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HOLDER ESTIMATES AND LARGE TIME BEHAVIOR
FOR A NONLOCAL DOUBLY NONLINEAR EVOLUTION

RYAN HYND AND ERIK LINDGREN

The nonlinear and nonlocal PDE
[ue P20, 4+ (—Ap) v =0,

where

v, 1) —v(x +y, )P ((x, 1) —v(x + y.1))
|y|n+sp dy

(—Ap)*v(x, 1) =2 P.V./

RP

3

has the interesting feature that an associated Rayleigh quotient is nonincreasing in time along solutions.
We prove the existence of a weak solution of the corresponding initial value problem which is also unique
as a viscosity solution. Moreover, we provide Holder estimates for viscosity solutions and relate the
asymptotic behavior of solutions to the eigenvalue problem for the fractional p-Laplacian.

1. Introduction
We study the nonlinear and nonlocal PDE
07720 + (=Ap)°v =0, (1-1)
where p € (1,00), s € (0, 1) and (—A,)* is the fractional p-Laplacian

|u(x) —u(x + P2 wx) —u(x + y)) dy
|y|n+sp :

(=A,)u (x) := 2PV. f (1-2)

R
Here and throughout P.V.denotes principal value. The main reason of our interest in solutions of (1-1) is
the connection with ground states for (—Aj)?, i.e., extremals of the nonlocal Rayleigh quotient

— p
foo i B

1n
ueWy? (2)\{0} Jo lu(x)|? dx

As, p= (1-3)
Here and throughout 2 C R” is a bounded domain. Clearly, 1/A;, , is the optimal constant in the Poincaré
inequality in the fractional Sobolev space WOS P (Q).

In recent years there has been a surge of interest around this nonlinear and nonlocal eigenvalue problem;
see [Lindgren and Lindqvist 2014; Brasco and Franzina 2014; Brasco and Parini 2015; Brasco et al. 2016;
Del Pezzo and Salort 2015; Franzina and Palatucci 2014; lannizzotto and Squassina 2014]. In particular,
it is known that ground states (or first eigenfunctions) are unique up to a multiplicative constant and have
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a definite sign (see Theorem 14 in [Lindgren and Lindqvist 2014] together with Corollary 3.14 in [Brasco
and Parini 2015]). The corresponding local problem (formally s = 1), i.e., the eigenvalue problem for the
p-Laplacian, has been extensively studied throughout the years. See, for instance, [Lieb 1983; Lindqvist
1990; 2008].

The first of our main results is a local Holder estimate for viscosity solutions of (1-1). This is one of
the first continuity estimates for parabolic equations involving the fractional p-Laplacian.

Theorem 1.1. Let p > 2, s € (0, 1) and v € L (R" x (=2, 0]) be a viscosity solution of
[ve| P20 + (=Ap) v =0 in Byx(=2,0].

Then v is Holder continuous in By X (—1, 0] and in particular there exist & and C depending on p and s
such that

[vllce B x(=1,01) = CllvllLoo®nx(—2,0])-
We also study the initial value problem
[ve|P 720 + (—Ap) v =0 in x(0,00),
v=20 in R"\ Q x [0, 00), (1-4)
v=g in Q x {0},
and show that (1-4) has a weak solution in the sense of a doubly nonlinear evolution and a unique viscosity

solution. In addition, we relate the long time behavior of solutions to the eigenvalue problem for the
fractional p-Laplacian. These results are presented in the two theorems below.

Theorem 1.2. Let p € (1,00) and s € (0, 1). Assume g € Wos’p(Q) and define

1
— ) 1
Ms,p T A‘S:p :

Then for any weak solution v of (1-4),
w(x) 1= lim e*s-»ly(x,t) (1-5)
t—00
exists in W5P(R") and is a ground state for (—Ap)*, provided it is not identically zero. In this case,
v(-,t)#0 fort >0and
f[R" .[R" .D—v(.01” 5. dy

=yl 5P

Asp=1
sp = A Jo lv(x,0)|? dx

Theorem 1.3. Let p > 2, s € (0,1), Q be a CY! domain and assume that g € Wos’p(SZ) N C(R) satisfies
|g| < W, where W is a ground state for (—Ap)*. Then there is a unique viscosity solution of (1-4) that is
also a weak solution. In addition, the convergence in (1-5) is uniform in Q.

In our previous work [Hynd and Lindgren 2016], we studied the large time behavior of the doubly
nonlinear, local equation
lve|P 720, = Apv. (1-6)
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One of the novelties of the present paper in comparison with the above-mentioned work is that we obtain
uniform convergence to a ground state and a uniform Holder estimate for the doubly nonlinear, nonlocal
equation (1-1). No such results are known for (1-6). Related to this is also the work for more general sys-
tems in [Hynd 2016]. The method in these papers, as the method in the present paper, differs substantially
from most of the other methods used in the literature to study asymptotic behavior of nonlinear and possibly
degenerate flows, as in [Agueh et al. 2010; Aronson and Peletier 1981; Armstrong and Trokhimtchouk
2010; Kamin and Vazquez 1988; Kim and Lee 2013; Stan and Véazquez 2013]. Our methods are based on
energy and compactness in Sobolev spaces, while most of the earlier work is based on comparison princi-
ples. This allows us, in contrast to most earlier work, to treat initial data without any assumption on the sign.

In the case of a linear equation, i.e., when p = 2, the large time behavior of solutions is especially
well understood. Due to the theory of eigenfunctions in Hilbert spaces, one can then recover our result
(and more) using the eigenfunction expansion. When p = 2, this expansion is not available.

The literature on equations of the type (1-1) is very limited. Equations of type (1-6) appear in
[Kilpeldinen and Lindqvist 1996] and in the theory of doubly nonlinear flows. In the case of linear
nonlocal equations, i.e., when p = 2, the literature on regularity is vast. We mention only a fraction; see
[Silvestre 2010; 2012; Caffarelli and Vasseur 2010; Lara and Dévila 2014]. Neither of these results apply
to our setting. However, our proof of the Holder regularity is very much inspired by the work of Luis
Silvestre [2010; 2012]. We also seize the opportunity to mention the recent papers [Puhst 2015; Mazén
et al. 2016; Vazquez 2016; Warma 2016] where the corresponding heat flow is studied, i.e., the equation

v + (—Ap)° v =0.

The stationary equation, i.e.,

(_Ap)sv =0,
has in recent years attracted a lot of attention; see [Ishii and Nakamura 2010; Brasco and Lindgren 2017;
Chasseigne and Jakobsen 2015; Di Castro et al. 2014; 2016; Chambolle et al. 2012; Korvenpéii et al.
2016; Iannizzotto et al. 2016; Kuusi et al. 2015a; 2015b; Gal and Warma 2016; Lindgren 2016]. In
[Bjorland et al. 2012], a different nonlocal version of the p-Laplacian is studied.

The plan of the paper is as follows. In Section 2, we introduce the fractional Sobolev spaces W*:7, the
fractional p-Laplacian (—A,)* and additional notation used in this paper. In Section 3, we define weak
solutions and derive several of their important properties. The section ends with a key compactness result
and some brief explanations on how to construct weak solutions. This is followed by Section 4, where we
introduce viscosity solutions and prove that the weak solution constructed in Section 3 is also the unique
viscosity solution. In Section 5, we verify Holder estimates for viscosity solutions. Finally, in Section 6,
we prove Theorem 1.2 and Theorem 1.3, which involves the large time behavior of weak solutions.

2. Notation and prerequisites

The fractional Rayleigh quotient (1-3) naturally relates to the so-called fractional Sobolev spaces W*5-? (R").
If 1 < p<ooands e (0,1), the norm is given by

”u”%s,p([@n) = [“];/s,p(Rn) + ||u||£p([Rn)a
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where the Gagliardo seminorm is

— p
Wlyeran = [ [ e dvdy= [ [ ) —ul? dug )

Here and throughout, we will use the notation
du(x,y):=|x—y["*Pdxdy.

The space WOS "7 () is the closure of Cs°(€2) with respect to the norm | - ||ys.» (rn). Many properties that
are known for the more common Sobolev spaces W 7, also hold for W*>? and can be found in [Di Nezza
et al. 2012]. In particular, we have the compact embedding of WOS "P(Q) in LY(Q) for q € [1, p]. This
result can be found in Theorem 2.7 in [Brasco et al. 2014] (see also Theorem 7.1 on page 33 in [Di Nezza
et al. 2012]).

The operator (—Aj)* arises as the first variation of the functional

[u]ﬁ/S.P(RH) .

More specifically, minimizers satisfy
[ w0 = u)lP 2w —u) @ = $0) diatx. ) =0
Rn Rn

for each ¢ € Wos *Z(Q). If the solution is regular enough, one can split this into two equal terms, make
a change of variables and write the equation in the sense of the principal value, as in (1-2). Note that
the notation (—A,)*® is slightly abusive; this operator is not the s-th power of —A, unless p = 2. See
Section 3 in [Di Nezza et al. 2012].

Ground states of (—Aj)® are minimizers of the Rayleigh quotient

L e e M —u O dpt )
$,p = inf ,
uews? (Q) fQ [u(x)|? dx

and they are signed solutions of

(—Ap)u = As plulP2u in Q,
u=0 in R" \ Q.

