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Differential characters of Drinfeld modules and
de Rham cohomology

James Borger and Arnab Saha

We introduce differential characters of Drinfeld modules. These are function-field analogues of Buium’s
p-adic differential characters of elliptic curves and of Manin’s differential characters of elliptic curves in
differential algebra, both of which have had notable Diophantine applications. We determine the structure
of the group of differential characters. This shows the existence of a family of interesting differential
modular functions on the moduli of Drinfeld modules. It also leads to a canonical F'-crystal equipped with
a map to the de Rham cohomology of the Drinfeld module. This F-crystal is of a differential-algebraic
nature and the relation to the classical cohomological realizations is presently not clear.

1. Introduction

The theory of arithmetic jet spaces developed by Buium draws inspiration from the theory of differential
algebra over a function field. In differential algebra, given a scheme E defined over a function field K
with a derivation d on it, one can define the jet spaces J" E for all n € N with respect to (K, d) and they
form an inverse system of schemes satisfying a universal property with respect to derivations lifting a.
The ring of global functions O(J" E) can be thought of as the ring of n-th order differential functions
on E. In the case when E is an elliptic curve and its structure sheaf O does not have a derivation lifting 9
(if it does, then it is the isotrivial case and E will descend to the subfield K 9=0 of constants), there exists a
differential function ® € O(J2E) which is a homomorphism of group schemes from J2E to the additive
group G,. Such a ® is an example of a differential character of order 2 for E and is known as a Manin
character. Explicitly, if E is given by the Legendre equation y> = x(x — 1)(x —t) over K = C(¢) with

derivation 0 = %, then

y d x' y

O, y, X,y x" y)=————|20 = D= |+ 21t — Dx'=.

(6, y, x5, ¥, X7, y7) 3o =12 dt[( )y} ( )xy2

The existence of such a ® is a consequence of the Picard—Fuchs equation. Using the derivation d on K,
we can lift any K -rational point P € E(K) canonically to J?E(K), and this defines a homomorphism
V:E(K)— J*E(K). We emphasize that V is merely a map on K -rational points and does not come

from a map of schemes. The composition ® o V : E(K) — G,(K) is then a group homomorphism of
MSC2010: primary 11G99; secondary 14L05.
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K -points. Note that the torsion points of E(K) are contained in the kernel of ® since G,(K) is torsion
free. Such a ® was used by Manin [1963] to give a proof of the Lang—Mordell conjecture for abelian
varieties over function fields. Later Buium [1992] gave a different proof, using other methods, but still
using the Manin map.

The theory of arithmetic jet spaces, as developed by Buium, proceeds similarly. Derivations 0 are
replaced by what are known as w-derivations §. They naturally arise from the theory of m-typical Witt
vectors. For instance, when our base ring R is an unramified extension of the ring of p-adic integers Z,,
for a fixed prime w = p, the Fermat quotient operator §x = (¢ (x) — x”)/p is the unique p-derivation,
where the endomorphism ¢: R — R is the lift of the p-th power Frobenius endomorphism of R/pR. In
analogy with differential algebra, one can define the n-th order jet space J" E of an elliptic curve E over
R to be the (;r-adic) formal scheme over R with functor of points

(J"E)(C) = Homg(Spec W, (C), E),

where W, (C) is the ring of m-typical Witt vectors of length n 4 1, which we view as the arithmetic
analogue of C[t]/(¢"*!). The jet space J"E is also known as the Greenberg transform. As with the
differential jet space, it has relative dimension n 4 1 over the base, in this case Spf R.

Then one can define X,,(E) to be the R-module of all group-scheme homomorphisms from J”E to
the m-adic formal scheme @a. Let X, (FE) be the direct limit of the X,,(E£). Now the usual Frobenius
operator on Witt vectors induces a canonical Frobenius morphism ¢ : J"*'E — J"E lying over the
endomorphism ¢ of Spf R. Hence pulling back morphisms via ¢ as ® — ¢*©, endows X (E) with an
action of ¢* and hence makes X, (E) into a left module over the twisted polynomial ring R{¢*} with
commutation law ¢* - r = ¢ (r) - ¢*. Buium [1995] studied the structure of X (E). Putting K = R[%],
he showed that X (E) ®g K is freely generated by a single element as a K {¢*}-module. This element
is of order 2 unless E has a Frobenius lift (in particular is a canonical lift of an ordinary curve), in which
case it is of order 1. It is the arithmetic analogue of the Manin character.

In this paper, we study the function-field analogue of Buium’s theory. We emphasize that we take
the function-field analogue in every possible sense. So instead of looking at characters J"E — Ga of
Z-module schemes over Z,, where the Z-module scheme E is an elliptic curve over Z, and J"E is its
p-typical arithmetic jet space defined above, we will look at, for example, characters J"E — Ga of
(t-adically formal) F,[t]-module schemes over [, [[7]l, where E is a Drinfeld [, [7]-module, Ga is the
additive group with the tautological [, [7]-module structure, and J" E is its function-field arithmetic jet
space — in other words, the Greenberg transform but with “z-typical” Witt vectors. The most important
result in this paper is the construction of a canonical F-crystal H(E) which comes with a Hodge-type
filtration and a morphism H (E) — Hgr(E) to the usual de Rham cohomology preserving the filtration.
As a consequence of the methods that go into the construction of H (E), we also prove that X o (FE) is
freely generated by a single element as an R{¢*}-module, which is a stronger, integral version of the
equal-characteristic analogue of Buium’s result. Here, we would like to emphasize that all the fundamental
principles that go into our approach also work for p-adic elliptic curves.
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Before we describe our main results in detail, we wish to fix a few notations. Let [, be the finite field
with ¢ elements and A is the coordinate ring of X\{oo}, where X is a projective, geometrically connected,
smooth curve over [, and co a [ -point on it. Let p be a fixed maximal ideal of A, and let 7 be an
element of p \ p>. Let R be an A-algebra which is a complete discrete valuation ring with maximal ideal
7 R and which has a lift ¢ : R — R of the g-power Frobenius from R/m R, where ¢ = |A/p|. Then one
can consider the operator on R given by §x = (¢ (x) — x4 )/m. It is called the m-derivation associated to ¢.

Then as in the mixed-characteristic case above, one can define the ¢-typical Witt vectors and hence the
t-typical arithmetic jet space functor. For any (formal) A-module scheme E over R, the jet space also
J"E has a natural (formal) A-module-scheme structure. However, we would like to remark here that for
all n > 1, the J"E are not abelian Anderson A-modules (as defined in [Hartl 2017, 1.2]). Then we let
X, (E) denote the set of A-linear differential characters of order n, that is, the set of homomorphisms
J'E — Ga of (formal) A-module schemes over R. Finally, we form their direct limit X o, (E), which is
naturally an R{¢*}-module, as above.

We say E splits at m if X,,(E) # {0} but X;(E) = {0} for all 0 <i <m — 1. Then we show that
m satisfies 1 <m < r, where r is the rank of E, and that X,,(FE) is a free R-module with a canonical
basis element ©,, € X,,,(E), depending only on our chosen coordinate on E. In the case when the rank r
is 2, we have m = 2 unless E admits a lift of Frobenius compatible with the A-module structure on E,
in which case m = 1. Then our first main theorem is a strengthened version of the equal-characteristic
analogue of Buium’s result [1995].

Theorem 1.1. Let E be a Drinfeld module that splits at m. Then the R-module X ,,(E) is free of rank 1 and
it freely generates X oo (E) as an R{¢*}-module in the sense that the canonical map R{¢*} Q@p X (E) —

X oo (E) is an isomorphism.

Let us now proceed to our second result. Let u : J”E — E be the usual projection map and put
N" =keru. Since u is A-linear, N" is a formal A-module scheme of relative dimension n over Spf R.
For each n > 1, we show in Proposition 7.2 that there is a lift of Frobenius f : N"*! — N" making the
system {N"} into a prolongation sequence with respect the obvious projection map u : N"*! — N". We
call f the lateral Frobenius. However, { is not compatible with i and ¢ : J"*!'E — J"E in the obvious
way, that is, it is not true that ¢ oi =i o f holds. In fact, we can not expect it to be true because that would
induce an A-linear lift of Frobenius on E which is not the case to start with. Instead we have

p*oi=¢oiof.

In Section 9, we construct a canonical F-crystal attached to E. The F-crystal, denoted H (E), is an
R-module which has a semilinear operator f* (induced from f) on it and is of rank m, which we emphasize
can be strictly smaller than . (By the term F-crystal, we mean only a free R-module of finite rank
equipped with a semilinear operator F. We do not assume F is injective, although on H (E) this will be
true generically. The reader can refer to [Laumon 1996, §2.4].) The module H (E) also has a Hodge-type
filtration and canonically maps to the de Rham cohomology of E, with its Hodge filtration.
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Theorem 1.2. There is a canonical map between exact sequences

0—— Xn(E) H(E) I(E) 0

| ]

0 — Lie(E)* —— Hgr(E) — Ext(E, G,) —— 0
Moreover, the operator §* on H (E) descends to its image under ®.

The definitions of the maps YT and & are given in (9-7), and the proof is given in Section 9B. There
is a close connection between these two theorems — in fact, our proof of Theorem 1.1 goes by way of
Theorem 1.2.

Finally, we conclude the paper with some explicit computations of the structure constants of the
F-crystal H(E), which are new differential modular forms.

To a Drinfeld module E, the crystalline theory also attaches an F-crystal Herys(E). It appears that our
H (E) has subtle connections with Hys(E), but it also appears that any such connection would be indirect.
This is because H(E), unlike Hys(E), has a fundamentally differential-algebraic nature in that it lies
not over a point of the moduli space of Drinfeld modules but over a point of the jet space of the moduli
space. For instance, the computations in Section 10 show the structure constants of H (E) do involve the
higher 7r-derivatives of the structure constants of the Drinfeld module. The phenomenon of 7 -differential
invariants depending on higher 7 -derivatives of modular parameters in the mixed-characteristic setting
can be found in [Borger and Saha 2017a; Buium 1995; Buium and Saha 2011; 2012a; 2012b; 2014].

It would be interesting to understand the exact nature of the relationship between H(E) and the
crystalline cohomology groups, as well as the étale cohomology groups and the other constructions in
mr-adic Hodge theory. This is all the more true because, as we remarked before, the techniques developed
in this paper have analogues for p-adic elliptic curves [Borger and Saha 2017a], and as a result, we do
obtain an analogous construction of the F-crystal H (E) for elliptic curves.

2. Notation

Let us fix some notation which will hold throughout the paper. Let ¢ = p” where p is a prime and & > 1.
Let X be a projective, geometrically connected, smooth curve over [,. Fix an [,-rational point oo on X.
Let A denote the Dedekind domain O(X \ {o0}). Let p be a maximal ideal of A, and let A denote the
p-adic completion of A. Let ¢ be an element of p \ pZ, and let 7 denote its image in A. Then 7 generates
the maximal ideal p of A. Let k denote the residue field A /p and let g denote its cardinality. So, for
example, if A =F,[u] and p = (¢), where ¢ € F,[u] is an irreducible polynomial, then § = g™ Note
that the quotient map A — k has a unique section. Thus A is not just an [, -algebra but also canonically a
k-algebra.

