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NONLINEAR BOUNDARY LAYERS FOR ROTATING FLUIDS

ANNE-LAURE DALIBARD AND DAVID GERARD-VARET

We investigate the behaviour of rotating incompressible flows near a nonflat horizontal bottom. In the flat
case, the velocity profile is given explicitly by a simple linear ODE. When bottom variations are taken
into account, it is governed by a nonlinear PDE system, with far less obvious mathematical properties.
We establish the well-posedness of this system and the asymptotic behaviour of the solution away from
the boundary. In the course of the proof, we investigate in particular the action of pseudodifferential
operators in nonlocalized Sobolev spaces. Our results extend an older paper of Gérard-Varet (J. Math.
Pures Appl. (9) 82:11 (2003), 1453—-1498), restricted to periodic variations of the bottom, using the recent
linear analysis of Dalibard and Prange (Anal. & PDE 7:6 (2014), 1253-1315).

1. Introduction

The general concern of this paper is the effect of rough walls on fluid flows, in a context where the rough
wall has very little structure. This effect is important in several problems, like transition to turbulence or
drag computation. For instance, understanding the connection between roughness and drag is crucial for
microfluidics, because friction at solid boundaries is a major factor of energy loss in microchannels. This
issue has been much studied over recent years, through both theory and experiments [Lauga et al. 2007,
Bocquet and Barrat 2007]. Conclusions are ambivalent. On the one hand, rough surfaces may increase
the friction area, and thus enstrophy dissipation. On the other hand, recent experiments have shown that
rough hydrophobic surfaces may lead to drag decrease: air bubbles can be trapped in the humps of the
roughness, generating some slip [Vinogradova and Yakubov 2006; Ybert et al. 2007].

Mathematically, these problems are often tackled by a homogenization approach. Typically, one
considers Stokes equations over a rough plate, modelled by an oscillating boundary of small wavelength
and amplitude:

I x3=ey(xi/e,x2/e), e<Kl, (1-1)

where the function y =y (y1, y2) describes the roughness pattern. Within this formalism, the understanding
of roughness-induced effects comes down to an asymptotic problem, as ¢ — 0. The point is to derive
effective boundary conditions at the flat plate ', retaining in this boundary condition an averaged effect
of the roughness. We refer to the works [Achdou et al. 1998a; 1998b; 1998c; Amirat et al. 2001; Jager
and Mikeli¢ 2001; 2003; Neuss et al. 2006; Bresch and Milisic 2010; Mikeli¢ et al. 2013] on this topic. In
all of these works, a restrictive hypothesis is made, namely periodicity of the roughness pattern y. This
hypothesis simplifies greatly the construction of the so-called boundary layer corrector, describing the
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small-scale variations of the flow near the boundary. This corrector is an analogue of the cell corrector in
classical homogenization of heterogeneous media.

The main point and difficulty is the mathematical study of the boundary layer equations, which are
satisfied formally by the boundary layer corrector. When y is periodic in yi, y», the solution of the
boundary layer system is itself sought periodic, so that well-posedness and qualitative properties of the
system are easy to determine. When the periodicity structure is relaxed, and replaced by general ergodicity
properties, the analysis is still possible, but much more involved, as shown in [Basson and Gérard-Varet
2008; Gérard-Varet 2009; Gérard-Varet and Masmoudi 2010]. A key feature of these articles is the
linearity of the boundary layer system: after the rescaling y = x /e, it is governed by Stokes equations in
the boundary layer domain

Qu={y:y3>yO1,y)} (1-2)

It thus reads
—Av+Vp=0 in Qy,

divv =0 in Qyp, (1-3)
vlga, =@
for some Dirichlet boundary data ¢ that has no decay as y;, y, go to infinity, but no periodic structure.

As a consequence, spaces of infinite energy, such as H®

tloe» Torm a natural functional setting for such

equations.

A natural challenge is to extend this type of analysis to nonlinear systems. This is the goal of the
present paper. Namely, we will study a nonlinear boundary layer system that describes a rotating fluid
near a rough boundary. The dynamics of rotating fluid layers are relevant in the context of geophysical
flows, for which the Earth’s rotation plays a dominant role. The system under consideration reads

vV-Vv+Vp4+exv—Av=0 in Qy,
divv=0 in Qy, 1-4)
vlgQy = ¢-
These are the incompressible Navier—Stokes equations written in a rotating frame, which is the reason for
the extra Coriolis force e x u, where e = e3 = (0, 0, 1)". The equations in (1-4) can be obtained through
an asymptotics of the full rotating fluid system

Ro(;u+u-Vu)+exu—EAu=0, divu =0, (1-5)

where Ro and E are the so-called Rossby and Ekman numbers. These parameters are small in many
applications. In the vicinity of the rough boundary (1-1), and in the special case where

E~e&?, Ro~e, (1-6)
it is natural to look for an asymptotic behaviour of the type
ut(t, x) ~v(t, x1, X2, x/¢€),

where v =v(¢, x1, X2, y), y € Qp1. Injecting this ansatz in (1-5) yields the first two equations in the system
(1-4), where the “slow variables” (¢, x|, x2) are only parameters and are eluded.
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The main goal of this paper is to construct a solution v of system (1-4), under no structural assumption
on y. We shall moreover provide information on the behaviour of v away from the boundary. We will in
this way generalize [Gérard-Varet 2003] by the second author in which periodic roughness was considered.
See also [Gérard-Varet and Dormy 2006]. Before stating the main difficulties and results of our study,
several remarks are in order:

(1) The choice of the scaling (1-6), which leads to the derivation of the boundary layer system, may seem
peculiar. It is, however, the richest possible, as it retains all terms in the equation for the boundary layer.
All other scaling would provide a degeneracy of system (1-4).

(2) In the flat case, that is, for the roughness profile y =0, and for ¢ = (¢, ¢2, 0), with ¢, ¢» independent
of y, the solution of (1-5) is explicitly given in complex form by

(Wi +iv) () = @1 +ig2) exp(—(1+i)y3/v2), v;=0. (1-7)
This profile, sometimes called the Ekman spiral, solves the linear ODE
exv—d3v=0.

Considering roughness turns this linear ODE into a nonlinear PDE, and as we will see, changes drastically
the properties of the solution.

(3) Rather than the Dirichlet condition v|yg,, = ¢, some slightly different settings could be considered:

 One could for instance prescribe a homogeneous Dirichlet condition v|3q,, = 0, and add a source
term with enough decay in y3. This would correspond to a localized forcing of the boundary layer.

e One could replace the Dirichlet condition by a Navier condition, that is, a condition of the type
D(u)nxn|39b1:fv u'n|3§2b1:0,

with D(u) the symmetric part of Vu, and n the normal unit vector at the boundary. For instance,
one could think of (1-1) as modelling an oscillating free surface, under the rigid lid approximation.
In this context, the Navier condition would model a wind forcing, and the boundary layer domain
would model the water below the free surface (changing the direction of the vertical axis). We
refer to [Pedlosky 1987] for some similar modelling, and to [Casado-Diaz et al. 2003; Bucur et al.
2008; Bonnivard and Bucur 2012; Dalibard and Gérard-Varet 2011] for the treatment of such Navier
condition. As shown in those papers, some hypothesis on the nondegeneracy of the roughness is
necessary to the mathematical analysis.

However, our analysis does not extend to the important case of an inhomogeneous Dirichlet condition at
infinity, which models a boundary layer driven by an external flow. For linear systems, one can in general
lift this Dirichlet data at infinity, and recover the case of a Dirichlet data at the bottom boundary, like in
(1-3). But for our nonlinear system (1-4), this lift would lead to the introduction of an additional drift
term in the momentum equation, which would break down its rotational invariance.
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2. Statement of the results

Our main result is a well-posedness theorem for the boundary layer system (1-4), where ¢ is a given
boundary data, with no decay tangentially to the boundary, and satisfying ¢ - n|;q,, = 0. As usual in
the theory of steady Navier—Stokes equations, the well-posedness will be obtained under a smallness
hypothesis. We first introduce, for any unbounded © C R?, the spaces

L0 (2) = {ft Sup/ |fI? < +OO},
Bk, )N

kezd

andforallm >0, H™ (Q) ={f:0°f L (Q) Ya <m).

uloc uloc

These spaces are of course Banach spaces when endowed with their natural norms.

Theorem 1. Let y be bounded and Lipschitz and Q) be defined as in (1-2). There exists &g, C > 0, such
that for all ¢ € Hlfloc(a Q) satisfying ¢ - nlaq,, = 0 and || || = 8o system (1-4) has a unique solution
(v, p) with

(I+y)PveHL Q). A+y)Y3pe L2 (),
and

1A+ Pollgy, + 1+ plz, < Cllgz,

This theorem generalizes the result of [Gérard-Varet 2003], dedicated to the case of periodic roughness
pattern y. In this case, the analysis is much easier, as the solution v of (1-4) is itself periodic in yj, y».
Through standard arguments, one can then build a solution v satisfying

/ / |Vv|2 < +00.
T2 Jys>y(1.y2)

Moreover, one can establish exponential decay estimates for v as y3 goes to infinity. This exponential
decay is related to the periodicity in the horizontal variables, which provides a Poincaré inequality for
functions with zero mean in x;. When the periodicity assumption is removed, one expects the exponential
convergence to be no longer true: this has been notably discussed in [Gérard-Varet and Masmoudi 2010;
Prange 2013] in the context of the Laplace or the Stokes equation near a rough wall. It is worth noting
that in such context, the convergence can be arbitrarily slow. In fact, there is in general no convergence
when no ergodicity assumption on y is made. A remarkable feature of our theorem for rotating flows is
that decay to zero persists, despite the nonlinearity, and without any ergodicity assumption on y. We
emphasize that this decay comes from the rotation term. However, exponential decay is replaced by
polynomial decay, with rate O (y; Y 3) for v.

Let us comment on the difficulties associated with Theorem 1. Of course, the first issue is that the
data ¢ does not decay as (y;, y») goes to infinity, so that the solution v is not expected to decay in the
horizontal directions. If Qp were replaced by

QU =(y:M>y;>y0O1, )}, M>0,
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together with a Dirichlet condition at the upper boundary, one could build a solution v in HJIOC(Q{)"{ ,
adapting ideas of LadyZenskaya and Solonnikov [1980] on Navier—Stokes flows in tubes. Among those

ideas, an important one is to obtain an a priori differential inequality on the local energy

E(1) ::/ / Vv
{lO.y) =t} J{M>y3>y (y1,y2)}

Such a differential inequality, known in the literature as a Saint-Venant estimate, appeared previously in
other contexts; see for instance [Wheeler and Horgan 1976; Wheeler et al. 1975]. Namely, one shows an
inequality of the type

E(t) <Cy(E'(t)+ E'(t)* +17).

However, the derivation of this differential inequality relies on the Poincaré inequality between two planes,
or in other words on the fact that SZ{)‘]’ has a bounded direction. For the boundary layer domain 2y, this is
no longer true, and no a priori bound can be obtained in this way. Moreover, contrary to what happens
for the Laplace equation, one cannot rely on maximum principles to get an L°° bound.

Under a periodicity assumption on y, one can restrict the domain to the periodic slab

y:OnLy) €Ty >y, »))

In this manner, one has again a domain with a bounded direction (horizontal rather than vertical). One
can establish again Saint-Venant estimates leading to the exponential decay mentioned above. It allows
one to prove well-posedness of the boundary layer system. However, this approach does not work in our
framework, where no structure is assumed on the roughness profile y.

For the Stokes boundary layer flow

—Av+Vp=0, divv=0 in Qp, vlaq, = Vo, 2-1)

this problem is overcome in [Gérard-Varet and Masmoudi 2010] by N. Masmoudi and the second author.
The main idea there is to get back to the domain Q{)‘f by imposing a so-called transparent boundary
condition at y3 = M. This transparency condition involves the Stokes analogue of the Dirichlet-to-
Neumann operator, and, despite its nonlocal nature (contrary to the Dirichlet condition), allows then to
apply the method of Solonnikov. We refer to [Gérard-Varet and Masmoudi 2010] for more details.! Of
course, the use of an explicit transparent boundary condition at y3 = M is possible because v satisfies a
homogeneous Stokes equation in the half-space {y3 > M}, which gives access to explicit formulas.
Such simplification does not occur in the context of our rotating flow system: in particular, the main
issue is the quasilinear term u - Vu in system (1-4), in contrast with previous linear studies. In fact, even
without this convective term, the analysis is not easy. In other words, the Coriolis—Stokes problem

exv+Vp—Av=0 in Qy,
divv =0 in Qy, (2-2)
U|ale :d)

1Actually, [Gérard-Varet and Masmoudi 2010] is concerned with the 2D case. For adaptation to 3D, we refer to [Dalibard and
Prange 2014].
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already raises difficulties. For instance, to use a strategy based on a transparent boundary condition, one
needs to construct the solution of the Dirichlet problem in a half-space for the Stokes—Coriolis operator,
when the Dirichlet data has uniform local bounds. But contrary to the Stokes case, there is no easy
integral representation. Still, such a linear problem was tackled in the recent paper [Dalibard and Prange
2014] by the first author and C. Prange. To solve the Dirichlet problem, they use a Fourier transform in

variables y;, y», leading to accurate formulas. The point is then to be able to translate information on

2
uloc

defined through truncations in space, which are not so suitable for a Fourier treatment. Similar difficulties

the Fourier side to uniform local bounds on v. This requires careful estimates, as spaces like L7, _are

arise in [Alazard et al. 2016], devoted to water waves equations in locally uniform spaces.

The linear study [Dalibard and Prange 2014] is a starting point for our study of the nonlinear system
(1-4), but we will need many refined estimates, combined with a fixed point argument. More precisely,
the outline of the paper is the following.

« Section 3, the main section of the paper, will be devoted to the system
exv+Vp—Av=divF in {y3 > M},
divv=0 in {y3 > M}, 2-3)
V|y,=m = vp.
The data vy and F will have no decay in horizontal variables (y, y2). The source term F, which is
reminiscent of u ® u, will decay typically like |y3|~>/3 as y3 goes to infinity. This exponent is coherent
with the decay of u given in Theorem 1. The point will be to establish a priori estimates on a solution v

of (2-3), with no decay in (y;, y2), decaying like |y3|~'/3 at infinity. Functional spaces will be specified
in due course.

e On the basis of previous a priori estimates, we will show well-posedness of the system
v-Vv+exv+Vp—Av=0 in {y3; > M},
divv=0 in {y3; > M}, 2-4)
Vlys=m = Vo
for small enough boundary data vy (again, in a functional space to be specified). This will be done in the
first subsection of Section 4.