The notation
Tp(0) = |77
will also come in handy. With this notation, equation (1-1) can be written as
Tp(r) + (=Ap)'v =0
and the operator (—A ,)* can be written as

Tp(u(x) —u(x +y))
|y|n+sp

(—=Ap)*u(x) =2PV. dy.

R7
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Due to the scaling of the equation, we introduce the following notation for parabolic cylinders

sp_ _sp_ _ sp
Or(xo,t0) = Br(x0) x (to—r»=1,tg +rr-1), Q. (x0,%) = Br(x0) X (to —r 7=

I, 1),
where By (xg) is the ball of radius r centered at xo. When x¢ = 0 and 9 = 0, we will simply write B,

Qrand Q.

3. Weak solutions

In this section, we present our theory of weak solutions of (1-4). The main results are that the Rayleigh
quotient is monotone along the flow (Proposition 3.6) and that “bounded” sequences of weak solutions
are compact (Theorem 3.8). The interested reader could also consult [Hynd and Lindgren 2016], where a
similar theory is built for equation (1-6).

Definition 3.1. Let g € W,>” (Q). We say that v is a weak solution of (1-4) if
v e L®([0,00); WP (R)). v € LP(Q x[0,00)), (3-1)
and
w0 2o np@ds+ [ [ 000 -00.0)@0 40D dutx. ) =0 32
for each ¢ € WOS’P(SZ) and for a.e. t > 0, and

v(x,0) = g(x). (3-3)

Remark 3.2. We note that if v satisfies (3-1), the L? norm of v is absolutely continuous in time (one
can for instance adapt the proof of Theorem 3 on page 287 of [Evans 2010]), so that it makes sense to
assign values in L?(2) att = 0, as in (3-3).

In the rest of this section, we derive various identities and estimates for weak solutions.

Lemma 3.3. Assume v is a weak solution of (1-4). Then

[U( ) t)]ﬁ/s,p(Rn)

is absolutely continuous in t and

d 1
A0 Oy == [ Ioet0l7 dx (3-4)
holds for almost every t > 0.
Proof. Define
1 b
o) = ) 2oy W € Wo (@),
+o00 otherwise

for each w € L?(2). Then ® is convex, proper, and lower-semicontinuous. In addition, (3-2) implies

ID( (-, 1)) = {=[ve (-, )" v, (-, 1)}
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for almost every ¢t > 0. Since t — v(-,?) is absolutely continuous in L?(2) (see Remark 3.2) and
since |0®(v)||vs| € L1(Q x [0, T)) for any T > 0, Remark 1.4.6 in [Ambrosio et al. 2008] implies that
t — ®(v(-,t)) is absolutely continuous and that identity (3-4) holds for a.e. t > 0. O

Lemma 3.4. Assume v is a weak solution of (1-4). Then
d
E[v( T t)]ﬁ/S.p(Rn) = _p:us,p[v( i t)]{/)ys,p(Rn) (3-5)

fora.e. t >0, and
[0C Oyep@ny < € P [glws.r @) (3-6)

foreacht > 0.

Proof. By Lemma 3.3, v(-,t) is an admissible test function in (3-2), which yields
0y = [ o000 =000 =03 (. )
=—/ lvs (x, 1) |2 2v; (x,£) - v(x, 1) dx
Q

:
< (/ [ve (x, )P dx) (/ [v(x,1)|? dx)
Q Q

1 1-5
<Asp (/Q lve(x,1)|? dx) (. D)]ws.r@n)- 3-7)
Hence,
1
0D = 7 [ el (3-8)
Identity (3-4) together with (3-8) implies (3-5). From Gronwall’s inequality, we can now deduce inequality
(3-6). O

Corollary 3.5. Let v be a weak solution of (1-4). Then the function

e(ﬂs.pl’)t ['U( ) t)]pWS,p(Rn)

is nonincreasing in t and

1 d
— (WP P (- O y) = €PN (us,p[v(-,r)lé’w,p(w)— /Q ve(x,0)[? dx) <0 (3-9)

p dt
fora.e. t > 0.
Proof. The monotonicity is a consequence of (3-5). The identity (3-9) follows from (3-4). O

Proposition 3.6. Assume that v is a weak solution of (1-4) such that v(-,t) # 0 € LP(Q) for eacht > 0.

Then the Rayleigh quotient
[U( o t)];/s.p(Rn)
Jo lv(x,0)|?7 dx

is nonincreasing in t.
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Proof. By (3-1),
4 l|v(x,t)|p dx =/ lv(x, )P 2v(x, t)vs (x, 1) dx (3-10)
dt Jo p Q
for a.e. t > 0. Suppressing the (x, #)-dependence, we compute, using (3-4) in Lemma 3.3 and (3-10), to
find

d [U]p S, n pd S, n
d Plysrgny __ Jolvd?dx | Plysrgn) /|v|p 2y, dx
dt [o|v]Pdx Jo lv]Pdx f v|? dx)

:# p / P2, d—/ Pd/ pd) 311
(fQ|v|de)2([v]Ws.P(R")lel v(—v;)dx Q|v| levt| 2 G

for a.e. t > 0. By Holder’s inequality,

l—i
/Q|v|1’—2v(—vt)dxs(/Q|v|f’dx) "(/Qmwdx),

which together with (3-7) gives

01 [ olP20(—vy) dx < / lol? dx / v ]? dx.
w2 (R") Q Q Q
Inserted into (3-11), this yields

N|=

[U]Ws ,D(Rn)

O
dt Jo lv|? dx -

As a corollary, we obtain that any weak solution with a ground state as initial data can be written
explicitly. Since the proof is exactly the same as the proof of the corresponding result in [Hynd and
Lindgren 2016], Corollary 2.5, we have chosen to omit it.

Corollary 3.7. Suppose that v is a weak solution of (1-4) and that g is a ground state of (—Ap)°. Then
v(x,t) =e Msrlg(x).

The following compactness result is the key both to the long time behavior and to the construction of
weak solutions, as we will see. The proof is based on the compact embedding of WOS P (Q) into L?(RQ)
and it is fairly similar to the proof of Theorem 2.6 in [Hynd and Lindgren 2016].

Theorem 3.8. Assume {gk Yeen € WOS P (Q) is uniformly bounded in WOS "P(Q) and that v¥ is a weak
solution of (1-4) with v¥ (x,0) = g¥ (x). Then there is a subsequence {v¥i }ien C {vF ke and v satisfying
(3-1) such that

ki i C([0,T]; LP(R)) forall T >0,
v —v in (3-12)
Li.([0,00); WSP(R")) forall 1 <r <oo
and
vl v, in L2 ([0, 00); LP(Q)) (3-13)

as j — 0o. Moreover, v is a weak solution of (1-4), where g is a weak limit of {gkf Yeen in Wos’p(Q).
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Proof. As in (3-4),

d 1
dtp[v (.01 Ws.p(Rr) = / Iv (x,0)|P dx (3-14)

for almost every ¢ > 0. After integration, we obtain

o0
p [ kG017 dxdr 4 s Ol = 208 sy (3-15)
>

By assumption, the right-hand side above is uniformly bounded. It follows that the sequence vk en €
Cioc ([0, 00), L?(2)) is equicontinuous, and {v¥ (-, 1)} ren € Wos’p(Q) is uniformly bounded for each
¢ > 0. By Theorem 1 in [Simon 1987], we can conclude that there is a subsequence {v/ Jjen C LN
converging in Cioc ([0, 00), L?(2)) to some v satisfying (3-1). Passing to a further subsequence, we may
also assume that v/ — v in Lf;c([ ,00); W5P(R")),

Since vt is bounded in L? (2 x [0, 00)), we may also assume

vfi — vy in L?(Q2 x [0, 00)),
Ty <& in L9(Q %[0, 00)).

where 1/p 4+ 1/q = 1. We will prove below that
= Tp0n), 316

Let us assume for the moment that (3-16) holds. Note that since the function |z|? is convex,

1 ; :
Sy 2 S GO - /Q Tp (6.0 (w(x) = vb (x.1)) dx

for any w € WOS P (). Integrating over the interval [to, 1] and passing to the limit, we obtain

11 1 11 1
|l de= [ (;[v(-,r)lé’w(w)— | s(x,z)(w<x)—v<x,z))dx)dz.