Now let R be an A—algebra which is p-adically complete and flat, or equivalently r-torsion free. Thus
the composition

~

0:A— A— R 2-1)
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is injective (assuming R # {0}) and hence one says that 6 is of generic characteristic. Let us also fix an
A—algebra endomorphism ¢ : R — R which lifts the g-power Frobenius modulo pR:

¢ (x) = x9 mod pR.

Do note that the identity map on A does indeed lift the g-power Frobenius on A /p.

For our main results, R will in the end be a discrete valuation ring, most importantly the completion
Fq [z T of the maximal unramified extension of /i, where ¢ satisfies ¢ (c) = ¢l forc € Fq and ¢ () =m.
So the reader may assume this from the start. (Also note that not all rings R admit such a Frobenius lift;
so the existence of ¢ does place a restriction on R.) But some form of our results should hold in general,
and with essentially the same proofs. This is of some interest, for instance when R is the coordinate ring
of the ordinary locus of the moduli space of Drinfeld modules of a given rank. (For the representability
of Drinfeld modular varieties, see Laumon’s book [1996, Theorem 1.4.1].) With an eye to the future, we
have not assumed that R is a discrete valuation ring where it is easily avoided, in Sections 3-7.

Let K denote R[ f racln], and for any R-module M write Mx = K ®g M. Finally, let S denote Spf R.

3. Function-field Witt vectors

Witt vectors over Dedekind domains with finite residue fields were introduced in [Borger 2011a]. We
will only work over A, which is the ring of integers of a local field of characteristic p, and here they
were introduced earlier in [Drinfeld 1976]. The basic results can be developed exactly as in any of the
usual developments of the p-typical Witt vectors. The only difference is that in all formulas any p in a
coefficient is replaced with a & and any p in an exponent is replaced with a g.

3A. Frobenius lifts and r-derivations. Let B be an R-algebra, and let C be a B-algebra with structure
map u : B — C. In this paper, a ring homomorphism v : B — C will be called a lift of Frobenius (relative
to u) if it satisfies the following:

(1) The reduction mod 7 of i is the g-power Frobenius relative to u, that is, ¥ (x) = u(x)q mod 7 C.

(2) The restriction of i to R coincides with the fixed ¢ on R, that is, the following diagram commutes
C
R

A m-derivation é from B to C means a set-theoretic map § : B — C satisfying the following for all

14
—

x—W™

—
¢

X, yE€B

S(x+y)=8()+8(y) and 8(xy) =u®)¥8(y) +8x)u(y)? +w8(x)(y)
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such that for all » € R, we have

When C = B and u is the identity map, we will call this simply a w-derivation on B.
It follows that the map ¢ : B — C defined as

¢ (x) :=u(x)? +78(x)

is a lift of Frobenius in the sense above. On the other hand, for any flat R-algebra B with a lift of
Frobenius ¢, one can define the -derivation §(x) = (¢ (x) — x7) /m forall x € B.

Note that this definition depends on the choice of uniformizer 7, but in a transparent way: if 7’ is
another uniformizer, then §(x)s /7’ is a 7’-derivation. This correspondence induces a bijection between
n-derivations B — C and nr’-derivations B — C.

3B. Witt vectors. We will present three different points of view on function-field Witt vectors, all parallel
to the mixed characteristic case. But there is perhaps one unfamiliar element below, which is that we will
work relative to our general base R, and it already has a lift of Frobenius. The consequence is that we
need to pay attention to certain twists of the scalars by Frobenius, which are invisible over the absolute
base R = A. However this unfamiliar element has nothing to do with the difference between mixed and
equal characteristic and only with the difference between the relative and the absolute setting.

Let B be an R-algebra with structure map u : R — B.

(1) The ring W (B) of m-typical Witt vectors can be defined as the unique (up to unique isomorphism)
R-algebra W (B) with a m-derivation 6 on W(B) and an R-algebra homomorphism W (B) — B such
that, given any R-algebra C with a m-derivation § on it and an R-algebra map f : C — B, there exists a
unique R-algebra homomorphism g : C — W (B) such that the diagram

W(B)

I N

B+—C

commutes and g 06 = § o g. Thus W is the right adjoint of the forgetful functor from R-algebras with
m-derivation to R-algebras. For details, see Section 1 of [Borger 2011a]. This approach follows that of
[Joyal 1985] to the usual p-typical Witt vectors.

(2) If we restrict to flat R-algebras B, then we can ignore the concept of -derivation and define W (B)
simply by expressing the universal property above in terms of Frobenius lifts, as follows. Given a flat
R-algebra B, the ring W (B) is the unique (up to unique isomorphism) flat R-algebra W (B) with a lift of
Frobenius (in the sense above) F' : W(B) — W (B) and an R-algebra homomorphism W (B) — B such
that for any flat R-algebra C with a lift of Frobenius ¢ on it and an R-algebra map f : C — B, there
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exists a unique R-algebra homomorphism g : C — W (B) such that the diagram

W(B)

I N

B+—~C
commutes and go¢p = Fog.

(3) Finally, returning to the case of general R-algebras B, one can also define Witt vectors in terms
of the Witt polynomials. For each n > 0 let us define B?" to be the R-algebra with structure map
R-%5 R~ B and define the ghost rings to be the product R-algebras [T, B=Bx B?x---x B and
]_[;O B =B x B® x ---. Then for all n > 1 there exists a restriction, or truncation, map Ty, : HZ B —
]_[;f_l B given by Ty, (wo, - -, w,) = (wop, - - - , wy—1). We also have the left shift Frobenius operators
Fy: H; B— ]_[';71 B givenby F,,(wo, ..., w,)=(wy, ..., w,). Note that T, is an R-algebra morphism,
but F, lies over the Frobenius endomorphism ¢ of R.
Now as sets define
W,(B) = B"*!, (3-1)

and define the set map w : W,(B) — ]_[g B by w(xg, ..., x,) = (wy, ..., w,) where
i ~i—1 .
wi=x{ +mx{ +--+7'x (3-2)

are the Witt polynomials. The map w is known as the ghost map. (Do note that under the traditional
indexing, used in many sources going back to Witt [1937], our W,, would be denoted W,,;;.) We can
then define the ring W, (B), the ring of truncated 7 -typical Witt vectors, by the following theorem as in
the p-typical case [Hesselholt 2015, Proposition 1.2].

Theorem 3.1. For each n > 0, there exists a unique functorial R-algebra structure on W, (B) such that

w becomes a natural transformation of functors of R-algebras.

Note that, unlike with Witt vectors in mixed characteristic, addition for function-field Witt vectors is
performed componentwise. This is because the Witt polynomials (3-2) are additive. This might appear to
defeat the whole point of Witt vectors and arithmetic jet spaces. But this is not so. The reason is that
while the additive structure is the componentwise one, the A-module structure is not. So the difference
is only that, unlike in mixed characteristic where A = Z, a group structure is weaker than A-module
structure. In fact, because the Witt polynomials are k-linear, the k-vector space structure on W, (B) is the
componentwise one. This is just like with the p-typical Witt vectors, where multiplication by roots of
xP — x can be performed componentwise.

For the convenience of the reader, we give some examples the proofs of which we leave as exercises.
If the structure map A — B factors through A/p and B is perfect, then multiplication is given by the
formula

i
(x0, x1,...) (Yo, y1,...) = (20, 21,...), Wherez, = Z x! y(/’
i+j:n
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For example, if B =R = A/p = [F;, then W(B) is identified with the power-series ring B[ ]|, where
7 corresponds to the Witt vector (0, 1,0, 0, ...). At the opposite extreme, where 7 is invertible in B,
the ghost map is an isomorphism. So W (B) is isomorphic to the product ring B x B x - -- and not a

power-series ring.

3C. Operations on Witt vectors. Now we recall some important operators on the Witt vectors. There
are the restriction, or truncation, maps T : W,(B) — W,_1(B) given by T (xg, ..., x5) = (X0, - . ., Xn—1)-
Note that W(B) = lim W, (B). There is also the Frobenius ring homomorphism F : W, (B) — W,_;(B),
which can be described in terms of the ghost map. It is the unique map which is functorial in B and
makes the following diagram commutative

W, (B) —— [} B

Fl lF (3-3)

Wa_1(B) —— [T, B"

As with the ghost components, T is an R-algebra map but F lies over the Frobenius endomorphism ¢ of R.
Next we have the Verschiebung V : W,_(B) — W,(B) given by

V(x0, .-+, xp—1) = (0, x0, ..., Xp—1).
Let V,, : ]_[g_1 B — []§ B be the additive map given by
Vw(wo, ..., wy—1) = (0, Two, ..., TWy—1).
Then the Verschiebung V makes the following diagram commute:

W,—1(B) ——T[, ' B

I

For all n > 0 the Frobenius and the Verschiebung satisfy the identity
FV(ix)=mx. (3-5)

The Verschiebung is not a ring homomorphism, but it is k-linear.

Finally, we have the multiplicative Teichmiiller map [ | : B — W,(B) given by x — [x] = (x, 0,0, ...).
Here in the function-field setting, [ ] is additive and even a homomorphism of k-algebras but is not a
homomorphism of A-algebras. This can be compared to the mixed-characteristic setting, where it is a
homomorphism of monoids but not a homomorphism of Z-algebras.
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3D. Computing the universal map to Witt vectors. Given an R-algebra C with a r-derivation § : C — C
and an R-algebra map f : C — B, we will now describe the universal lift g : C — W (B). The explicit
description of g leads us to Proposition 3.2 which is used in Section 10 in computations for Drinfeld
modules of rank 2. The reader may skip this subsection without breaking continuity till then.

It is enough to work in the case where both B and C are flat over R. Then the ghost map w : W(B) —
]_[;o B is injective. Consider the map [¢] : C — ]_[;O C given by x — (x, ¢ (x), $*(x),...). Then we
have the following commutative diagram:

g C

olg]
V l{m

W(B)L]_[;OB(LH;OC

Pl T
Wun—ﬂ+n$3+i—nfc

Thus the map fo[¢]: C — ]_[;O B factors through W (B) as our universal map g : C — W(B).
Let us now give an inductive description of the map g. Write

g(x) = (xg, X1, ...) € W(B).

Then from the above diagram w o g = f o [¢]. Therefore the vector (xg, x1, ...) is the unique solution to
the system of equations
An An—1
xg +axt 4+ 4 a"x, = (" (X)), (3-6)
for n > 0. For example, we have xo = f(x) and x; = f(§(x)).

Now consider the case where B itself has a w-derivation, C = B, and f = 1. For any x € B, let us
write x™ := §"(x), or simply x’ = 8(x), x” = 82(x) and so on.

Proposition 3.2. We have xo = x, x; = x" and x, = x" + w472 (x")4.
Proof. As stated above, equalities xo = x and x; = x’ follow immediately from (3-6). For n = 2, we have

xgz —l—rrx? +7‘t2xz = ¢2(x)
= ¢p(x? +7x")
=) + 1)

= x4 7N+ 7 () +7x)

And therefore we have x; = x” + 797 2(x")4. O
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4. A-module schemes, jet spaces and preliminaries

An A-module scheme over S = Spf R is by definition a pair (E, ¢g), where E is a commutative group
object in the category of S-schemes and ¢g : A — End(E/S) is a ring map. (Here and below, by a scheme
over the formal scheme S, we mean a formal scheme formed from a compatible family of schemes over
the schemes Spec R/p" R.) Then the tangent space Ty E at the identity has two A-modules structures: one
coming by restriction of the usual R-module structure to A, and the other coming from differentiating ¢f.
We will say that (E, ¢g) is strict if these two A-module structures coincide, that is if the composition

A — End(E/S) — Endg(TyE)

agrees with the composition
A %5 R — Endg(THE).