« Finally, through the next subsections of Section 4, we will establish Theorem 1. The solution v of (1-4)
will be constructed with the help of a mapping F = F (i, ¢), defined in the following way:

(1) First, we will introduce the solution (v, p~) of

v -Vv  +exv 4+Vp T —AvT =0 inQé"{,
dive"=0  in QY,
v [aqy = &,

X(v7, pr)esly=m =V,

(2-5)

where X (v, p) =Vv— ( p+ % |v |2)Id. Note that a quadratic term % |v|? is added to the usual Newtonian
tensor in order to handle the nonlinearity.
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(2) Then, we will introduce the solution (v*, p*) of (2-4), with vy := v~ |y,=pm.
(3) Eventually, we will define F(/, ¢) := Z(v", pHesly,=m — V.

The point will be to show that for small enough ¢, the equation F (i, ¢) = 0 has a solution v, knowing
that 7(0, 0) = 0. This will be obtained via the inverse function theorem (using the linear analysis of
[Dalibard and Prange 2014]). For such 1, the field v defined by vt over {£y3 > M} will be a solution of
(1-4). Indeed, v is always continuous at y3 = M by the definition of v, while the condition F (3, ¢) =0
means that the normal component of the stress tensor X (v, p) is also continuous at y3 = M.

3. Stokes—Coriolis equations with source

A central part of the work is the analysis of system (2-3). For simplicity, we take M = 0. The case
without source term (F = 0) was partially analyzed in [Dalibard and Prange 2014], but we will establish
new estimates, notably related to low frequencies. Let us emphasize that the difficulty induced by low
frequencies already appeared in Proposition 2.1 on page 6 of the above work, even in the case of classical
Sobolev data: in such case, some cancellation of the Fourier transform vy 3 at frequency & = 0 was
assumed. We make a similar hypothesis here. The main theorem of the section is:

Theorem 2. Letm e N, m > 1. Let vg € Hm+1(R2) with third component satisfying vo 3 = 01v] + 0,03,

uloc
(R?). Let F € H" (R3) such that (14 y3)**F € H"

ulOC([Rifr). There exists a unique

. * ok ¢ 2
with vy, vy in L

solution v of system (2-3) such that

1+ 330l s @y < C (1ol vz gy + 1T 012, @)+ 1A +3)* Fllgn @) G-D)
for a universal constant C.
Prior to the proof of the theorem, several simplifying remarks are in order:
e Obviously, uniqueness comes down to showing that if F = 0 and vg = 0O, the only solution v of

(2-3) such that (14 y3)'3v e H™ ([Ri) is v = 0. This result follows from [Dalibard and Prange 2014,

uloc
Proposition 2.1], in which even a larger functional space was considered. Hence, the key statement our

theorem is the existence of a solution satisfying the estimate (3-1).

« In order to show existence of such a solution, we can assume vy 1, Vg 2, V™ := (v’f, v’zk) and F to be
smooth and compactly supported (resp. in R? and Ri). Indeed, let us introduce

(0,15 V5.2, V"1, ¥2) 1= x ((¥1, y2)/m)p" x (vo,1, V0.2, V) (Y1, ¥2),
F'"(y) = x(y/n)p" (y) * F(y),

where x € C®(R?), ¥ € C*°(R?) are 1 near the origin, and p", 5" are approximations of unity. These
functions are smooth, compactly supported, and satisfy

||(U8,1, US,Z)HH‘;?:;](RZ) < Cl|(vo,1, UO,Z)”Hlﬁ;l(Rz),
*,1 < *
[lv ”H\:rl’otz(Rz) <Clv ”HJ’I’;Z(RZ),

2/3 n 2/3
I+ 33 F g gay < CINL+ )" Fllgm @)
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for a universal constant C. Moreover, (v(')”l, v(')’,z), v*®" and F" converge strongly to (vg 1, vp2), v* and F
in H"T1(K), H™?>(K) and H™(K') respectively for any compact set K of R” and any compact set K’

of [Ri. Now, assume that for all n € N, there exists a solution v" corresponding to the data vy |, vy 5, v™",

and F", for which we can get the estimate

1/3 , 2/3
(L + y3) / Un||H$0tl(R§r) = C(”(U&p U8’2)||H$7;1(R2) + lv* n”Hﬂ(IZ(RZ) + (1 + y3) / Fn”Hﬂyc(Ri))

for a universal constant C. Then,
1 2
(1 +y3) /3Un||H£7$1(R3+) < C/(||(U()’1, UO,Z)”HJT;'(RZ) + ”U*||H£7;2(R2) + (1 + y3) /3F||HII'IIOC(R1))

for a universal constant C’. We can then extract a subsequence weakly converging to some v, which is
easily seen to satisfy (2-3) and (3-1).

« Finally, if vg, 1, vo.2, v* and F are smooth and compactly supported, the existence of a solution v of (2-3)
can be obtained by standard variational arguments. More precisely, one can build a function v such that

[ 190P = P iz + ool ).

R+
f wI* < Ca(IIF | 22y + lvoll g12g2y)  Ya > 0.
R2x{y;<a}

Higher-order derivatives are then controlled by elliptic regularity. Hence, the whole problem is to establish
the estimate (3-1) for such a solution.

We are now ready to tackle the proof of Theorem 2. We forget temporarily about the boundary condition
and focus on the equations

exv+Vp—Av=divF, divv=0 inR3, (3-2)
Our goal is to construct some particular solution of these equations, satisfying for some large enough m,
11 +2) vl < CIIA +2)*Fll o). (3-3)

We will turn to the solution of the whole system (2-3) in a second step.

3.1. Orr—-Sommerfeld formulation. To handle (3-2), we rely on a formulation similar to Orr and Som-
merfeld’s rewriting of Navier—Stokes. Namely, we wish to express this system in terms of v3 and
w := d1vy — drv;. First, we apply 9, to the first line, —9; to the second line, and combine to obtain

831)3 + Aw = 53 = 32f1 — 31f2, with f =divF = (Z 3j F”) (3—4)
J

i

Similarly, we apply 003 to the first line of (3-2), 9,03 to the second line, and —(812 + 822) to the third line.
Combining the three, we are left with

— 30+ A%v3 =15, 1= 0103 f1 + 0203 f» — (O] + 33) f5. (3-5)
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From w and v3, one recovers the horizontal velocity components vy, vp using the system
01V] + 0hvy = —03v3, J1vr — v = w.
We are led to the (so far formal) expressions
vi = (0f +89) " (—3391v3 — D),
vy = (02 +03) " (—330203 + 1 ). G0

Our goal is to construct a solution (v3, w) of (3-4)—(3-5), by means of an integral representation. Since
the vertical variable will play a special role in this construction, we will denote it by z instead of ys:
y = (y1, 2, 2). We write (3-4)—(3-5) in the compact form

1
L(D,3,)V =S, v:=(”3), S:=(s3), D= (31, &),
l

w Sew

where L(D, 9;) is a Fourier multiplier in variables x, x, associated with

NI |5|2>>_

e (A,

‘We will look for a solution of the form
+00
V(-,Z)Z/ G(D,z—2)S(-,2)dZd +Vy, 3-7)
0

where:

» G(D, z) is a matrix Fourier multiplier, whose symbol G (&, z) is the fundamental solution over R of
L(&, d,) for any £ € R%:

L(E. 3)G (€. 2) = 8o ((1) ‘1))

» Vj is a solution of the homogeneous equation. The purpose of the addition of V}, is to ensure the
decay of the solution V. More details will be given in due course.

3.1.1. Construction of the Green function. We start with the construction of the fundamental solution
G (&, z). Away from z = 0, it should satisfy the homogeneous system, which requires one to understand
the kernel of the operator L (&, ). This kernel is a combination of elements of the form e**V, where A is
a root of the characteristic equation

detL(E,0) =0, ie, —A>—R>—|&)°=0, (3-8)

and V is an associated “eigenelement”, meaning a nonzero vector in ker L(&, 1). A careful study of the
characteristic equation was carried out recently in [Dalibard and Prange 2014]. Notice that (3-8) can
be seen as an equation of degree three on ¥ = A% — |&|? (with negative discriminant). Using Cardano’s
formula gives access to explicit expressions. The roots can be written as +A;(§), £A2(§) and £X13(§),
where A; € Ry, X2, A3 have positive real parts, A; € R, A2 = A3, ImA, > 0. The A; are continuous
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functions of & (see Remark 4 below for more). The above work also provides their asymptotic behaviour
at low and high frequencies. This behaviour will be very important to establish our estimates.

Lemma 3 [Dalibard and Prange 2014, Lemma 2.4]. As & — 0, we have

ME) =EP+OEP), M@ =™+ 0P, r2E) ="+ 0(EP).

As & — 00, we have

M@ =181 — 51617 P+ 0517,
M) =181=3/%1617 P+ 0UE17P). 3@ =1861-5j1617 P+ 0WE17P).  where j=exp(in/3).
Remark 4. We insist that A, and A3 are distinct and have a positive real part for all values of &, whereas
A1 # 0 for & # 0. Moreover, it can be easily checked that }\1.2 is a C™ function of |£|* fori =1,...,3.
Using the fact that A, and A3 never vanish or merge, while A; vanishes for § = 0 only, we deduce that

A2, A3 are C* functions of |£]2, and that A;(§) = |E]2A(§), where A; € C®(R?), A;(0) =1 and A,
does not vanish on RZ

Regarding the eigenelements, an explicit computation shows that for alli =1, ..., 3,
1 —Ai
+._ A i : YE — -
V= (in) and ;: PR satisfy L(&§, £1;)V;- =0. (3-9)
We can now determine G; our results are summarized in Lemma 5 below. We begin with its first

column G| = (g ), a solution of L(£, 3,)G = 8( )- As explained above, for z # 0, we know G| (£, 2)

is a linear combmatlon of ei)"zVi Furthermore, we want to avoid any exponential growth of G as

z — Z£o00. Thus G should be of the form
o [Tt s
S AT <0

We now look at the jump conditions at z = 0. For f = f(z), recall that [ f]|,— := f(z/+) — f(z/_)
denotes the jump of f at z’. Since

(32— 1€11)2G 11 — 3.G2 =0,
9:G11 + (32 — |E11)G21 = 8.0,
we infer that

[G21]l;=0 =0, [9:G21ll,=0 = 1, [0*Gi1]l,=0=0, k=0,...,3.

This yields a linear system of six equations on the coefficients A;—L. One finds A, := A = —A;, and the

l
D hQiAi=3 Y Ai=0, > 1A =0.
i i

system

Note that

|%’|2
iQA=—) S -
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taking into account the second equality. Hence, we find

E2/ (AT — &1 EP/O3—1E1D) 1EIP/S =16\ (A —%
1 1 1 Ay | = 0
A3 A3 23 A3 0
The determinant of the matrix is
D, :=|§°D,
where
/A2 —1EP) 1/A3— g 1/(3— €D
D= 1 1 1
M % %
After a few computations, we find that
Dy = |20 — 2D (3 —A%)( ! - ! ) (3-10)
AT —EPYAS— &) A=A —EP)
and
1 1 1
Al=———03=22), Ar=——03=23), Az=—-02=2). 3-11
1 2D1( 3 2) 2 2D1( 1 3) 3 2D1( 2 1) ( )

Computations for the second column G, of G are similar. It is of the form
e B
21'3:1 B MV, z<0,
with jump conditions
[05Gnll.0=0, k=01, [0G12]l.=0 =0, k=0,...,2, [0]G12ll,=0 = 1.
We find B; := B;" = B, and the system

Qp Q2 Q3\ /B

A A2 A3 B | =

3 23 .3

AMoA A3 ) \Bs -

- O O

The determinant of the matrix is now D, := —A1A2A3D, and

B )»2)»3( 1 1 ) B )»])»3( 1 1 )
1= — ) 2= - ’
2Dy \AJ— 517 A — €2 2D \A— 1617 AT — €12

5 xm( 1 1 )
3= - .
2Dy \ 13— €12 A3 — &2

This concludes the construction of the matrix G. We sum up our results in the following lemma, in which

(3-12)

we also give the asymptotic behaviours of the coefficients A;, B;, Vl.jE and of G as £ — 0 and |§]| — oc.
The latter follow from Lemma 3 and Remark 4 and are left to the reader.
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Lemma 5. We have

3 ) — A _
Yo AV, 20, {21'3:1 Bie MV, 7>0,
_ )=

G, =
. 3 i
—Y3  AehvE, 2 <0, Y3 BietVE,  z<0,

where

+ 1
Vit = (qcx,-/(x%—|5|2>)

and where A; and B; are defined by (3-11) and (3-12) respectively.
Asymptotic behaviour:

o For || > 1, there exists N > 0 such that A;, B;, Q; = O(|&|N) fori=1,...,3,and |Q;| > |£]7". As
a consequence, G(£,7) = O(|&|N) for all z.

e As & — 0, we have

Ai(§) > AjeC*, i=1,...,3,

Bi&) ~ 21
: [’

Q~QE], Q1 eC, Qi) —>QelC, =23

B €C*, Bj()— B;eC*, i=2,3, (3-13)

More precisely, we can write, for instance,

B 5
Bi(§) = Eﬂl(g) VEeR
for some function B € C*®(R?) such that B1(0) = 1. Similar statements hold for the other coefficients.
It follows that

(o) o@gl™
G(E,Z)—<0(1) 0(1)>

as |&| = 0 forall z € R.