0 0

) kj
Here we made use of Fatou’s lemma, the weak convergence of 7,(v;”) and the strong convergence
of vk
Therefore,

1
;[w]Ws p([Rgn) [v( t)]ﬁ/s,p(Rn) _/Q E(x, 1) (w(x) —v(x,1)) dx
for a.e. t > 0. In particular, for each ¢ € Wos’p (),

/ E(x. 1) (x) dx + / / Tp (1) = v(3. D)) — () diu(x. y) = 0 (3-17)
Q R? JR"

for a.e. t > 0. Thus, once we verify (3-16), v is then a weak solution of (1-4).
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For each interval [z, t1],

3]
im [ o8 (01 1

j—)OO t()

j—o0

151
_ 1 k; ok k; ok
—mﬁ@@@wWMNMWWvawww

5]
— — lim / T (e, 0)0¥ (x, 1) dx dt
to JQ

Jj—o00

3]
=—/ /E(x,t)v(x,t)dxdt
to JQ
5] »
= " [v("t)]Ws.p(Rn)dt»

where the last equality is a consequence of (3-17). Since weak convergence together with convergence of
the norm implies strong convergence, we have

kj

—v in L? ([0, 00); WP (R")).

v loc

It is now routine to combine the interpolation of L? spaces with the uniform bound (3-15) to obtain the
([0, 00); WS-P(R™)) for each 1 < r < oo. Further, upon extracting
yet another subsequence, we can assume that

k; : r
stronger convergence v/ — v in L{

[Ukj('st)]ﬁ/s,p([gn) - [v('J)]ﬁ/s.p(Rn) (3'18)

as j — oo fora.e. t > 0.
We will now verify (3-16). As in the proof of Lemma 3.3, (3-17) implies

d 1

E;[v("t)]ﬁl&p([@n) = —/Qé(x,t)vt(x,t) dx

for a.e. t > 0. Therefore, for each #; > 1,
& 1 1
[ [ st drds + LG 0l = S0y 319
to JQ p p
In addition, integrating (3-14) yields
141
1 kj P 1 kj q 1 k; D
—|v,” (x, )| + —|Tp(v,” (x,s dxds+ —[v* (-, $.p(Ton
Aépu( 7+ L7 o) LR oty
1. k;
= ;[ka o 10)fyspry- (3-20)

Let now #¢ and 71 be times for which (3-18) holds and pass to the limit to obtain

noo 1 1 1
—ve(x, )P 4+ =1Ex ) dxds + = (- 1) b ny < =V 10)]5 s b en
/zo/szpt q P wer® = p wer®)
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by weak convergence. Together with (3-19) this implies

/t:/ﬂ(%lvt(x,s)lp + Cljlé(x,s)lq _g(x,s)v,(x,s)) dx ds <0.

Identity (3-16) now follows from the case of equality in Young’s inequality.
Substituting £ = J,(v,) into (3-19) and passing to the limit as j — oo in (3-20) also gives

5] ) 15}
.lim/ / |vff(x,s)|1’dxds=/ / |vs (x, 5)|P dx ds.
J70 Jty JQ to JQ

Again, since weak convergence together with convergence of the norm implies strong convergence, we
obtain (3-13). O

Let us now discuss how the ideas above can be used to construct weak solutions. As in [Hynd and
Lindgren 2016], we aim to build weak solutions (1-4) by using the implicit time scheme for v > O:

00 =g,

vk — pk—1
jp(—) +(=Ap) vk =0 for x € Q,
T
k=0 for x e R"\ Q,

where k =1,2,..., N. (3-21)

The direct methods in the calculus of variations can be used to show that this scheme has a unique weak
solution sequence {v!,..., vV} C WOS "P(Q) for each 7 > 0 and N, in the sense that

koo k=1
/ Jp(v o (X))¢(x)dx+ / / Tp(* (1) = (@) = $ () dpa(x.y) = 0
Q T R R

for any ¢ € WOS "P(Q). Our candidate for a solution v(x, ) of (1-4) is the limit of v"¥ (x), when N tends
to infinity with T =¢/N.

Choosing ¢ = v — v¥~1 as test function, we obtain

k 1p
|U | Lo k—1p
dx + — [ ]WYP(RH) p[v ]WS_,,(R,,), where k =1,...,N.

Sumrning overk=1,...,j <N ylelds

ok — vkl
/—_d +_[UJ]W3 p(Rn) [g]Wsm(Rn)’ (3-22)

which is a discrete analogue of the energy identity (3-4).
Let t = T/N and 1 = kt, and define the “linear interpolation” of the solution sequence as

t—Tp—
wy (x,t):= vk_l(x)+ (#)(vk(x)—vk_l(x», where 11 <t <71, k=1,...,N. (3-23)
T

From (3-22) we conclude

T
p / Bewn (x, )7 dxdi + sup [wn (- Olfepgny < 2081550 @y (3-24)
0 0<t<T
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Arguing as in the proof of Theorem 3.8, we can obtain a subsequence wy; and a weak solution w of
(1-1) on £ x (0, T') such that

C([0,T]: LP(%)),

WN; —> W
L?([0, TT; WHP(R"))
and
dwN; — wy in LP(Q2x[0,T])),
Tp(0rwn;) — Tp(wy) in L1(Q2 %[0, T]).

It remains to construct a global-in-time solution. This can be accomplished as follows: Let k € N and
let w* be the weak solution of (1-1) above for T = k. Define

k
k _fw®(-,1), te€l0,k],
) ("Z)_{wk(~,k), t [k, ).

One readily verifies that z¥ satisfies (3-1). In addition, the proof of Theorem 3.8 can easily be adapted to
give that z¥ has a subsequence converging as in (3-12) and (3-13) to a global weak solution of (1-4). We
omit the details.

Remark 3.9. At this point, we seize the opportunity to mention that the “step function” approximation

g, t=0,
vy (-, t):= 3-25
N( D) Uk, t€(t_1,7%), k=1,...,N, ( )

converges in C([0, T']; L?(£2)) to the same weak solution v as the linear interpolating sequence (3-23).
Indeed, by (3-22),

[le(x,t)—vN(x,t)|pdx§ max /|vk(x)—vk_1(x)|pdx
Q 1<k<N JQ

|
= ;Tp l[g]ﬁ/s,p([@n)

_ 1Tyt
= ;(N) [g]WSJ’([R'l)'

This fact will be used in Section 4, where we verify that the viscosity solution we construct is also a weak
solution.

4. Viscosity solutions

Throughout this section we assume that Q2 is C1l, p>2, ge Wos’p () N C(Q) and that there is a
ground state W such that
gl < W.

Our main result in this section is:

Proposition 4.1. There is a unique viscosity solution v of the initial value problem (1-4) which is also a
weak solution.
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It is not known whether or not uniqueness holds for weak solutions of (1-4), even in the local
case. However, quite standard methods for viscosity solutions apply to (1-4). The key here is that the
term |v;|P~2v; is strictly monotone with respect to v;. In what follows, we will prove that the discrete
scheme (3-21) converges both to the unique viscosity solution and to a weak solution.

We first define viscosity solutions of the relevant equations.

Definition 4.2. Let Q2 be an open set in R” and f(x,u) a continuous function. A function u € L (R")
which is upper semicontinuous in €2 is a subsolution of

(—Ap)*u < f(x,u) in Q
if the following holds: whenever xo € Q and ¢ € C?(B,(x¢)) for some r > 0 are such that
¢ (x0) = u(xo), ¢(x) >u(x) for x € By(x9) C 2,
then we have

(—=Ap)°¢" (x0) = f(x0.¢(x0)).

where
¢ in By(xo),

= in R" \ By (xo).

A supersolution is defined similarly and a solution is a function which is both a sub- and a supersolution.

Remark 4.3. For a bounded function f which is C? in a neighborhood of x¢, we know (—Ap)’ f (xo) is
well defined. Indeed, we may split the operator into one integral over B (xg) and another over R\ By (xo).
The latter is well-defined since f is bounded. For the former, we may write, for & > 0,

2Rv/ To(f(x0) = F())lxo — y| =57 dy
B (x0)

=2 lim Tp(f(x0) = f(xo + y)Iy|7" P dy
e—>0 Bi\B;

= lim . (Tp(f(x0) = f(x0+¥)) + Tp(f(x0) — f(x0— ) Iy|7"~*P dy.

e—0 B\B:

Since f is a C2 function and p > 2, we have the estimate
|fO) = fx+ P2 ) = fx+y) + 1 f () = fx=»IP2(f(x) = flx =) = Clyl?.
This is due to the elementary inequality
|la +b|7"2(a +b) —|a|”?a| < CIb|(jal + |b])?~2.
Therefore, the integral

|| oG = Fo-+ )+ Tp(F50) = £ o=y D)7 dy

is absolutely convergent, so that the principal value exists.
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We define viscosity solutions of the evolutionary equation (1-1). We introduce the class of test functions
C)i’,l(D x1I), where DxI CR" xR,
consisting of functions that are C? in the spatial variables and C! in ¢, in the set D x I.

Definition 4.4. Let Q2 € R” be an open set, I € R be an open interval. A function v € L°°(R” x I') which
is upper semicontinuous in €2 x [ is a subsolution of

[0 [P0 + (=Ap) v <C  in Qx1

if the following holds: whenever (xg,#p) € 2x [ and ¢ € C i’,l (Br (x0) X (tg—r,to + r)) for some r > 0
are such that

¢ (x0,10) = v(x0,t0), ¢(x,t) >v(x,t) for (x,t) € Br(xo) X (to—r,to+7)
then
|2 (x0. 10) [P s (x0. 10) + (—Ap)*@” (x0.10) < C,

where

¢ (x.1) = ¢ %n Brrl(xo)x(fo—r,loJrV),
v in R*\ By(x0) X (to—1,t0 + 7).

A supersolution is defined similarly and a solution is a function which is both a sub- and a supersolution.

Remark 4.5. In both of the definitions above, it is obvious that we can replace the condition that ¢
touches v from above at a point with the condition that v — ¢ has a maximum at a point. In addition, as is
standard when dealing with viscosity solutions, it is enough to ask that ¢ touches v strictly at a point or
equivalently that v — ¢ has a strict maximum at a point.

Now we are ready to treat the implicit scheme (3-21). We first construct viscosity solutions v!, ... v¥.