We say it is admissible if it is both strict and isomorphic to the additive group @a = Ga/S as a group scheme.
We will denote this induced map to tangent space as 6 : A — R. (Note that it is best practice to require
only the isomorphism with G, to exist locally on S. So below, our Drinfeld modules would more properly
be called coordinatized Drinfeld modules.)
A Drinfeld module (E, ¢g) of rank r is an admissible A-module scheme over S such that for each
nonzero a € A, the group scheme ker(¢g (a)) is finite flat of degree |a|" =g ™" ordeo(@) gyer S. (See [Gekeler
1990b, (1.4)] or [Laumon 1996, p. 4].)

Proposition 4.1. Let f be an endomorphism of the [ -module scheme Ga/S over S. Then given any
coordinate x on E, the map f is of the form

f@) =Y ax,

i=0
where f is a restricted power series, meaning a; — 0 w-adically as i — oo.

Proof. Let f € Hom(@a, @a) be an additive endomorphism of Ga. Then f is given a restricted power
series ) bix" such that b; — 0 as i — oo. Since f is additive, we have b; = 0 unless i is a power of p.
Second, because f is [,-linear, we have ), b (cx)l’i =c)y; bp,-xpi for all ¢ € ;. Considering the case
where c is a generator of [}, we see this implies b,; = 0 unless p' is a power of q. ]

Let R{t}" be the subring of R{{r}} consisting of (twisted) restricted power series. Then by Proposition 4.1,
the [,-linear morphisms between two admissible A-module schemes E; and E; over Spf R are given in
coordinates by elements in R{tr}" where 7 acts as t(x) = x:

Homy, (E1, E2) = R{z)". 4-1)

4A. Prolongation sequences and jet spaces. Let X and Y be schemes over S = Spf R. We say a pair
(u, 8) is a prolongation, and write YD X ifu:Y — Xisa map of schemes over S and 6 : Ox — u, Oy
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is a w-derivation making the following diagram commute:
R—— u,Oy
ST T&
R— Ox

Following [Buium 2000], a prolongation sequence is a sequence of prolongations

Spr (Ll,(s) TO (u,s) Tl (u,S) ..

where each 7" is a scheme over S. We will often use the notation 7* or {7, },>0. Note that if the 7" are

flat over Spf R then having a w-derivation § is equivalent to having lifts of Frobenius ¢ : T"*! — T".
Prolongation sequences form a category Cg«, where a morphism f : T7* — U™ is a family of morphisms

f":T" — U" commuting with both the u# and §, in the evident sense. This category has a final object S*

given by S” = Spf R for all n, where each u is the identity and each § is the given w-derivation on R.
For any scheme Y over §, for all n > 0 we define the n-th jet space J" X (relative to §) as

J"X(Y) :=Homg(W;(Y), X)

where W*(Y) is defined in Section 10.3 of [Borger 2011b]. We will not define W,*(Y) in full generality
here. Instead, we will define Homg(W,;(Y), X) in the affine case, and that will be sufficient for the
purposes of this paper. Write X = SpfC and Y = Spf B. Then W (Y) = Spf W,,(B) and so J" X (B) is
the set of R-algebra homomorphisms C — W, (B):

J"X(B) =Homg(C, W,(B)). (4-2)

Then J*X := {J" X}, forms a prolongation sequence, called the canonical prolongation sequence.
As in the mixed-characteristic case [Buium 2000, Proposition 1.1], J*X satisfies the following universal
property — for any T* € Cg+ and X a scheme over S°, we have

Hom(7T°, X) = Home,, (T*, J*X)

Let X be a scheme over S = Spf R. Define X?" by X¢"(B) := X (B?") for any R-algebra B. In other
words, X?" is X x s,¢n S, the pull-back of X under the map ¢" : § — S. Next define

n

]_[X:Xxsx‘f’ Xg - xs X?.

¢
Then for any R-algebra B we have X(]—[’; B) = X(B) x5 --- x5 X?" (B). Thus the ghost map w in
Theorem 3.1 defines a map of S-schemes

w:J”X—>ﬁX.
]

Note that w is injective when evaluated on points with coordinates in any flat R-algebra.
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The operators F and F, in (3-3) induce maps ¢ and ¢,, as follows
w n
J"X —— ] o X
¢>l ldm (4-3)
-1 n—1
where ¢,, is the left-shift operator given by

duw(wo, ..., wy) = (Ps(wy), ..., ps(wy)),

and where ¢g : X ¢ — X9 is the composition given in the following diagram:

X T X x5 8 —— X9

T

ST>S.

Now let E be an A-module scheme over S with action map A £ Endg(E). Then the functor it
represents takes values in A-modules, and hence so does the functor B +— E(W,,(B)). In this way, for each
n > 0, the S-scheme J" E comes with an A-module structure. We denote it by ¢ jng : A — Endgs(J"E).
Similarly, ¢z induces an A-linear structure @4 on each E¢". In this case, it is easy to describe explicitly.
It is the componentwise one:

o1 EWo. - W) = (@E(w0). - .. @pan (wy)).

The ghost map w : J"E — ]_[g E and the truncation map u : J"E — J"~! E homomorphisms of A-
module schemes over S. This is because they are given by applying the A-module scheme E to the
R-algebra maps w : W, (B) — ]‘[g Band T : W,(B) — W,_1(B). On the other hand, the Frobenius map
¢ : J"E — J"'E is a homomorphisms of A-module schemes lying over the Frobenius endomorphism
¢ of S. In other words, the induced map J"E — (J"~'E)? is a homomorphism of A-module schemes
over S.

4B. Coordinates on jet spaces. Given an isomorphism of S-schemes E — G,, we have an induced
bijection, by (4-2),
(J"E)(B) = Wy,(B). (4-5)

Now recall the bijection W, (B) = B"*t1 of (3-1). Combining the two, we see that given a coordinate x
on an admissible A-module scheme E, we have a canonical system of coordinates (xg, ..., x,) on J"E.
We will use these Witt coordinates without further comment. We emphasize once again that there are other
canonical systems of coordinates on J" E, for instance the Buium—Joyal coordinates denoted x, x’, x”, . . ..
They are related by the formulas of Proposition 3.2. Each has their own advantages.
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We will now describe the above maps explicitly in the Buium-Joyal coordinates. Let O(E) = R[x]".
Then, for each n, O(J"E) = R[x, x’, ..., x"™] and the corresponding algebra maps u* and ¢* from
OJ"E) — O(J"T'E) are given as follows, for all i:

u*(x(i)) = x®

¢*(x(i)) — (x(i))t? 4 x D, (4-6)

4C. Character groups. lLet G, denote the additive group over S, i.e., the formal spectrum of the m-adic
completion of R[x], with the tautological A-module structure P¢, given by the usual multiplication of
scalars: ¢ (a) = at®. We will maintain this convention throughout the paper.
Given a prolongation sequence T* we can define its shift 7**" by (7*+")/ := T"*/ for all j (as in
[Buium 2000, p. 106]).
Spf R <wd_pn [(.d) pntl

We define a §-morphism of order n from X to Y to be a morphism J**"X — J*Y of prolongation
sequences. We define a character of order n, © : (E, ¢g) — (@a, (pGa) to be a §-morphism of order n
from E to @a which is also a homomorphism of A-module objects. By the same argument as in the mixed
characteristic case [Buium 2000, Proposition 1.9], an order n character is equivalent to a homomorphism
©: J'"E — G, of A-module schemes over S. We denote the group of characters of order n by X, (E).
So we have

X, (E) =Homa(J"E, Gy),

which one could take as an alternative definition. Note that X, (E) comes with an R-module structure
since Ga is an R-module scheme over S. Also the inverse system J"*!'E —%> J"E defines a directed
system

Xo(E) 5 X1 (E) 25 -

via pull back. Each morphism u* is injective because each u has a section (typically not A-linear). We
then define X (E) to be the R-module direct limit lim X, (E).

Similarly, precomposing with the Frobenius map ¢ : J"*'E — J"E induces a Frobenius operator
¢ : X"(E) — X"t1(E). However since ¢ : J"T'E — J"E is not a morphism over Spf R but instead lies
over the Frobenius endomorphism ¢ of Spf R, some care is required. Consider the relative Frobenius
morphism ¢, g, defined to be the unique morphism making the following diagram commute:

Jn—HE

J'E X (SpfR),¢ Spr — J'E

l

Spf R ————— Spf R
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Then ¢/ g is a morphism of A-module formal schemes over Spf R. Now given a §-character ©: J" E — Ga,
define ¢*©® to be the composition

Jn_HE M JnE X(Spr),¢ Spr ®—><1> @ua X(spr)’qg Spr —L> Ga, (4-7)

where ¢ is the isomorphism of A-module schemes over S coming from the fact that @a descends to A as
an A-module scheme. For any R-algebra B, the induced morphism on B-points is

¢
E(Wn—H(B))ME(Wn(B)‘p) O B® _b—by B

Note that this composition E(W,1(B)) — B is indeed a morphism of A-modules because identity map
B? — B is A-linear, which is true because ¢ restricted to A is the identity.

Thus we have an additive map X,,(E) — X, +1(E) given by ® — ¢*®. Note that this map is not
R-linear. However, the map

¢* : X, (E) = Xyt 1(E)?, O ¢*0

is R-linear, where X, .1 (E)? denotes the abelian group X, (E) with R-module structure defined by the
law r - ® := ¢ (r)®. Taking direct limits in n, we obtain an R-linear map

Xoo(E) > X (E)?, O ¢*0.

In this way, X (E) is a left module over the twisted polynomial ring R{¢*} with commutation law

¢*r =¢(r)g*.

5. Admissible modules

Let (E, ¢g) be an admissible A-module scheme over S = Spf R. By (4-1), we can write

o) =) at’ (5-1)

with a; € R a; — 0, and ap = = 6(¢). For brevity, we will typically write the pair (E, pg) as E. We
remind the reader that G, implicitly has the tautological A-module structure defined in Section 4C.

The main purpose of this section is to establish some facts that will be used in the proof of Theorem 6.2
below. We emphasize that in this application £ will not be a Drinfeld module.

Proposition 5.1. Any A-linear morphism f : E — G between admissible A-modules is determined
by the induced morphism on tangent spaces. More precisely, if we write pp(t) = w1+ =14 T/,
o) =m0+ ijl Cj‘L’j, and f =), bit', then f is determined by by, as follows:

1 r—1

—i

> ial_; —c,ib! ).
i=0

b= ———
r ”_nqr.
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Proof. Because f is B-linear, we have
<Zb,~ti) (nro + Zajrj> = (nro + chrj) <Zbiri>.
i>0 j>1 j>1 i>0

Comparing the coefficients of 7", we have
q() qr—l qr . q qr
boa}! +---+br1a] +bw? =mb+c1b;_+---+crby .