3.1.2. Construction of the homogeneous correction. We will see rigorously below that the field

+o0 +oo
Ve (-, 2) = /O G(D,z=2)S(-,7)d7' = : Fe (GG z2=2) Fiy 56 S 2N)d2 (3-14)

is well-defined and satisfies (3-4)—(3-5). However, the corresponding velocity field does not have a good

decay with respect to z. This is the reason for the additional field V}, in formula (3-7). To be more specific,
let us split the source term S into S(z') = S°(z") + 3, S'(z') + 8Z2,S2(z’), with
02(01 Fi1 + 02 F12) — 01(81 F21 + 02F22)

§°Z) = ( 3-15

@ —(87 +03) (31 F31 + 32 F32) (-15)
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and

S'(Z) = ( 02 F13— 01F23 >
T\ @1 Fii + 0 F12) + 02(01 Far + 02 F2p) — (07 +03) F33)

0
S2(7) = ( ) )
@) 01 F13 + 02 /3

Roughly, the idea is that

(3-16)

+00
V(-,2):= / (G(D,z—2)S°(Z)+3.G(D, z—2)S' () + 37G(D, z — 2)§*(2)) dz’
0
has a better decay. Using the fact that
9.G(D,z—7)=—-03.G(D,z—2)),

we see that going from V; to V is possible through integrations by parts in the variable z’, which generates
boundary terms. We recall that the jump of G(D, z —7') at z = 7’ is zero, and that

, 00
[0.G(D,z=2)]| _, = (1 0) :

On the other hand, the first component of S? is zero, so that the jump of 3,G»; at z =z’ is not involved in
the two integrations by parts of 8Z2G(D, 7 —27')S?(z’). Formal computations eventually lead to

Vh(',Z) = V("Z)_VG('9Z)
= —[G(D,z=2)(S'(-. N +8.5(-, )]y~ +[0:G(D, 2 =) S*(-, )], ™
=G(D,2)(S'(+,0)+3,5%(-,0) —3.G(D, 2)S*(-, 0).
Back to the expression of the Green function, we get
V(- 2) = —(X; Aie ™7V, Y Bie ™2 V.T) (S (-, 0) + 3, 8%(+, 0))
+(X; Airie™FVT Y, Biie V) S (-, 0). (3-17)
It is a linear combination of terms of the form e~** V.”, and therefore satisfies the homogeneous Orr—
Sommerfeld equations. Hence, V is (still formally) a solution of (3-4)—(3-5).

We now need to put these formal arguments on rigorous grounds. As mentioned after Theorem 2, there
is no loss of generality assuming that F is smooth and compactly supported.

Lemma 6. Let F be smooth and compactly supported. The formula (3-7), with V}, given by (3-17), defines
a solution V = (v3, )" of (3-4)—(3-5) satisfying
Ve LX(Ry, H"(RY), |D| 'weLX.(Ry, H™(R%) foranym.

loc

Proof. Let us show first show that the integral term Vg (see (3-14)) satisfies the properties of the lemma.
The main point is to show that for any z, z’ > 0, the function

Joo 1§ = GG, z—2)8(,2) belongsto LA((1+[§)"2d8) x L2(§|7" (1 + [§1°)"/2d§)
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for all m. Therefore, we recall that F=F (&, 7)) is in the Schwartz class with respect to &, smooth and
compactly supported in z. Also, G(&, z — z') is smooth in & # 0 (see Remark 4), and continuous in z, 7.
It implies that J, . is smooth in & # 0, continuous in z, z’. It remains to check its behaviour at high and
low frequencies.

At high frequencies (|&| > 1), from Lemma 5, it is easily seen that J, / is bounded by

2
L@ <CIEN Y 105 F . 7))

k=0

for some N. As F and its z'-derivatives are rapidly decreasing in £, it will belong to any L? with
polynomial weight.

» At low frequencies (§ ~ 0), one can check that |.§'(§ ,Z)| < C|&|. Hence, using again the bounds

GE,z—2)8E,7) = (&T;?))

derived in Lemma 5,

The result follows.

From there, by standard arguments, Vi defines a continuous function of z with values in H™(R?) x
|D|~'H™(R?) for all m. Moreover, a change of variable gives

+00
VG(‘,Z):/ G(D,Z)S(-,z—7)d7Z.
0

By the smoothness of S, we deduce that Vi is smooth in z with values in the same space. The fact that it
satisfies (3-4)—(3-5) comes of course from the properties of the Green function G, and is classical. We
leave it to the reader.

To conclude the proof of the lemma, we still have to consider the homogeneous correction Vj,. Again,
Vi, is smooth in £ # 0 and z. Thanks to the properties of F, it is decaying fast as |£| goes to infinity.
ol ) for |£] « 1. Finally, as its Fourier

O(lED
transform is a linear combination of e ($)z V= (&), it satisfies (3-4)—(3-5) without source. O

Moreover, from the asymptotics above, one can check that V;, = (

Let us stress that, with the same kind of arguments, one can justify the integration by parts mentioned
above, and write

+oo 2
V(-,2) I=/ ZafG(D,Z—z’)Sk(z/) dz7. (3-18)
0 k=0

We will now try to derive the estimate (3-3), starting from this formulation.

3.1.3. Main estimate. By Lemma 6, we know that formula (3-7) (or equivalently (3-18)) defines a
solution V of (3-4)—(3-5). Our main goal in this section is to establish that V obeys inequality (3-3). Our
main ingredient will be:

Lemma7. Let x = x(§) € C2°(R?), and P = P(£) € C®(R?\ {0}) defined by

PE) = p®)IEI" Q)
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near & =0, with py a homogeneous polynomial in &, & of degree k, a > 0, and Q € C*(R?). Assume
furthermore that o — k > —2. For vg € LLIOC(RZ), we define u' =u'(y1, y2, z) by

u'(-,2) = x(D)P(D)e ™" Py, (3-19)
Then, there exists C and § > 0 independent of vg such that
€% | oty + €773 Loy I < Cllvoll
Moreover, there exists C and § > 0 independent of vq such that
¢
1 +2) S gy | < Cllvoll,

Remark 8. Showing that the definition (3-19) makes sense is part of the proof of the lemma. Namely, it
is shown that for any z > 0, the kernel

K (1,32, 2) 1= Fe gy (XE) PG

defines an element of L'(R?). In particular, (3-19) is appropriate: u’ = K (-, z) » vo defines (at least) an
L), . function as the convolution of functions of L' and L}, ..

We refer to Appendix A for a proof. Lemma 7 is the source of the asymptotic behaviour of the
solution v of (1-4). As always in this type of boundary layer problem, the asymptotic behaviour is given
by low frequencies, corresponding to the cut-off x. In particular, the decay is given by the characteristic
root A1(&), which vanishes at & = 0.

Proof of estimate (3-3). We distinguish between low and high frequencies.

Low frequencies. We introduce some x = x(§) € C° (R?) equal to 1 near & = 0. We consider

2
V= f Y 1M,z 2) 7,
R (3-20)

I*(,2,2) = x(D)3*G(D, z - 2)S* (-, 7).
In what follows, we write

Sk =(s5, %) and 1F = (5, I}y

We will use the following fact, which is a straightforward consequence of (3-15)—(3-16): sg and s’i are
homogeneous of degree 2 and s? is homogeneous of degree 3, while s31 and s2 are homogeneous of
degree 1.

Study of 1°. We find
B(-.z,.2) =sgn(z = 2)x(D) ) Ai(D)e PN ) + x (D) Y Bi(D)e M P52,

I3, 2,2) == x(D) ) Ai(D)Qu(D)e 1 PEIs9(. )
—sgn(z —2)x(D) Y Bi(D)Qi(D)e P50 (. 7).
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‘We also have

019(+, 2.2y = —x(D) Y Ay(D)xi(D)e P10 7))
—sgn(z —2)x(D) Y Bi(D)r;i(D)e P50 ),

We note that s3 (€, z') and EE(E , Z') are products of components of £ (£, z') by homogeneous polynomials
of degrees 2 and 3 respectively in £. Using the asymptotic behaviours derived in Lemma 5 together with
Lemma 7, we deduce

119+, 2, 2l oo 2 <;HF(' Dl we
3 s & L>*(R?) = (1+|Z_Z/|)2/3 ’ Luloc(R)’

119C . 2, )l o we <L”F(‘ Dl we
w\ % L>*(R*) = 1+|Z_ ’ Lulnc(R)’

. (3-21)
! /
” |D|2 e Lo(R2) : 1+ |z—2'])*3 HEC Dy, @2
! /
H |D|28 (A2 2) L (R?) = (A +|z—2¥3 HEC Dy, -

The last two bounds will be useful when estimating the horizontal velocity components through (3-6).
We insist that 0, Ig has a better behaviour than Ié), because there is an extra factor A; (D) in front of A;
and Bj, which gives a higher degree of homogeneity at low frequencies for the term in exp(—A;(D)z).
This is why we can apply D/|D|? to that term. As for the terms in exp(—A; (D)z) fori =2, 3, there is no
singularity near £ = 0 when we apply D/|D|? because of the homogeneity of degrees 2 and 3 in 83 9, 7)
and s:?)(é, 7') respectively.

Study of 1'. We find

L+, 2,2) ==x(D) ) Ai(D)r(D)e HPlsi(. 7))
—sgn(z —2)x(D) Y Bi(D)ri(D)e ™ P=<lg (. 2,

I (-2, 2) =sgn(z = 2)x(D) Y Ai(D)xi (D) (D)e 1 P<lsi(. 7))
+x(D) Y Bi(D)xi (D) (D) PEls) (. ),

and also

013 (-, 2,2) =sgn(z —2)x(D) Y Au(D) (i (D)) e HPEls i 2y
+x(D) > Bi(D)(A;(D)*e P52,

Thanks to the derivation of the Green function with respect to z, an extra factor A (D) appears together
with A;(D) or Bi(D). This provides a higher degree of homogeneity in || at low frequencies It
compensates for the loss of homogeneity of S' compared to S°. More precisely, we note that 3 Y&, 7)
and s} (&, z') are products of components of F (¢, Z) by homogeneous polynomials of degrees 1 and 2
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respectively in £&. We also get
C
1 / /
||13 (-,z,2 )||L°°(R2) = m ||F( < )||L111]OC(R2),
1 / /
11,C sz, Dl pomey < WHF( S @)

(3-22)
,2,7)

!/
oA 1 EC DL @)

<
” |D|2 ey (I+lz—

a1(-,2,7)

IFC-, Z/)HLLOC(RZ)'

< -
H D> Loy (L+1z—=2'])?

Study of I*. We find
L(-,z,2) =sgn(z —2)x(D) Y Au(D)(hi(D))>e M Pls3 (. o)
+X(D) Y Bi(D)(hi(D))*e PR3 (- 2,

as well as

I2(-,2,2) ==x(D) Y Ai(D)(hi(D))*Qi(D)e P13 o)
—sgn(z —2)x(D) Y Bi(D)(hi(D))*Q;(D)e P2 ),

and

0.13(+,2.2) = —x(D) Y Ai(D)(Ai(D)) e P53 (. o)
—sgn(z —2)x(D) Y Bi(D)(hi (D)’ e P52 (- 2,

This time, s3 0 and s2 is homogeneous of degree 1. We get as before that
C
15C 2 Dl < = G Dy

C
2 1 /
I,C s 2, 2l pomey < WHF( 2 )”LLllloc(Rz)’

3-23
—ala(.2.7) <———|F(-.2) (29
DR T gy T U lz—2 2 @

/ /
H |D|28 (13022 L (R?) : A+ 1z =233 HEC Dy, @)

Combining (3-21)—(3-23), we find

1 1
(1+|Z_Z/|)2/3 (1+Z1)2/3
1 1
I+1z—2| (1+2)23

+00
b
13-, Dl @) < € /O dZ 1+ 22V Fll gy, gy

+oo
e’ (-, )l poey < C /0 A2 (142 Fll ey @y
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and
D too 1 1 , 2/3
H Ww (-0 Lo(R2) = C/O 1+1z— Z/|)2/3 (1 +Z/)2/3 dz'|(1+2) F”Loo(Ll]lloc(Rz))’
H ——3.03(+, 2) gc/m ! ! dZ (1 +2)*PFl oo @2y
|D|27°3 L ®2) o (I+]z—=2D*3 (1+27)3 Lo (L 1 (R%)

We deduce that (see Lemma 16 in Appendix B)
03, D@y < CA+D T PIA+ ) Fll g gy

(3-24)
lo” (-, Dl ey < CU+2) 2P+ NA+ 22 Fllpwr @),
d
" _D b —-1/3 2/3
DY (+,2) <SCA+2) PIA+ ) Fll e @)
0 ([R2
. (3-25)
H |D|28 239 L (R2) =CU+97 @+l +Z2/3)F”L°"(Liloc(R2))'
High frequencies. To obtain the estimate (3-3), we still have to control the high frequencies
2
= /+ Z Tz, )dZ TR L2 2) = (= x(D)*G(D, z = 2)SK (-, 2). (3-26)
R
=0

Instead of Lemma 7, we shall use this (see Appendix A for a proof):

Lemma9. Let x € C°(R?), with x =1 ina ball B, 1= B(0. ) for somer >0. Let P=P(§) e C; (R*\B,).
For vo =vo(y1, y2) € HY .(R?), N € N, we define u' = u' (y1, y2, 2) by

u'(+,2) = (1= x(D)P(D)e Py (3-27)
Then, for N large enough and § > 0 small enough,
€% u | oo gy + 1€°702 | oty + €703 N Loy I < Cllvoll gy ey

Remark 10. As in the proof of Lemma 7, part of the proof of Lemma 9 gives a meaning to (3-27). In
particular, it is shown that for n large enough, and any z > 0, the kernel

K@i, x2.2) 1= F (L4 [ED) (1= x () P()e €7

belongs to L!(R?) so that u’ = K, » (1 — A)"vg) defines at least an element of Lﬁloc as the convolution

of functions in L! and L?

loc (@assuming N > 2n).

The analysis is simpler than for low frequencies. From (3-26), (3-15)—(3-16) and Lemma 5, we
decompose the components of J* for k =0, 1, 2 into terms of the form

—1i(D)|z—7'
(1 — x(D)R(D)e M P=Z gt e p)

where Fj; are components of our source term F, aj,a;=0,1,2 with 1 <ay +a; <3, and R(D) is of
the form
R(D) =R(M(D), 22(D), A3(D), D)
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for some rational expression R = R (A1, A2, A3, §). Considering the behaviour of A;(£) at infinity (see
Lemma 7 and Remark 4), it can be easily seen that |§ |72"R(&) € C,f (R2 \ B,) for some n large enough.
Thus, we can apply Lemma 9 with

PE) =67 RE), vo= (3] +33)" 3] 85 Fj(-.2).
This shows that for m large enough (m = N + 2n + 3),
1T5C 2 D @y < C e FNF L Dl @ey- (3-28)
Also, up to taking a larger m, one can check that
10:75C-, 2, )l gy < C e ENFC D g (3-29)

We deduce from (3-28)—(3-29) that for m large enough

uloc

+00
||V#(-,z)||Lso(R2)+||8ZV#(',Z)||Loo(R2)§C[ e (42) 2B A | (142) > F || oo
0

<C(1+2) [ (A+2)* P Fll Lo ). (3-30)
Together with (3-24), this inequality implies the estimate (3-3). U
Together with (3-25), inequality (3-30) further yields
D D
H(1+z)1/3—28 U3 H(1+ P ——w <C||(1+z)2/ Fllzscm ). (3-31)

3.2. Proof of Theorem 2. In the last section, we have constructed a particular solution of (3-4)—(3-5)
satisfying (3-3) and (3-31); in the rest of this section, we denote this particular solution as V? = (vf , wP),
The bound (3-31) implies in particular that

[+ P07 ) | @) < C N+l

uloc) ’

(3-32)

where vf , vé’ are recovered from vg’ , P through formula (3-6).