Lemma 4.6. For each N and t, the implicit scheme (3-21) generates viscosity solutions vkec (Q) for
k=1,...,N. Moreover,

k
max Ssup (v < su .
1<k<N Rnpl |_ Rnplgl

Proof. Consider the implicit scheme (3-21) for k = 1:

v! —& s..1
Ip +(—Ap)’v' =0, where x € Q.
T
This means that

vl —¢ Ty o1 _ _
Ip pdx+ Tp(v" (x) —v ()P (x) —d(y)) du(x,y) =0
Q T R JRre

forany ¢ € WOS "P(Q). The existence of such a weak solution follows from the direct methods of calculus
of variations. Since J), is strictly increasing, it is standard to prove a comparison principle for weak sub-
and supersolutions; see, for instance, Lemma 9 in [Lindgren and Lindqvist 2014] for a proof. Clearly, the
constant function supgx |g| is a supersolution; hence v! < supgs |g|. Similarly, v! > — supg. |g|, and

thus |v!| < supg» |g|. By induction, [v¥| < supgx |g| for k =2,..., N. As the left-hand side of the PDE
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(3-21) is bounded it follows by Theorem 1.1 in [lannizzotto et al. 2016], that v¥ is continuous in  for
k=1,...,N.

That each v¥ isa viscosity solution can be verified by following the proof of Proposition 11 in [Lindgren
and Lindqvist 2014] line by line. We omit the details. O

The natural candidate for a viscosity solution of (1-4) is limy_,c0 U, Where vy is defined in (3-25).
Before proving this, we present some technical lemmas.

Lemma 4.7. Let N € N. Further assume {y°, v, ... ¢V} C C2(Q) and (xg,ko) € @ x {1,..., N}
are such that

vk () = y* (x) < 0% (x0) — ¥ (x0) (4-1)
for x in By(x¢) and k € {kog—1,ko}. Then
ko _ ko—1
7 (Iﬁ (o) TW (Xo))

+ (=AY (x0) < 0.
Proof. Evaluating the left-hand side of (4-1) at k = k¢ gives

7 (Uko (x0) — v*0~1 (xg)

T

) (= Ap) (PR (x0) <O,

as v¥ is a viscosity solution of (3-21). Evaluating the left-hand side of (4-1) at x = xg and k = k¢ — 1

gives YKo (xg) — ko1 (xg) < vk0(xq) — vko~1(xg). The claim follows from the above inequality and
the monotonicity of 7. O

Let v and v denote the weak upper and lower limits respectively of vy defined in (3-25), i.e.,

v(x,1):= limsup vy(y,s), v(x,t):= liminf vy (y,s).
N—>o0 N—>o0
,8)—>(x,1) (v,8)—>(x,1)

By Lemma 4.6, the sequence {vy }nyen is bounded independently of N € N. As a result, v and v are
well defined and finite. In addition, v and —v are upper semicontinuous. We recall the following result,
which is Lemma 4.4 in [Hynd and Lindgren 2016]. Its statement there is for smooth ¢, but the proof
holds also for ¢ as below.

Lemma 4.8. Assume ¢ € C)i’tl (2 x(0,T)). For N €N, define

¢(x,0), t=0,

o(x,t%), te€(te_1,t%], k=1,...,N.

Suppose v — ¢ has a strict local maximum at (xo,t9) € 2 x (0, T). Then there exist (xj,t;) — (xo, t9)

¢N(X,l) =

and Nj — 00, as ] — 00, such that vN; — ¢n; has local maximum at (x;,1;). A corresponding result
holds in the case of a strict local minimum.

Before proving the uniqueness of viscosity solutions, we need the following result, which verifies that
whenever we can touch a subsolution from above with a C 3,}1 function, we can treat the subsolution as a
classical subsolution in space. The proof is almost identical to the one of Theorem 2.2 in [Caffarelli and

Silvestre 2009] or the one of Proposition 1 in [Lindgren 2016].
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Proposition 4.9. Suppose
lv|P 720, + (=Ap) v <C in By x1

in the viscosity sense. Further assume that (xg,t9) € B1 X I and ¢ € Ci’,l (Br (xo) X (to—r, 1o + r)) are
such that

¢ (x0,t0) = v(x0, o), ¢(x,t)>v(x,t) for (x,t) € Br(xo) X (to—r,to+71)

for some r > 0. Then (—Ap)*v is defined pointwise at (xo, to) and

s (X0, 20)|7 "¢ (x0, t0) + (—Ap)*v (x0, 20) < C.
Proof. For 0 < p <r, let

¢ in Bp(xo) X (to —r.to+7),

p—
¢ v in R"\ By(xo) x (to — 1,10 + 7).

Since v is a viscosity subsolution,

|61 (x0.10) [P "> (x0. f0) + (—Ap)°$° (x0.10) < C.
Now introduce the notation
89, x, y. 1) i= 31¢P(x,1) =P (x + y, P72 (¢P (x, 1) =P (x + y, 1))
+ 310 (x 1) = ¢P (x = y. P2 (@P (x. 1) — ¢P (x — y.1)),
§E(@P, x, y,1) = max(£8($°, x, y,1),0).

Since ¢” is C? in space near xg, we can substitute —y for y in the integral and obtain the convergent
integral

2 f 8(¢”, X0, y,10) |y P dy < C —|¢p¢ (x0,10) [P 2y (x0, o) := D. (4-2)
Rn

See Remark 4.3 for more details.
‘We note that

8(¢P?, x0.y,10) < 8(¢”, x0,y,10) < 8(v, X0, y.t9) for py <pa<r,
so that
5T (¢P%, x0, y.10) = 8 (¢, x0,y.t0) =8 (v, x0,y.t0) for p1 <p2<r. (4-3)

In particular,

87 (v, x0,,t0) <18(¢", x0, y,10)|-

Since ‘S(qﬁr, X0, V, t0)|y|_”_SP| is integrable, so is 6~ (v, xg, ¥, o) ||~ *P. In addition, by (4-2),

2 / 5% (9P x0. v 10)|y| "5 dy <2 / 57 (¢°. x0. y.10) | "7 dy + D.
R7 R7
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Thus, for p1 < p2,

> / 5T (@P . x0. y.10) Y| dy <2 / 57 (@71 x0. y. 10)|y| " dy + D
R R

<2 (¢, x0.y.00)|y|™" P dy + D < o0, (4-4)
R

where we have used (4-3).
Since 8T (¢°, xo, y.t0) /' 8T (v, X0, ¥, to), the monotone convergence theorem implies

5% (9. x0. v 10)|y| "5 dy — / 5% (v, x0. v, 10) | "7 dy.
Rn Rn

By (4-4),
2/ 8% (v, x0, y.10) |y [P dy < 2/ §(¢°. x0.y.10)[y|T""Pdy + D <00 (4-5)
R R

for any 0 < p < r. We conclude that 8™ (v, xo, ¥, o) |y| ™7 is integrable. By the dominated convergence
theorem, we can pass to the limit in the right-hand side of (4-5) and obtain

2/ 8t (v, x0,y,10) [y P dy < 2/ 8 (v, x0, . t0)|y|7" P dy + D < oo.
er Rﬂ

This is simply another way of writing

2 [ 8050, t0)ly 7 dy < D,
Rn
Therefore (—Ap)*v (xo, tp) exists in the pointwise sense and (—Ap,)*v (xg,fo) < D, which concludes
the proof as D = C — |¢; (xo. t0)|P 2 ¢ (x0. to). O

Proposition 4.10. Assume that u is a viscosity subsolution and that v is a viscosity supersolution of
0[P 720, + (=Ap) v =0 in Qx(0,T).
Suppose u,v € L*(R" x[0,T]), u <vinR"\ Q2 x[0,T] and

limsup u(xg,%) < liminf )v(xo, to) for (xo,t0) € 02 x (0,T) U Q x {0}.

(x,8)—(x0,t0) (x,1)—(x0,t0
Thenu < v.

Proof. We employ the usual trick of adding a term 6/(t — T); let #u = u + §/(¢t —T). Then v is a

supersolution, i is a subsolution of

Ve P20 4+ (—Ap) v = S
! (t=T)%

u<vinR?"\ Qx[0,T] and

limsup (xg,%) < liminf v(xg, %) (4-6)
(x,8)—(x0,0) (x,6)—>(x0,t0)
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for (xg,10) € 02 x (0, T) U Q x {0}. Moreover, u(x,t) —v(x,t) > —oco as t — T. It is now sufficient
to prove that & < v for any § > 0 since we can then let § — 0. We argue by contradiction and assume that

sup (u—v)>0.
R7x[0,T]

Fix ¢ > 0 and define

Ix—y|2+|f—1|2)

M, = sup (ﬁ(x,t)—v(y,f)— .

