If ' D 0, the statement holds. Let ' 2 H 1.R/n f0g be fixed. We define f .!/ WD l! � S!.'/.
Then, (1) is true if and only if sup!>0 f .!/ > 0. Noting that l! D !

pC3
2.p�1/S1;0.Q1;0/, we know f has a

maximum at ! D !0, where

!0 WD

�
M.'/

pC3
2.p�1/

S1;0.Q1;0/

�� 2.p�1/
p�5

> 0:

Therefore, (1) is equivalent to f .!0/ > 0. Now, since

f .!0/D

�
M.'/

pC3
2.p�1/

S1;0.Q1;0/

��pC3
p�5

S1;0.Q1;0/�

�
M.'/

pC3
2.p�1/

S1;0.Q1;0/

�� 2.p�1/
p�5

M.'/�E.'/

D

� pC3
2.p�1/

S1;0.Q1;0/
� 2.p�1/
p�5

M.'/
pC3
p�5

�E.'/ > 0;

we have �
pC 3

2.p� 1/
S1;0.Q1;0/

�2.p�1/
p�5

>E.'/M.'/
pC3
p�5:
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Noting Q1;0 satisfies

kQ1;0k
2
L2
D

pC 3

2.p� 1/
k@xQ1;0k

2
L2
D

pC 3

2.pC 1/
kQ1;0k

pC1

LpC1
;

we have �
pC 3

2.p� 1/
S1;0.Q1;0/

�2.p�1/
p�5

DE0.Q1;0/M.Q1;0/
pC3
p�5: �
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