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Algebraic monodromy groups
of [-adic representations of Gal(Q/Q)

Shiang Tang

In this paper we prove that for any connected reductive algebraic group G and a large enough prime /,
there are continuous homomorphisms

Gal(Q/Q) - G(Q)

with Zariski-dense image, in particular we produce the first such examples for SL,, Sp,,, Spin,,, E¢°
and EZ°. To do this, we start with a mod-/ representation of Gal(Q/Q) related to the Weyl group of G
and use a variation of Stefan Patrikis’ generalization of a method of Ravi Ramakrishna to deform it to
characteristic zero.

1. Introduction

For a split connected reductive group G and a prime number /, it is natural to study two types of continuous
representations of I'g = Gal (Q/Q): the mod / representations

p:Ta— G(F)
and the /-adic representations
p:Ta—> G(Q)

where we use the discrete topology for G(F;) and the [-adic topology for G(@Q;). Mod I representations
of I'g are closely related to the inverse Galois problem for finite groups of Lie type, which asks for the
existence of surjective homomorphisms p : I'g — G (k) for k a finite extension of [F;. It is still wide open,
even for small groups such as SL;. If we replace I'g by I'r for some number field F, it is not hard to
show that every finite group is a Galois group over some number field, but if we insist on I'g then the
problem becomes very difficult. On the other hand, we can ask for its analogs in the /-adic world:

Question 1. Are there continuous homomorphisms p : 'g — G (Q,) with Zariski-dense image?

We also ask a refined question which takes geometric Galois representations (in the sense of [Fontaine
and Mazur 1995]) into account:

Question 2. Are there continuous geometric Galois representations p : ['g — G (Q;) with Zariski-dense
image?
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This paper gives a complete answer to Question 1. We shall call a reductive group G an /-adic algebraic
monodromy group, or simply an /-adic monodromy group for ['g if the homomorphisms in Question 1
exist, and a geometric /-adic monodromy group for I'g if the homomorphisms in Question 2 exist. We
prove the following theorem which gives an almost complete answer to Question 1:

Theorem 1.1 (Main Theorem). Let G be a connected reductive algebraic group. Then there are continu-

ous homomorphisms

pr:Tg— G(@Q)
with Zariski-dense image for large enough primes l.
The key cases of our main theorem are contained the following theorem:

Theorem 1.2. For a simple algebraic group G, there are infinitely many continuous homomorphisms
pr:Tg— G(@Q)

with Zariski-dense image for | large enough. We impose the condition | = 1(4) for G = B,°, C;°, and
impose | = 1(3) for G = EX’.

Remark 1.3. Patrikis has shown that E%d, Eg, F4, G, and the L-group of an outer form of Egd are
geometric /-adic monodromy groups for ['g, so we will not discuss these cases in the proof of the above
theorem. The congruence conditions on / for G = B;¢, C;¢, E5° can be removed using a theorem proved
by Fakhruddin, Khare and Patrikis [2018]. We record it in Theorem 3.21.

It is shown in [Cornut and Ray 2018] that for sufficiently large regular primes p (i.e., a prime p that
does not divide the class number of Q(x,,)) and for a simple, adjoint group G, there exist a continuous
representation of I'g into G(Q,) with image between the pro-p and the standard Iwahori subgroups of G,
which generalizes a theorem of Greenberg [2016] for GL,,. In particular, the image of the Galois group is
Zariski-dense. Their construction is nongeometric and is very different from ours. It is unknown whether
or not there are infinitely many regular primes, however.

It is an interesting question whether (for instance) SL,, can be a geometric monodromy group for I'g.
The following example shows that Question 2 is more subtle than Question 1, and we should not expect
an answer as clean as Theorem 1.1.

Example 1.4. Assuming the Fontaine-Mazur and the Langlands conjectures (see [Fontaine and Mazur
1995; Buzzard and Gee 2014]), there is no homomorphism p : I'g — SL» (@1) that is unramified almost
everywhere, potentially semistable at /, and has Zariski-dense image.

Proof. In fact, by the Fontaine—Mazur and the Langlands conjectures, if such p exists, then p = p, for
some cuspidal automorphic representation w on GL(Ag). But p is even, i.e., det p(c) = 1, m (the
archimedean component of ) is a principal series representation, and 7 is associated to a Maass form.
Therefore, by the Fontaine—Mazur conjecture, p, has finite image, a contradiction. U
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In contrast, Theorem 1.2 shows in particular that SL, is an /-adic monodromy group for I'g. On the
other hand, SL, can be a geometric /-adic monodromy group for I'r for some finite extension F /(.

Example 1.5. Let f be a non-CM new eigenform of weight 3, level N, with a nontrivial nebentypus
character €. Such f exist for suitable N, see [LMFDB 2013]. We write E for the field of coefficients of f.
Then for all / and A |/, there is a continuous representation r ¢, : I'q — GL»(E;) which is unramified
outside {v : v | NI} and Tr(r s, (Fr,)) = a, for p not dividing NI, with a, the p-th Hecke eigenvalue
of f. We have det(ry,;) = k2 where « is the [-adic cyclotomic character. By a theorem of Ribet [1985,
Theorem 2.1], for almost all , 7 s, (I'g) contains SL, (k) for a subfield k of k; (the residue field of Ej).
It follows that r ; has Zariski dense image. If we let F be a finite extension of @ that trivializes ¢, then
the image of r’ := k! -1yl lands in SLy(E;) and is Zariski-dense.

The classical groups GSp,,, GSO,, are known as geometric /-adic monodromy groups. Recent work
of Arno Kret and Sug Woo Shin [2016] obtains GSpin,, | as a geometric /-adic monodromy group
and Nick Katz [2018] constructs geometric Galois representations with monodromy group GL,. On the
other hand, most of the exceptional algebraic groups are known as geometric /-adic monodromy groups,
established in the work of Dettweiler and Reiter [2010], Zhiwei Yun [2014] and Stefan Patrikis [2016].
Patrikis [2016] constructs geometric Galois representations for I'g with full algebraic monodromy groups
for essentially all exceptional groups of adjoint type. Along the way, Patrikis has obtained an extension
to general reductive groups of Ravi Ramakrishna’s techniques for lifting odd two-dimensional Galois
representations to geometric /-adic representations in [Ramakrishna 2002].

For the rest of this section, we sketch the strategy for proving Theorem 1.2, which makes use of
Patrikis’ generalization of Ramakrishna’s techniques but is very different from his arguments in many
ways. For the rest of this section, we assume that G is a simple algebraic group defined over Z; with a
split maximal torus 7. Let ® = ® (G, T') be the associated root system. Let O be the ring of integers of
an extension of @; whose reduction modulo its maximal ideal is isomorphic to k, a finite extension of [;.
We start with a well-chosen mod / representation and then use a variant of Ramakrishna’s method to
deform it to characteristic zero with big image. Achieving this is a balancing act between two difficulties:
the inverse Galois problem for G (k) is difficult, so we want the residual image to be relatively “small”;
on the other hand, Ramakrishna’s method works when the residual image is “big”.

Let us recall a construction used in [Patrikis 2016]. Patrikis uses the principal GL, homomorphism to
construct the residual representation

p: Lo —> GLy(k) % G (k)

for 7 a surjective homomorphism constructed from modular forms and ¢ a principal GL, homomorphism
(for its definition, see [Serre 1996; Patrikis 2016, Section 7.1]). But the principal GL; is defined
only when p" (the half-sum of coroots) is in the cocharacter lattice X,(7'), which is not the case for
G =SLy,, Sp,,,, E5°, etc. On the other hand, the principal SL is always defined but it is not known whether
SL, (k) is a Galois group over QQ and the surjectivity of 7 is crucial in applying Ramakrishna’s method.
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For this reason, we use a different construction. To simplify notation, we use G, T to denote G (k), T (k),
respectively. We consider the following exact sequence of finite groups, which we shall refer to as the
N-T sequence:

1->T— Ng(T) Z>W—>1

where W = Ng(T)/T is the Weyl group of G. We want to take N = N5 (T) as the image of the residual
representation p. It turns out that the adjoint action of N on the Lie algebra g over k decomposes into at
most three irreducible pieces (Corollary 2.2), which is very good for applying Ramakrishna’s techniques.
It has been known for a long time that WV is a Galois group over @, but what we need is to realize N as a
Galois group over Q. A natural approach would be solving the embedding problem posed by the N-T
sequence, i.e., to suppose there is a Galois extension K /Q realizing W, and then to find a finite Galois
extension K'/Q containing K such that the natural surjective homomorphism Gal (K'/Q) — Gal (K /Q)
realizes w : N — W.