We still need to make the connection with the solution of (2-3). Following the discussion after
Theorem 2, for smooth and compactly supported data, such a solution exists, and the point is to establish
(3-1). We introduce

Functions v3 and w satisfy the homogeneous version of the Orr—Sommerfeld equations:
B3+ Aw=0, —ho+A’v3=0. (3-33)
These equations are completed by the boundary conditions

V3lim0 = V03 — V5 im0, 9:03l:=0 = =31 (vo,1 — v]) — B2 (Vo2 — VD),
s (3-34)
®|;—0 = 01(vo,2 — vy ) — 32(vo,1 — V] ).
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System (3-33)—(3-34) is the formulation in terms of vertical velocity and vorticity of a Stokes—Coriolis
system with zero source term and inhomogeneous Dirichlet data. Formal solutions are given by

n 3

05(8, z)) —hi(®)z -

A = e SR CIE) VT (8), 3-35)
<w@’z) ; (V& (

where coefficients C; obey the system

1 1 1 Ci @3|z=0

M oA A3 | |G| = —0:050:=0 |- (3-36)
Q1 Q2 23/ \C3 — =0

The determinant D3 of this system is
D3 := (A — A1) (823 — Q1) — (A3 — A1) (822 — Qy),

so that D3 — D3 € C* as £ — Ox.
After tedious computation, we find

C = DL3(()»293 — A3Q2)D3]z=0 + (23 — 22)8:D3]:—0 + (A2 — A3)W|.—0),
Cr = DL3((?»3Q1 — M Q23) 320 + (21 — 23)9.D3].20 + (A3 — ) W].=0), (3-37)
C3= DL3((M Q) — AQ1) 320 + (22 — 21)9,03]:20 + (A1 — A2)W],=0)-

Nevertheless, the expressions in (3-35) are not necessarily well-defined, due to possible singularities at

£ = 0. In particular, if we want to apply Lemma 7, we need the coefficient in front of e=*1¥)% to contain
somehow some positive power of £. Using the asymptotics of Lemma 3, we compute

IC1(E)] < |D3]z=0| + |8:D3]2=0| + |DI:=0], (3-38)
1C2(8)] < 1&]|D3]z=0| + |0:D3]2=0| + |DI.=0], (3-39)
|C3(&)| < 1&1|D3lz=0| +|9:D5]2=0] + |@1.=0] (3-40)

for small |£|. The asymptotics is given by:

Lemma 11. The boundary data 9,05],=0, ®|.=o in (3-34), as well as Vg 3|,=0 (Which appears in 03|,=o)
“contain a power of £ at low frequencies”. More precisely, for & small enough, they can all be decomposed
into terms of the form & - ffor some f € L%, (R?). As a consequence, for any function Q € C*®(R?),

uloc

0;V3];=0
x(D)Q(D)exp(—ri1(D)z) | wl|.=0

U0,3|z=0 L (R2)
< CU+27 (o1, vo)ll 2 gy + 1T vz @) + 10+ Fllyn @)
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and for j =2, 3,

0;V3]:=0
x(D)Q(D)exp(—=A;(D)z) | wl:=0
U0,3|Z=0 Lo°(R2)

-8 2/3
<Ce Z(H(UO,I, UO,2)||L§IOC(R2) + [l (v7, U;)”Lﬁm(RZ) +11(1+2) / F”Hﬂm(u@ﬁr))-

(2) Concerning the boundary data véj |.=0 (Which is the other term in v3|,—o), we have, for any function
0 € C®(RY),

| (x(D)Q(D) exp(=21 (D)) VF | _o | ey < CA+D " UF N1 )
| (x(D)Q(D) exp(=24; (D)D) 3|y | ey < Ce N F NI gy

Proof. The first part of the statement is obvious for the last two boundary data, namely
3,v3]:20 = =31 (Vo1 —v]) — d2(vo2 —v5), and  w|,—o =1 (vo2 — vy) = (vo 1 —v}).

It remains to consider vg 3. This is where the assumption on v 3 in the theorem plays a role. Indeed,
we have vg3 = 91v] + d2v3, so that it satisfies the properties of the lemma. The estimate is then a
straightforward consequence of Lemma 7.

The former argument does not work with the boundary data y§ |.=0: indeed, if we factor out crudely a
power of & from the integral defining it, then the convergence of the remaining integral is no longer clear.
Therefore we go back to the definition of ué’ ; we have, using the notations of (3-20),

2
XD lmo= | Y I{(-,0,2)d7.
R+ k=0

It can be easily checked that the terms with I_é‘ for k =1, 2 do not raise any difficulty (in fact, the trace
stemming from these two terms contains a power of £ at low frequencies.) Thus we focus on

3 3
f 19(-,0,7)d7 = / <x (D)) Ai(D)e P )+ x (D) Y Bi(D)e ) z’)) dz'
Ry Ry i=1

i=1

Applying exp(—A;(D)z), we have to estimate the L (R?) norms of

3
f X(D)Q(D) Y Ai(D)e 1 P2Pegd(. 2y de!,
Ry i=1

3
/ X(D)Q(D) Y " Bi(D)e P M0 (. 7y d7.
R+ i=1

We recall that s3 (&, z') and s’:?)(é , Z) are products of components of (&, ') by homogeneous polynomials
of degrees 2 and 3 respectively in &, and that the behaviour of A;, B; is given in Lemma 5. Wheni = j =1,
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using Lemma 7 and Lemma 16 in Appendix B, the corresponding integral is bounded by

1 1 / 2/3 —1/3 2/3
/m Aa 21208 Axzyn 4 A+ ey ) < CA+ TN+ D7 F @y )-

When i =2, 3, the integral is bounded by

exp(—dz’) 1 2/3 2/3 2/3
/I;q (1 +Z)2/3 (1 +Z/)2/3 dz’ I(1+z2) FHLOO(L‘ D = <C+277(1+2) F“LOO(LI D

When j = 2, 3, the integral is bounded by

exp(—Sz) 1 / 2/3 2/3
/[m 12028 A g o925 & M+ DT F ey = Cxp(=8D A+ 27 Fll ey,

Gathering all the terms, we obtain the estimate announced in the lemma. (]
Going back to (3-35), we infer that
1+ IxD)ws(-, Dl + 1+ 27X (D)@(-, Dl @)
< C(Ilwo,15 vl 2, @y + 1@ D2 @y H 1A+ Fllgn @) (G-41)

Then, for further control of the horizontal components (v, v2), one would like an analogue of (3-25),
namely a bound like

+ 1+
L (R?)

(1+Z)1/3

D
WX(D)BAB(' , 2)

DDl
—5 X w(-, 2
|D|2 L°°(R2)

= C(H(UO 1, Vo 2)||L2 L(R2) + [l (v7, vz)”LZ (R2) +1I(1+2) 23 F”Hm (R+))

However, such an estimate is not clear. Indeed, in view of (3-35), we have

(55 ero e (),

The term with index i = 1 does not raise any difficulty, because A;(D) and 2| (D) bring extra powers
of &, which are enough to apply Lemma 7. But the difficulty comes from indices 2 and 3. For instance,
they involve terms of the type

X(D)PO(D)e_’\“(D) vg, Wwith Py homogeneous of degree 0,

and therefore are not covered by Lemma 7: with the notations of the lemma, one has « = 0, which is
not enough. Typically, these homogeneous functions of degree zero involve Riesz transforms, meaning
Py(&) = &&/IE1A k. 1=1,2.

Hence, one must use extra cancellations. We recall that in view of (3-6), we want to exhibit cancellations
in |D|72(D19,v3 + Dyw) and in |D|~2(D2d,v3 — Djw). Let us comment briefly on the first term. We
compute (—&1A; —£>€2;)C; fori =2, 3 in terms of the boundary data. Setting vy = vg—v?|,—9, we find that

1 1
C2(§)= D—3(k391 —)»193)@0,3-1-33[((93—91)1'51 —i&(A3—21))0o 1+ ((Q—QDi&+i&1 (A3—11))D 5]
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We then use the asymptotic formulas of Lemma 3. In particular,

(—E1h2 — £ ) (U — Qi& — & (A3 — A1) = &> + O (&),
(—E1h2 — £0) (U — Q)i&r +i&1 (A3 — A1) = —ilE[* + O(IE])°.

A similar formula holds for Cs. It follows that there exist Q», Q3 € C*°(R?)? such that

F(x(D)|D|"*(D13,v3 + Drw))

—Eh —5Q
- x(é)%e“&cl ©)

1
+ 53[()»391 — M) (—E1ha — E222)e 7 + (M — 2220 (—E1h3 — £,Q3)e D 3
+ Y X E)eTHEQi(E) Dy (8. 2).
i=2.3

The first two terms are treated in the same way as Lemma 11, factoring out a power of & when necessary,
and going back to the definition of v”. We leave the details to the reader. The inverse Fourier transform of
the last term is F ' (x Q;e™*%) *v9,,, Which is bounded in L®(R?) by e % lvo.n ”Lf.k,c‘ Similar statements
hold for x (D)|D|~2(—9,D,v3 + D w). It follows that

1+ 2P lIx D), Dl pome)

< C(Ilwo.1, vo) 2, @y + 1T VD)2 @y + N0+ Fliygn @) (3-42)

We now address the estimates of v(€, z) for large frequencies. The arguments are very close to the
ones developed after Lemma 9. Using (3-35) and (3-37), for |£] > 1, we find that (&, z) and @(&, z)
can be written as linear combinations of terms of the type

Rij()“l’)\'Z’)\'3’€)exp(_)"i($)2)§j(g)’ 1 519.1 53’

where g1 = v3|;—0, g2 = 9;v3];—0 and g3 = w|,—o and R;; is a rational expression. Thus, using Lemmas 3
and 5, there exists n € N such that |§|_2”Rij (A1, A2, A3, &) is bounded as |£| — oo for all i, j. Lemma 9
then gives that for some N sufficiently large,

uloc

3
[ (=003, D pooey < Ce2 D gl
j=1

uloc

3
(A=) (D), D oo ey < Ce2 D il
j=1

and similar estimates hold for (D/|D|*)d,v3 and (D/|D|*)w. Using (3-34) and (3-28)—(3-29), we infer
that for some m > 1 large enough,

[ (=X D)2 D ey = Ce™ (00l iz gey + 1A+ Fll g s))- (3-43)
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Gathering (3-42) and (3-43), we deduce that u satisfies the estimate
1 2
11 +2)" vl < C(Ivoll oo gey + 10T, ¥z, @)+ 1A+ Fllgn @)

for m large enough. Thus, in view of the estimate (3-3) satisfied by v”, we know v = v + v” is a solution
of (2-3) satisfying

1 +2) ol < Cllvoll vz ge) + QT VD2 @)+ 1A+ Fllgn @)

for m large enough. It remains to go to the higher regularity bound (3-1). First, up to taking a slightly
larger m, we clearly have

1142 Vol < C(llvoll etz oy + 107 0D p2_y + I+ Fllgn g))-

This follows from direct differentiation of formula (3-7) satisfied by v?” and formula (3-35) satisfied by
v = v —v”. Clearly, the differentiation is harmless, in particular at low frequencies where it may even add
positive powers of &. It follows that our solution belongs to Hulloc(lRi), and thus enters the framework of
local elliptic regularity theory for the Stokes equation. In particular, for any k € Z3 with k, < 2,

IVl g1 (B, HNQE) = C(||U0||Hﬂ(;1/2(Rz) + 1o, Uik)HLgloc(W) HIE Ny @)+ IVl g1 B&. 200

= C(HUOHHK;I/Z(W) =+ ||(U>1k, U;)”Lﬁlm(RZ) =+ ||F||HJ’11(7C(R1) + ||U||1-1u']nc([}qg3+))
and for any k € Z3 with k, > 2,

Il g1 e ynay < CIF lamswonem + 101 a1 B%.200))
—1/3 2/3 13
< Clk| (1A + 22 Fllgn @y + 10+ vl @)

The bound (3-1) follows.

4. Proof of Theorem 1

4.1. Navier—Stokes—Coriolis system in a half-space. This section is devoted to the well-posedness of
system (2-4) under a smallness assumption. Once again, we can assume M = 0 with no loss of generality.
Following the analysis of the linear case performed in the previous section, we introduce the functional
spaces

H" = {ve Hi (R : |1+ y3) Pollyn <400}, m=>0,

1/3

and we set ||v]|3n = C[|(1+ y3)'2v| g, where the constant C,, is chosen so that if u, v € (#™)? for

some m > %, then

llu @ vllpm < a3 [[v]l7¢m-

Clearly H™ is a Banach space for all m > 0.
The result proved in this section is the following:



NONLINEAR BOUNDARY LAYERS FOR ROTATING FLUIDS 25

Proposition 12. Let m € N, m > 1. There exists 69 > 0 such that for all vy € H erl([RRZ) such that

uloc
V0,3 = 01V} + 03, with v}, v} in L2, (R*) and

”UO”HK;I(RZ) + ||(U>1k’ U;)”Lgloc(m@) < do, 4-1)
the system
v-Vot+exv+Vp—Av=0 in {y3 > 0},
divv=0 in {y3 > 0},

U|y3:O = Vo
has a unique solution in H™+.
Remark 13. The integer m for which this result holds is the same as the one in Theorem 2.

Proof. Proposition 12 is an easy consequence of the fixed point theorem in %" *!. For any v € Hl’l’fotl (R?)
such that vo 3 = 8;v} + 903, with v}, v} in L2, (R?), we introduce the mapping Ty, : H" ™ — #"*!
such that T, () = v is the solution of (2-3) with F =u ® u. Notice that || (1 + Z)2/3F”Hu"ﬁ,c < ||u||%m. As

a consequence, according to Theorem 2, there exists a constant Cy such that for all u € H"*,
2
1Ty @) ll3gns1 < Co(Ilvoll e gy + 1T VD2 @y + 13 )- 4-2)
Let§g <1/ (4C§), and assume that (4-1) is satisfied. Thanks to the assumption on §, there exists

Ro > 0 such that
Co(80 + R}) < Ry. (4-3)

Moreover, Ry € [R_, R ], where

R = %(1 +/1—48)C2).
0

Therefore 0 < R_ < (2Cy)~", and we can always choose Ry so that 2RyCo < 1. Then according to (4-1),

(4-2) and (4-3),

||M||Hm+l < R() = ||Tv0(bt)||7_[m+1 < Ro.