Therefore we have

r—1
r—i

b =71y = (bl —c,ib? ).
i=0

1

Since R is m-torsion free and 1 — ¢ ~! is invertible for » > 1, this determines each b, uniquely in terms

of by, ..., b._1. Therefore by determines each b,. O
Corollary 5.2. The R-module map R — Homy (Ga, Ga) defined by b — bt° is an isomorphism.
Now consider the subset ST C R{r}" defined by
st= {Zbiri € R{z)" | v(b;) > i, foralli and by € R*}. (5-2)
i>0

Here, and below, we write v(b) for the minimal i such that b € p' R. (Note that v may not be a valuation
if R is not a discrete valuation ring.)

Proposition 5.3. ST is a group under composition.
Note that a similar group of automorphisms appears in [Dupuy 2014, §4.3].

Proof. The fact that ST is a submonoid of R{r}" under composition follows immediately from the law
bt oct/ = bc? v/t and linearity. Indeed if v(b) > i and v(c) > j, then v(bc? ) > i + j.

Now let us show that any element f = Y b;7 € S' has an inverse under composition. Let g =

gl n—1
> yeat”, where cg = by and we define inductively ¢, = —by? (coby +c1b!_| +---+cu1d? ).
Then it is easy to check that go f = 1. Take n > 1 and assume v(¢;) > i foralli =0,...,n— 1. Then it
is enough to show v(c,) > n. We have v(c,) > min{v(cibzl_l.) |i=0,...,n—1}. Now

v(eibl_) =v(e) +q'vbai) =i+q' (n—i) =i+ (n—i)=n.
Therefore the left inverse g of f lies in ST.
Now consider g’ =Y "2, d,t" € R{{t}}, where dy = by and we inductively define
1 2 n
dy=—by ' (b1d!_ | +bod? ,+ -+ bydl ).

Then as above, one can easily check that f o g’ = 1 and hence it is a right inverse of f in R{{r}}. But
using the associativity property of R{{t}} we get g’ =(go f)og’ =go(fog’) =g and hence g is both a
left and right inverse of f in S7. ]
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Proposition 5.4. Let B denote the subring F,[t] C A. Let f : E — G be a B-linear homomorphism of

admissible A-module schemes over Sptf R. Then f is A-linear.

Proof. Given any element a € A, we will show ¢g(a) o f = f o pg(a). Both sides are B-linear
homomorphisms E — G; indeed, f is B-linear by assumption, and both ¢ (a) and ¢g(a) are B-linear
because A is commutative. Furthermore, on tangent spaces, ¢ (a) o f is multiplication by af’(0), and
f og(a) is multiplication by f'(0)a; this is because the A-module schemes are admissible. Thus the
two morphisms agree on tangent spaces and therefore they agree, by Proposition 5.1. U

In other words, the forgetful functor from admissible A-modules schemes over R to admissible B-
module schemes over R is fully faithful. This remains true if we allow B to be not just [,[¢] but any
sub-[F,-algebra of A strictly containing [F,,.

Lemma5.5. Ifg>3,theng' —q' =/ — j—1>0forall j=1,...,i.

Proof. Consider f(x) =¢g' —¢'~* —x—1,for 1 <x <i. Then f(1) >0 since ¢ > 3. Now f'(x) =
g *Ing — 1. Since Ing > 1 for ¢ > 3, we have f’(x) >0 forall 1 <x <i and hence f(x) > 0 for all
1 <x <i and we are done. U

Lemma 5.6. Forg =2 and i 22,qi—i—12 1.

Proof. Consider the function h(x) = ¢g* —x for x > 2. Then 4’ (x) =¢*Ing — 1 =1Ing9 — 1 > 0 since
x > 2. Therefore h is a strictly increasing function and hence the minimum is attained at i=2. Therefore
g' —i > g?> —2 =2 and the result follows. O

Lemma 5.7. Forg=2andi >2and j =1, ...,i
q'—q' 7 —j=1

Proof. For j =i, the result follows from Lemma 5.6. So we may assume 1 < j <i — 1. Let H(x) :=
g'—q'~* —x where ] <x <i—1.Then H'(x) =¢'*Ing — 1. Since x <i — 1 implies i —x > 1 and
hence ¢~ > gq. Therefore we get

H(x)>glng—1=Ing? —1=In4—1> 0,

where the last equality follows since g = 2.
Hence H (x) is a strictly increasing function within the interval 1 < x <i — 1. Therefore the minimum

is achieved at x = 1 and we have

A Ly [ L L

=q¢"lg-D-1
=g 71 —1 (because g = 2)
>q—1 (since i > 2)

=1 ]
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Theorem 5.8. Suppose v(a;) > q' — 1 for all i > 1, where the a; are as in (5-1). Then there exists a
unique homomorphism f : E — @ua of A-module schemes over S, written f =Y .2 b;it' in coordinates,

with bg = 1. Moreover,

(1) ifg =3, then v(b;) =i and f is an isomorphism of A-module schemes;
(2) ifq=2,thenv(b;) >i—1.

Proof. Let f =Y 22 bit', b; € R, where by = 1 and
i —=Jj
bi=n"'1—n?"1H! Zb,-_,aj . (5-3)
j=1
Indeed, this is the only possible choice for f, by Corollary 5.2. Conversely, it is easy to see that f satisfies
o(t)o f = f op(t), which implies p(b) o f = f o () for all b € B.

(1) Assume g > 3. Let us now show v(b;) > i. Fori =0, itis clear. For i > 1, we may assume by induction
that v(b;) > j forall j=1,...,i — 1. By (5-3), we have v(b;) > min{v(b;—_jal )—1]j=1,....i}.
Now o o
U(bi—ja? D=1>v(bi—j)+ U(Cl? -1
>i—j+q @' —1-1
=i—j+q' —q'7 -1
> (by Lemma 5.5).

Therefore we have v(b;) > i.

Therefore f is a restricted power series and hence defines a map between 7 -formal schemes f : E — @a
which is A-linear.

Let us show that f is an isomorphism. By Proposition 5.3, there exists a linear map g : Ga— E
such that f o g = go f = 1. Then g is also A-linear for formal reasons: for any a € A, we have
fglp(a)x)) =¢p(a)x = f(p(a)g(x)). Since f is injective, we must have g(¢(a)x) = ¢(a)g(x) which
shows the A-linearity of g and we are done.

(2) Now assume g = 2. We want to show that v(b;) > i — 1 foralli > 1. For i = 1, we have
by =711 =79 " Y(boa;) and hence v(b)) >qg—1—1=0.Fori >2and j=1,...,1i,

vibijal ) =vbiop) +q' Tvia) = (i —j— 1)+ —q'T) (since v(aj) = g7 —1).

Hence to show v(b;) > i — 1, it is enough to show that ¢’ —¢'~/ — j > 0 and that follows from Lemma 5.7.
O

The remainder of this section consists of an interesting observation which will not however be used in
this paper. Letting for denote the formal completion of @a along the identity section Spf R — Ga. Thus
we have Gg"r = Spf R[[x]l, where R[x] has the (7, x)-adic topology. We want to extend the A-action on
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Gg"r to an action of A:

A — Endy, (G/S). (5-4)

Recall that Endg, (Gfl"r ) agrees with the noncommutative power-series ring R{{t}}, with commutation law
b = bit for b € R. (See for example [Drinfeld 1974, §2].) Therefore for any a € A, we can write

@(a) = Zajfj
J

where «; € R. Each o can be thought of as a function of a € A. To construct (5-4) it is enough to prove
that these functions are p-adically continuous, which also implies that such an extension to a continuous
A-action is unique. This is a consequence of the following result.

Proposition 5.9. Ifa € p", then aj € p"~/R.

n+1

Proof. Clearly, it is true for n = 0. Now assume it is true for some given n. Suppose a € p"™" and write

a = mb, where b € p". Let p(b) = Zj Bt/ and () = Y, yxt*. Then we have
. . k .
Dt =) =pme®) =Y nt* Y gt =) npl
j k J k.j

: k .
and hence a; = Z/J(:o yk,B‘;_k. So to show o € p" 1=/ R, it suffices to show
q* n+l—j -
VB €P"T /R, forO<k=<j<n+l.

‘ . ‘
By induction we have ;_ €p" V"V R ?Id hence i f]_; € p(1=(=ka" R Since we have (n—(j—k))g* >
n—j+1fork>1,we then have ycfj ; € p"~/*!R. For k =0, because ¢ is a strict module structure,
we have yp = 7 and hence 8, exp" IR =p!tiR. O

6. Characters of N” —upper bounds

We continue to let £ denote the admissible A-module scheme over S of (5-1). Let N” denote the kernel
of the projection u : J*E — E. Thus we have a short exact sequence of A-module schemes over S:

O>N'-J'ESE—-DO

The purpose of this section is to analyze the character group of N". In the applications of this section, E
will eventually be a Drinfeld module, but we do not need to assume this yet.

Let us fix a coordinate x on E, and denote the corresponding Buium-Joyal coordinates on J" E by
x,x', ..., x™_ From now on, let us abusively write ¢ for the Frobenius pull back ¢* of (4-6).

Lemma 6.1. Foralln >0, ¢"(x) =n"x"™ 4+ O(n — 1), where O(n — 1) are elements of order less than

orequal ton — 1.
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Proof. For n =0, it is clear. For n > 1, we have by induction
") =" X"V +0m-2)
=7""lp (") + 0 —1)
=" @) + "D + 0~ 1)
=a"x" 4+ 0m—-1). O

Theorem 6.2. For any n > 1, let H" denote the kernel of the projection u : J"E — J"~VE. Then there is
a unique A-linear homomorphism 9, : H" — Ga of the form

9 (x ™) = x4 by (x D) 4 by (x D) 4
where b; € R. Moreover, ¥, freely generates Hom (H", @a) as an R-module, and
(1) if g = 3, then v(b;) > i and v, is an isomorphism of A-module schemes;
(2) ifq=2,thenv(b;) >i—1.
Proof. First observe that we have
PE(DP" (x) = ¢" (pE(1) = ¢" ()" (x) + ¢ (@)$" () + - - -+ ¢" (a,)p" ()7 .

Second, the subscheme H" is defined by setting the x, x’, ..., x@™=D coordinates to 0. Combining these

two observations and Lemma 6.1, we obtain
7"op()x" =mr"x" +¢" (@) (@"x ") 4+ ¢" (@) (2" x )T
and hence
goE(t)x(") = x® —|—¢”(a1)7r"(q_l)(x(”))q 4. +d)n(ar)nn(q"—])(x(n))q".

But then by Theorem 5.8, there is a unique A-linear homomorphism #, of the kind desired for the
respective cases of ¢ > 3 and ¢ = 2. Moreover by Proposition 5.1, Hom4 (H", @a) is freely generated by
¥, as an R-module. Finally, by Proposition 5.3, ¢, an isomorphism when g > 3. ]

Now consider the exact sequence
0— H"—>N"—> N"'50
and the corresponding long exact sequence
0 — Hom4 (N" 1, @a) — Homu (N”, Ga) — Homu (H", Ga) — ..

The image of the map Hom 4 (N", Ga) — Homu (H", @a) can be regarded as a sub-R-module of R, by
Theorem 6.2 above. Therefore in the R-module filtration

Hom 4 (N", G,) 2 Homy (N"™!, G,) 2 - -- 2 Homa(N°, G,) =0,

each associated graded piece is canonically a submodule of R.
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In particular, we have the following:

Proposition 6.3. If R is a discrete valuation ring, then Homy (N", @a) is a free R-module of rank at
most n.