This embedding problem is solvable when the sequence splits, by an elementary case of a famous
theorem of Igor Shafarevich, see [Serre 1992, Claim 2.2.5]. In [Adams and He 2017], the splitting of the
N-T sequence is determined completely; for instance, it does not split for G = SL,;, Sp,,,, Spin,,, E7. We
find our way out by replacing N with a suitable subgroup N’ for which the decomposition of the adjoint
representation remains the same, then realizing N’ as a Galois group over @ with certain properties, see
Sections 2A3-2A6. Finally, we define our residual representation p to be the composite

g =N — G=G®k)

where the first arrow comes from the realization of N’ as a Galois group over @ and the second arrow
is the inclusion map. We write p(g) for the Lie algebra g/ k equipped with a ['g-action induced by the
homomorphism

o 2> G A GL(g).

Now we explain how to deform p to characteristic zero. This is the hardest part. For a residual
representation

p:Tg— Gk)

unramified outside a finite set of places S containing the archimedean place and a global deformation
condition for p (which consists of a local deformation condition for each v € S), a typical question in
Galois deformation theory is to find continuous /-adic lifts

p:Tg— GO)

of p such that for all v, p|r,, (we fix an embedding Q — Q,) satisfies the prescribed local deformation
condition at v. If this can be done, then we can make the image of p Zariski-dense in G (Q;) by specifying
a certain type of local deformation condition at a suitable unramified prime.
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Ravi Ramakrishna [2002] has an ingenious method for obtaining the desired lifts, which has been
generalized and axiomatized in [Taylor 2003; Clozel et al. 2008; Patrikis 2016] and others. By the
Poitou—Tate exact sequence, if the dual Selmer group

Hj, (Ta.s, p(g)(1))

associated to the global deformation condition for p vanishes, then such lifts exist. Here £ and £ are the
Selmer system and dual Selmer system of tangent spaces and annihilators of the tangent spaces under the
Tate pairing of the given global deformation condition, respectively. Ramakrishna discovered that if one
imposes additional local deformation conditions of “Ramakrishna type” in place of the unramified ones
at a finite set of well-chosen places of Q disjoint from S, then the new dual Selmer group will vanish.
However, this technique is very sensitive to the image of p, which has to be “big” to make things work;
if p(g) is irreducible then all is good, but finding such a p can be very difficult. In practice, we would
prefer those p for which p(g) does not decompose too much. Unfortunately, the form of Ramakrishna’s
method in [Patrikis 2016] (see Theorem 3.4 and its proof for an account of this) does not work for our p.
Inspired by the use of Ramakrishna’s method in [Clozel et al. 2008], we surmount this by making
two observations. For our p, p(g) decomposes into p(t) (the Lie algebra of T over k equipped with an
irreducible action of p(I'g)) and a complement (see Corollary 2.2). Our first observation is that if

H}(Ta.s, p(4)

(see Definition 3.7) vanishes, then we can kill the full dual Selmer group using Ramakrishna’s method;
moreover, we cannot find an auxiliary prime w ¢ S at which the Ramakrishna deformation condition (see
Definition 3.1) satisfies

hy i e (Ca,suw, 5@D) < hyp (Pas, A@)(1))

when HE(F@,S, o (1) £ {0}. But it is hard to achieve HE(F@,S, o)) = {0} in general.
Our second observation is as follows: suppose that 0 # hy(Tg.s. 5() < h}., (Pa,s, p(t)(1)) (the
inequality is easy to guarantee), and let ¢ be a nontrivial class in H é 1 (Ta.s, p(H)(1)). We can then find

Ram, L
Lw

an auxiliary prime w ¢ S with a Ramakrishna deformation ZRa™ such that blrg, ¢ , which implies

hy s (C@ 50w, BO1) < sy (Ca,suw, HOD)),

where L, is the intersection of Liam and the unramified condition at w. It turns out that (see the proof of
Proposition 3.13) the right side of the inequality equals hlﬁ 1 (Ta.s, p(H)(1)); then a double invocation of
Wiles’ formula gives

Iy (Ca,suw. P®) < hp(Tas, p().

By induction, we can enlarge £ finitely many times to make H é(F@,S, o (1)) vanish, which in turn allows
us (see the proof of Theorem 3.16) to enlarge £ even further to make HZ . (T'a,s, p(g)(1)) vanish, as
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remarked in the first observation. Thus we obtain an [-adic lift p : I'g — G(O) satisfying the prescribed
local deformation conditions.

The above variation of Ramakrishna’s method is devised very specifically for the residual represen-
tation we construct. We do not know how to generalize these ideas to the case of an arbitrary residual
representation.

Remark 1.6. For technical reasons, our method does not work for SL;, SL3, Spiny; see Proposition 2.9
and Remark 2.14. Nevertheless, an easy variant of Ramakrishna’s original method applies to SL,, Patrikis’
extension of Ramakrishna’s method applies to SL3 and Spin;. Patrikis’ method also applies to E¢° with
minor modifications, and we use it in this paper. Our method should work for E¢° as well, modulo an
instance of the inverse Galois theory, but we do not pursue it here.

Notation. For a field F (typically Q or Q,), we let I'r denote Gal (F/F) for some fixed choice of
algebraic closure of F of F. When F is a number field, for each place v of F we fix once and for all
embeddings F — F,, giving rise to inclusions I'r, — I'r. If S is a finite set of places of F'. we let I'r ¢
denote Gal (Fs/F), where Fg is the maximal extension of F in F unramified outside of S. If v is a place
of F outside S, we write Fr, for the corresponding arithmetic frobenius element in I'r s. When F = Q,
we will sometimes write I', for ', and I's for I'g, 5. For a representation p of I'r, we let F'(p) denote
the fixed field of Ker(p).

Consider a group I', aring A, an algebraic group G over Spec(A), and a homomorphism p : I' = G(A).
We write g for both the Lie algebra of G and the A[G]-module induced by the adjoint action. We let p(g)
denote the A[I']-module with underlying A-module g induced by p. Similarly, for a A[G]-submodule M
of g, we write p(M) for the A[I"']-module with underlying A-module M induced by p.

We call an algebraic group simple if it is connected, nonabelian and has no proper normal algebraic
subgroups except for finite subgroups. It is sometimes called an almost simple group in the literature.
Consider a simple algebraic group G, we write G* and G for the simply connected form and adjoint
form of G, respectively.

Let O be the ring of integers of a finite extension of (J;. We let CNL denote the category of complete
noetherian local O-algebras for which the structure map @ — R induces an isomorphism on residue fields.

All the Galois cohomology groups we consider will be k-vector spaces for k a finite extension of [F;.
We abbreviate dim H"(—) by A" (—).

We write « for the /-adic cyclotomic character, and k for its mod / reduction.

2. Constructions of residual representations

In this section, we construct residual representations
p:Tag—> GF)

for G a simple, simply connected algebraic group.
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2A. Constructions based on the Weyl groups. Let k be a finite extension of ;. We consider the group
of k-points of the normalizer of a split maximal torus of G and hope to realize it as the Galois group of
some extension of Q.

2A1. Some group-theoretic results. We recall a property of the Weyl group of an irreducible root
system .

Lemma 2.1. The Weyl group W acts irreducibly on the C-vector space spanned by ® and transitively on
roots of the same length.

Let G =G (k) and T = T (k), a maximal split torus of G. Let ® = &(G, T) and N = Ng(T).

Corollary 2.2. For any o, € ® of the same length, there exists w € N such that Ad(w)g, = gg. The
adjoint action AA(N) on g decomposes into submodules t and

do = Zga

aed

when @ is simply laced, and is the direct sum of t,

g1 = Z Ja>

aed, o is long

s = Z [V

acd, o is short

and

otherwise.

Moreover, as an N-module, t is irreducible, and go, g9;, g5 are irreducible if | is sufficiently large.