Moreover, if [[u'|lym1, [|4?|l4m+1 < Ro, then setting w = Ty, (u') — T, (u?), we have w is a solution of
(2-3) with w|,—o = 0 and with a source term F! — F?> = u! ® u' — u? ® u®. Thus, using once again
Theorem 2 and the normalization of || - ||,

| Ty ") = T ) ||y is < Coll F' = F2lgen < 2CoRo " — e[l

Notice that in the inequality above, we have assumed that || - ||g» < || - ||oym+1, Which is always possible if
the normalization constant C,, is chosen sufficiently small (depending on C,,+1, m being large but fixed).

Thus, since 2CoRy < 1, we know Ty, is a contraction over the ball of radius Ry in H" ! Using
Banach’s fixed point theorem, we infer that T,, has a fixed point in H"*. This concludes the proof of
Proposition 12. U



26 ANNE-LAURE DALIBARD AND DAVID GERARD-VARET

4.2. Navier—Stokes—Coriolis system over a bumped half-plane. We now address the study of the full
system (1-4). We follow the steps outlined in the introduction, which we recall here for the reader’s
convenience: We first prove that there exists a solution (v—, p~) of the system (2-5) for ¢, ¥ in some
function spaces to be specified, then construct the solution (v, p*) of (2-4) with v™ lys=m =V |y3=m-
Eventually, we define a mapping F by F(¢, ¥) := X (v, pT)esly,=m — . Werecall that v=1,,> v+ +
1,,pv~ is a solution of (1-4) if and only if F(¢, ) = 0. The goal is therefore to show that for all ¢
small enough (in a function space to be specified) the equation F(¢, ) = 0 has a unique solution.

Step 1. We study the system (2-5). We introduce the function space
Vi={¢ = (¢n, 93) : b1 € Hijoe (01), ¢3 € Hyjoo(3Q201). ¢ - nlae, = 0} (4-4)

for the bottom Dirichlet data, and we set

16y = linll .+ sl -

As for the stress tensor at y3 = M, since we will need to construct solutions in H]fl’;gl (see Proposition 12),

we look for ¢ in the space H, m-1/ 2(IRZ). We then claim that the following result holds:

uloc
Lemma 14. Let m > 1 be arbitrary. There exists § > 0 such that for all ¢ € V and all € Hm_l/z([R{Z)

uloc
with ||¢|ly < 6 and || Y ||H1111—I/2 8, system (2-5) has a unique solution

®) =
(V7. p7) € Hypoo () X Lo (201).

uloc uloc

Moreover, it satisfies the following properties:
. Hl’f{;gl regularity: for all M' € Jsup y, M|,
™, p7) e HIFH(R? < (M, M)) x H}

uloc uloc

(R* x (M, M)),
with
”vi”Hu’ql‘;l(sz(Mf’M)) + ||p7||Hm (R2x (M, M)) = CM’(||¢||V + ”w”H‘:’ﬂ;l/z(Rz))-

uloc

- . . 1/2 _
o Compatibility condition: there exists v}, v € Huléc such that vy | y;—py = Vj, - v}.

Proof. We start with an H !

uloc

2014], dedicated to the linear Stokes—Coriolis system. We first lift the boundary condition on 9y,

a priori estimate. We follow the computations of [Dalibard and Prange

introducing
vy c=¢n, 5 =3 — Vi dn(y3 — v ()
Then v := v~ — vl and p = p~ satisfy
—AT+ @E D) VI+T- Vb +esAt+Vp=f inQMY,
divi=0 inQMN,
]aqy =0, (4-5)

=¥ — vl om =,
y3=M

A ERTaR
030 — P+T e3

where f = —Avl +vf - Vol +e3 A0k
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Notice that thanks to the regularity assumptions on ¢ and v*, we have v € LHIOC(RZ) and f € ulOC(IRZ).
We then perform energy estimates on the system (4-5), following the strategy of Gérard-Varet and
Masmoudi [2010], which is inspired by the work of LadyZhenskaya and Solonnikov [1980]. The idea is

to work with the truncated energies

Ey = / Vuv-Vo, (4-6)
QU N1, y2)el—k K12}

and to derive an induction inequality on (Ey)iren. To that end, we consider a truncation function
Xk € Cgo([Riz) such that y; = 1 in [—k, k]?, Supp xx C [k — 1,k + 1]% and x4, Xi» X are bounded
uniformly in k. Along the lines of [Dalibard and Prange 2014], we multiply (4-5) by the test function

o en . Xk U 1,eob
¢= (V . CI)h) T (—Vh . ( fy(ﬂ) Uh(yh Z) dZ)) €H (Q )

~ 0
= kU b ) ~ .
X (Vth(yh) L OO z)dz>
Since this test function is divergence-free, there is no commutator term stemming from the pressure. In
[loc. cit.], an inequality of the following type is derived:

Ep < C((Exy1 — E0) + 15+ ¥ 11 -12) (k1) ?).

uO(,

This discrete differential inequality is a key a priori estimate, which allows for the construction of a solution.
Indeed, introducing an approximate solution v" for |y;, y;| < n, say with Dirichlet boundary conditions
at the lateral boundary, a standard estimate yields that E, < Cn, where this time E; = f |Xka)”|2.
Combining this information with above induction relation allows one to obtain a uniform bound on the
E; of the type Ex < Ck?, from which we deduce a Hulloc bound on v" uniformly in n. From there, one
obtains an exact solution by compactness. We refer to [loc. cit.] for more details.

Here, there are two noticeable differences with [loc. cit.]:

» The boundary condition at y3 = M in (4-5) does not involve a Dirichlet-to-Neumann operator, which
makes things easier.
o On the other hand, one has to handle the quadratic terms (v' + ) - V& + - VoL, which explains the

introduction of the |v|? in the stress tensor at y3 = M.

Therefore we focus on the treatment of these nonlinear terms. The easiest one is

/ @-Vul) g
o

where the constant C depends only on M and on ||y | 1. On the other hand,

2
/ ((vL+17)-Vﬁ)-(XkT)):/ Xk (WE+7) - v%
uf

le

B 1512 |9]*
==/, —(v +0) -V + Xk (v +v3)—

< Cl¢llvErt1,

y3=M
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The first term on the right-hand side is bounded by C(Ey4| — E)3? + Cllolly(Ex+1 — Er). We group
the second one with the boundary terms stemming from the pressure and the Laplacian. The sum of these
three boundary terms is

~12
- o~ - v o~
/ Xk(—33U'U+(U3L+U3)%+P vs)
R? y3=M

Using the boundary condition in (4-5), the integral above is equal to

- /2 Xk5|>'3=M ’ (IZ + (f) ’ vL|)/3=M + %|UL|)’3=M|2)63)’
R
which is bounded for any 6 > 0 by

Cllllv Exr1 +8Ext +Cs (1015 + 10115 + 1 17,012) Gk + D2

uloc

There remains

L 3] . 1 . 0
/Q{)v]:((v +0): V) (Vth()’h)~fyy(3yh) 5h()’h,z)d2)’

which is bounded by C(Ex,1 — Ex)>/? + C||¢||v(Exs1 — Ex). Gathering all the terms, we infer that for
lolly <1,
3/2 2 2 2
Er < C((Exg1 — E)"* + (Exq1 — Ex) + 1@llv Ex + (19113, + I m1/2) (kA1) ),
uloc

where the constant C depends only on M and on ||y ||y1.~. As a consequence, for ||¢|y small enough,
we infer that for all k > 1,

Ex < C((Ex1 — EQ*? + (Bt — E) + (915 + 1V 117 1) e+ D).

uloc
Thanks to a backwards induction argument (again, we refer to [Gérard-Varet and Masmoudi 2010] for all
details), we infer that

Ex < CUII5 + ¥ 1I,-12)k* VKN

uloc

for a possibly different constant C. It follows that
1505,y < CADIy + 11l i)

and therefore v~ satisfies the same estimate. From there, we can derive an Lﬁloa estimate for the pressure.
Indeed, using the equation and the boundary condition at y3 = M, it follows that for all y € Qﬁ]’ ,

2
_ _ UV |y=m M _ _
P~y y3) = 303 |y3:M—%—w3(yh)—/ (Avy —v™ - Vvy) (v, 2) dz.
y3

Note that by the divergence-free condition, the first-term in the right-hand side can be written as
—divj, v |y,=m. For k € Z2, let ¢ € Hy () such that Supp g C (k + [0, 11*) x R. We multiply
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the above identity by ¢ (xj, z) and integrate over Q{)‘f . After some integrations by parts, we obtain

_ _ |U7| ) =M|2
/ p ¢k=f Uy |y3=M'Vh§0k_/ —2=a— | Ve
QM oM oM 2 QM

bl bl bl

M
—/QM( (Ahv3‘+832v3‘—v‘-va)(yh,z)dz)wk(y) dy. (4-7)

y3

Using classical trace estimates and Sobolev embeddings, it follows that for all g € ]1, oo[,

Therefore the top line of the right-hand side of (4-7) is bounded by C(l¢llv + ¥ [l ym—172) @k || g1 for
uloc
¢, ¥ small enough. We now focus on the second line of (4-7). The easiest term is the advection term: we

||v7|y3=M||Lﬁm(R2) = C||v7|)’3=M||Hull{i(R2) =Clv il

uloc

have, since ¢ has a bounded support (uniformly in k),

M
/ / v - Vg (xp, 2) dzk(y) dy
QMJy;

- - 12
< <
<Cllv ||Lﬁloc Vv ||L310C lorllps < Clloell g llv ”Hulloc.

We then treat the two terms stemming from the Laplacian separately. For the horizontal derivatives, we
merely integrate by parts, recalling that ¢; € H(} (Qﬁf ), so that

M M
/ f Apvy (yn, 2)dzoe(y) dy = —/ / Vivg (Yns 2) - Vo (y) dz dy,
QM Jy; Qlt Jys

and the corresponding term is bounded by C(||¢[lv + ¥ || m-12) |k || 1. As for the vertical derivatives,
uloc
we have

M
/QM (f 332v§(yh,z)dz>wk(y)dy=f (8303 (yn, M) — 9305 (V) @rc(y) dy

»3 el

= —/M(Vh vy (v, M) + 3305 () @x (v) dy

Qh]
= f vy ns M) - Vi (y) dy — / d3v; (Mg (y)dy.  (4-9)
Y @
Both terms of the right-hand side are bounded by C|lv~|| H) lorl g1
Taking the estimate (4-7), we infer that there exists a constant C (independent of ¢; and of k) such
that for all ¢ € Hy (2}) supported in (k + [0, 1]?) x R,

‘/M P ¢k
le

177 a1 gy < CAUBIY+ 11 yn12).

1

= Clielly + 1Vl v 19l 5 -

We deduce that

Using the equation on (v—, p~), we also have

IV Pt @y < CABIY + 1l n1).
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It then follows from Negas inequality (see [Boyer and Fabrie 2013, Theorem IV.1.1]) that p~ € L2
with

(€,

uloc

1P 22, cqpp) = CUS Iy + ¥l 2).

We still have to establish the two properties itemized in Lemma 14. We focus first on the higher-order
estimates. Note that using interior regularity results for the Stokes system (see [Galdi 2011]), one has
(S Hlﬁ’OC(Q/ ) for all open sets ' C R? such that Q' C Q{)‘f and for all N > 0. In particular, for all
M < M in the interval Jsup y, M[, we have v—€ H':H (R? x (M1, My)) and p~e H™. (R x (M), M>)).
We now tackle the regularity for y3 > M’, where M’ € Jsup y, M[. Our arguments are somehow standard

(and mainly taken from [Boyer and Fabrie 2013]), but since there are a few difficulties related to the
nonlinear stress boundary condition at y3 = M, we give details. The idea is to use an induction argument
to show that v~ € Hliloc([R%2 x [M', M]) for all supy < M’ < M and for 1 <[ < m + 1. Unfortunately, the
induction only works for I > 2: indeed, the implication # € H*(R?) = h? € H*(R?), which is required to
handle the nonlinear boundary condition at y3 = M, is true for s > 1 only. Therefore we treat separately
the case [ = 2. In the sequel, we write ||¢|| + ||| as a shorthand for ||¢|y, + ||1//||Hm 12.

regularity, the first step is to prove a priori estimates for ;v ™ 82v in Huloc

To prove Huz10C To that

end, we first localize the equation near a fixed k € 72, then differentiate it with respectto y;, j =1, 2.
Let6 e C(‘)’O([RRZ) be equal to 1 in a neighbourhood of k € 72, and such that the size of Supp @ is bounded
uniformly in £ (we omit the k-dependence of 6 and of all subsequent functions in order to alleviate the
notation). It can be easily checked that the equation satisfied by w; :=9;(6v™) is
—Awj+esAw;+v -Vw;+Vo;@p ) =F; inQy,
dinJ':gj in Qy,
wily,=pr € H'2(R?),
(B3w; — (3;(0p7) +v™ -w; — 3T I78;0)es)| | _,, = 3;(09),
wj =0 ondSuppd x (M', M),
where Qp := Supp 6 x (M’, M) and
szaj(—2V9~Vv_—v_A9+(v VO +p- V@) “.V(@©@v),

-l =1 =Cdigl+lv D
g =9 -VO =0(¢l+ ¥l inL*R>x (M, M)).