R?x[0,T]xR"x[0,T]

Note Mg > supgn o, 77(# —v) > 0 and select xg, ye € R" and 7, 7, € [0, T'] for which

2 2
- Xg — +|te — 1
M8<u(x8’t€)—v(y£"f€)— | &€ y€| . | &€ €| —{—8'

By Proposition 3.7 in [Crandall et al. 1992], (x¢, ;) and (y¢, ) each have subsequences converging to
(%,1) € 2x(0,T) as ¢ — 0 for which
sup (i —v) = (i —v)(R,1).
R" x[0,T]
As a result, there is & small enough such that x., y. € 2 and ¢, 7o € (0, T). For this ¢, it also follows that
the maximum M, is attained in 2 x (0, T') x  x (0, T"). For convenience, we will again call this point
(xé" Z&‘, y87 T€)'
Observe that the function
2 2 2 2
X — + |t —7 ~ Xg — + e — T
X — el - | sl +M(Xa,ls)—| e — Vsl - |tz — T

touches 1 from above at (x,, #;) and

|xs_Y|2+|ta_T|2 |x£_YS|2+|te_TS|2

—V(Ye, Te) —
& &

touches —v from above at (yg, o). From Proposition 4.9, we can conclude that (—Ap)%i (xg, tg) and
(—=Ap)*v(ye, 1) exist pointwise and satisfy

(_Ap)sl2 (xg,te) < (Ap)sv (Ve, Te)-
In addition, since the function

|x —y[> +t —7]?
&

u(x,t)—v(y,7)—
is larger at (xg, Ve, te, Te) than at (x; + y, ye + , te, Te) for any y, we obtain

U(Xe, le) —U(Xe + Y, 1) = V(Ye, Te) —V(Ye + Y, Te).
This implies
(—Ap)Ti (xe, 1e) = (—Ap)° v(Ye, Te),

which is a contradiction. Therefore, we must have u < v. O
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Now we present a general result for nonlocal parabolic equations, inspired by previous work of Petri
Juutinen [2001, Theorem 1]. This fact will be important in the proof of Holder regularity of solutions of

(1-1).
Proposition 4.11. Suppose that v is a viscosity subsolution of
[ve|P720; + (—Ap)Sv <0
in By(xg) X (to—r,to+r)and ¢ € Ci’,l (Br(xo) X (to—r,to+7r)). If
¢(xo0.10) = v(x0,%0).,  P(x.1) = v(x,t) for (x.1) € Br(xo) x (to — 1. 10], 4-7)

then
|2 (X0, 70) |7~ 21 (X0, 10) + (= Ap) @" (x0,20) < 0.

Proof. We argue by contradiction. If the assertion is not true then

|61 (x0,0) |71 (0, 10) + (—=Ap) ¢ (x0.70) = & > 0
for some ¢. Recall ¢” is defined in Definition 4.4. By continuity, we have
(¢1772pr + (=Ap)"¢" = 36> 0
in By(xg) X (to — p, to) for p small enough.
Let n: R"*! — R be a smooth function satisfying

0<n=1,

n(xo,%) =0,

n(x,t) >0 if (x,t) # (xo, to),

n(x,t) > 1 if (x,1) & Bp(xo) X (fo — p. to).
Also define

Ps(x.1) = ¢(x,1) +dn(x,1) =34,

where § > 0 is considered small. By continuity,

|(95):1772(98)¢ + (—Ap)* (95)" = 36> 0

in B, (xo) x (to — p. fo), provided 6 is small enough.

This means that (¢5)" is a supersolution in the pointwise classical sense in B, (xo) x (o — p, %), and
in particular it means that (¢5)” is a viscosity supersolution in this region. Moreover, (¢5)” > ¢” > v in
the complement of

R" \ B,(x0) x (to — p, to) U Bp(x0) x {to — p}.

By Proposition 4.10, (¢s)" > v in R” x [tg — p, tp]. Furthermore, (¢s)" (x0,20) > v(xo, o) which is a
contradiction since (¢g)" (xo, o) = ¢ (x0,%0) — 8 = v(x0,0) — 9. d
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Let us now return to our study of the implicit time scheme. We are now in position to construct barriers
that assure that v and v satisfy the correct boundary and initial conditions.

Lemma 4.12. Assume that -V < g < W, where \V is a nonnegative ground state of (—Ap)*. Then v
and v satisfy the boundary condition in the classical sense; i.e.,

lim v(y,t) = lim v(y,t) =0 foranyx € 0Q and any t > 0.
y—x y—x

Proof. We observe that

U—g|P (Y- _
_(_Ap)sqj— | g|-L—p—l( g) == _ks,p\ljp 1_

(v —g)P!

Hence V is a supersolution of (3-21). Since ¥ = v! = 0 in R" \ Q, the comparison principle implies
! <.

We can argue similarly to obtain
vl <w.

Iterating this method for each vk yields |vk| <Wforany k = 1,..., N. By the definition of vy in (3-25),
lon| =W (4-8)

By inequality (4-8), the assertion would follow as long as W is continuous up to the boundary. To
establish this continuity, we first note that W is globally bounded. This fact is due to Theorem 3.2
in [Franzina and Palatucci 2014], Theorem 3.3 in [Brasco et al. 2014] or Theorem 3.1 together with
Remark 3.2 in [Brasco and Parini 2015]. Theorem 1.1 in [Iannizzotto et al. 2016] can now be used to
establish the desired continuity of W. O

Lemma 4.13. Assume g is continuous. Then v and v satisfy the initial condition in the classical sense; i.e.,
lim v(x,?) = lim v(x,t) = g(x) foranyx € Q.
t—0 t—0

Proof. Take n to be a bounded, smooth and strictly increasing radial function such that 7(0) = 0. Let
d = diam 2 and

Pl = sup |(—Ap) ()|

X€EBg

Clearly « is finite. Now we fix x¢ € 2. We first prove that given & > 0 there is C = C(xg, &) such that

u(x) = g(xo) + e+ Clat + n(x — xp))

lies above v1.

As g is continuous, for each ¢ > 0 there is § > 0 and C > 0 so that

lg(x) —g(xo)| <& if |[x —xo| <é
and

sup|g| < Cn(x —xp) if |x —xo| > 8.



1466 RYAN HYND AND ERIK LINDGREN

Upon choosing C even larger, we may also assume that ¥ > 0 in R” \ Q. In addition

_ -1
lu—g|P2(u—g) <Cp_1ap_1_(g(xo)+8+Cr)(-—x0)—g+chr)p
p—1 - p—1
<P lgpl_cpr=lgr=l =,

—(-Ap)u -

since g(xo) + e+ Cn(- —xp) —g(-) = 0 by construction. Now it follows from the comparison principle
that
v!(x) <u(x) = g(xo) + & + Cat + n(x — xo)).

Arguing in the same fashion, we have
v!(x) = g(x0) —& — CaT + n(x — x0)).
Similarly we can obtain the bounds
g(x0) —& — C(kat +n(x — x0)) < v*(x) < g(x0) + & + C(kat + n(x — x0))

foreach k =1, ..., N. Using the definition (3-25) of vy, we also have

o (6,1) = v* () = g (x0) + & + Clakt +n(x —x0)) = g(xo) + &+ C (@t + o+ 10— x0))
fort € (k—1)t,kt) as t = T/N. A similar estimate from below holds as well. In total,

gw0) == C (at -+ 1(x—x0)) = vy (x.1) = g(¥0) +e& + C (0t + o +7(x = ¥0)).

N N
Passing to the liminf and limsup in the above inequalities, we find

g(x0) —&—C(at + n(x —xp)) <v(x,1) <v(x,1) < g(x0) + &+ C(at + n(x — xp)).
And after letting x = x¢ and t — 0,
g(x0) — e <liminfv(xo, ) <limsup v(xg,?) < g(x0) + €.
t—0 t—0

Since both ¢ and x¢ € 2 are arbitrary, the desired result follows. O

Proof of Proposition 4.1. It is enough to show that v is a viscosity subsolution of (1-1). The same
argument (applied to —v) yields that v is a supersolution. Combining Lemma 4.12, Lemma 4.13, and
Proposition 4.10, would then imply v < v. Hence, v := v = v is continuous and vy converges to v locally
uniformly. The claim would then follow as vy has a subsequence converging to a weak solution of (1-1)
in C([0, T], L?(2)); see Remark 3.9.

We now prove that v is a viscosity subsolution of (1-1). Assume that ¢ € C 3’}1 (Br(xo)x(tg—r,to+71))
and v — ¢ has a strict maximum in B, (xg) X (fo —7,t9 + 1) at (xg, ?9) € 2 x (0, T). By Lemma 4.8, there
are points (x;, ;) converging to (xo, %) and N; € N tending to 400, as j — 00, such that vy; —¢y; has
a maximum in By (xo) X (fo —r, %o + ) at (x;, ;). Observe that for each j € N, we have ; € (tg; -1, ;]
for some kj €{0,1,..., N;}. Hence, by the definition of vy; and ¢n;,

Qx{0,1,...,N;} 3 (x, k) = vF(x) — p(x, )
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has a local maximum in B, (x9) x {0,1,..., N;} at (x,k) = (x;,k;). By Lemma 4.7,

7 (¢(Xj,fk,-)—¢(xj,fkj—1)
i T/N;

As g, —1 =1%; —T/Nj and |t; — 7| < T/Nj for j € N, we can send j — oo above by appealing to

) +(=Ap)* ¢ (57 1)) <.

the smoothness of ¢ and arrive at

Tp(91(x0.10)) + (=Ap)°¢" (x0.10) < 0.