Proof. 1t suffices to show that go, g, gs are irreducible N-modules. We will only show that g¢ is
irreducible, for the other two cases are similar. Take a nonzero vector X € gg, write X = lei < Xi
where 0 # X; € g,, for some distinct roots o, a2, . . ., o € ®. Since / is sufficiently large, we can choose
t € T such that a(t), « € ® are all distinct. We have

ad(t)X =) o (1)/ X;

where 0 < j <k — 1. As the X;’s are linearly independent and the determinant of the coefficient matrix is
nonzero,
X, ad(r)X, ad(t*)X, ..., ad(t* X

are linearly independent and hence they span the same subspace as X, ..., Xi do. In particular, X; € g,
belongs to the N-submodule of g generated by X. Because N acts transitively on the set of root spaces,
it follows that X generates g¢. Therefore, g¢ is irreducible. O

Remark 2.3. Corollary 2.2 remains valid for a subgroup N’ of N that maps onto a subgroup W’ of W
acting transitively on roots of the same length.
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2A2. Some results in the inverse Galois theory. We record some elementary results (with proofs) about
inverse Galois theory, some of which are modified in order to satisfy our purposes. See Serre’s lecture
notes [1992] for details.

Theorem 2.4. For n > 2, there are infinitely many polynomials with Q-coefficients that realize the
symmetric group of n letters S, (or the alternating group of n letters A,) as a Galois group over Q.
Moreover, for S, (or for A, with n > 4), the polynomial can be chosen to have at least a pair of nonreal
roots.

Proof. See [Serre 1992, Sections 4.4 and 4.5]. For the last part, we consider the polynomial f(X, T)
on page 42 of [loc. cit.]. For any rational value of T, it has at most three real roots by inspection, so
it must have at least a nonreal root when n > 4. For n =2, 3, it is easy to find such polynomials. The
demonstration for A, is similar, see the polynomial (X, T) on page 44. O

The next result is an elementary case of a theorem of Igor Shafarevich, which will be used frequently
in our constructions:

Theorem 2.5. Let G be a finite group. Suppose that there is a finite Galois extension K /Q such that
Gal(K/Q) = G. Let H be a finite abelian group with exponent m. Suppose that there is a split exact
sequence of finite groups

1-H—S—>G—1.

Then there is a finite Galois extension M /Q containing K such that the natural surjective homomorphism
Gal(M/Q) — Gal(K /Q) realizes the surjective homomorphism S — G. In other words, a split embedding
problem with abelian kernel always has a proper solution.

Moreover, for any prime [ that is outside the ramification locus of K /Q and prime to m, we can choose
M so that | is unramified in M.

Proof. The argument is a minor modification of the proof of [Serre 1992, Claim 2.2.5]. Put L =
K (). H can be regarded as a m-torsion module on which Gal (L/Q) acts. So there is a finite free
(Z/m7Z)[Gal (L/Q)]-module F of which H is a quotient. Suppose that r is the number of copies of
(Z/mZ)[Gal (L/Q)] in F. Let S’ be the semidirect product of Gal (L/Q) and F. To solve the embedding
problem posed by 1 - H — S — G — 1, it suffices to solve the embedding problem posed by

- F— S — Gal(L/Q) — 1.

Claim. There is a Galois extension M’/Q that solves the above embedding problem. Moreover, for any
prime [ that does not divide m and is outside the ramification locus of K /@Q, we can choose M’ so that [
is unramified in M.

To see this, we choose places vy, ..., v, of () away from [ such that v; splits completely in L. Let w;
be a place of L extending v;, 1 <i <r. Any place of L extending v; can be written uniquely as o w; for
some o € Gal (L/Q). Let wg be a place of L extending [. For 1 <i <r, choose 6; € O such that for
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0<j=<r,(ow;))=1ifo =1andi = j and O if not. The existence of ; follows from the weak

approximation theorem. Let
M =L({ob;|o€Gal(L/Q),1<i<r),

which is Galois over Q, being the composite of L and the splitting field of the polynomial
[T]]a™ o6 eair.
i o

It is easy to see that Gal (M’/L) is isomorphic to F as Gal (L/@Q)-modules. In fact, for each i there is an
isomorphism

¢i : Gal(L(¥/o6; | o € Gal (L/Q))/L) = (Z/mZ)[Gal(L/Q)].

For an element g on the left side and any o € Gal (L/Q), g(/06;) =&y - /0 0; for some &y € oy =27/ m2.
We then define

$i(8) =Y {0 € (Z/mZ)[Gal (L/Q)].

It is clear that ¢; is an isomorphism by our choice of 6;. It follows that Gal (M’/L) = F by linear
disjointness.
Therefore, we obtain an exact sequence

1 - F — Gal(M'/Q) — Gal(L/Q) — 1.

Since F = Indgy “/® Z/mZ, by Shapiro’s lemma, H*(Gal (L/Q), F) = H>({1}, Z/mZ) = {0}, hence
the sequence splits. Thus, Gal(M'/Q) = §'.

It remains to show that / is unramified in M’. For any o in Gal (L/Q) and for any i, wy is unramified
in L(%/00;), because wo(o6;) =0 and [ does not divide m. So wy is unramified in their composite M.
On the other hand, / is unramified in K by assumption and is unramified in Q(u,,) since [ does not
divide m, so [ is unramified in L. It follows that / is unramified in M’, proves the claim.

Finally, letting M be the fixed field of the kernel of the natural surjective homomorphism " — S, we

obtain a solution to the original embedding problem. O

2A3. SL,. Let G =SL,(k), so W= S,.. By [Adams and He 2017], the N-T sequence splits only when
n is odd. We consider the subgroup W' = A,, of W. Let T be the maximal torus of diagonal elements in
SL, (k) and let ® be ®(G, T).

Lemma 2.6. Suppose n > 4. Then A,,, as a subgroup of W, acts transitively on ®.
Proof. This follows from the fact that A,, acts doubly transitively on {1, 2, ..., n}if and only if n > 4. [J
Let N' =7~ (W), where 7 is the natural map from Ng(T) to W.

Lemma 2.7. The following exact sequence of finite groups splits:

1-T—>N ->W > 1.
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Proof. We think of A, as a subgroup of N = Ng(T') by realizing it as the group of n x n even permutation
matrices. Then A, normalizes T and N’ is a semidirect product of them. (Il

Let [ be large enough. Since T is abelian of exponent |k| — 1 which is prime to /, by Theorems 2.4
and 2.5, there is a surjection 'g — N’ which is unramified at /. Moreover, by choosing a rational
polynomial with nonreal roots that realizes A, as a Galois group over , we can make the complex
conjugation map to an element away from the center of G. Define p to be the composite

g — N = SL, (k).

Remark 2.8. It is trickier to realize N as a Galois group over (2. This can be reduced to realizing the
“Tits group” T of SL, as a Galois group. 7 can be identified with the group of n x n signed permutation
matrices with determinant one, which is an index two subgroup of the group of n x n signed permutation
matrices. The latter is isomorphic to the Weyl group of type B, hence known to be a Galois group over Q.
As the N-T sequence splits if and only if n is odd, by Theorem 2.5, 7 can be realized over Q for n odd.
When 7 is even, this problem is open except for small 7, as far as the author knows.

Let g = sl,, (k).
Proposition 2.9. For [ sufficiently large and n > 4, p(g) decomposes into irreducible I"g-modules p(t)
and p(go).
Proof. This follows from Corollary 2.2 and Remark 2.3. (]

There remains the case when G is SL, or SL3. For SL3, see Section 2B. For SL,, see Section 4B3.

2A4. Sp,,. Let G = Sp,, (k), then W is isomorphic to a semidirect product of S, and D := (Z/27)".
We fix a maximal split torus T in Sp,, (k). The N-T sequence does not split by [Adams and He 2017].

Lemma 2.10. Consider the N-T sequence for Sp,,. The group S, C W has a section to N, whereas
D C W does not have a section to N but there is a subgroup D of N such that n(D)=Dand D= (Z/47)".
Moreover, as subgroups of N, S, normalizes D and S, N\ D = {1}.

We let W be the subgroup of N generated by S, and D.