7. The lateral Frobenius and characters of N”

We continue to let E denote the admissible A-module scheme over S of (5-1).
Now we will construct a family of important operators which we call the lateral Frobenius operators.
That is, for all n, we will construct maps §: N n+1 5 N" which are lifts of Frobenius relative to the

o0

projections u : N"*! — N”" and hence make the system {N "}72 into a prolongation sequence. Do note

that a priori the A-modules N" do not form a prolongation sequence to start with.

Let N denote the inverse limit the projection maps u : N**! — N". (Here and below, we take inverse
limits in the category of presheaves on R-algebras in which 7 is nilpotent. They are representable by affine
formal schemes.) Then the maps f induce a lift of Frobenius on N°°. Similarly on J*°E = lim, J"E, the
maps ¢ induce a lift of Frobenius. Now for all n > 1, the inclusion N" < J"E is a closed immersion
and hence induces a closed immersion of schemes N°° < J°E. But § is not obtained by restricting ¢
to N*°. In fact, ¢ does not even preserve N°°. So f{ is an interesting operator which is distinct from ¢,
although it does satisfy a certain relation with ¢ which we will explain below.

Here we would also like to remark that the lateral Frobenius can also be constructed in the mixed-
characteristic setting of p-jet spaces of arbitrary schemes [Borger and Saha 2017b], but it is much more
involved.

Let F: W, > W,_yand V : W,_; — W, denote the Frobenius and Verschiebung maps of Section 3C.
Let us arrange them in the following diagram, although it does not commute.

Vv
Wy —— Wi

r| s

Wy —— W, (7-1)
s
W1
Rather the following is true
FFV=FVF. (7-2)

Indeed, the operator F'V is multiplication by w = 6(t), and F is a morphism of A-algebras.

We can reexpress this in terms of jet spaces using the natural identifications J" E ~ W, and N" >~ W,,_;.
For jet spaces, let us switch to the notation i := V and ¢ := F for the right column of (7-1). Then we
define the lateral Frobenius

f:N"t— N"
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simply to be the map F : W, — W, _1 in left column. Thus (7-1) becomes the following:

Nn+1 i Jn-H E

b

N'— ' s J"E (7-3)

s
J'E

Note again that this diagram is not commutative. However rewriting (7-2) in the above notation, we do have
¢ oi=¢oiof. (7-4)

We emphasize that when we use the notation N”, the A-module structure will always be understood to
be the one that makes i an A-linear morphism. It should not be confused with the A-module structure
coming by transport of structure from the isomorphism N" ~ W,_; = J"~ ! E of group schemes.

We also emphasize that while i is a morphism of S-schemes, the vertical arrows ¢ and § in the diagram
above lie over the Frobenius endomorphism ¢ of S, rather than the identity morphism.

Lemma 7.1. For any torsion-free R-algebra B, the map F'V : W,(B) — W, (B) is injective.

Proof. Since B is torsion free, the ghost map W,(B) — B x - -- x B is injective, and hence W, (B) is
torsion free. The result then follows because F'V is multiplication by 7. ]

Proposition 7.2. The morphism f: N* — N"~!is A-linear.

Proof. We want to show that for any a € A, the two morphisms N"*! — N” given by x > af(x) and
by x > f(ax) are equal. Since the N’ are flat over R, it is enough to consider B-points x, where B is a
m-torsion free R-algebra.

Since both ¢ and i are A-linear morphisms, so are ¢i and ¢%i. Therefore we have

¢i (f(ax)) = ¢i(ax) = ad?i (x) = agi (§(x)) = ¢i (af(x)).

Thus the points f(ax) and af(x) of N"(B) become equal after the application of ¢i. Now translating
from the notation of diagram (7-3) to that of diagram (7-1), we have two elements of W,,_;(B) which
become equal after applying FV. But since FV = and B is torsion free, Lemma 7.1 implies these two
elements must be equal. ]

For 0 <i <k — 1, let us abusively write ' for the composition

i times
——

fOi - N u) Nn—i _uy Nn—k‘
Then for all 1 <i <n, we define the canonical characters ¥; € Hom4 (N", @a) (associated to our implicit
coordinate x on E) by
U =0 of ! (7-5)
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where ¥ is as in Theorem 6.2. Clearly, the maps W; are A-linear since each one of the maps above is.
Finally, given a character ¥ € Homa (N n=l @a), we will write {*W = W o f. Note that {* is semilinear:
for A € R, we have

fr) =) f*(¥). (7-6)
The points of J"E contained in N" are those with Witt coordinates of the form (0, x1, x2, ..., Xp).
We will use the abbreviated coordinates (x1, ..., x,) on N" instead.
Lemma 7.3. Foralli =1, ..., n, we have
xlq”iil mod 7 ifqg =3,

\Ifl'(_X],,,,,_xn)E (21—1 q&i—l .
x;  +¢lax; modrw ifg =2,

where ay is the first of the structure constants of the Drinfeld module E, as in (5-1).

Proof. Since { is identified with the Frobenius map F : W,, — W,,_1, it reduces modulo 7 to the g-th
power of the projection map. Therefore, we have

. ~i—1
Wi (xp, e x0) = 0f UV (xy, L x) = (x! ) mod 7

q =3 By part (1) of Theorem 6.2, the map ¢}, is congruent to the identity modulo 7. Therefore ¥; is

congruent to x1 modulo 7.

q =2 By part (2) of Theorem 6.2, we have 9 (x;) = x; + blxif mod 7, where by (5-3), we have
bi=n"'1=7""Y"'79""9(a;) = ¢(a;) mod x.

~i—1 ~i—1
Therefore we have t(x1) = x1 + ¢(a1)x(f mod 77, and so \V; is congruent to xlq + ¢(a1)x(1” mod 7.
O

Proposition 7.4. If R is a discrete valuation ring, then the elements V1, ..., V¥, form an R-basis for
Homu (N, Ga).

Proof. By Proposition 6.3, the R-module Hom4 (N”, @a) is free of rank at most n. So to show the elements
Wy, ..., VU, form a basis, it is enough by Nakayama’s lemma to show they are linearly independent
modulo 7.

We can view Homy (N”, Ga) as the set of additive functions in O(N"). Further since N" is flat,
O(N") is m-torsion free, and so any function f € O(N") is additive if wf is. Therefore the map
R/m R ®g Homu (N", @a) — R/m R ®r O(N™) remains injective.

So to show they are linearly independent in R/ R ® g Hom4 (N", G (G,), it is enough to show that
R/7m R ®@g Homu (N, Ga) maps mJectlvely to R/JTR ®r O(N™). Now by Lemma 7.3, we have V; =
xlA - mod 7 for g > 3 (and ¥; = x1 —|—¢(a1)x ~ for g = 2). So the ¥; map to linearly independent
elements of R/mT R ®r O(N™). [l
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8. Xx(E)

We now assume further that R is a discrete valuation ring and E is a Drinfeld module over Spf R. Let r
denote the rank of E. We continue to write ¢z (1) = aot’ +a;t' +---+a,t", where ag = 7, a; € R for
all i, and a, € R*.

In this section and the next, we will determine the structure of X, (E). In the case of elliptic curves,
it falls in two distinct cases as to when the elliptic curve admits a lift of Frobenius and when not. In
particular, canonical lifts of ordinary elliptic curves all fall into one case. A similar story happens in our
case when E is a Drinfeld module of rank 2, which one might consider the closest analogue of an elliptic
curve. However, when the rank exceeds 2, the behavior of X (E) offers much more interesting cases
which leads us to introduce the concept of the splitting order m of a Drinfeld module E. The splitting
order is always less than or equal to the rank of £. When the rank equals 2, the splitting order is 1 if and
only if £ admits a lift of Frobenius.

We would like to point out here that our structure result for X (E) is an integral version of the
equal-characteristic analogue of [Buium 1995]. He shows that X (E) ®r K is generated by a single
element as a K {¢*}-module where K = R[%]. But here we show that the module X (E) itself is
generated by a single element as a R{¢*}-module. These methods also work in the setting of elliptic
curves over p-adic rings, and hence this stronger result can be achieved in that case too. (See [Borger and
Saha 2017a].)

The following theorem should be viewed as an analogue of the fact that an elliptic curve has no nonzero
homomorphism of Z-module schemes to G,. In our case, we show that no Drinfeld module admits a
nonzero homomorphism of A-module schemes to Ga.

Theorem 8.1. We have Xy(E) = {0}.

Proof. Any character f = Zizo b;t' € Xo(E) satisfies the following chain of equalities, where 6 is as
in (2-1):
9g () o f = fope)

o0 bt =) bitio) a;T!

i>0 i>0 j=0
r . .
O PR P
o = Y (L bisal )
i>0 i~0 *j=0

Comparing the coefficients of t/ for i > r, and using the equality ap = 0(¢), we have

i—r+l

i i—r i—1
bi(l—0)" N0y =al "bi_y+al_, bi_py1+---+al bi_y. (8-1)

Suppose f is nonzero. There exists an N such that by, # 0 and v(by—,) < v(b;) foralli > N —r + 1.
Then the valuation of the right-hand side of (8-1), for i = N, becomes v(afH by_,) =v(by_;), since
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v(a,) = 0. But then, by taking the valuation of both sides of (8-1), we have
v(bn) =v(bn—r) — 1 <v(bN—r)
and N > N —r + 1, which is a contradiction. Therefore f must be 0. (I
As a consequence the short exact sequence of A-module schemes over §
0—> N"-% J'E— E —0, (8-2)
induces an exact sequence
0— X,(E) > Homa(N", G,) -2 Exta (E, Gy), (8-3)
where Exta (E, @aa) denotes the group of extension classes of A-module schemes over R, as defined in
Gekeler [1990a, §5]. He further defines an exact sequence
0 — Lie(E)* — Ext(E, G,) = Ext4(E, G,) — 0 (8-4)
of R-modules, where Exti(E , @a) denotes the group of classes of an extension together with a splitting
of the corresponding extension of Lie algebras. Finally one defines
Har(E) = Ext(E, G,). (8-5)
Theorem 8.2. The exact sequence (8-4) is split. The rank of Exty(E, @a) is r — 1, and the rank of
Ext’, (E, G,) is r.
Proof. See Diagram (5.2) and Corollary 3.7 in [Gekeler 1990a]. (I
The following is the equal-characteristic analogue of a result of Buium [1995, Proposition 3.2].
Theorem 8.3. Let (E, ¢g) be a Drinfeld module of rank r.
(1) X,(F) is nonzero.

(2) We have
R if E has a lift of Frobenius,

{0} otherwise.

Xl(E)Z{

Proof. (1) Consider the exact sequence (8-3). By Proposition 7.4, the R-module Hom4 (N", @a) is free
of rank n. But also Ext4 (E, Gd) is free of rank r — 1, by Theorem 8.2 above. Therefore when n = r, the
kernel X, (E) is nonzero.

(2) Now consider X (E). It is contained in Hom4 (N, @a), which is free of rank 1, and the quotient is con-
tained in Ext4 (E, @a), which is torsion free. Therefore X (E) is either {0} or all of Hom4 (N, Ga) ~ R.