It follows that v is a viscosity subsolution. O

5. Holder estimates for viscosity solutions

In this section we prove Theorem 1.1. The proof of this regularity result is based on Lemma 5.1 below.
We start by noting an elementary inequality that will come in handy:

la +b1P"2(a +b) <277 *(la|?"?a +|b|?72b), a+b>0, p>2. (5-1)
Lemma 5.1. Fix § > 0. Suppose v is continuous in Q7 and satisfies (in the viscosity sense)
v |2, + (—=Ap)°v =<0 in Q7.
v=1 in QO7,
v(x,t) <2]2x|"—1 in R"\ By x (—1,0),

1
%BlX[—l,—T]} m{U SO}
271
Then for n small enough,v <1—0 < 1in Ql_/2’ where 0 = 0(8, p,s) > 0.

> 4.

Recall that the parabolic cylinders Q7 and Q| have been defined on page 1. Before proving this lemma,
we will first need to gain control of a certain function.

Lemma 5.2. Fix § > 0, let ¢ > 0 and assume the following:

t
m(t):e_clt/ coe |G (s)| ds,
-1

G(t)={x € By:v(x,t) <0},
b(x,t)=1+¢e—m(t)p(x),

0<p<l, p=1 inB%, peCOOO(B%),
1
2r—1
If co| B1| < %c1 then
b(x,t) > 1,

and for 0>t > —1/27-1,
m(t) > coe “18.
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Remark 5.3. Note that m solves the equation
m'(t) = co|G(t)| — cim(t)
fora.e. t € [-1,0].
Proof. As |G(t)| < |B1], it follows that m(t) < co/c1|B1]|. And since co|B1| < %01,
c c
b(x.)z 1+e—2|Bilp(x) = 1+e—|Bi| = .
1 1

Moreover,

t t
m(t) :e_clt/ coe |G (s)|ds > eC‘(_l_t)/ colG(s)| ds.
-1
From our hypotheses,

_1/2701
/ |G(s)|ds > 4.
~1

Therefore,
m(t) > coe 4

for 0> ¢ > —1/271. O

Proof of Lemma 5.1. Assume the hypotheses of Lemma 5.2. Choose cg, ¢1 and ¢ so that

QPP ol < e, 2 =2 s (S0 ) ),
X0€B3 p(X())
7
and
2e < e ‘lcgé.

Note that the quantity

S p
zxfél%’i(_A”) (P(xo)) (xo)

is finite, since the only way it could be infinite is if there is maximizing sequence of points x; where
p(x;) — 0. But then
P
(=4Ap)’ (—) (x;)
PP\ o) )

We claim that v < b in Q7. Let us describe how the lemma follows once this claim is proved. By the

would be negative for j large enough.

lower bound on m in Lemma 5.2, we have
b(x,t)<1+e—e “lcod
sp_
for 0>t > —1/2»-1. Since 2¢ < e~ “1¢(6,

b(x,t) <1—Le™“1eq8.
Therefore,
v<b<1-6
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in Q7 as long as we choose
2
0 = %e_clco&

Let us now prove that v < b in Q7. We argue by contradiction. Assume that, starting from t = —1,
the first time v touches b at some point in Q7 is at the point (xg, fo). Since p = 0 outside B 3 andv <1
in Q7, we know that xo € B 3 In addition, since m(—1) = 0, we know ¢y > —1. It is not difficult to
see b touches v from above at (xg, fp) in the sense of (4-7). In order to simplify the presentation, we first
assume that b is C'! at (xo, fo) and explain in the last paragraph of this proof how to relax this assumption.

By Proposition 4.9, (—Ap)*v(xo, t) is well defined and

|bs (x0, 10)|?~2bs (x0, o) + (—Ap)* v(x0, t0) < 0. (5-2)

Note that b (xg, t9) = —m’(t9) p(xo). We will now estimate (—A,)*(b—v) (xo, o) from above and from
below and arrive at a contradiction. This part of the proof will be divided into four steps. Along the way,
we will use the notation

Tpw(y.0) = w(x, 1)
=y P

Lpw (x,t):=2PV.
yeD

for a measurable function w and an open or closed set D C R". Notice that
(—Ap)sw = —LRn w.

Step 1: Estimate Lp,. Since b(-, %) > v(-,?o) in By, (5-1) implies

b— io) — (b — ’
Lp, (b —v) (xo, 1) =2P.V./ Tp((b = v)(y.10) n(+ i v)(xo. fo)) dy
B |xo —y|"tP
<op-lpy. Tp(b(y.to) —b(x0,10)) = Tp(v(y.to) — v(x0, %)) ”
B |x0—y|”+l’s

= 2772(Lp,b (x0,%0) — LB, v (x0,%)).

In addition, since v(xg, fo) = b(xo0, to),

Tp((b=)(y.10)) ,
B, |x0—y|”+1’s

p—2
22/ [b(y,10)|P~“b(y, t0)
Gty  |xo—y[ntes

Lp, (b —v) (x0,%9) =2P.V.

+ . —
=2(3)"" inf b0 101" |G (10)]

—2+n+
> (177G (),
from Lemma 5.2.

Step 2: Estimate Lgn\ g, . By our hypotheses,
v(y,t0) <22y|"—1, b=1+4e>1
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whenever |y| > 1. Hence, b(y,t9) —v(y, o) = 2(1 —|2y|") so that

b(y.to) —v(y,to) <b(y,t0) —v(y,t0) +2(12y" — 1) (5-3)
and
b(y,t0) —v(y,t0) +2(]2y|"—1) > 0. (5-4)

By (5-1), (5-3) and (5-4),

Lpn\ g, (b—) (xo,to)fz/l;n\B Tp(b(y.to)—v(y, t0)+|2x((|)2yy|rn+1p)s (b(x0,t0)—v(x0, zo)))
Tp(b(y.t0)+2(|2y|"—1)—b(x0. lo)) )
7\ By |X() y|n+ps .

< P2 (—LR”\Bl v(xo, to)+2/
R

Using (5-4), we obtain the estimate from below

jp(b(y’ ZO) - U(y, [0))
|xo — y|"+7s

Liny g, (b —v) (xo.10) = 2 /
R\ B

-1 dy
—2/ PTE3 I L —
[R”\Bl( ) |xg — y|*+sP

.— _Cn.

v

We note that lim,_,+ ¢y, = 0 by an application of the dominated convergence theorem.

Step 3: Use the equation. The two steps above together imply

(177216 (19)| — ey < —(—=Ap)* (b =) (x0, fo)
< 2P72(=Ap)*v (xo, to) + 2P 2L, b(x0, to)

n_
+2p—1/ Tp(b(y. fo)-i-2(|2y|nJr sl) b(xo. 1) , &y, (55
R\ B; |x0_y| p

From inequality (5-2), it follows that
(—Ap)*v (x0.10) < —|bs[P>bs(x0. f0)
= |m'(t0) p(x0) [P ~>m’ (t0) p(x0)
= |p(x0)co|G(t0)| — P(Xo)clm(fo)|p (p(x0)co|G(t0)| — p(x0)c1m(29))
< |eolG(20)| — P(x0)01m(fo)\p_ (colG(t0)| — p(x0)c1m(20)). (5-6)

Using (5-1), with a = ¢ p(x0)m(to) — co|G(¢9)| and b = ¢o|G(tp)|, we then obtain

(c1p(x0)m(tg))? !
< 2P72|p(xo)c1m(to) — co| G (to)] ‘p_z (p(x0)c1m(to) — colG(to)]) + 227> (colG(10) )P~ .



HOLDER ESTIMATES AND LARGE TIME BEHAVIOR FOR A NONLOCAL DOUBLY NONLINEAR EVOLUTION 1471

After rearranging
2772co| G 10)] — p(x0)e1m(t0)|”* (col G t0)| — p(xo)c1m(to))
<2P72(co|G(to)|)? ™! — (c1p(x0)m(t0))? 1. (5-7)
Combining (5-5), (5-6) and (5-7) yields
(c1p(x0)m(0))? 1 =272 (co|G(to) )P~ + (£)" TP |G (t0)| — ey

<2772Lp, b(xo.1o) +277" / Tp(0(y,10) +2(12y|" — 1) — b(xo. 10))
— 1 ’

dy.
R\ B, |xg — y|*+Ps

Since we assumed at the outset that c(l)) 1< /(22P~4HH5P|G(19)|P~2), we have, by the definition
of b and Lp,,

2277 (c1 p(xo)m(to)) P!
Tp(m(t0)(p(x0)—p(y)) J Tp(m(to)p(x0)+2(|2y["—1))
B |xo—y[ntPs y+2/R"\Bl |xo—y[ntPs

Here we also used that p(y) = 0 whenever y & By.

<2?7Pc,+2PV. dy. (5-8)

Step 4: Arrive at a contradiction. It follows from the proof of Lemma 5.2 that m is uniformly bounded
with respect to n. Consequently, the second integral on the right-hand side of (5-8) is uniformly bounded
for all small . We can again apply the dominated convergence theorem to show that the right-hand side
of (5-8) converges to the quantity

—(=Ap)°b (x0,10) = (m(t0))? ' (—=Ap)° p (x0)
as n — 0. As m is bounded from below by % (by Lemma 5.2), there is y, ~\( 0 as n — 0 such that
2272 (c1p(x0)? 7! < vy + (=Ap)° p (x0). (5-9)

In general, xo will depend on 7. Let us now consider two cases depending on the size of (—Ap)*p (xo)
for n small.