Proof. Let V = k*" be the 2n-dimensional vector space over k endowed with a nondegenerate alternating

form (-, -). We may choose a basis

/

/
€1, ....en, e, ...,e,

of V such that (e;, e;.) =1 if and only if i = j, and that (e;, e;) =0, (¢}, e}) =0 for all 7, j. The Weyl
group of Sp,,, is isomorphic to the semidirect product of the group S,,, which acts by permuting ey, .. ., e,,
and the group D := (Z/27)", which acts by e; — (£1);e;. There is an inclusion S, — Sp,, (k) (which
is a section to N — W) given as follows: Vo € S,, o permutes e, ..., e, and e}, ..., e, by permuting
the indices, which defines an element in Sp,,, (k). There is no such inclusion for D. However, we can
define a 2-group D which embeds into Sp,, (k) as follows: for 1 <i <n, let d; be an endomorphism of
V such that d;(e;) = —e., d;(e.) = e;, and d; fixes all other basis vectors. It is clear that d; € Sp,, (k). Let
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D be the subgroup of Sp,, (k) generated by d; for 1 <i <n. Then D = (Z/AZ)". 1t is obvious that (as
subgroups of Sp,,, (k)) S, normalizes D and S, N D = {1}. O

Therefore, by Theorem 2.4 and 2.5, W can be realized as a Galois group over () such that the complex
conjugation corresponds to an element away from the center of G. The group N is generated by W
and T. We have W, normalizes T and W) NT = (Z/27Z)". Let S be the (abstract) semidirect product of
Wi and T. By Theorem 2.5, for / large enough, S can be realized as a Galois group over Q unramified
at /. Composing the corresponding map I'g — S with the natural surjection § — N, we obtain a surjection
I'g — N that is unramified at / and for which the complex conjugation maps to an element outside the
center of G. Define p to be the composite

Tg — N —> Sp,, (k).
Let g = sp,, (k). The root system ® of g is not simply laced.

Proposition 2.11. For [ sufficiently large, p(g) decomposes into irreducible T'q-modules p(t), p(g;)
and p(gs).

Proof. This follows from Corollary 2.2. ]

2AS. Spin,, and Spin,, . ;. For spin groups, the N-T sequence does not split by [Adams and He 2017].
For G = Spin,,,, W is isomorphic to a semidirect product of S, and D := (Z/2Z)"~! and we let W' be
the subgroup generated by A, and D. For G = Spin,, |, W is isomorphic to a semidirect product of
Sy and D := (Z/27)" and we let W’ be the subgroup generated by A, and D. Similar to the symplectic
case, we will show that N’ = 7 ~!(W’) is a Galois group over Q.

Lemma 2.12. Consider the N-T sequence for G = Spin,, (k) or Spin,, | (k). The map 7 YA, — A,
admits a section, and there is a nilpotent subgroup D of N such that (D) = D. Moreover, as subgroups
of N, A, normalizes D and we let W) be their product.

Proof. Let G := SOy, (k) or SOy,4+1(k). We have the standard homomorphism i : GL,(k) — G,
which restricts to a homomorphism S, — G. Let GL, (k) be the pullback of i along the covering
map G — G. It is a two-fold central extension of GL, (k), which can be identified with the group
of pairs (g, z) with g € GL,,(k), z € k*, such that det g = z2, where the multiplication is defined by
(g1, z1) - (g2, 22) = (2182, 2122). A subgroup H of GL, (k) has a section in GIH (k) if and only if the
restriction of det to H is the square of a character of H. In particular, taking H = A,,, we see that A, has
a section to éin (k). It follows that 7 ~'(A,) — A, admits a section.

The map 7! (D) — D has a section, where 1 is the natural map Ng(T) — W; this follows from
[Adams and He 2017, Theorem 4.16], or can be seen directly from an elementary matrix calculation. Let
D C G be the preimage of D C G under the covering map G — G. As D is abelian, [D, D1=Z(G) = u».
In particular, D is nilpotent.

Finally, because A, normalizes D in G, A, normalizes DinG. U
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Therefore, by Theorem 2.4 and Shafarevich’s theorem (the group D is nilpotent, see [Neukirch et al.
2000, IX, Section 6] for Shafarevich’s theorem), W, can be realized as a Galois group over @ such that
the complex conjugation corresponds to an element outside the center of G. Let N’ be the subgroup of G
generated by Wj and T (W, normalizes T). Let S be the (abstract) semidirect product of W, and T. By
Theorem 2.5, for [ large enough, S can be realized as a Galois group over (2 unramified at /. Composing
the corresponding map I'g — S with the natural quotient map S — N’, we obtain a surjection

I'g—» N’

that is unramified at / and for which the complex conjugation maps to an element outside the center of G
(since the complex conjugation corresponds to an element outside the center of G in the realization of
W as a Galois group over Q). For G = Spin,, or Spin,, , |, define p to be the composite

I'g — N —5 G(k).

Let g be the Lie algebra of G (k). The corresponding root system @ is simply laced if G = Spin,,, and
is not if G = Spin,, , ;.
Proposition 2.13. For [ sufficiently large and n > 4, p(g) decomposes into irreducible I"q-modules p(t)
and p(ge) when G = Spin,, ; and it decomposes into irreducible I"g-modules p(t), p(g;) and p(gs) when
G =Spiny, ;.
Proof. Note that the action of W' on @ is transitive if and only if n > 4. Then the proposition follows
from Corollary 2.2 and Remark 2.3. (Il

Remark 2.14. There remains the case when G is one of Spin,, Spins, Sping, Spin,. But Spin, (@) =
SL,(Q)) x SLy(Q)), Spins Q) = Sp4(@z), Spinﬁ(fbl) > SL4(@;) which are included in other cases. For
Spin;, the half sum of coroots p¥ = 3a" + Sy’ + 3y has integer coefficients, so the principal GL, map
is well defined, see Section 2B.

2A6. E5°. Let G = E5*(k). The Weyl group W is isomorphic to the direct product of [W, W] and Z/2Z.
By [Adams and He 2017], the N-T sequence does not split. We choose a subgroup W’ of W which lifts
to N as follows. Consider the extended Dynkin diagram of type E7, there is a subroot system &’ of ®
which is of type A;. The alternating group Ag is a subgroup of Sg = W(A7) < W = W(E7).

Lemma 2.15. The group Ag < W lifts to N.
Proof. This is because Ag lifts to SLg. U
Lemma 2.16. The action of Ag on ® has an orbit of size 56 and an orbit of size 70.

Proof. We first consider the action of Sg = W(A7) on ®. By Lemma 2.1, Sg acts transitively on &,
which has 56 roots. A straightforward calculation using Plate E7 in [Bourbaki 1968] shows that for some
a € ®— &/, Sg-« has exactly 70 roots (in the extended Dynkin diagram, take « to be the simple root
that is not in @', then we let the group generated by the simple reflections in &’ act on & and count
the number of roots in the orbit). So the stabilizer of « in Sg is isomorphic to S5 x S4 C Ss. Since
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56 470 = 126 is the number of roots in @, the lemma is true for Sg. Now we consider the alternating
group Ag. Lemma 2.6 implies that Ag still acts transitively on ®’. As (S4 x S4) N Ag (the stabilizer of «
in Ag) has order %|S4 x 84| = 288, the orbit Ag -« has exactly |Ag|/288 = 70 roots. O

It is clear that Ag, considered as a subgroup of N, normalizes 7 and AgN T = {1}. Let N’ be the
subgroup of G = E°(k) generated by Ag and 7. By Theorems 2.4 and 2.5, for [ large enough, we can
find a continuous surjection

g+ N’
that is unramified at / and for which the complex conjugation maps to an element away from the center
of G. Define p to be the composite
g - N' -5 ES(k).

Let g, and g, be the direct sums of the root spaces corresponding to the orbit of size 56 and size 70,
respectively, in Lemma 2.16.

Proposition 2.17. For [ sufficiently large, p(g) decomposes into irreducible I"q-modules p(t), p(g.)
and p(gp).

Proof. The proof is very similar to the proof of Corollary 2.2. (I

2B. The principal GL; construction. We record some facts on the principal SL; and GL,. For more
details, see [Serre 1996, Section 1]. Let G/ k be a simple algebraic group with a Borel B containing a
split maximal torus 7" with unipotent radical U. Let ® = ®(G, T) be the root system of G with the set
of simple roots A corresponding to B. We fix a pinning {x, : G, — U,} where U, is the root subgroup
in B corresponding to «. Let X, = dx,(1) for all « € A and let

X=X x,
aeA
which can be extended to an sl,-triple (X, H, Y) where
H= Z H,
a>0
with H,, the coroot vector corresponding to «.
When p is large enough relative to G, there is an exponential map

exp:Lie(U) - U

which is an isomorphism.