By standard results, see [Galdi 2011, Section II.3], there exists w; € H 1(€) such that
diVlI)j=gj, w; =w; at 02\ {y3 = M},
”wj”Hl(Qg) = C(”gj”Lz(Qg) + ||wj||H1/2({y3:M’}))-

Note that we do not need to correct the trace of w; at {y3 = M}, as there is no Dirichlet boundary condition
there. Moreover, we are not sure at this stage that this trace is an Hullf)zc function. We rather prescribe an
artificial smooth data for w; at this boundary, chosen so that it satisfies the good compatibility condition.
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Finally, w; = w; — w; satisfies
— AW +e3 AW +v -V, + Vg =F; inQp,
divw; =0 in Q,
Wi ly=pmr =0, w; =0 ondSuppb x (M', M),
(33w; — @ + v~ -wpes)|, _y, = Vj,

with Fj = —3;v™ - V(@v7) + O(llol + || in H~%, and [|9; ]| z-12 < C(llg]l + I¥]]). We obtain the
estimate

IVD;11720,, < CUASIP+ I IH) +| | @v~-V(©Ov)) -y

_ ~ 2
+2/ lv |y3=M||wj|)’3=M| :
Qo Supp 6

We first deal with the boundary term:

_ ~ 2 _ N )
/Suppg‘v la=t D5 ya= |~ =< (07 lva=t || L2 suppn |5 1a= [ 2 supp )
< Cllo™ st | 2 |05 sa=bt [ g suppy < €0 Nt 1815

< C(lgll+ ¥ DIV I3

Hence for v and ¢ small enough we can absorb this term in the left-hand side of the energy inequality.
As for the quadratic source term, we write

djv™ - V(Ov™) = 0jv; wy + 9jv, wy + 0jvy 0030
= 0jv, w1+ 0jv, wy + 030" w; 3 —v; ;0030

Fori=1,...,3,j=1,2,k=1,2, we have

/Q 100 1] = g, gy s v

< CUI+ 1Y DD 0, + 152136, + CAS T+ 19 1)

/ v3_8j083v* -II)]'
Qg

Therefore, we obtain, for ||¢|| + ||| small enough,

and

< Cllvy Ny, 18507 2115l -

C C

lwillZi g,y + w203 g, < CUDIE +1¥1%).

Using the same idea as above to estimate d;(fp ™), this gives

Vv~ ”HJmC(RZX(M"M)) +1IVap~ 2

uloc

@xrmy = Uy + 1Yl i)

Since v~ is divergence-free, similar estimates hold for d3v;. Thus vy € Huzloc([R2 x (M', M)). As for the
vertical regularity of v,”, we observe that d3v™ is a solution of the Stokes system with Dirichlet boundary
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conditions
—ABv +Vhp =F inR>x (M, M),
divdsv™ =0  in R* x (M, M),
3V |y=m =G,
3V |y =G,
where

'®Y), Gp=vyne H'PRY,

uloc

F3=—e3n030 —8g(vh A/ )—83(1)3 dzv ) e H

uloc

H'2(R?), G'e H"'*(R?). Using the results of Chapter IV in [Galdi 2011],

uloc u]oc
(R2 x (M', M)), 33p~ € L?,_(R* x (M’, M)), and

and G3 = 303 |y3=m E

we infer that o3v~ € H

uloc uloc

1950 iy, ceecarany + 105222 @ xarany < CUF gt +1G g2 +1G 1 y12) < CAI@N+ ¥ 1)

for ¢ and i small enough. Gathering the inequalities, we obtain
”U_HHu?lOC(RZX(M/,M)) + ||P_||H' SR (M M) = = C(lellv + ||W|| " 1/2)

Of course, all inequalities above are a priori estimates, but provide H?_. regularity (and a posteriori

uloc
estimates) through the usual method of translations.

We are now ready for the induction argument. Let k € Z> be fixed. Define a sequence 97, ..., 0"
such that ﬂ,ﬁ = 9{ (z—M )Qé(yh — k), where 0{ € CP(R), 95 € Cgo([Rz) are equal to 1 in a neighbourhood
of zero. We require furthermore that Supp ﬁ,ﬁ“ C (ﬁ,ﬁ)_l ({1}). We then define a C"*+!-! domain ; C Qé‘i’
such that Supp ﬁkz € S, and such that 92, N QL = @ (see Figure 1). Notice also that we choose €2 so
that diam(€2;) is bounded uniformly in k (in fact, we can always assume that ; = (k, 0) + ¢ for some

fixed domain £2(.)

Y 1=k =M
Q
082
[ Supp6s 6 (1)

Figure 1. The domain 2.
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Multiplying (2-5) by 19,i and dropping the dependence with respect to k, we find that v/ := ﬁ,ﬁv_,
pli= p‘ﬁ,ﬂ is a solution of
A 4+ Vpl=fl in
dive! =g in S, (4-10)
9, vl — pln =3 ondQy,
where
fli= =2Vl - vul=l — A9l =1 — (e3 A0/ 0L VOl 4 pf vy,

gl —l.vy,
I l 1..0—1,2 (4-11)

% =92(yh—k)(w+§|v I“e3ly,=p)  on dQ N {ys = M},

=0 on 3 N {y; = M}“.

Now, Theorem IV.7.1 in [Boyer and Fabrie 2013] implies that for all / € {2, ..., m}, for [|¢|ly + [ ;ym-1/2
uloc
small enough,

W pheH Q) x H7Y Q) = 'L ph e BT (@) x H (),
and

0 g1 + 12 i@y < CU Na@ + 1P T a1@ + 1 120,
Indeed, assume that (v!, p') € H' (%) x H'='(Qy). Then fI+!' e HIZ1(Qy), gt € H (), with

I+1 1 12 1 I+1 1
I/ * ”H"l(Qk) <C(v g+ v ||H1 +lp ”H/—I(Qk))’ llg * gt < Cllv || g

Moreover, v! € H'=1/2(3;). Since [ > 2, using product laws in fractional Sobolev spaces (see [Strichartz
1967]), we infer that |vl|2|y3:M € H'"1/2(R?), and therefore /! € H'~1/2(R?). From [Boyer and Fabrie
2013, Theorem IV.7.1], we deduce that (v/*!, p'*1) € H'T1(Q;) x H'(Q;), together with the announced

. . . _ 1 _
estimate. By induction, v~ € Hlfl’(:g (Qg’{ )and p~ € Hlﬁ’OC(Q{;’ ).

There only remains to check the compatibility condition at y3 = M. Notice that

M M

v3_||y3:M=¢3+/ 33v3_=¢3—/ Vi-v, =¢3—yn) - n+ Vi vy,
vy (n) y ()

where

M

_ 1/2

v = —/ v, € Hu]éc([Riz).
v (yn)

Since ¢3 — y (yn) - ¢ = 0 due to the nonpenetrability condition ¢ -n = 0, we obtain the desired identity. [

Step 2. Once (v, p~) is defined thanks to Lemma 14, we define (v", p™) in the half-space {y; > M}
by solving (2-4) with v*|y,—py = v~ |y,=p. According to Lemma 14 and to standard trace inequalities,

[0 st |2y = CCUBI+ 11 12)

for some constant C depending only on M and on ||y ||1..<. As a consequence, if C(||¢|ly+ ||y ||H,1151/z) +
vyl 2, = do, according to Proposition 12 the system (2-4) with vg = v~ |,—y has a unique solution.
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Additionally, = (v", pT)es|y,—u+ belongs to H,\ 1/Z(RZ). Thus the mapping

F:Vx Hm l/Z(RZ) m 1/2(R2),

uloc uloc
(@, 9) = ST, pHesly—m+ — ¥,

is well-defined. Clearly, according to Lemma 14, for ¢ = 0 and ¥ = 0, we have v~ =0, vt =0 and
therefore 7(0,0) =0

The strategy is then to apply the implicit function theorem to F to find a solution of F (¢, ¥) = 0 for
¢ in a neighbourhood of zero. Therefore we check that F is C! in a neighbourhood of zero, and that its

Fréchet derivative with respect to i at (0, 0) is an isomorphism on H lﬁlocl/ 2([R%z)

F is a C' mapping in a neighbourhood of zero: Let ¢, W0 and ¢, ¥ be in a neighbourhood of zero (in
the sense of the functional norms in V and H:{OC]/ 2([R%z)). We denote by vét, pgt, vt, pT the solutions

of (2-4), (2-5) associated with (¢, ¥o) and (¢ + ¢, Yo + V) respectively, and we set w* := v+ — va—L,
+_ 4+ 4
q-=7p Py -
On the one hand, in Q{)‘f , we know w™ is a solution of the system

—Aw_+e3/\w_+(v0_+w_)-Vw_+w_-Vvo_-i-Vq_zo,

divw™ =0,
U)_|3le =¢»
_ B 20w+ w2
(8311) —q ez — 0 5 e3 =Y.
y3=M

Performing estimates similar to the ones of Lemma 14, we infer that for |¢olly + || Yol 12 and
uloc
@l + 1Yl g2 small enough,

1™ gy ey + 107 Lzt v < CCUG Iy + 1912,

It follows that
w™=w; +0(lgly+ Iy m-172)

uloc

in H! (Q¥) and in HH'((M', M) x R?) for all M’ > supy, where w; solves the same system as
w~ minus the quadratic terms w™ - Vw™ and |w‘|2|y3:M.

On the other hand, using Theorem 2, one can show that w* = wzr + O(||¢||%; + ||W||Zm-1/z), where

uloc

—AwL+e3/\w +v0 VwL—i—wL Vvo +VqL_O inys>M,
dlvwzr=0 in y3 > M,
wzr|y3=M =Wy ly;=m-

Using Theorem 2, we deduce that if ||(1 + y3)!173 var | HI is small enough (which is ensured by the
smallness condition on ||¢]|, ||[¥]]), we have

133w | s gy < ClwE s | iz < Sy + 11 yn-112)-
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Therefore, in H", 1/Z(RZ),

uloc

F(do+¢, Yo+v) = F(@o, Yo) = =¥ + 3w} |ys=m — (g +v5 - w])ly,= Me3+0(||¢”v+||‘/f” m-172)-

uloc

It follows that the Fréchet derivative of F at (¢, Vo) is

Loy vo : (@, V) > =¥ + B3w; |yem — (g + v - w))ly=mes.

Using the same kind of arguments as above, it is easily proved that w:Lt depend continuously on v(jf, and
therefore on ¢y, V. Therefore F is a C! function in a neighbourhood of zero.

dy F(0,0) is invertible: Since dy F(0,0) = Lo,(0, - ), we consider the systems solved by wic with

vgt =0and ¢ =0. We first notice that if Ly ¢(0, ¥) =0, then wy :=1,,<pyw, +1,,-m wzr is a solution of

the Stokes—Coriolis system in the whole domain Qy,, with wy |3q,, = 0. Therefore, according to [Dalibard

and Prange 2014], w; = 0 and therefore ¥ = 0. Hence ker dy, F (0, 0) = {0}, and d, F (0, 0) is one-to-one.
On the other hand,

(33wZ - qz_e3)|y3:M =DN(w, |y;=m),

where DN is the Dirichlet-to-Neumann operator for the Stokes—Coriolis system, introduced in [loc. cit.].
In particular, in order to solve the equation

Lo,0(0, Y1) =¥

12

iloc (R?), we need to solve the system

for a given y» € H

—Aw; +e3Aw; +Vq; =0,
divw, =0,
wy lagy =0,

B3w; —qp e3=)y=m = —¥2 +DN(W | yy=pm)-

Qg’f ). There only
remains to prove that w, € Hl;’l’(:gl({M "< y3 < M}) for all supy < M’ < M. Therefore, we notice that
in the domain R? x (M’, M), the horizontal derivatives of w; (up to order m) satisfy a Stokes—Coriolis
system similar to the one above (notice that the Dirichlet-to-Neumann operator commutes with 9;, 9).
It follows that V&w; € HL _(R2 x (M, M)) for all |a| < m. In particular, V¥w} |)3 i e H)/”(R?)
and therefore w; |y,—u € Hfgggm([&z) It can be checked that DN : HmH/z([RRZ) u]OC (R?). As a
consequence, Y| = d3w; —q; €3 € H'TOCI/Z(RZ). Therefore dy, F (0, 0) is an isomorphism of H™~/2(R?).

Using the implicit function theorem, we infer that for all ¢ € V in a neighbourhood of zero, there exists
= H"IZOCI/Z(IRZ) such that F(¢, ) =0. Let v:=1,,<p v~ + 1,5 v, where v, v are the solutions

of (2-5)—(2-4) associated with ¢, ¥. By definition, the jump of v across {y; = M} is zero, and since
F(@,¥) =0,

According to Section 3 in [loc. cit.], the above system has a unique solution w; € uloc(

E(U_, p_)e3|y3=M = w = E(UJ’_’ p+)63|y3=M-
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Using once again the fact that |v+|2|y3=M = v~ |2|y3=M, we deduce that

(0307 — p~e3)|ys=m = (330" — pTes)|yy=m.

Thus there is no jump of the stress tensor across {y; = M}, and therefore v is a solution of the Navier—
Stokes—Coriolis system in the whole domain 2p;. This concludes the proof of Theorem 1.

Appendix A: Proofs of Lemmas 7 and 9

Proof of Lemma 7. We begin with a few observations. First, replacing x by x; := Qx € C°(R?), it
is enough to prove the lemma with Q = 1. Moreover it is clearly sufficient to prove the lemma for
pr€) = Ef‘éé’, with a + b = k. Notice also that since « — k > —2, we can always write o« — k = 2m + oy,
with o, € [—2, 0[ and m € N. Then $f§f|él"“k is a linear combination of terms of the form éf/égm"‘m,
with a’ +b' + «,, = o and @', b’ € N. Therefore, in the rest of the proof, we take

0=1, PE)=£'g2iElP, witha,beN, Be[-2,0[, a+b+p=a.

Some of the arguments of the proof are inspired by the work of Alazard, Burq and Zuily [Alazard et al.
2016] on the Cauchy problem for gravity water waves in H, . spaces. We introduce a partition of unity
(®g)gez2> Where Supp g, C B(q,2) for g € Z? and sup, | llwke < +o00 for all k. We also introduce
functions ¢, € CSO(IRZ) such that ¢, = 1 on Supp ¢, and, say Supp ¢, C B(g, 3). Then, for j =1, 2, 3,

w (e, 2) =y x(DYP(D)e (g, v9)

qe7?
=> / KT =y g vo G dyn = / K] G s D9g w0 () dyn, - (A1)
R R
qe7? qe7?

where
K (xp,2) = / X @PE VO dE, K] G,y D) = KT (o= 3 g (-
R

We then claim that the following estimates hold: there exists § > 0, C > 0 such that for all x;, € R2, 7z >0,

) < ¢ K G, )] < O
)| = s X, )| =S C-—F7—7——
(1+ |xp| +21/3)2+ " (1+ xp )2+

Let us postpone the proof of estimates (A-2) and explain why Lemma 7 follows. Going back to (A-1),

K (xp, for j =2, 3. (A-2)

we have, for j =2, 3,

ul (e, )| < Ce™™ Y

qE€22 lg—xp|=3

1
(q —xn] — 2)2+ / l9g V) vo(yn)l dyn

+Ce Y / log () o (Yi)| dyn

qeZ?,1q—xu|<3

-5
< Ce *|lvoll

uloc
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In a similar fashion,

1
Womal<c Y Ty [ sty

(Ig —xnl —2+z
1
+C Z W[V%(Y}z)yo()’hﬂdyh

qeZ?,1g—xp|<3

qeZ?,1g—xp|>3

< Cllvoll, (1+2)7"

The estimates of Lemma 7 follow for z > 1.