Let 1 denote the identity map in Homyu (Ga, Ga). Then its image d(1) in Exts(E, @a) is the class
of the extension (8-2). Therefore we have the equivalences X|(E) >~ R <= i* is an isomorphism
< 0(1) = 0 <= (8-2) is split <= E has a lift of Frobenius. [l

Define the splitting order of the Drinfeld module E to be the integer m such that X, (E) # {0} and
Xm—1(E) ={0}. We also say that E splits at order m. By Theorems 8.1 and 8.3 above, we have 1 <m <r
and additionally m = 1 if and only if E has a Frobenius lift.
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Computation of the character of the Carlitz module. Let A = [,[t] with g > 3. Let E be the Carlitz
module over R satisfying

() (x) =mx +x1.

Then the operator ¢ (¢) itself is a lift of Frobenius and hence, by the universal property of J!'E, defines
the A-linear splitting of the exact sequence

0>N - JESE—>0
that is, an A-linear morphism v : J'E — N'! given in Buium-Joyal coordinates by v(x, x’) = x’ — x.

Then our normalized character ®, : J'E — Ga is given by ®1 = 1 o v.
Define L; = (79 — 1) - -- (19 — 7). Then from Theorem 6.2, we have ¢ : N! — @a given by

ol (=D
()= — ; ) (8-6)
Hence we have
O(x,x") = ! i (=17 (r(x' —x))? = ! log (7 (x" — x)) (8-7)
’ mi L x o€ ’

where log denotes the Carlitz logarithm, as in [Goss 1996, p. 57]. One can check that this is the exact
analogue of Buium’s character % log(1+ p27) for Gm in the mixed-characteristic setting.

8A. Splitting of J"(E). The exact sequence (8-2) is split by the Teichmiiller section v : E — J"E,
as defined in Section 3. We emphasize that v is only a morphism of [,-module schemes and is not a
morphism of A-module schemes. Nevertheless, it induces an isomorphism
J"(E) = E x N"
of F,-module schemes. Therefore for any character ® € X,,(E), we can write © = gg @ Vg or
O (x0, ..., xp) = go(x0) + Yo (x1, ..., Xn), (8-8)

where Vg = i*® € Homu (N”, @a) and go = v*O. We call gg the Teichmiiller component of ®. Note
that because v is only [, -linear, gg is also only [, -linear. It still can, however, be expressed as an additive
restricted power series. On the other hand, the restriction Wg of ® to N" does remain A-linear.

Now consider the morphism

(poi—iof): N""' - J'E, (8-9)
in the notation of (7-3). It is an A-linear morphism by Proposition 7.2.
Proposition 8.4. There exists a morphism h (necessarily unique and A-linear) making the diagram

Nt $poi—iof J'E

P

—
u //
// h

NU™
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commute. In coordinates, it has the form
g g’
h(x1) = (wxy, c1x], cax| ,...),
for some c; € R.

Proof. By (7-1)—(7-3), the first statement is equivalent to showing that for any R-algebra B, there exists a

map h : B — W,(B) such that

w,(B) =5 w,(B)
P

commutes, where the vertical map is the projection onto the zeroth component. Now for any y € W,,_(B),
we have
(FV—-VF)(Vy)=FVVy—-VFVy=nVy—-V(my)=0.

So such a function / exists.

To conclude that A (x) is of the given form, we use a homogeneity argument. Let (zg, z, ...) denote
the ghost components of (xo, x1, ...). If interpret each x; as an indeterminate of degree ¢/, then each 7 j
is a homogenous polynomial in the xo, ..., x; of degree ¢/ and with coefficients in A: z; = xg + Xy,
and so on. Solving for x; in terms of zo, ..., z;, we see that x; is a homogenous polynomial in the
-

Now let (yo, y1,...) denote (FV — V F)(xo, x1,...), where y; € R[xp,...,x;]. Then the ghost
components of (yg, y1,...) are (w29, 0,0, ...) = (wxp, 0,0, ...). It follows that yy = mxg. Further, by

20, - - . » 2j With coefficients in A[ ]

the above, y; is an element of R[xo, ..., x;] but also a homogeneous polynomial in 7xy of degree q’
and with coefficients in A[1]. Therefore it is of the form c;x( " for some ¢ i €R. O
Proposition 8.5. Let ® be a character in X,,(E).
(1) We have
PO =f({"0) + y ¥y,
where y = 18 (0) and gg (xo) denotes the usual derivative of the polynomial ge(xo) € R[xo]
of (8-8).
(2) Forn > 1, we have
l*(¢on)*® — (fﬂ*l)*l*d)*@
Proof. (1) By Proposition 8.4, we have

. I~
. . q q
ol —10 =
9
(poi—iof)(x1,...,Xu41) = (TX1, C1X|, C2X] ,...),
where c¢; € R. Therefore we have

((*¢* = Fi*)O)(x1. .. .. xnp1) = O(rxp, c1x7, . .) = go(mx) + Vo (127, .. ). (8-10)
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In particular, the character (i*¢* — §*i*)® depends only on x;. Therefore it is of the form y W, for some
¥ € R. Further since by Theorem 6.2 we have W{(0) = 1, the coefficient y is simply the linear coefficient
of (i*¢* —§*i*)®, which by (8-10) is 7 g, (0).

(2) This is another way of expressing ¢°" oi = ¢ oi o f°"*~1, which follows from (7-4) by induction. [J

8B. Frobenius and the filtration by order. We would like to fix a notational convention here. Let
u: J"E — J" E denote the canonical projection map for any n’ < n, given in Witt coordinates by
ulxo, ..., xn) = xo, ..., xXy).

Consider the following morphism of exact sequences of A-modules

i

0 N" J'E S E 0

|

0 Nl L yyn-lp X s F 0.

Since X¢(E) = {0} by Theorem 8.1, applying Hom (—, Ga) to the above, we obtain the following
morphism of exact sequences of R-modules

00— X, (E) ——— Homs(N", Gy) —— Exts(E, Gy)
/| ! |
0—— X, 1(E) —— Homa(N"", G,) = Exta(E, Gy).
Proposition 8.6. For any n > 0, the diagram

Xo(E)/ X1 (E)C q’* Xo11(E)/ X, (E)

i* i*

Homa(N", Gy)/Hom s (N"~!, G,) —— Hom s (N"*!, G,)/Hom 4 (N", G,)
is commutative. The morphisms i* and ¢* are injective, and * is bijective.

In fact, we will show in Corollary 9.9 that all the morphisms in the diagram of Proposition 8.6 are
isomorphisms.

Proof. For n > 1, commutativity of the diagram follows from Proposition 8.5; for n = 0, it follows from
Theorem 8.1.

The maps i* are injective because the projections J"E — J"~'E and N" — N"~! have the same
kernel, and {* is an isomorphism by Proposition 7.4. It follows that ¢* is an injection. (Il

8C. The character ®,,. Recall the exact sequence (8-3)

0 — X, (E) -5 Homus (N, G,) =& Exta(E, Gy).
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Let m denote the splitting order of E. Then for all n < m, the map
0 : Homy (N”, @a) — Extus(E, Ga)

is injective since X, (E) = {0}. But at n = m, we have X,,,(E) # {0}, and so there is a nonzero character
W € Homy (N™, @a) in the kernel of 9. Write W in terms of the basis of canonical characters V; defined
in (7-5):

V= Xmlpm _Xm—llpm—l — _5“1"1[]5
where )N»i € Rforalli =0,...,m— 1. Then we necessarily have 5»,,, # (0 since X,,—; = {0}. Therefore
we have
W = Am—18Wpoy +- -+ 1199 € Exta(E, Go)g (8-11)
where A; = ):,-/):m foralli =1, ..., m — 1. This implies that the character
Wy — AWy — =AW

is in ker(d) and hence by the main exact sequence (8-3), there exists a unique ®,, € X,,,(E) g such that
Z*G)m :\pm_)\m—l\'pm—l_"'_)\lqjl- (8'12)

It then follows immediately that ®,, is a K-linear basis for X,,(E)k, say by Propositions 7.4 and 8.6.
(We will show in Corollary 9.9 that ®,, actually lies in the group X, (E) of integral characters, and is in
fact an integral basis for it.)

Proposition 8.7. Let m denote the splitting order of E. Then for any j > 0, the character i*(¢p*)’/ ®,,
agrees with W, 1 ; modulo rational characters of lower order, and the elements ©,,, $*©,,, - - -, PO,

are a basis of the K -vector space X, (E)k.

Proof. By Proposition 8.6, each character qbi*@m lies in X,,+;(E) but not in X,,,;_1(E). Therefore they
are linearly independent. In particular, the rank of X, (E) is at least n —m + 1.

At the same time, by Proposition 8.6, each X,,+;(E)/X;+i—1(E) has rank at most 1. Thus the rank of
X, (E) actually equals n —m + 1, and so the elements in question form a K-basis of X, (E)k. U

Do note that this result will be improved to an integral version in Theorem 9.10.

9. Ext groups and de Rham cohomology

We will prove Theorem 1.1 in this section. We continue with the notation from the previous section. In
particular, R is a discrete valuation ring.
We will briefly describe our strategy in the next few lines. Recall from (8-12) the equality

l*®m =V = An—1¥m—1— - — M V¥

where A ; € K. A priori, the elements A ; need not belong to R, but we prove in Theorem 9.8 that they
actually do. This implies that i*®,, lies in Hom4 (N™, @a) and ker(d), and hence by the exact sequence
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(8-3), we have ®,, € X,,(E) —that is, the character ®,, is integral. From there, it is an easy consequence
that X, (E) is generated by ©®,,, ..., @f:_m as an R-module.

To prove Theorem 9.8, which says that all A ; belong to R, requires some preparation. For all n > 1,
we will define maps from Homy4 (N”, Ga) to Ext*(E, @a) which is also interpreted as the de Rham
cohomology from associated to the Drinfeld module E. These maps are obtained by push-outs of J"E
by W € Homy (N", @a). To give an idea, do note that, for every n > 1, there are canonical elements
Ey, € Exty(E, Ga) where the Ey, is a push-out of J"E by W as follows

0—N'— s J"E“ s E—0

| l

A

0 Ga E E 0

as £y, € Exty(E, @a). It leads to a very interesting theory of §-modular forms over the moduli space of
Drinfeld modules and will be studied in a subsequent paper. And similar to previous cases, the main
principles carry over to the case of elliptic curves or abelian schemes as well.

Now we introduce the theory of extensions of A-module group schemes. Given an extension n¢ €
Ext(G,T) and f : T — T’ where G, T and T’ are A-modules and f is an A-linear map we have the
following diagram of the push-forward extension f,C.

0 T C G 0
o]
0 T’ £.C G 0

The class of f,C is obtained as follows — the class of n¢ is represented by a linear (not necessarily

A-linear) function nc : G — T. Then n,c is represented by the class nyc = [f onc] € Ext(E, 7). In

pc) 0
nc er(t)

0®) 0
-1
(f(nc) w(t)) ©-1)

terms of the action of € A, p¢(¢) is given by ( ) where nc : G — T. Then ¢y,c(t) is given by

Now consider the exact sequence
0> N'"— J'E“E—0 (9-2)
Given a W € Homy4 (N”, Ga) consider the push out

0—N'— S J"E“ s E— 0

S

Gy —— EJ, E——0
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where Ej, = (J"E x Ga)/T(N™) and T(N") = {(i(z), —¥(2)) | z € N"} C J"E x G, and ey (x) =
[x,0] € E},.
The Teichmiiller section v : E — J"(E) is an [F,-linear splitting of the sequence (9-2). The induced
retraction
p=1—vou:J"(E)— N"

is given in coordinates simply by p : (xg, ..., x;) — (X1, ..., X,). Let us denote by swii the morphism
on Lie algebras induced by p. Thus we have the following split exact sequence of R-modules

. oam DI Du .
0 —— LieN" —— Lie J"E —— Lie(E) —— 0.