A principal SLy homomorphism is a homomorphism

¢:SL, > G
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where pV is the half-sum of the coroots. p“ is always defined when G is adjoint. Suppose that p" :

such that

G — G¥ lifts to G and we fix a lift which is again denoted p"'. A principal GL, homomorphism is a
homomorphism
¢:GL, —> G

that extends a principal SL, such that such that

() -ewon. ()0

By definition, a principal GL; factors through PGL,.
By examining the list in [Bourbaki 1968], we get:

Lemma 2.18. For G a simple algebraic group, p" : G,, — G lifts to G* if and only if G is one of the
fOZIOWlng ZypeS: A2n’ B4}’lv B4n+3: D4n9 D4n+l: E67 ESv F4v G2

The operator ad(H) preserves g¥ (the centralizer of X in g) and
gX = Z V2m,

where V5, is the eigenspace of H corresponding to the eigenvalue 2m. The following proposition is due
to Kostant [1959].

Proposition 2.19. The dimension of g¥ is equal to the rank of g. Vo, is nonzero if and only if m is an
exponent of g. Letting GL; act on g via ¢, there is an isomorphism of GL,-representations

g = P Sym™ (k*) @ det " @ V.
m=>0
Suppose that p¥ : G,, — G lifts to G. We take f to be as in Example 1.5. By [Ribet 1985,
Theorem 2.1], the projective image of 7 s is either PGL; (k) or PSL; (k) for a subfield k of k;. We then
define
5 : To L2 GL, (k) &> G (k).

This construction works for all exceptional groups but E5¢ as p¥ : G,, — E;’d does not lift to E5°. We
will only use this construction for G of type Eg, A> and Bs.

3. Ramakrishna’s method and its variants

Given p : I'g — G (k) defined in the previous section, we want to obtain an /-adic lift p : I'g — G(O)
with O the ring of integers of a finite extension of (); whose residue field is k satisfying a given global
deformation condition. Just as in [Patrikis 2016], we use Ramakrishna’s method to annihilate the associated
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dual Selmer group. The new feature is a double use of Patrikis’ extension of Ramakrishna’s method when
the original form fails to work, see Section 3B.

3A. Ramakrishna’s method.

3A1. Ramakrishna deformations. We list the key points and results of Patrikis’ extension of Ramakr-
ishna’s method. For proofs, see [Patrikis 2016, Section 4.2]. For an overview on the deformation theory
of (G-valued) Galois representations, see [loc. cit., Section 3].

We begin by defining a type of local deformation condition called Ramakrishna’s condition, which will
be imposed at the auxiliary primes of ramification in Ramakrishna’s global argument. Let F be a finite
extension of Q,, for p #1, and let p : I'r — G (k) be an unramified homomorphism such that p(Frr)
is a regular semisimple element. Let T be the connected component of the centralizer of p(Frrg); this
is a maximal k-torus of G, but we can lift it to an O-torus uniquely up to isomorphism, which we also
denote by 7', and then we can lift the embedding over k to an embedding over O which is unique up to
G(O)—conjugation. By passing to an étale extension of O, we may assume that 7 is split.

The following definition is from [loc. cit.].

Definition 3.1. Let p, T be as above. For o € ®(G, T), p is said to be of Ramakrishna type o if
a(p(Frp)) =k (Frp).

Let H, = T - U, be the subgroup generated by T and the root subgroup U, corresponding to «.
Ramakrishna deformation is a functor

Lifty*™ : CNLo — Sets
such that for a complete local noetherian O-algebra R, Liftl;am(R) consists of all lifts
p:T'r— G(R)
of p such that p is G(R)—conjugate to a homomorphism I'p 2% H, (R) with the resulting composite
T'r 25 Hy(R) A% GL(gy ® R) = R*

equal to k.

We shall call such a p to be of Ramakrishna type « as well. We denote by Def};alm

the corresponding
deformation functor.
The following lemma is [loc. cit., Lemma 4.10].

Lemma 3.2. Lift};am is well defined and smooth.

Consider the subtorus 7, = Ker(a)? of T, and denote by ty its Lie algebra. There is a canonical
decomposition t, @ I, = t with [, the one-dimensional torus generated by the coroot V.
The next lemma [loc. cit., Lemma 4.11] is crucial in the global deformation theory.
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Lemma 3.3. Assume p is of Ramakrishna type a.. Let W =ty ® gy, and let W be the annihilator of W

under the Killing form on g. Let L%am and ngam’L
L%am under the local duality pairing, respectively. Then:

be the tangent space of Deflgam

and the annihilator of

(1) LR™ = HY(Tp, p(W)).
(2) dim LR™ = hO(T, p(g)).
(3) 3™ = H(Tp, p(WH)(1)).

(4) Let L%am’D and LEam’J"D be the preimages in Z'(T'r, p(g)) ofL%am and ngam’J‘, respectively. Under
the canonical decomposition

s=Po otk
14

all cocycles in Lgam,D and L%am’J"D have [y and g_, components equal to zero, respectively.

3A2. The global argument. In this section, we assume G is semisimple. Let p : I'g s — G(k) be a
continuous homomorphism for which h%(Ta, p(g)) =h°(Ta, p(g)(1)) =0. In particular, the deformation
functor is representable. The following theorem is proved in [Patrikis 2016, Proposition 5.2]. For a review
on global deformation theory and systems of Selmer groups, see [Patrikis 2016, Sections 3.2-3.3].

Theorem 3.4. Suppose that there is a global deformation condition L = {L,},cs consisting of smooth
local deformation conditions for each place v € S. Let K = Q(p(g), n1). We assume the following:
) > (dimL,) =Y h'(Tq,. plg)).

ves ves

(2) H'(Gal (K/Q), p(g)) and H'(Gal (K/Q), p(g)(1)) vanish.

(3) Assume item (2) holds. For any pair of nonzero Selmer classes ¢ € HLIL (Tg.s, p(g)(1)) and
veH é(F@’S, 0(9)), we can restrict them to I'g where they become homomorphisms, which are
nonzero by item (2). Letting Ky /K and Ky, /K be their fixed fields, we assume that Ky and K, are
linearly disjoint over K.

(4) Consider any ¢ and r as in the hypothesis of item (3). There exists an element o € I'g such that
p(0) is a regular semisimple element of G, the connected component of whose centralizer we denote
T, and such that there exists a root o € ®(G, T) satisfying
(@) a(p(0)) =k(0),
®) k[Y(T'k)] has an element with nonzero |, component, and
(c) kl¢ (I'k)] has an element with nonzero g_o component.

Then there exists a finite set of primes Q disjoint from S, and a lift p : I'q,sug — G(O) of p such that p is
of type L, at all v € S and of Ramakrishna type at all v € Q.

Proof. We sketch the proof for the reader’s convenience. By the arguments in [Taylor 2003, Lemma 1.1]
(which carry without modification to other groups) it suffices to enlarge £ to make the dual Selmer group
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H [1: . (I'q,s, p(g)(1)) vanish. We may assume the dual Selmer group is nontrivial and take a nonzero class
¢ in it. Item (1) implies by Wiles’ formula (Proposition 4.10) that H LI:(F@, s, p(@)) is nontrivial. So we
can take a nonzero class ¥ in it. Item (3), (4) and Chebotarev’s density theorem all together imply there
exists infinitely many w ¢ S such that ¥ | w ¢ LR and ¢ | w ¢ LRt particular, we have

plw olw
¥ ¢ Hyprn (Casuus P@), (1)
and
¢ ¢ HQLU%L(F@,SUW p(@)(1)). )
If we can show
Hp, vt (Tasuw, A@(D) C Hp (Tas, p(@)(1), 3)

plw
then (2) will imply that (3) is a strict inclusion. The key point now is that if we let L} denote the
unramified cohomology at w, then L,, = L} N L%‘l“:) is codimension one in L}, which, together with a
double invocation of Wiles’ formula and (1), implies

H (Tays. 5@ (1) = Hbupy (Tasuws A@)(1),

from which (3) follows. A variation of this argument can be found in the proof of Proposition 3.13. Now
for the new Selmer system, item 1 still holds (Lemma 3.3(2)). So we can apply the above argument
finitely many times until the dual Selmer group of the enlarged Selmer system vanishes. O

3B. A variant of the global argument. In this section, we let G be a simple algebraic group and let
0 :'g — G(k) be as in Section 2A. Recall that p(I"g) is a subgroup of Ng (T ). For [ = char(k) large
enough, p(g) decomposes into the sum of p(t) and another one or two summands depending on whether
or not (G, T) is simply laced; see Propositions 2.9, 2.11, 2.13 and 2.17. We fix a Selmer system L.

Proposition 3.5. Assume that [ is large enough. Then items (2) and (3) in Theorem 3.4 are satisfied.