We now turn to the proof of estimates (A-2). Once again we start with the estimates for K 2, K3, which
are simpler. Since A,, A3 are continuous and have nonvanishing real part on the support of x, there exists
a constant § > 0 such that Re(1;(§)) > § for all £ € Supp x and for j = 2, 3. Clearly, for [x,| <1 we
have simply

|KI (xpy 2)| < e x Pl

We thus focus on the set |x,| > 1. Let x;(§, 2) := x(§) exp(—A;(§)z). Then x; € L (R4, S(R?)), and
for all ny, ny, n3 € N, there exists a constant §, > 0 such that

|(1+16")87105% x; (5, 2)| < Cu exp(—842).

Estimate (A-2) for K2, K> then follows immediately from the following lemma (whose proof is given
after the current one):

Lemma 15. Let P(§) = f1§§2|§|’3, withay,a; €N, B € [—-2,0[, and set o := a| + ay + B. Then there
exists C > 0 such that for any ¢ € S(R?), for all x;, € R?, |x;,| > 1,

| P(D)¢(xp)| <

C
I+ [l e aae]. )

We now address the estimates on K. When |x;| < 1, z <1, we have simply |K ! (x;, z)| <||Px |1, and
the estimate follows. When z <1 and |x;| > 1, we apply Lemma 15 with £ (§) = Fl (X (&) exp(—Aq (S)z)).
Notice that

1511 S | x @) exp(=21(5)2) | a1,
and
Hynl 22011052 || < 61657 x (&) exp(—A1(E)2) | yyvay var -
Since the right-hand sides of the above inequalities are bounded (recall that A;(£) = |£]°A(§) with
A1 € C®(R?); see Remark 4), it follows that estimate (A-2) is true for z < 1 and |x;,| > 1.

We now focus on the case z > 1. We first change variables in the integral defining K' and we set
g =73, x, = x,/z'/3. Since P is homogeneous, this leads to

Kl(x ):; eixﬁ'S/P(g:/) 5_/ expl —A E_/ dg’
h 7@+)/3 o X z173 P N\ 2153 : '
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Since A1/|£|? is continuous and does not vanish on the support of y, there exists a positive constant 8’
such that A;(§) > &’|€]? on Supp x. Therefore, for |x;| < 1, we have

1
|K ' (xn, )| < Z(H—amHexp(—8’|s|3>P(5/)||Ll,

and the estimate for K' on the set |x;| < z!/3 is proved.
For |x;| > 1, we split the integral in two. Let ¢ € C5° such that ¢ = 1 in a neighbourhood of zero. Then

K o 2) = — / efxif’ms’)w(s’)x( & )exp(—h(i)z) d’
’ 7@+0)/3 Joo Z1/3 7173

1 ixy-€' ’ / § § ’
+ s /R ¢ E PEN (1 — o)X (ﬁ) exp(—m(zﬁ)z> dt

= Kll +K21.

We first consider the term Kzl. Because of the truncation 1 — ¢, we have removed all singularity coming
from P close to & = 0. Therefore, performing integrations by parts, we have, for any n € N, for j =1, 2,

1 iyl E & &
X" K3 (. 9) = v fR &y [P(S’)(l —pENX (Zﬁ) eXP<—M(Zm 2) |ae.
When the Dg} derivative hits P (1 — ¢), we end up with an integral bounded by
Cn /2 |€/|alé’eSupp(l—¢:) CXP(—5/|5/|3) df/ =< Cn
R

When the derivative hits x (£’/z!/3) the situation is even better, as a power of z!/3 is gained with each
derivative. Therefore the worst terms occur when the derivative hits the exponential. Remember that
M(E) = |EPPA1(£), where A1 € C®°(R?) with A;(0) = 1 and A does not vanish on R?. Therefore, for

all¢’ e R%, z > 0,
exp(‘“@/ )) “"p("g"“‘( ; ))
7173 Z13))

We infer that for any 0 <n <3+ |«], on Suppx(-/z1/3), we have

/ 8/
‘P(S/)Vg exp(—xl (jﬂ)z)‘ <G, exp(—5|5|3). (A-3)

We deduce eventually that

1 C
< .
2303 (14 |, [7) = (x| + 21/3) 2+

K)o, )| <C

For the term K 11 , we use once again Lemma 15, with

- N (& §
¢i=F"" (<p(§ )X <z1/3) exp(—kl (ﬂT)Z))
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Using the same type of estimate as (A-3) above, we obtain

1 1 C

Ki(u, 2)| <C < :
| K3 (X, 2)] 7(2+a)/3 |x}/l|2+a |xh|2+a

This concludes the proof of Lemma 7. (I

Proof of Lemma 15. We have
P(D)¢ = D{' D3*Op([£|")¢.

Thus we first compute Op(|& |#)¢. We first focus on the case B € ]—2, 0[. We follow the ideas of Droniou
and Imbert [2006, Theorem 1], recalling the main steps of the proof. The function & € R> — |&|# is radial
and locally integrable, and thus belongs to S'. Its Fourier transform in S’(R?) is also radial and homoge-
neous of degree — B —2 € ]—2, O[. Therefore it coincides (up to a constant) with | - |72 in S'(R*\{0}), and
since the latter function is locally integrable, we end up with F “1(€1) = Clxy| P72 in S'(RV). Hence

a a 1
P (D)t (xp) = Co;'0y? /RZ WC(M — yn) dyn.

Notice that in the present case, we do not need to have an exact formula for P (D)¢, but merely some infor-
mation about its decay at infinity. As a consequence we take a shortcut in the proof of [Droniou and Imbert
2006]. We take a cut-off function x € CSO(IRZ) such that x = 1 in a neighbourhood of zero, and we write

_ X1 Lay e
P(D)¢(xp) =C /RZ Wal 057 ¢ (xp — yn) dyn
o o 1
+C > Cig f 095 (= )a o5 ’2(W>C(xh—yh)dyh
<1< R
0zhzan
=1+ I.

We now choose x in the following way. Let n = ||x;|] € N, and take x = x, = n(-/n), where
Suppn C B (O, %) and n = 1 in a neighbourhood of zero. Notice in that case that if y, € Supp x,, then
|xn — yn| > |xn|/2. Therefore, for the first term, we have

P <(n + 1)’5(/
\

IR ) [ <l g
yhl=n

Using the assumptions on 7 and x, and the estimate

; ; 1 C C
a)j—l11 qd2—12 —
o (thl’m)‘ S ppeih = e V€ Supp(l =),

we infer that
—a—2 —a—2
L] < Clglpn™ = < ClIE x|~

Gathering all the terms, we obtain the inequality announced in the lemma. To conclude the proof, we still
have to consider the case 8 = —2: in such a case, |£|? corresponds to inverting the Laplacian over R
Hence, the kernel |x; — y,|~#~2 has to be replaced by % In(|xp — yr|). This does not modify the previous
reasoning. U
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Proof of Lemma 9. The proof is somewhat simpler than the one of Lemma 7. As indicated in the remark
following Lemma 9, notice that for n > 1, for all £ € R2, z > 0,

_8Z
I+ ED A= xEVPEe ™| < 1Pl
| | Ca+iEP)
and the right-hand side of the above inequality is in L'(R?) for all z. As a consequence, for j =1, ..., 3,

n > 1, the kernel

Kp,j (i, 2) o= /R e+ IEP) T = X)) P(E) exp(—1;(§)2) d§
is well-defined and satisfies
1K j (- Dl ooy < Call Pllpoe(seye
Furthermore, if a1, ap € N with a; +a, <3,
X' %3 Ky j(xn, 2) = /IRZ e EDI DS ((1+ 1) (1 — x)(E) P(€) exp(—1;(£)z)) dé.
Hence, up to taking a larger n and a smaller 3§,
1Ko j Otns 2] < Cull Pllwsco(geye ™ (14 beal) >,

2
uloc?

| L+ 1D (1 = x (D) P(D) exp(=2;(D)2) f | o = K j * [l < Ce™ | f 2, .

Taking f = (1+|D|2)”1_)0 = (1—Ap)"vg for some vy € H2"

uloc?

and in particular, K, ; € LZ° (L)zch). Thus for any f € L

we obtain the result announced in Lemma 9.

Appendix B. Estimates on a few integrals

Lemma 16. There exists a positive constant C such that for all 7 > 0,

dz7 < ,
o (+|z—=2'D?3A+7)?3 (1+2)1/3
["o 1 ' Cln(2+2)
7 < ,
0o (I+lz—2D(1+2)%3 (1+2)%3
and for all y, § > 0 such that § < 1 and y + 8 > 1, there exists a constant C,, 5 such that

© 1 1
/ d7 < —12 _ yz>o0.
o (+z+z2) (1+2) (1+z)r+s
Proof. The first two inequalities are obvious if z is small (say, 7 < %), simply by writing

1 C
< .
I1+z—7| " 1+7

Hence we focus on 7/ > % In that case, changing variables in the first integral, we have

0 1 1™ 1 1 e
_/ 23 23dZZ1_3/ 1 23 (-1 23dt51_3/ 373 23 4t
o (I+lz=2/D?BA+H¥ 23 Jo @ H1=)?B 40 23 Jo 1=t?3 12/
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which proves the first inequality. The second one is treated in a similar fashion:

o 1 1 [ 1 1 R 1 1
d7' =z dt<z —— < dt.
o I+lz=2[(142)*3 0o '+ [1—t] (7 +1)?3 o Tl 1 —1]123
It is easily checked that

3/2 1
——dt <CIn(2+72).
/1/2 71—

The second estimate follows. The last estimate is proved by similar arguments and is left to the reader. [

Acknowledgements

The authors have been partially funded by the ANR project Dyficolti ANR-13-BS01-0003-01. Anne-Laure
Dalibard has received funding from the European Research Council (ERC) under the European Union’s
Horizon 2020 research and innovation program (Grant agreement No. 63765).

References

[Achdou etal. 1998a] Y. Achdou, P. Le Tallec, F. Valentin, and O. Pironneau, “Constructing wall laws with domain decomposition
or asymptotic expansion techniques”, Comput. Methods Appl. Mech. Engrg. 151:1-2 (1998), 215-232. MR Zbl

[Achdou et al. 1998b] Y. Achdou, B. Mohammadi, O. Pironneau, and F. Valentin, “Domain decomposition & wall laws”, pp.
1-14 in Recent developments in domain decomposition methods and flow problems (Kyoto, 1996; Anacapri, 1996), edited by H.
Fujita et al., GAKUTO Internat. Ser. Math. Sci. Appl. 11, Gakkotosho, Tokyo, 1998. MR Zbl

[Achdou et al. 1998c] Y. Achdou, O. Pironneau, and F. Valentin, “Effective boundary conditions for laminar flows over periodic
rough boundaries”, J. Comput. Phys. 147:1 (1998), 187-218. MR Zbl

[Alazard et al. 2016] T. Alazard, N. Burq, and C. Zuily, “Cauchy theory for the gravity water waves system with non-localized
initial data”, Ann. Inst. H. Poincaré Anal. Non Linéaire 33:2 (2016), 337-395. MR Zbl

[Amirat et al. 2001] Y. Amirat, D. Bresch, J. Lemoine, and J. Simon, “Effect of rugosity on a flow governed by stationary
Navier-Stokes equations”, Quart. Appl. Math. 59:4 (2001), 769-785. MR Zbl

[Basson and Gérard-Varet 2008] A. Basson and D. Gérard-Varet, “Wall laws for fluid flows at a boundary with random
roughness”, Comm. Pure Appl. Math. 61:7 (2008), 941-987. MR Zbl

[Bocquet and Barrat 2007] L. Bocquet and J.-L. Barrat, “Flow boundary conditions from nano- to micro-scales”, Soft Matter 3:6
(2007), 685-693.

[Bonnivard and Bucur 2012] M. Bonnivard and D. Bucur, “The uniform rugosity effect”, J. Math. Fluid Mech. 14:2 (2012),
201-215. MR Zbl

[Boyer and Fabrie 2013] F. Boyer and P. Fabrie, Mathematical tools for the study of the incompressible Navier—Stokes equations
and related models, Applied Mathematical Sciences 183, Springer, 2013. MR Zbl

[Bresch and Milisic 2010] D. Bresch and V. Milisic, “High order multi-scale wall-laws, Part I: The periodic case”, Quart. Appl.
Math. 68:2 (2010), 229-253. MR Zbl

[Bucur et al. 2008] D. Bucur, E. Feireisl, S. Ne¢asova, and J. Wolf, “On the asymptotic limit of the Navier—Stokes system on
domains with rough boundaries”, J. Differential Equations 244:11 (2008), 2890-2908. MR Zbl

[Casado-Diaz et al. 2003] J. Casado-Diaz, E. Ferndndez-Cara, and J. Simon, “Why viscous fluids adhere to rugose walls: a
mathematical explanation”, J. Differential Equations 189:2 (2003), 526-537. MR Zbl

[Dalibard and Gérard-Varet 2011] A.-L. Dalibard and D. Gérard-Varet, “Effective boundary condition at a rough surface starting
from a slip condition”, J. Differential Equations 251:12 (2011), 3450-3487. MR Zbl