SWitt

Let sy denote the induced splitting of the push out extension

0 — Lie G, —— Lie(E%) — Lie(E) — 0.
sy

It is given explicitly by §y : Lie J*E x Lie G. — Lie G,
Sw(x, y) = DW(swiu(x)) +y

and .
Lie J”E x Lie G,
LieI"(N")

sy :Lie(Ey) = — Lie G,.

Recall that Ext*(E, G,) consists of an extension of A-module schemes together with a splitting s of
the corresponding extension of Lie algebras. (See (8-4) above or [Gekeler 1990a, §5].) Therefore we
have the following morphism of exact sequences

0 — X,(E) —— Homs(N", G,) — Ext(E, G,) (9-3)

l \IJH(E";“SW)J, H

0 —— Lie(E)* — Bxt*(E, G,) — Ext(E, G,) —— 0.

Proposition 9.1. Let © be a character in X, (E), and put © = ¢*©.
(1) The map X, (E) — Lie(E)* of (9-3) sends © to —Dge.
(2) We have gg(x) = go (xé) and

Yo (y) =Ya(p(@i(y))) +ge(myr).

Proof. (1) Let us recall in explicit terms how the map is given. For the split extension E X G, the
retractions Lie(E) x Lie Ga = Lie(E x @a) — Lie Ga are in bijection with maps Lie(E) — Lie @a, a
retraction s corresponding to map x +— s(x, 0). Therefore to determine the image of ®, we need to
identify Ej,  with a split extension and then apply this map to sy,
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A trivialization of the extension EY,_ is given by the map
[C]

=El = E xG,
defined by [a, b] — (u(a), ®(a) + b). The inverse isomorphism H is then given by the expression

H(x,y)=[v(x),y —O(v(x))],
and so the composition £ — E X G, — Ey, — G, is simply —® o v = —gg, which induces the map
—Dge on the Lie algebras.
(2) We have

O(x) = O(B(x)) = Yo (p(p(X) + go (xd +7x1) = (Ve (p($(x))) + go(Tx1)) + go (x).

In other words, we have \il(,o(x)) =We(p(¢d(x))) + go(mxy) and g(xp) = g@(xg). Setting x = i(y), we
obtain the desired result. U

Proposition 9.2. If ¥ € i*¢*(X,,(E)), then the class (E},, sy) € Ext*(E, Ga) is zero.
Proof. Write ¥ = i*¢*®. We know from diagram (9-3) that Ey, is a trivial extension since W lies in

i*X,+1(E). Now by part (2) of Proposition 9.1, we have g¢+e(x9) = g@(xg ) and hence Dgy+e = 0.
Therefore by part (1) of that proposition, the class in Ext*(E, @a) is zero. ]

9A. The F-crystal H(E). The ¢-linear map ¢*: X,,_{(E) — X, (E) induces a linear map X,,_;(E) —
X, (E), which we will abusively also denote ¢*. Here, for any R-module M, we write M’ for its base
change R ®¢ g M via ¢ : R — R. We then define

Hom, (N, Ga)
P¢*(Xn—1(E))
Then u : N"*' — N" induces u* : Homa(N", G,) — Homs(N"+!, G,). And since u*i*¢*(X,(E)) =

Fu*¢* (X (E)) = i*¢*u™ (X, (E)) C i*dp*(Xn+1(E)), it also induces a map u* : H,(E) — H,;(E).
Define

H,(E) =

H(E) =lim H,(E), 9-4)

where the limit is taken in the category of R-modules.
Similarly, § : N"t1 — N induces f* : Homy (N", (f}a) — Homy (N, Ga), which descends to a
¢-linear morphism of R-modules
f*: Hy(E) > Hyy1(E)

because we have f*i*¢p*(X,—1(E)) = i*¢*¢*(Xn—1(E) C i*¢p* X, (E). This then induces a ¢-linear
endomorphism {*: H(E) — H(E).
Finally, let I,,(E) denote the image of 0:

I,(E) = im[Hom(N", G,) —2> Ext4(E, Gy)]. (9-5)
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So Hom(N", @a)/Xn(E) ~ I,(E). Then u induces maps u* : I,(E) — I, (E), and we put
I(E) =lim I,,(E), (9-6)
where again the limit is taken in the category of R-modules.
Proposition 9.3. The morphism
u*: Hy(E)® K — Hy1(E)® K
is injective. For n > m, it is an isomorphism.
Proof. Consider the following diagram of exact sequences:
0 0

K (g7 0) — T K (W, 1)

* sk

0 —— X, (E)y ——— Homy (N"*!, Gy)x — Hy 1 (E)x — 0

u* u* u*]\

00— X, 1((E)y — 2 Homy(N", G)x —— Hy(E)x ——0

0 0

The cokernel of each of the left two maps labeled u™ is of the displayed form by Propositions 7.4 and 8.7. If
n <m, the expression K (¢°"~™"®) is understood to be zero. The map i*¢* : K (¢°"~"™ ) — K (V1)
is injective, by Proposition 8.6. Therefore the map u* : H,(E)x — H,1i(E)k is also injective. It is an
isomorphism if n > m, because K (¢°(”_m)*®) is 1-dimensional and hence the map

l*¢* . K<¢o(n—m)*®>/_) K(lpn+]>
is an isomorphism. U

Corollary 9.4. We have
K{Wy,...,¥ ifn <m,
H(E)@ K ~ | e W) i =m
KWy, ...,¥,) ifn>m.
Do note that we will promote this to an integral result in Section 9B. But before we get there, we will

need some preparation.
Proposition 9.5. We have

K, ...,¥,) ifn<m-—1,

I,(E K ~
B {le,...,\vm_n ifn=m—1.
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Proof. The case n <m — 1 is clear. So suppose n > m — 1. Then Hom, (N/, @a)@)K has basis ¥y, ..., ¥;,
and X, (E) ® K has basis ©,,, ..., (¢""™)*®,,. Since each (¢/)*®,, equals W, ; plus lower order
terms, K (¥, ..., ¥V,,—1) is a complement to the subspace X, (E) of Homy, (N", @a). Therefore the map
d from K(\V¥y, ..., ¥, _1) to the quotient I,,(E) is an isomorphism. (|

Finally the morphism Hom4 (N", Ga) — Ext*(E, @a) of diagram (9-3) vanishes on ¢*(X,_{(E)), by
Proposition 9.2, and hence induces a morphism of exact sequences

0 TR H,(E) ——— L[,(E) —— 0 9-7)

‘| LD

0 — Lie(E)* — Ext!(E, G,) — Ext(E, G,) —— 0

where as in (9-5), I,,(E) denotes the image of 0 : Hom(N", @a) — Exts(E, Ga).

Proposition 9.6. The map ® : H,(E) ® K — Ext*(E, @a) ® K is injective if and only if y # 0, where
y € R is defined as in Proposition 8.5.

Proof. 1t is enough to show that Y is injective if and only if y # 0. By Proposition 8.7, the class of ®,,
is a K-linear basis for (X,(E)/¢*(X,—1(E)")) ® K, and so it is enough to show @ is injective if and
only if Y(®,,) # 0. As in (8-8), write ®,, = Vg, + go,,- Then by Proposition 9.1, it is enough to show
gém (0) # 0 if and only if y # 0. But this holds because by Proposition 8.5, we have y = gém 0. O

Lemma 9.7. Consider the ¢-linear endomorphism F of K™ with matrix

00...0 wun
10 0 mm—1
01 0 mm—2

00 1 M1
for some given i, ..., Wy € K. If K™ admits an R-lattice which is stable under F, then we have
M1y -ees Um €R.

Proof. We use Dieudonné—Manin theory. Without loss of generality, we may assume that R/ R is
algebraically closed. Let P denote the polynomial F” —p F"~! —...—u,, in the twisted polynomial ring
K{F}. Then by [Laumon 1996, B.1.5, p. 257], there exists an integer r > 1 and elements By, ..., B, €
K (r/7) such that we have

P=(F—-p1) - (F—PBnw
in the ring K (rV/"){F} with commutation law Frr!/" = 7!/" F. (Note that the results of [Laumon 1996]

are stated under the assumption that the residue field of R is an algebraic closure of [, but they hold
if it is any algebraically closed field of characteristic p.) Since R = K N R[x!/"], it is enough to show
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wi € R['/"]. Therefore, by replacing R [7!/7] with R, it is enough to assume that P factors as above
where in addition all §; lie in K.

Now fix i, and let us show §; € R. Assume f; # 0, the case §; = 0 being immediate. Because the (left)
K{F}-module K™ has an F-stable integral lattice M, every quotient of K™ also has a F-stable integral
lattice, namely the image of M. By [Laumon 1996, B.1.9, p. 360], for each i, the K{F}-module K™ has
a quotient (in fact, a summand) isomorphic to N = K{F}/K{F}(F — V)Y, Therefore N also has a
F-stable integral lattice. But this can happen only if v(8;) > 0, because F sends the basis element 1 € N
to V) e N. U

Theorem 9.8. If E splits at m, then we have L1, ..., Am—1 € R, where the \; are as defined in Section 8C.

Proof. We will prove the cases when y =0 and y # 0 separately, where y is defined as in Proposition 8.5.

Case y =0: When y = 0 we have {*i* = i*¢™*, and hence for all n > 1, this induces a ¢-linear map
§*: I,_1(E) = I,(E) as follows

0 — X, (E) —— Homs(N", Gy) 1,(E) 0

b,

0—— X, 1(E) —— Homy(N* ', G) —2= I, 1(E) —— 0

Let I(E) = lim I,,(E) € Ext(E, @a). Then by Proposition 9.5, the vector space I (E)k has a K-basis

oV, ..., 0W¥,_1, and with respect to this basis, the ¢-linear endomorphism §* has matrix
00...0 A
10 0 X

=01 0 A3
00 1 Ap—i
Since I(E) is contained in Ext(E, Ga), it is a finitely generated free R-module and hence an integral

lattice in I (E)g. But then Lemma 9.7 implies A1, ..., A,y—1 € R.

Case y #0: Let H(E) =lim H,(E). Let us consider the matrix I" of the ¢-linear endomorphism § of
H (E)g with respect to the K-basis Wy, ..., ¥, given by Corollary 9.4. Then by Proposition 8.5 and

(8-12), we have
FP*0, =70, + y ¥

= Wy = A1Vt — - — VD) +y ¥
=" (W) = oA D)¥n — - —dA) W2+ y V1.