Proof. For item (2), note that |Gal (K /Q)| divides (I — 1)|p(I"g)|, which is prime to / by the construction
of p. Since the coefficients field k of H' has characteristic /, this implies the vanishing of H'.

For item (3), since v : Gal (K /K) =y (I'x) and ¢ : Gal (K /K) = ¢ (I') are Gal (K /Q)-equivariant
isomorphisms, it is enough to check that the irreducible summands in g and g(1) are nonisomorphic. We
check this case by case. If G is of type A, or D,, by the construction of p, the alternating group A, 1
or A,, respectively, may be identified with a subgroup of p(I'g). We take an element o € I'g such that
p(o) € A, has order 2. Since Q(p) (the fixed field of p) is unramified at /, Q(p) and Q(u;) are linearly
disjoint over Q, so we may modify o if necessary to make k(o) # 1. Consider the eigenvalues of ¢ on t
and t(1) (here we recall that t is the Lie algebra of the maximal split torus 7 of G in the construction
of p); the eigenvalues on t are =1, whereas none of the eigenvalues on t(1) can be 1 or —1. Thus tis
not isomorphic to t(1) as Galois modules. On the other hand, since T := T (k) C p(I'g), we can find
T € 'g such that p(7) is a regular semisimple element for which «(p(t)) = a for @ € A, where a is a
generator of (Z/17)* and A is a fixed set of simple roots in ®. Again since Q(p) and Q(u;) are linearly
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disjoint over (2, we may modify 7 if necessary to make ¥ (t) = a. Consider the eigenvalues of T on g¢
and g (1), those on go are {a(p(7)) : @ € &}, whereas those on g (1) are {a - a(p(7)) : ¢ € O}. Note
that «(p(7)) = a™@ and the order of @ is [ — 1, it is clear that these two sets are different when [ is large
enough. Thus, go and ge (1) are nonisomorphic as Galois modules.

If G is of type B,, by the construction of p, the alternating group A, may be identified with a
subgroup of p(I'g). Using the argument in the previous paragraph, we see that t is not isomorphic to
t(1) as Galois modules. On the other hand, we need to show that p(g;), p(gs), p(g/)(1), p(gs)(1) are
pairwise nonisomorphic as Galois modules. Just like before we can find t € I'g such that p(7) is a regular
semisimple element for which «(p (7)) =a for @ € A and k (t) = a, where a is a generator of (Z/17)* and
A is a fixed set of simple roots in ®. Since [ is large enough, the sets {«(0(7)) : € Oy}, {x(p(7)) : x € Dy},
{fa -a(p(r)) :a € &} and {a - a(p(1)) : ¢ € P;} must be distinct. So 7 has different eigenvalues on
o(gn), p(gs), p(a)(1), p(gs)(1) and hence they are pairwise nonisomorphic Galois modules.

The demonstrations are the same for type C, and E7. ]

Let M be a finite dimensional k-vector space with a continuous I'g-action. Define its Tate dual to be
the space M¥ = Hom(M, 11~) equipped with the following ["g-action:

(0 f)(m) =0 (f(c"'m)).

Proposition 3.6. For any continuous homomorphism p : T — G(k), p(g)¥ = p(g)(1). For p as in
Section 2A, p(t)Y = p(H)(1).

Proof. As [ is sufficiently large, the killing form is a nondegenerate G-invariant symmetric bilinear form
on g, which identifies the contragredient representation g* with g, and hence identifies p(g)“ with p(g)(1)
as Galois modules. If p is as in Section 2A, then the Galois action on t factors through W. It is easy to
see that the standard bilinear form on t is nondegenerate and W-invariant. Just as above, we deduce that
o(1)Y = p(t)(1) as Galois modules. O

Definition 3.7. Let £ = {L,},cs be the Selmer system corresponding to a global deformation condition
for p that is unramified outside a finite set of places S, and let Lt = {LvL}ves be the associated dual
Selmer system. Define the M-Selmer group as follows:

H}\(Ts, M) = Ker(Hl(rS, M) — @ H' (T, M)/(L, N H' (T, M))),

vesS

and define the M-dual Selmer group as follows:

H. (Ts,M")= Ker(H‘ (Cs. M) > @ H' Ty, MY)/(Ly N H'(T,, MV))>.
ves
To apply Theorem 3.4, we need to make sure that items (1)—(4) in it are satisfied. By choosing an
appropriate £, we can make item (1) hold. Items (2) and (3) are satisfied by Proposition 3.5. It is
tricky to deal with item (4): the images of ¢ and v, which are I"'g-submodules of p(g), must satisfy the
group-theoretic properties in (b) and (c); if we can find an element o as in item (4) such that @/l summands
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of p(g) satisfies these properties, then item (4) will be satisfied. So achieving item (4) crucially depends
on the group-theoretic properties of submodules of p(g). We need to find a regular semisimple element
¥ in p(['g), the connected component of whose centralizer we denote 7', for which there exists a root
a' € @ :=®(G, T') such that:

(1) &' (2) € (2/12)*,
(2) Every irreducible summand of p(g) has an element with nonzero [,; component.
(3) Every irreducible summand of p(g) has an element with nonzero g_,, component.

Unfortunately, for our residual representation, there is no such element which meets all three conditions.
The rest of this section will show how item (4) of Theorem 3.4 can be met by controlling 1 (I'x ) for a
given class v in the Selmer group.

If we take a regular semisimple element ¥ in 7 (which is the fixed split maximal torus of G (k) we use
when constructing the residual representation), then there is no o € @ fulfilling both (2) and (3). Instead,
we look for X € N = Ng(T) for which (%) is a nontrivial element in W, where @ : Ng(T) — W is the
canonical quotient map.

Lemma 3.8. Assume the characteristic of k is large enough for G. Then for any w € W that fixes a
noncentral element of Lie(T), there exist a regular semisimple element n € N (regular with respect to G)
such that w(n) = w. If G is of type A1, Aa, By, C», then for any w € W, there exist a regular semisimple
element n € N (regular with respect to G) such that w(n) = w.

Proof. The second part follows from a straightforward calculation. We will prove the first part. We
first make the following observation: if M is a Levi subgroup of G, then (by looking at the action
of simple roots outside M on elements of Zg(M)?) for every M-regular semisimple element t € M,
there is a G-regular semisimple element of 1 Zg (M )0, If w fixes a noncentral element of Lie(T), then
we take M to be Zg(Lie(T)"), which is a proper Levi subgroup of G since the characteristic of k is
large enough for G. By induction on the semisimple rank, there is a M-regular semisimple element n’
such that 7 (n’) = w, so there is a G-regular semisimple element n = n'z with z € Zg(M )9, and hence
an)=a(m')=ax)r(@R) =) =w. O

Remark 3.9. The above lemma should be true without assuming w fixes a noncentral element of Lie(7),
but the author does not know how to remove this assumption. For GL,,, one can show that (by matrix
calculations) the property holds for all w € S, as long as the characteristic of k is large enough.

Let ' be a regular semisimple element in G and ¢ € T be an element that is conjugate to ¢’. Then ¢
and ¢’ determine a unique bijection between ® = ®(G, T) and &' = ®(G, T') with T’ = Z5(t")°: for
any o € @, define o’ € ®’ such that

o (h) = a(g™ " hg)

for any h € T', where g is an element in G such that g~'t’g = ¢. Since ¢ is regular semisimple, o/’ is
independent of g.
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Recall that for o € @, s, is the simple reflection in the Weyl group of & associated to «.

Lemma 3.10. Assume the characteristic of k is not 2. For a long root a € ®, let ¥ be a regular semisimple
element in N such that w(X) = s, (Which exists by Lemma 3.8). We fix an element t € T that is conjugate
to X andlet T' = Z(X)°. The elements T and t determine a bijection between ® and ®' as above.

o If ®isof type A, (n > 1) or D, (n > 4), then the root &' € ®' corresponding to o fulfills (1) and (3).
For (2), g (recall that g :== ) _,, co Ja) has an element with nonzero |, component, but t does not.

o If ® is of type B, C,, (n = 2) or E7, then o fulfills (1) and t has a vector with nonzero g_

component.
Moreover, Y Nt=1t,Nt=WNt where W =1, @ go.
Proof. Tt is clear that o'(¥) = —1, so (1) is satisfied. We need to show:
 The space [, has nonzero g_, component.
» The space g, has nonzero [, and g_,, component.
e tNt=t,Nt=wnt

This is essentially a GL,-calculation. We may perform the calculation in the subalgebra of g generated
by g«, whose root lattice is isomorphic to {xje| + x2e3 | x; € Z, x1 + x2 = 0}. We take o = e; — e, with

01
(1),

We have ¥ = (? (1)) P= (} _11 ). Then P~'S P =diag(1, —1). The first bullet follows from the identity

the corresponding root vector

P! diag(hy, hy)- P = _% <—h1 —hy —hy +hz)‘

—hi+hy —h1—hs

The second bullet follows from the identity

01 —-11
1 _ 1
(Go)r=-2(00):
To show the third bullet, note that elements in t' are of the form (Z ];l) elements in tfx/ are of the form

(g 2 ) It follows that all three intersections in the third bullet

are the one dimensional k-vector space spanned by ((1) (1)) ([

X —X
X —X

), and elements in g, are of the form (
Lemma 3.11. Suppose the characteristic of k is not 2 or 3. Assume that ® is of type B,, C,, (n > 2)

or E7, 50 p(g) = p(t) ® p(g;) @ p(gs) for B, and C,, and p(g) = p(t) ® p(g.) © p(gp) for E7 (see
Section 2A4-2A6).