[Dalibard and Prange 2014] A.-L. Dalibard and C. Prange, “Well-posedness of the Stokes—Coriolis system in the half-space over
a rough surface”, Anal. PDE 7:6 (2014), 1253-1315. MR Zbl


http://dx.doi.org/10.1016/S0045-7825(97)00118-7
http://dx.doi.org/10.1016/S0045-7825(97)00118-7
http://msp.org/idx/mr/1625432
http://msp.org/idx/zbl/0920.76063
http://msp.org/idx/mr/1661558
http://msp.org/idx/zbl/0931.76077
http://dx.doi.org/10.1006/jcph.1998.6088
http://dx.doi.org/10.1006/jcph.1998.6088
http://msp.org/idx/mr/1657773
http://msp.org/idx/zbl/0917.76013
http://dx.doi.org/10.1016/j.anihpc.2014.10.004
http://dx.doi.org/10.1016/j.anihpc.2014.10.004
http://msp.org/idx/mr/3465379
http://msp.org/idx/zbl/1339.35227
http://dx.doi.org/10.1090/qam/1866556
http://dx.doi.org/10.1090/qam/1866556
http://msp.org/idx/mr/1866556
http://msp.org/idx/zbl/1019.76014
http://dx.doi.org/10.1002/cpa.20237
http://dx.doi.org/10.1002/cpa.20237
http://msp.org/idx/mr/2410410
http://msp.org/idx/zbl/1179.35207
http://dx.doi.org/10.1039/B616490K
http://dx.doi.org/10.1007/s00021-011-0052-3
http://msp.org/idx/mr/2925104
http://msp.org/idx/zbl/1294.35088
http://dx.doi.org/10.1007/978-1-4614-5975-0
http://dx.doi.org/10.1007/978-1-4614-5975-0
http://msp.org/idx/mr/2986590
http://msp.org/idx/zbl/1286.76005
http://dx.doi.org/10.1090/S0033-569X-10-01135-0
http://msp.org/idx/mr/2663000
http://msp.org/idx/zbl/05720455
http://dx.doi.org/10.1016/j.jde.2008.02.040
http://dx.doi.org/10.1016/j.jde.2008.02.040
http://msp.org/idx/mr/2418180
http://msp.org/idx/zbl/1143.35080
http://dx.doi.org/10.1016/S0022-0396(02)00115-8
http://dx.doi.org/10.1016/S0022-0396(02)00115-8
http://msp.org/idx/mr/1964478
http://msp.org/idx/zbl/1061.76014
http://dx.doi.org/10.1016/j.jde.2011.07.017
http://dx.doi.org/10.1016/j.jde.2011.07.017
http://msp.org/idx/mr/2837691
http://msp.org/idx/zbl/1235.35025
http://dx.doi.org/10.2140/apde.2014.7.1253
http://dx.doi.org/10.2140/apde.2014.7.1253
http://msp.org/idx/mr/3270164
http://msp.org/idx/zbl/1304.35535

42 ANNE-LAURE DALIBARD AND DAVID GERARD-VARET

[Droniou and Imbert 2006] J. Droniou and C. Imbert, “Fractal first-order partial differential equations”, Arch. Ration. Mech.
Anal. 182:2 (2006), 299-331. MR Zbl

[Galdi 2011] G. P. Galdi, An introduction to the mathematical theory of the Navier—Stokes equations: steady-state problems,
2nd ed., Springer, 2011. MR Zbl

[Gérard-Varet 2003] D. Gérard-Varet, “Highly rotating fluids in rough domains”, J. Math. Pures Appl. (9) 82:11 (2003),
1453-1498. MR Zbl

[Gérard-Varet 2009] D. Gérard-Varet, “The Navier wall law at a boundary with random roughness”, Comm. Math. Phys. 286:1
(2009), 81-110. MR Zbl

[Gérard-Varet and Dormy 2006] D. Gérard-Varet and E. Dormy, “Ekman layers near wavy boundaries”, J. Fluid Mech. 565
(2006), 115-134. MR Zbl

[Gérard-Varet and Masmoudi 2010] D. Gérard-Varet and N. Masmoudi, ‘“Relevance of the slip condition for fluid flows near an
irregular boundary”, Comm. Math. Phys. 295:1 (2010), 99-137. MR Zbl

[Jager and Mikeli¢ 2001] W. Jager and A. Mikeli¢, “On the roughness-induced effective boundary conditions for an incompress-
ible viscous flow”, J. Differential Equations 170:1 (2001), 96-122. MR Zbl

[Jager and Mikeli¢ 2003] W. Jiager and A. Mikelié, “Couette flows over a rough boundary and drag reduction”, Comm. Math.
Phys. 232:3 (2003), 429-455. MR Zbl

[LadyZzenskaja and Solonnikov 1980] O. A. LadyZenskaja and V. A. Solonnikov, “Determination of solutions of boundary
value problems for stationary Stokes and Navier—Stokes equations having an unbounded Dirichlet integral”, Zap. Nauchn.
Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 96 (1980), 117-160. In Russian; translated in J. Soviet Math. 21:5 (1983),
728-851. MR

[Lauga et al. 2007] E. Lauga, M. Brenner, and H. Stone, “Microfluidics: the no-slip boundary condition”, pp. 1219-1240 in
Handbook of Experimental Fluid Mechanics, edited by C. Tropea et al., Springer, Berlin, 2007.

[Mikeli¢ et al. 2013] A. Mikeli¢, S. Ne¢asovd, and M. Neuss-Radu, “Effective slip law for general viscous flows over an
oscillating surface”, Math. Methods Appl. Sci. 36:15 (2013), 2086-2100. MR Zbl

[Neuss et al. 2006] N. Neuss, M. Neuss-Radu, and A. Mikeli¢, “Effective laws for the Poisson equation on domains with curved
oscillating boundaries”, Appl. Anal. 85:5 (2006), 479-502. MR Zbl

[Pedlosky 1987] J. Pedlosky, Geophysical fluid dynamics, 2nd ed., Springer, New York, 1987. Zbl

[Prange 2013] C. Prange, “Asymptotic analysis of boundary layer correctors in periodic homogenization”, SIAM J. Math. Anal.
45:1 (2013), 345-387. MR Zbl

[Strichartz 1967] R. S. Strichartz, “Multipliers on fractional Sobolev spaces”, J. Math. Mech. 16 (1967), 1031-1060. MR Zbl

[Vinogradova and Yakubov 2006] O. Vinogradova and G. Yakubov, “Surface roughness and hydrodynamic boundary conditions”,
Phys. Rev. E 73:4 (2006), art. id. 045302.

[Wheeler and Horgan 1976] L. T. Wheeler and C. O. Horgan, “A two-dimensional Saint-Venant principle for second-order linear
elliptic equations”, Quart. Appl. Math. 34:3 (1976), 257-270. MR Zbl

[Wheeler et al. 1975] L. T. Wheeler, M. J. Turteltaub, and C. O. Horgan, “A Saint-Venant principle for the gradient in the
Neumann problem”, Z. Angew. Math. Phys. 26 (1975), 141-153. MR Zbl

[Ybert et al. 2007] C. Ybert, C. Barentin, C. Cottin-Bizonne, P. Joseph, and L. Bocquet, “Achieving large slip with superhy-
drophobic surfaces: scaling laws for generic geometries”, Phys. of Fluids 19:12 (2007), art. id. 123601. Zbl

Received 3 Nov 2015. Revised 12 May 2016. Accepted 13 Oct 2016.

ANNE-LAURE DALIBARD: dalibard@ann.jussieu.fr
Sorbonne Universités, UPMC Université Paris 06, CNRS, UMR 7598, Laboratoire Jacques-Louis Lions, 4 place Jussieu,
75005 Paris, France

DAVID GERARD-VARET: david.gerard-varet@imj-prg.fr
Université Paris Diderot, Sorbonne Paris Cité, Institut de Mathématiques de Jussieu-Paris Rive Gauche, UMR 7586,
F-75205 Paris, France

mathematical sciences publishers :'msp


http://dx.doi.org/10.1007/s00205-006-0429-2
http://msp.org/idx/mr/2259335
http://msp.org/idx/zbl/1111.35144
http://dx.doi.org/10.1007/978-0-387-09620-9
http://msp.org/idx/mr/2808162
http://msp.org/idx/zbl/1245.35002
http://dx.doi.org/10.1016/j.matpur.2003.09.001
http://msp.org/idx/mr/2020807
http://msp.org/idx/zbl/1033.76008
http://dx.doi.org/10.1007/s00220-008-0597-z
http://msp.org/idx/mr/2470924
http://msp.org/idx/zbl/1176.35127
http://dx.doi.org/10.1017/S0022112006001856
http://msp.org/idx/mr/2263528
http://msp.org/idx/zbl/1106.76074
http://dx.doi.org/10.1007/s00220-009-0976-0
http://dx.doi.org/10.1007/s00220-009-0976-0
http://msp.org/idx/mr/2585993
http://msp.org/idx/zbl/1193.35130
http://dx.doi.org/10.1006/jdeq.2000.3814
http://dx.doi.org/10.1006/jdeq.2000.3814
http://msp.org/idx/mr/1813101
http://msp.org/idx/zbl/1009.76017
http://dx.doi.org/10.1007/s00220-002-0738-8
http://msp.org/idx/mr/1952473
http://msp.org/idx/zbl/1062.76012
http://dx.doi.org/ 10.1007/BF01094437
http://dx.doi.org/ 10.1007/BF01094437
http://msp.org/idx/mr/579479
http://dx.doi.org/10.1002/mma.2923
http://dx.doi.org/10.1002/mma.2923
http://msp.org/idx/mr/3108828
http://msp.org/idx/zbl/06222242
http://dx.doi.org/10.1080/00036810500340476
http://dx.doi.org/10.1080/00036810500340476
http://msp.org/idx/mr/2213071
http://msp.org/idx/zbl/1274.35019
http://dx.doi.org/10.1007/978-1-4612-4650-3
http://msp.org/idx/zbl/0713.76005
http://dx.doi.org/10.1137/120876502
http://msp.org/idx/mr/3032981
http://msp.org/idx/zbl/1270.35067
http://msp.org/idx/mr/0215084
http://msp.org/idx/zbl/0145.38301
http://dx.doi.org/10.1103/PhysRevE.73.045302
http://www.ams.org/journals/qam/1976-34-03/S0033-569X-1976-0450770-5/S0033-569X-1976-0450770-5.pdf
http://www.ams.org/journals/qam/1976-34-03/S0033-569X-1976-0450770-5/S0033-569X-1976-0450770-5.pdf
http://msp.org/idx/mr/0450770
http://msp.org/idx/zbl/0346.35043
http://dx.doi.org/10.1007/BF01591502
http://dx.doi.org/10.1007/BF01591502
http://msp.org/idx/mr/0366152
http://msp.org/idx/zbl/0302.31005
http://dx.doi.org/10.1063/1.2815730
http://dx.doi.org/10.1063/1.2815730
http://msp.org/idx/zbl/1182.76848
mailto:dalibard@ann.jussieu.fr
mailto:david.gerard-varet@imj-prg.fr
http://msp.org

Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF

Patrick Gérard
patrick.gerard @math.u-psud.fr
Université Paris Sud XI
Orsay, France

BOARD OF EDITORS

Nicolas Burq  Université Paris-Sud 11, France Werner Miiller  Universitit Bonn, Germany
nicolas.burq @math.u-psud.fr mueller @math.uni-bonn.de
Massimiliano Berti ~ Scuola Intern. Sup. di Studi Avanzati, Italy Gilles Pisier =~ Texas A&M University, and Paris 6
berti @sissa.it pisier@math.tamu.edu
Sun-Yung Alice Chang  Princeton University, USA Tristan Riviere ~ETH, Switzerland
chang@math.princeton.edu riviere @math.ethz.ch
Michael Christ ~ University of California, Berkeley, USA Igor Rodnianski  Princeton University, USA
mchrist@math.berkeley.edu irod @math.princeton.edu
Charles Fefferman  Princeton University, USA Wilhelm Schlag  University of Chicago, USA
cf@math.princeton.edu schlag@math.uchicago.edu
Ursula Hamenstaedt ~ Universitit Bonn, Germany Sylvia Serfaty ~New York University, USA
ursula@math.uni-bonn.de serfaty @cims.nyu.edu
Vaughan Jones  U.C. Berkeley & Vanderbilt University Yum-Tong Siu  Harvard University, USA
vaughan.f.jones @ vanderbilt.edu siu@math.harvard.edu
Vadim Kaloshin  University of Maryland, USA Terence Tao  University of California, Los Angeles, USA
vadim.kaloshin@gmail.com tao@math.ucla.edu
Herbert Koch ~ Universitit Bonn, Germany Michael E. Taylor ~ Univ. of North Carolina, Chapel Hill, USA
koch@math.uni-bonn.de met@math.unc.edu
Izabella Laba  University of British Columbia, Canada Gunther Uhlmann ~ University of Washington, USA
ilaba@math.ubc.ca gunther @math.washington.edu
Gilles Lebeau  Université de Nice Sophia Antipolis, France Andrds Vasy  Stanford University, USA
lebeau @unice.fr andras @math.stanford.edu
Richard B. Melrose ~ Massachussets Inst. of Tech., USA Dan Virgil Voiculescu  University of California, Berkeley, USA
rbm@math.mit.edu dvv@math.berkeley.edu
Frank Merle  Université de Cergy-Pontoise, France Steven Zelditch  Northwestern University, USA
Frank.Merle @u-cergy.fr zelditch@math.northwestern.edu
William Minicozzi I Johns Hopkins University, USA Maciej Zworski  University of California, Berkeley, USA
minicozz@math.jhu.edu zworski@math.berkeley.edu

Clément Mouhot ~ Cambridge University, UK
c.mouhot@dpmms.cam.ac.uk

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2017 is US $265/year for the electronic version, and $470/year (+$55, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscribers address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
:- mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2017 Mathematical Sciences Publishers


http://msp.org/apde
mailto:patrick.gerard@math.u-psud.fr
mailto:nicolas.burq@math.u-psud.fr
mailto:berti@sissa.it
mailto:chang@math.princeton.edu
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vaughan.f.jones@vanderbilt.edu
mailto:vadim.kaloshin@gmail.com
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:lebeau@unice.fr
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:schlag@math.uchicago.edu
mailto:serfaty@cims.nyu.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 10 No.1 2017

Nonlinear boundary layers for rotating fluids
ANNE-LAURE DALIBARD and DAVID GERARD-VARET
Partial data inverse problems for the Hodge Laplacian
FRANCIS J. CHUNG, MIKKO SALO and LEO TZoU
On an isoperimetric-isodiametric inequality
ANDREA MONDINO and EMANUELE SPADARO

Nonradial type II blow up for the energy-supercritical semilinear heat equation
CHARLES COLLOT

43

95

127



	1. Introduction
	2. Statement of the results
	3. Stokes–Coriolis equations with source
	3.1. Orr–Sommerfeld formulation
	3.1.1. Construction of the Green function
	3.1.2. Construction of the homogeneous correction
	3.1.3. Main estimate

	3.2. Proof of Theorem 2

	4. Proof of Theorem 1.1
	4.1. Navier–Stokes–Coriolis system in a half-space
	4.2. Navier–Stokes–Coriolis system over a bumped half-plane

	Appendix A. Proofs of Lemmas 7 and 9
	Appendix B. Estimates on a few integrals
	Acknowledgements
	References
	
	