For the first case, we suppose limsup,, _, o+ (—Ap)*p (x0) < 0. Then (5-9) forces lim,,_, o+ p(x0) =0
as 71 — 0. It would then follow that (—A,)*p (xo) < —yy for all small n > 0. Together with (5-9), this
would in turn would force p(xg) < 0 for 1 small enough, which is a contradiction.

Alternatively if limsup, o+ (—Ap)°p (xo) > 0, then for some sequence of n — 0, we have that

(=Ap)°p (x0) = yy. By (5-9),
2272 (1 p(x0)) P~ < 2(=Ap)* p (x0)

along this sequence. Also note that (—A,)%p (x¢) > 0 implies that xo € B 3. After dividing by (p(x0))? ™!,
we have

227 ()P < 2(—Ap)S(L) (x0) =2 sup (—Ap)s(ﬁ) (xo0).

p(xo) X0€B3
4
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However, by our hypotheses on ¢y,

227P(c)P71 > 2 sup (—Ap)° (ﬁ) (x0),

onBg
P!

which is a contradiction.

Step 5: Relax the C'! assumption on b. As mentioned above, m is not necessarily C! since |G(¢)| is not
necessarily continuous. We have chosen to ignore this fact in the reasoning above in order to make the
proof more accessible. This issue can be handled as follows.

First, set

0
S 1) = f_ (=5 g (.9 s

for x € R" and ¢ € R, where ¢, is a standard mollifier. Also define

() =/B 2. 1) dx.

Observe gx () — |G(t)| a.e. and in L1 (R) as k — oo.
Now set

t
my(t) :=e 1! / coegr(s)ds
-1

fort € [—1,0] and
b (x. 1) = 1+ & —my (1)p(x)

for (x,t) € Q7. Itis evident that my — m and by — b uniformly as k — oo.

Recall that b —v > ¢ and by —v > € on 0By X [—1,0] U By x {—1}. These facts combined with the
above uniform convergence imply that v touches by from below at some (xg, tr) — (xo,fo), Where v
touches b from below at (xg, tp). Without loss of generality, we may assume that ¢ < 0 for all k € N
large enough. Moreover, as in Step 1 we find

2P.V.

Tp(bk—v) (¥, 1x)) p—2tntsp o (bGP
> (1 f| == t
B, |xp—y[rtes = (2) ylenBl 1/2 8 (k)
bk (v, 1) 1P 2bg (v, 1)
|xg—y|ntps

2 [B Gtk — T 10<0) 0+ ) dy. (5-10)

Notice that as k — oo,

e (e T (1O ) T
yEB] 1/2 yEB] 1/2 -

Let us now argue that the second term on the right-hand side of (5-10) goes to zero as k — oo.
By Lemma 5.2, b > 0 and so b > 0 for all k large enough. Hence, v(xg, ;) = b(x, t) > 0. Since
v is continuous, v > 0 in a neighborhood of (xi, #) for k large. This means that yx = y{y,<¢y = 0 in
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B (xg) x {t} if T is small enough and k large enough. Hence,

|bk(J’atk)|p_2bk(y,tk)d
|xg —y|rtes

/ Ok — Xw=<0)) (Vs 1)
B

i (v, 1) 1P 2bg (v, 1x)
= Xk = Xw<0)) (Vs tx) dy.
/Bl\Br(Xk) =0 | X — y|ntes

As a result, the integrand is uniformly bounded and converges to zero almost everywhere. By Lebesgue’s
dominated convergence theorem, we can conclude

i (v, 1) 1P~ 2bg (v 1x)
|xg — y|ntPs

Ck = Z/B Xk — Xw=<0)) (V. k) dy —0
1

as k — oo.
Steps 2 and 3 go through with minor modifications, so that we can obtain the following analog of (5-8)

2272 (1 pxg)my (1)) P!

Tp(mi () (p(xi)—p(3))) dy+2/ Tp(me () p(xi)+2(12y|"—1)) dy
B |xg—y|+ps R\ B |xg—y|+ps
for all k sufficiently large. We can then send k — oo and recover (5-8). At this point, we can repeat
Step 4 to complete this proof. O

<2%7P(cytcp)+2P.V.

We are now in a position to verify Theorem 1.1 and prove that solutions of equation (1-1) are Holder
continuous.
Proof of Theorem 1.1. Upon rescaling v by the factor
1

2||v|| oo (rr x[2.0))

we may assume that v satisfies
|Ut|p_21)t -+ (—Ap)sv =0 in QZ_’ OSCR”X[—Z,O) v < 1.
We will now show that for any (xo, f0) € Q7,
_ —jo v
0SCO . (xo.t0) V <27/%  where j =0,1,....
Here « is chosen so that

2-60

5 <2 %and @ <1, (5-11)

where 6 = 0(8(p, s). p.s) and n are from Lemma 5.1 with §(p,s) := 2(1 — 1/2%)|Bl|. This will
imply the desired result with C = 2.
To this end, we will find constants a; and b; so that

bj<v<a; in Q) ;(x0.t0).  l|aj—bj] <27/ (5-12)
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for j € Z. We construct these constants by induction on j. For j < 0, (5-12) holds true with b; =
infgny(—2 0)vand a; =b; + 1.

Now assume (5-12) holds for all j < k. We need to construct ag 4 and bg 4. Put my = %(ak + by).
Then

lv—my| <27%*71 in 0, (xo0,10).

Let
S
w(x,t) :2“k+1(v(2_kx+x0,2_kyl+Zo)—mk), Yy = pl
p—
Then
lwe [P 2w, + (=Ap)w=0 in Q7
and

wi <1 in Q7.
It also follows for |y| > 1, such that 2¢ < |y| < 2¢*1 and r > —2Y¢+D that

w(y. 1) = 22K (0@ Fy + x0, 2771 +19) —my) < 2%K N (ag_g_y —my)
< 2% (ag_g—y —bg—g—1 + b —my)
< gk (g-alk—t=1) _ 1)~ke)
<1+ _ | <9y —
<2[2y/"—1.

Here we used that (5-12) holds for j < k.
Suppose now that

[{Ge0) w(x.r) <030 {By x [-1,—1]}| = 11— 1/2771)[By| = 8(p. 5).

If not we would apply the same procedure to —w. Then w satisfies all the assumptions of Lemma 5.1
with § = §(p, s), and so

w<1-0in Q7.
2
Scaling back to v yields

v(x,1) <27 7K = 0) +my <2711 —0) + Jar + by
<bp+2717%K (11— ) 271k
Sbk+2_a(k+1)

for (x,t) € Q5—k—1(x0, t0), by (5-11). Hence, if we let by 1 = by and a1 = bg +27k+1) e obtain
(5-12) for the step j = k + 1 and the induction is complete. O
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6. Large time limit

In this section, we prove Theorem 1.2 and Theorem 1.3. The main tools are the monotonicity of the
Rayleigh quotient and the W57 seminorm (equation (3-11) and Proposition 3.6), the compactness of
weak solutions (Theorem 3.8) and the Holder estimates (Theorem 1.1). In order to control the sign of the
limiting ground state, we also need the following lemma.

Lemma 6.1. Assume that v is a weak solution of (1-4). For any positive ground state w for (—A p)* and
any constant C > 0, there is a § = §(w, C) > 0 such that if

(1) [v("o)]pWS,p([Rn) Z/\S,p/;2 |w|p dx,
@ [ o sc.
Q

[U(-,O)]ﬁ/.v,p(ﬂ@n) <) g
[q lv(x,0)[Pdx =757 "

4 / |v+(x,0)|1’dx21/ w|? dx,
Q 2 Jo

then

3)

/ letsrty T (x, )P dx > l/ |lw|? dx (6-1)
Q 2 Ja
fort €]0,1].

Proof. We argue towards a contradiction. If the result fails, then there are w and C such that for every
§ > 0, there is a weak solution v that satisfies (1)—(4) while (6-1) fails. Therefore, associated to §; :=1/j
(j € N), there is a weak solution v; that satisfies

1) 15 Olfyepany = A [ 0l? .

@) / v (x.0)[7 dx < C,
Q

[Uj(-,o)]ﬁ/s.p([@n) -1 +l
fqlvj(x,0)[Pdx =7 " j°

1
) / |v~+(x,0)|l’dxz—/ wl? dx,
Q / 2 Jo
while
/Q|e““’1’tfv;r(x,tj)|pdx<%/Q|w|pdx (6-2)

for some ¢; € [0, 1].

Consequently, the sequence of initial conditions (v;(-,0));en is bounded in WOS "7 (Q) and has a
subsequence (not relabeled) that converges to a positive ground state g of (—A,)* in W57 (R"). By
Theorem 3.8, it also follows that (a subsequence of) the sequence of weak solutions (v;);en converges
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to a weak solution w in C([0, 2], L?(2)) N LP([0, 2]; W*P(R")) with w(-,0) = g. By Corollary 3.7,
W(-,1)=e Hsnlg,
In addition, by (1) and since g is a ground state,

1

1
Pd =7 ps n=_1 j aopc n>/ pd'
/;Zlgl X /\s,p [g]W 2 (R") As,p jggo[vj (x )]Wup(R ) — g |w| X

However, sending j — oo in (6-2) gives

/nglde=/Q|g+|”dX§%/QIWIde.