(1) (Type B, and C,) For a pair of nonperpendicular B,y € ® with B long and y short, let ¥ be a
regular semisimple element in N such that w(X) = sg - s, (which exists by Lemma 3.8). We fix
an element t € T that is conjugate to X and let T' = Z;(2)°. The elements ¥ and t determine a
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bijection between ® and ® = ®(G, T'). Then for all long root o' in the span of B’ and y' (which

is a subsystem of ®' of type C»), (3) is satisfied. For (2), g; and gs; have elements with nonzero ly

component, but t does not. The element o' (X) has order 4 in k*, hence (1) is satisfied only for

I=1@4).

(2) (Type E7) For a pair of nonperpendicular B,y € ® with gg C g, and g, C gp, let X be a regular
semisimple element in N such that w(X) = sg - 5,,. We fix an element t € T that is conjugate to ¥
and let T' = Z(X)°. The elements ¥ and t determine a bijection between ® and &' = & (G, T").
Then for all roots o' in the span of B’ and y' (which is a subsystem of ®' of type A»), (3) is satisfied.
For (2), g, and gp, have elements with nonzero | component, but t does not. The elements o' () has
order 3 in k*, hence (1) is satisfied only for | = 1(3).

Moreover, WNtC t', where W =t , @ gq

Proof. We first prove (2). Let &’ be any root in the span of 8’ and y’. We need to show:
e [g @[, has nonzero g_, component.
e gp and g, have nonzero [, component and nonzero g_,, component.

e WNtct.

We may perform the calculation in the subalgebra of g generated by gg and g, , whose root lattice is
isomorphic to {xje; + x0ex + x3e3 | x; € Z, x1 +x2 +x3 =0}. We take f = e — e, y = e — e3 with the

corresponding root vectors

010 000
Xp:=1000], X,:=[001
000 000
We have
010 100 001
X=]1100 001]=1100
001 010 010

then
P~ ls P =diag(l, r, r?),
which implies «/(Z) has order 3 in k*. We have P! diag(a, b, c) P is a nonzero scalar multiple of

ar +br+cr ar+b+cr? ar+br*+c
ar +br?+c ar +br+cr ar+b+cr?
ar+b+cr? ar+br*+c ar+br+cr

’
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from which the first bullet follows. On the other hand, we have P~!'X g P is a nonzero scalar multiple of

1 2
1 2
1 2

D
T

from which it follows that gg has nonzero [, component and nonzero g_,, component for any «’. Similarly,
g, has nonzero [, component and nonzero g_, component for any «’. The second bullet follows. We
now show the third bullet for o’ = B, the calculation is similar for other roots. We have

ax 0
PlOaoO] P!
005
is a nonzero constant multiple of
2ar +br +xr —a+b+xrt —ar’+brt+x
—ar?+brt+xr br + xr? —a+b+x

—a+b+xr —ar*+br*+xr* 2ar+br+x

A simple calculation shows demanding the off-diagonal entries in the above matrix to be zero will force
all of a, b, x to be zero. Thus W Nt is trivial in the subalgebra of g generated by gg and g, . It follows
that W Nt is contained in t'.

The proof of (1) is very similar to that of (2). The computation may be performed in the subalgebra of
g generated by gg and g,,, which is of type C». Let «’ be a long root in the span of " and y’. We will
show the three bullets above are true. The roots are {£(e; — e2), £(e1 + e2), £2e1, £2¢5}. We fix an
alternating form x;y4 + x2y3 — X3y2 — X4y; on k% and let B =e; — ey and y = 2e; with corresponding
root vectors

0100 0001
0000 0000
Xs=looo1|l" ¥ =|oo0o0o
0000 0000
‘We have
0100\ /0 001 0 100
s_|[tooolfo roo]_|o 1
“loo 0010l |=1000
001 1000 0 010

1 1 1 1
P ror3 !

B R A B
r2 F6 r2 r6
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then
PSP =diag(r, 3,7, 1),

which implies o’/(X) has order 4 in k*. We have P~! diag(a, b, —b, —a) P is a nonzero scalar multiple of

0 a— br 0 a— br?
a—br® 0 a+br? 0

0 a+ br® 0 a+ br?
a—br 0 a —br? 0

Let o’ € &’ be any long root, then o satisfies the first bullet. On the other hand, P~'X g P is a nonzero
scalar multiple of
r—r’ O r—r'r'—r
0 r+r 2r° r4r
r+r’ 2r3 P47 0 ’
r—r3 r3—r 0 r'—r

and P'X y P 1s a nonzero scalar multiple of
72 6
72 6
72 6
72 6
from which the second bullet follows. We check the third bullet for o’ corresponding to 2e, the calculation
is similar for other long roots in ®’. We have

a 00 O
00x O -1
P P
000 O
000 —a
is a nonzero scalar multiple of
X a(rS—r3)—|-xr3 a(rs—r3)—xr5 a(r6—r2)-i-xr6
a(r —r7) +xr3 rox 2ar® — x a(r5 —r3) +xr
a(r3 — r5) + xr 2ar? —x —r0x a(r3 — r5) +xr’
—2ar® + xr® a(r3 — r5) +xr a(r7 —r)— xr3 —X

It is easy to see that for the matrix to be diagonal, both of a and x have to be zero. Thus W Nt is trivial
in the subalgebra of g generated by gg and g, . It follows that W Nt is contained in t'. U

Let X, o be as in Lemma 3.10, (1) for ® of type A, or D,,, and Lemma 3.11 for ® of type B,, C,, or E7.
We have a(X) € (Z/17)* for primes [ satisfying an appropriate congruence condition if necessary. We
need to modify the element X% to make it land in p(I'g). When @ is of type A, or D,,, m(p(I'g)) =[W, W]
(see 2.1.3 and 2.1.5). For any o € @, we write s[5 for the Lie subalgebra of g generated by g, and g_.
We replace s, by sy sg for some root B orthogonal to « such that [s[7, 5[2‘3 ] is trivial (such B exists because
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n > 4) and replace ¥ with a regular semisimple element in N (T') that maps to s,sg when modulo 7 (k).
Note that s,s5 € [W, W]: The Weyl group W acts transitively on the irreducible root system &, so there
exists w € W such that wa = B, and hence wsgw ! = sg; it follows that s, 58 = [s4, w]. We again denote
this new element by ¥, which now lands in p(I'g). Lemma 3.10(1) still holds. When & is of type B,,
we again have 7 (p(I'g)) = [W, W] (see 2.1.5). As sgs,, € [W, W], £ € p(I'g), so no modification is
needed. When @ is of type C,,, m(p(I'g)) = W (see 2.1.4), so we automatically have ¥ € p(I'g). When
® is of type E7, the corresponding element X is in p(I'g) as well (see 2.1.6). Since p is unramified at /
and Q(u;) is totally ramified at /, Q(p) and Q(u;) are linearly disjoint over Q. So there exists an element
o € I'g such that p(0) = X and k(o) = o/ (Z). It follows that o’ (p(0)) = k(o).

Lemma 3.12. Suppose there is a Selmer system L = {L,},cs for which the t-Selmer group H ﬁl(FS, p(b)
is trivial. We take a pair of nonzero Selmer classes ¢ € HZI:L (T'a.s, p(g)(1)) and ¥ € Hé(F@’S, o(9)).
Then item (4) of Theorem 3.4 is satisfied.