Therefore we have

(W) =@ m—1) W + - - - + ¢ (A1) W2 — y W mod i*¢™(X,)
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and hence
00... 0 -y
0 o)
01 0 o)
I'= .
6 0 0 ¢()\m—2)
00 1 ¢()Lm—1)

We will now apply Lemma 9.7 to the operator {* on H (E)g, but to do this we need to produce an integral
lattice M. Consider the commutative square

H(E) —2 S Bxt*(E, G,)

| |
H(E)x —% Ext(E, Gk
Let M denote the image of H(E) in H(E)g. It is clearly stable under {*. But also the maps ®x and j
are injective, by Proposition 9.6 and because Ext*(E, @a) ~ R"; so M agrees with the image of H(E) in
Ext*(E, Ga) and is therefore finitely generated.
We can then apply Lemma 9.7 and deduce ¢ (X;;,—1), ..., ¢ (A1) € R. This implies A,;,—1,..., A1 € R,
since R/m R is a field and hence the Frobenius map on it is injective. (]

Corollary 9.9. (1) The element ©,, € X,,(E)g lies in X,,(E).
(2) For n = m, all the maps in the diagram

X, (E)/ X1 (E) - X,1(E)/ X, (E)

Jr |+

Hom (N, G,)/Homu(N"~', Gy) —— Homa (N"*', G,)/Homu (N, Gy)

are isomorphisms.

Proof. (1) By Theorem 9.8, the element i*®,, of Hom4(N"™, Ga)K actually lies in Homy4 (N™, Ga), and
therefore by the exact sequence (8-3) we have ©®,, € X,,(E).

(2) By Proposition 8.6, we know f* is an isomorphism.

Also by Proposition 8.6, the maps i* are injective for all n > m. So to show they are isomorphisms, it
is enough to show they are surjective. The R-linear generator W,, of Hom4 (N”", Ga) /Homy (N" 1, Ga)
is the image of ®,,, which by part (1), lies in X, (E). Therefore i* is surjective for n = m. Then because
f* is an isomorphism, it follows by induction that i * is surjective for all n > m.

Finally, ¢* is an isomorphism because all the other morphisms in the diagram are. U

We knew before that i *(¢/)*®,, agrees with W, ; plus lower order rational characters, but the corollary
above implies that these lower order characters are in fact integral.
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Theorem 9.10. Let E be a Drinfeld module that splits at m.
(1) For any n = m, the composition
X, (E) — Homu(N", G,) — Homa(N", G,)/Homs (N" ", G,) (9-8)
is an isomorphism of R-modules.
(2) X, (E) is freely generated as an R-module by ®,,, ..., (¢*)" 7" O,,.

Proof. (1) By Corollary 9.9, the induced morphism on each graded piece is an isomorphism. It follows
that the map in question is also an isomorphism.

(2) This follows formally from (1) and the fact, which follows from Corollary 9.9, that the map (9-8)

sends any (¢*)/®,, to W,,, ; plus lower order terms. O

9B. H(E) and de Rham cohomology. Collecting the results above, we can now prove Theorem 1.2.
Let m denote the splitting order of E, as defined in section 8. We have isomorphisms

R(\l/l,...,\l!m_l)zHomA(N’"_],@a)l)I,,(E) and R(\lfl,...,\lfm):HomA(N’",Ga)l)H,,(E)
for n > m, and hence in the limit
R(W,...,¥,,_1) = I(E) and R(¥,,...,V¥,) == H(E)

And so the K-linear bases of K ® I(E) and K ® H (E)— the ones respect to which the action of §* is
described by the matrices I'g and I" in the proof of Theorem 9.8 — are in fact R-linear bases of I(E)
and H(E).

We also have isomorphisms for n > m

R(©y) = Xn(E) = X,(E)/¢"(Xu-1(E)).

Combining these, we have the following map between exact sequences of R-modules, as in (9-7):

0—— X, (E) H(E) I(E)——0
o o [
0 —— Lie(E)* —— Ext’(E, G,) —— Ext(E, G,) —— 0

where T sends ®,, to y/m (in coordinates). It follows that @ is injective if and only if y £ 0.

10. Computation of A; and y in the rank 2 case

In this section, we compute A and y for Drinfeld modules of rank 2, the first nontrivial case. Recall
from (8-8), Proposition 8.5(1), and (8-12) that we have

Oy = W (x', x”) — AW, (x') + 'y x + (higher-degree terms in x) (10-1)
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assuming the splitting number m is 2. The result below shows that A; and y depend on the higher Buium
derivatives a;, a;, ... of the modular parameters g;, and not only on the modular parameters themselves.
So it seems that our F-crystal H is not determined by the classical realizations, such as the crystalline
realization or the Tate module, in any straightforward manner.

Theorem 10.1. Let A = [F,[v] with g > 3, let t € A be an irreducible polynomial of degree f, and let E
be a Drinfeld module over R satisfying

or)(x) =mx +arx? +ax? . (10-2)

Then we have
A= (=D w@ @ =D gy’ g e’ ey T mod

where w = alaz_l, and

Tafar i f=1,
y mod 7%= —mAi/ay ifa;=0modrm and f =2,
0 ifa; #0 mod & or f > 3.

Observe that when g (¢)(x) is of the form mwx + ax? + xqz, which is always true after changing the
coordinate x (perhaps passing to a cover of §), we have the simplified forms

A= (=1)fa@ @ =D sy mod (10-3)
miifa if f=1,
ymodn?=1{—-7, ifa=0modx and f =2, (10-4)
0 ifa%0 modmw or f > 3.

Proof. Let 91 : N' — G, be the isomorphism defined in Theorem 6.2. Then ®; = t° mod 7. Also
v induces the isomorphism (¢), : Ext(E, N Y — Ext(E, @a). In order to determine the action of A
on J'E and J2E we need to determine how ¢ acts on the coordinates x” and x”. Now we note that
J'E >~ W, can be endowed with the §-coordinates (denoted [z, Z/, z”,...]) or the Witt coordinates
(denoted (zo, 21, 22, - - .)) and they are related by the following in J ’E by Proposition 3.2

[z.2,21=(z. 2. 2" + n972()9). (10-5)
Taking mr-derivatives of both sides of (10-2) using the formula
S(axt’y = a'x4 + ¢(a)rr‘1i_1(x/)qi,
we obtain

o) (x) = 7'x8 +a)x9 + x4 7 x + g (a7 () + plan) T ()T (10-6)
and

o()(x") = 7"x + /x99 + afx4’% + {terms with x” and x"}. (10-7)
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Then the A-action ;15 : A — End(J'E) is given in Witt coordinates by the 2 x 2 matrix

@) 0 )

boet) = (UJIE on1 (1)

where 7,1z = 7'x9 4+ a|x% 4+ ajx?4. By (10-7) and (10-5), the A-action A — End(J2E) is given by
the (1 4+2) x (14 2) block matrix

_(ee@) O
vrp()= (ﬁJZE <PN2(I))

where (using (10-5)) n ;2 is the column vector

7'xq +ajx —i—aéxqz’2
77]2E = ~2 A2 22
A@)x? + Ala)x?T + Aaz)x T

and where A(y) = y" 4+ 7972(y)4.
Now we will consider two cases:

(1) Consider ny, ;1) € Ext(E, Ga) which is the image of W under the connecting morphism
Hom(Gy, Ga) —2> Ext(E, Gy,)

and ¥, =9, :N' —> @a is the isomorphism defined in Theorem 6.2 and satisfies V| = 79 mod 7.

0 N1 JYE E 0

1

0——Gy—— foi(J'E)—s E——0
where 11 = [7'x4 +a1xq‘§ —I—aéxqz‘?] € Ext(E, N'). Hence
N, (J'E) = [/ x4 +a/1xqq —|—a§xq24] € Ext(E,G,) and 8(V¥;) = [x7 +a/1xqq +aéxq24] mod 7.
(2) Now consider ny, (j2g) € Ext(E, G,) obtained as

0 N2 J2E

S

0—— Gy —— fu(J?’E)—— E ——0

Now we have
A A 2/\
7'x? 4 ajx9 4 a)x41
npre=

- - - )} € Ext(E, N?)
A(@)x? + A(a)x97 + Alap)x? 19
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Let F(y) = (y")4 + 7 A(y). Then applying W, = 9 o f and f(z1, z2) = Zfl} + 75, we have
(W) = g, 2p) = [ (FOT + Fa)x® + Fap)xT")] € Bxy(E, G,)
d(W) = [F(m)x" + Fax9? + F(a)x? '] mod
= [(71’)‘§x‘§2 + (a;)‘?xq‘}2 + (aé)’ixqzéz] mod 7
= x4 + (ai)‘}xqé2 + (aé)éxqz‘}z] mod 7.

Recall [Gekeler 1990a, §5] that the map R{r}A+ Ext(E, @a) given by n +— [n] is surjective and the
kernel consists of the inner derivations, which is to say all 5 of the form

To—aogg(t),

for some « € R{t}. Let us now work out these relations explicitly for @ = 7°, ¢!, 2. If « = ¢/, with

J =0, we get the relation
nt) =ti(r +ait! + art?)

Li+2 a;‘fj[(n — 7y — aflf-",jﬂ]
rit2 = —(czlczgl)”’jrj+1 mod
and hence we have by induction the relations
i+ = (=) w@ /@Dl mod (10-8)
where w = alagl, foralli > 0.
Therefore writing § = ¢/, we have
A(Wy) =x9 +a| x99 + afx4
=x +ajxt" ¢ ajx?""
=t/ 4 ajt/ T 4 a)r /T2

vegg 2 f-1 f=14.f
= (—1)/ !0 —aw? T +aw? !

and N - o
(W) = x4 4+ (ai)qxqq + (aé)qxq q
=72+ (ai)qfr2er1 + (aé)‘fftzf+2
= (= D2yt @y w4 (@)t we T e !
= (=12t (gl ghwe’ T e e
and hence
b= % = (=) w4 = w4 gt " mod

f=1 ciigg 1 f=1 f14gf\gf =
= (=D w? 0 —giw? T +abw? T T mod

= (_1)fw(qf;l(qf_l))/(q—l)(1 _a/lwqf;l +aéwqf-,1+qf)qf_l odn
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Now we determine y. Write g = g, = _, o; T'. Then from Proposition 8.5, we know y = mag. Now
we will compute «g. Let (zo, 21, 22) := ¢ 25 (¢)(x, 0, 0). Then

O2(@2p(t)(x,0,0) =W¥a(zy, 22) — A1 W1(z1) + g(20)
=1 +722) — M1 (21) + 8(20)

= Z‘f — X121 + g(z0) mod 7

where zo = 7x +a1x? + agxq2 and 7; = /x9 + aixqq + aéxqzq. On the other hand from the A-linearity
of ®; we have

O (p2p()(x,0,0)) = (pGa(t)G)z(x, 0,0) =70s(x,0,0) =0 mod &
and hence z? — X121 + g(zo) =0 mod 7. Substituting zg and z; in, we obtain
0= (n'x? +a|x9 +a§x‘12‘?)‘? —a (x4 a) x99 4 aéxqzé) +g(@x+ax?+ azxqz)
= (07 +a|x99 + ahxT )i — )y (x4 + @) xV + d)x D) + g(arxd + arx?)

Now substitute g(x) = ) =0 J-xq‘f into this and consider the coefficient of x?. If § = ¢, we obtain

A1 = apa; and hence
TA
Yy =moy= - mod 7 2.
aj
If § # g, we obtain aga; =0 and hence y =0 mod 72 if a; #0 mod 7. If a; =0 mod 7, we consider
the coefficient of x¢° which is apay + A1 if f =2 and aga; otherwise. In the case when f =2 we have
a9 =A1/a; mod m since a; is invertible and hence y = —m A /a; mod 2. When f>3wehaveay=0

mod 7 and hence the result follows. O
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