This is a contradiction as w % 0. O

Corollary 6.2. Assume that v is a weak solution of (1-4). For any positive ground state w for (—Ap)*
and any constant C > 0, there is a § = §(w, C) > 0 such that if

a)emﬂ”hmunm”pm@Z*xpLJwWﬁﬂaﬂtza
@ [ ol dx<c,
Q

[U( T 0)]&/5‘.1)([@)
Jo lv(x,0)|7 dx

1
4 / |v+(x,0)|”dxz—/ w|? dx,
Q 2 Ja

then

3) <As.p+38,

/ e rty (x, )| a’xz%/ w|? dx
Q Q
forallt > 0.

Proof. Choose
g = mln(ks,p, S(w, 2C)),

where §(w, 2C) is from Lemma 6.1. Tt is clear that v satisfies the assumptions of Lemma 6.1, so that in
particular

/ le"s-ryT (x, 1)[7 dxz%/ w|? dx.
Q Q

By Proposition 3.6 combined with (2) and (3)

)
)=2c
AS!p
for any 7 > 0.

The above inequality, together with (1) and the monotonicity of the Rayleigh quotient, implies that
ets.rky(x,t + k) satisfies properties (1)—(3) in Lemma 6.1 with C replaced by 2C. In particular,

1

1
/Q |e//«s.ptv(x,[)|p dx < s B [eﬂs,ptv(',l‘)]ﬁl.v,p(u@n) = m[v(-,O)]%s,p(Rn) = C(l +

s
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Lemma 6.1 applied to e#s-7v(x, ¢ + 1) yields
/ 2150yt (x,2)|P dx > 1/ w|? dx.
Q 2 Ja

Now we can apply Lemma 6.1 repeatedly to ets.rky(x,t + k) for k = 2,3, ... in order to obtain the
desired result. O

We are now ready to treat the large time behavior of solutions of equation (1-4).

Proof of Theorem 1.2. Let v be a weak solution of (1-4). By (3-9) in Corollary 3.5,

da
dt

for almost every t > 0. Consequently, the limit

e’ v (-, D)]gys.p gy <O (6-3)

— i s pto(. p
S = tl_l)l’I(;lo[e p U( ,Z)]Ws,p(Rn)

exists. If S = 0, there is nothing else to prove. Let us assume otherwise.
Let 7z be an increasing sequence of positive numbers such that 7, — oo as k — oo, and define, for
k=1,2,3,..,
VR (x, 1) = et rThu(x, 1 + 1p). (6-4)

Then v is a weak solution of (1-4) with initial data
gk (x) 1= et rThuy(x, 1p,).

By (6-3), gk € W(f’p(SZ) is uniformly bounded in W*?(R"). Hence, it is clear that v¥ satisfies the
hypotheses of Theorem 3.8. Therefore, we can extract a subsequence {wkiy jeN converging to a weak
solution w as detailed in Theorem 3.8. We may also assume that vki (-, 1) converges to w(-,?) in
WS:P(R™) for almost every time ¢ > 0 since this occurs for a subsequence.

We now observe that by (6-3)

_ _Ms.pDt 1 ki, p — pMs.ptD . p -
S=e ? ]gn;o[v j( ’t)]Ws,p(Rn) =e r [UJ( 9t)]Ws,p(Rn) (6 5)

for almost every time # > 0. Since [0, 00) 3¢ > [w(-, ¢ )]ﬁ,s, (RN is absolutely continuous (by Lemma 3.3),
S = eMs.ptpP [w(-, [)]ﬁ;s.p([@n)
holds for all # > 0. As w is a solution of (1-4), (3-9) in Corollary 3.5 implies

_1d

= ;dt (eIu/S.Ile[w(~ R t)]ﬁ/g.p(ﬂ%n)) = e(Ms.Dp)t (Ms,p[w(. , t)]fVS,p(Rn) _Lz |wt(x’ t)|p dx)

for almost every ¢ > 0.
A more careful inspection of the proof of (3-8) reveals that if

o0 Oy on = [ w17 d
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then we must have [w( -, t)]ﬁ/s,p(Rﬂ) = As,p Jo lw(x,1)|? dx. Therefore w(-,?) is a ground state for
almost every ¢ > 0. The absolute continuity of [w(-,)]ws.» @) and |w(-,?)|zr () then implies that
w(-,t) is a ground state for all £ > 0. By Corollary 3.7,

w(x, 1) = e Hsrluyg,

where wo(x) = w(x, 0) is a ground state.
For any ?¢ € [0, T'] such that the limit (6-5) holds, we have, by Proposition 3.6,

[U( t)]WS D(Rn) . [U(-,‘[kj +t0)]€Vs,p(Rn) T [Ukj(WtO)]‘l;/S,p(Rn)
P Ja @ 0P dx — jooo [q|v(x. 1, +10)[Pdx — j—>oo [ vk (x,10)|P dx

[w( ZO)]WA P(RY) [wO]ﬁ/S.,D(Rn) _
fQ lw(x, to)|Pdx — [q lwol? dx 5P

Since weak convergence together with the convergence of the norm implies strong convergence, the

els ™y (. , Tk, ) holds in WP (R™). We conclude that {e*s»™ v (-, 7 ) }xen has a

subsequence converging in W*?(R") to a ground state wy.

limit wo = lim; 00

Recall that, due to the simplicity of the ground states, wg is determined completely by its sign and the
constant

S = [wﬂ]ﬁ/s,p(Rn)'

We may assume wq > 0; if not we can consider —v instead.
Now we note that for any # > 0,

soPt (. AP o Ws.pPTh T p _ P _ i
eMs.pP [U( ’t)]WSvp([R") Zjli)ngoe PPk [U( ,Tkj)]Ws,p(Rn) = [wO]Ws,p(Rn) —As,p/gvzll,UOlp. (6-6)

Since v¥/ (x,0) = g/ (x) converges in W5 (R") to ground state wg, we also have

lim [ j( 0)]WA P (R")
j=oo [ [0 (x,0)|? dx

= As,p (6-7)
and

/ 1% (x, 0) |7 dxz%/ wol? dx (6-8)
Q Q

whenever j is large enough. In addition, due to the monotonicity of the WS- norm,

Jalt e

where g = v(-,0). From (6-6)—(6-9), it is clear that for j large enough, vki satisfies assumptions (1)—(4)
in Corollary 6.2, with w = wg and C = [g]fVS,p(Rn)//\s,p. As a result,

1
)L [ kj( O)]WS,D(RY!) = E[g]fys,p(w), (6'9)

/ |elbs,pt(vk./')+(x,t)|p dx > %/ |w0|p dx
Q Q
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for all £ > 0, which implies

et oty [ fuwolr ax (©-10)
Q Q

for ¢ large enough.
Suppose now that we pick another convergent subsequence of {e*s-»™ v (-, 1) }ren. Then arguing as
above, the sequence converges in W57 (R") to a ground state w; and by (6-5),

[wl]ﬁ/‘v,p(Rn) = S

By the simplicity of ground states, wi = wg or w1 = —wyp. Passing # — oo in (6-10), we obtain

/(wf)pdxz%/ wo? dx,
Q Q

forcing wy to be positive and hence w; = wyp. As the sequence {tx }ren Was chosen arbitrarily, it follows
that e#s-r'y (-, 1) — wq as t — oo in WP (R"). O

We are finally in a position to prove Theorem 1.3.

Proof of Theorem 1.3. Let 13 be an increasing sequence of positive numbers such that tp — oo as
k — oo. In Theorem 1.2, we established that limy_, o, e#s:2% v(-, 1) = w in W5P(R"). In view of
Proposition 4.1, it suffices to show that this convergence occurs uniformly on €.
To this end, define v¥ as in (6-4). We also remark that e #s-»! W is a solution of equation (1-1). By
the comparison principle,
¥ (x, 1) < W(x) (6-11)

for (x,1) € R* x [-1, 1] for all k € N large enough. These bounds with Theorem 1.1 give that v* is

k is then
uniformly bounded in C*(K x [0, 1]) for any compact K € . We now claim that the sequence v¥ is

uniformly bounded in C*(B x [0, 1]) for any ball B € 2. By a routine covering argument, v

equicontinuous in  x [0, 1].

Fix & > 0. Recall that ¥ is continuous up to the boundary of 2. By (6-11), it follows that there
is 8 so that [v¥(x,1)| < %8 whenever d(x) := d(x,dR) < § and ¢ € [0, 1]. Now we will show that if
|x — y| + |t — 7| is small enough, then |v* (x, 1) —v*(y, )| < e. We treat three cases differently as follows.

(1) d(x) < 18 and d(y) < £8: Then
e ) =k ool < PO+ R o) < e

2) dx) < %8 and d(y) > %8: Then |x — y| < %8 implies d(y) < § so that again
e = o Dl s Pl + Lol <

3) d(x) > %8 and d(y) > %8: Then by the local Holder estimates,
W ) = (.0l < Cs(lx =yl +lr =) <e

if we choose |x —y|+ |t — 1| < (8/C8)1/a-
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Hence, if
|x —y|+ |t — | < min(18, (¢/C5)/®)

k is equicontinuous on € x [0, 1]. By the

then [vF(x,7) — v¥(y,1)| < e. Therefore, the sequence v
Arzela—Ascoli theorem, we can extract a subsequence vki converging to e #s-»w, the limit in (1-5),

uniformly in € x [0, 1]. O
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