Proof. We need to check Theorem 3.4(4)(b) and (c). First, Proposition 3.5 and the inflation-restriction
sequence imply that ¥ (I'x) and ¢ (I'x) are nontrivial. By Lemmas 3.10 and 3.11, every irreducible
summand of p(g) has an element with nonzero g_,, component. In particular, (c) holds. As H LI(FS, p(b)
is trivial, ¥ (k) §Z t, which implies that k[¢(I"k)] contains gp when @ is of type A, or D, k[V (I'x)]
contains one of g; and g, when @ is of type B, or C,, and k[¥ (I"g)] contains one of g, and g, when &
is of type E7. It then follows from Lemmas 3.10 and 3.11 that k[ (I"x )] has an element with nonzero [,
component. So (b) holds as well. O

The next proposition achieves the vanishing assumption of the t-Selmer in Lemma 3.12 by using of a
variant of the cohomological arguments in Ramakrishna’s method.

Proposition 3.13. Suppose that

hp(Ts, () < hyy (T, pO(D).

Then there is a finite set of places Q disjoint from S and a Ramakrishna deformation condition for each
w € Q with tangent space LR*™ such that

HZIZU{LE"m}ng (FSUQa 15({)) =0.

We may assume that H EI(FS, p(t)) is nontrivial, for otherwise we are done. The inequality in
Proposition 3.13 then implies that HZL (I's, p(6)(1)) is nontrivial. Let 0 # ¢ € Hzlzi (s, p(H)(1)).

Lemma 3.14. There exists T € ' with the following properties:

(1) p(v) is a regular semisimple element of G (k), the connected component of whose centralizer we
denote T'.

(2) There exists a’ € (G, T"), such that o’ (p(1)) = ik (7).

(3) klo (k)] has an element with nonzero g_,-component.



Algebraic monodromy groups of [-adic representations of Gal(Q/Q) 1377

Proof. We have seen that the groups H'(Gal (K/Q), p(g)) and H'(Gal (K/Q), 5(g)(1)) are both
trivial. In particular, the groups H'!(Gal (K/Q), p(t)) and H'(Gal (K /Q), p(t)(1)) are both trivial.
The restriction-inflation sequence then implies that ¢ (I'x) is nontrivial. Now we let ¥, o’ be as in
Lemma 3.10(1) for ® of type A, or D,, and Lemma 3.10(2) for ® of type B,, C, or E7. If necessary,
we can modify ¥ to make it land in p(I"g), as explained in the paragraph preceding Lemma 3.12. We
have a(X) € (Z/1Z)*. Since p is unramified at / and Q(u;) is totally ramified at [, Q2(p) and Q(u;) are
linearly disjoint over Q. So there exists an element T € 'g such that p(r) = ¥ and ¥ (7) = '(X). It
follows that o’ (p(t)) = i (t), proves (2). Statement (3) follows from Lemma 3.10. U

Corollary 3.15. There exist infinitely many places w ¢ S such that p|r,, is of Ramakrishna type o’ and
Ir, & L™t

Proof. This follows from Lemmas 3.3, 3.14 and Chebotarev’s density theorem. See the proof of [Patrikis
2016, Lemma 5.3]. O

Proof of Proposition 3.13. Let w be chosen as in Corollary 3.15. We will show that

B s (Csuw, 5O1) < Ay, (Ts, O(1) 0)

and

hppren (Tsuws AO) =Ry, vt (Dsuw, AO)) = hp(Ts, 5(0) =y, (Ts., A1) )

which imply that
Ry (Csuws P(B) < hp(Ts, p(),

from which Proposition 3.13 follows by induction.

We first show (5). By a double invocation of Wiles’ formula (see Proposition 4.10), the difference
between the two sides equals dim(LR*™NH (T, 5(t)))—h%(Ty, p(£) =h (T, p(WNE)—h%(Ty, p(1)).
As HO(T', p(g)) = t, we have H%(I',,, p(t)) = tNt’; on the other hand, the action of p(I",,) on W Nt
is a sum of the trivial representation and the cyclotomic character. By an elementary calculation in
Galois cohomology, 2! (T, k) = h'(T'y,, k(1)) = 1. It follows that 2! (T, p(W Nt)) = dim W Nt and so
h' Ty, p(W N 1) —hO(Ty,, p(t) = dim(W N t) —dim(t’ N t), which is zero by Lemma 3.10.

It remains to prove (4). Let L,, = LY N LRam o L — punl 4 pRam.L \we have the following

obvious inclusions

Hpop, (Csuu, PO) C Hyppan (Tsuw, AO), ©)
H, v (Dsow, 5O1) C Hpypi (Dsuw, (1), )

w

H} oy, (Dsow, 5®) € Hppuwe (Dsuw. p(0) = HA(Ts, 5(9),  (8)

Hp (Cs, pOM) = Hy, s (Csuw, 5O1) € Hpp i (Csuw, pOD). 9

1u
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As ¢Ir,, ¢ Lllf)am’l, (7) is a strict inclusion. We claim that (9) is an isomorphism, which will imply (4).

To prove our claim, we consider (8) first. There is an exact sequence

0— Hpy, (Tsuw, () = H}(Ts, p(H) = (LY N H' (T, 5())/(Lw N H' (T, 5(1))).
As
Ly = H (T /1y, p(9)) L= g/(p(Fr,) — Dg =¥,

the top of its last term is isomorphic to H (T, p(Y Nt)), which has dimension dim(¥ N t); the bottom of
its last term is isomorphic to H'(I',,, t, N t), which has dimension dim(t, Nt). By Lemma 3.10, these
dimensions are equal. So the last term is zero, and hence (8) is an isomorphism. A double invocation of
Wiles’” formula (Proposition 4.10) shows hlLLu% (Tsuw, pBH(1)) — hlﬁl (Cs, p(H)(1)) equals

hpor (Dsow, p(O) —he(Ds, p(1) + (T, p(1) — dim(L, N H' (T, p(1))).

Because (8) is an isomorphism and dim(L,,NH ' (T, p(t))) =h' (T, p(WNYNE)) =dim(WNYNE) =
dim(¥ Nt) = (I, p(t)) (Lemma 3.10), the right hand side of the above identity is zero. Therefore, (9)
is an isomorphism, which completes the proof of the proposition. U

Theorem 3.16. Let L = {L,},cs be a family of smooth local deformation conditions for p (the residual
representation defined in Section 2A) unramified outside a finite set of places S containing the real place

and all places where p is ramified. Suppose that
D dimLy =) KTy p() and Y dim(LyNH' Ty, p(0) < ) KT, (1)
ves ves ves ves
Assume | is large enough; in addition, if @ is of type Eq, assume | = 1(3), and if © is doubly laced,

assume | = 1(4).
Then there is a finite set of places Q disjoint from S and a continuous lift

p:Tsup — G(O)

of p such that p is of type L, for v € S and of Ramakrishna type for v € Q.

Proof. The second inequality and Wiles’ formula (Proposition 4.10) imply that

hp(Ts, (1) < hp (Ts, o).

By Proposition 3.13, we can enlarge £ by adding finitely many Ramakrishna deformation conditions to
get a new Selmer system £’ = {L,},es With S’ O § such that H,(I's/, p(t)) = {0}. By Lemma 3.3(2),
replacing £ by L' preserves the first inequality.

We choose o € I'g and ¢’ € ®(G, T') as in the paragraph preceding Lemma 3.12 (this is where the
congruence conditions for ® of type B, C,,, E7 come in). Chebotarev’s density theorem implies that there
are infinitely many places w ¢ S’ such that p|,, is of Ramakrishna type «’. We have for such a prime w,

Hll:/ULgam (FS/Uw, /_)(t)) =0.
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In other words, adding a Ramakrishna local deformation conditions does not make the t-Selmer group
jump back to a nontrivial group. Indeed, Lllff‘mﬁH1 (T, p(0))=H' (T, p(WNY)) C HY(Ty, p(¢NE)) =
H'(T',/1,, p(t)), where the middle inclusion follows from Lemma 3.10 and 3.11. So

Hppran(Csuw, () C Hy (T, 5(H) = {0).

Let us check the assumptions of Theorem 3.4. By Proposition 4.10 and the first inequality in the
assumption, item (1) holds. Item (2) and (3) are satisfied by Proposition 3.5. As H El,(FS/, o) = {0},
Item (4) is satisfied by Lemma 3.12. Therefore, by the proof of Theorem 3.4, there is a strict inclusion

H),\ o (Causuws A@(D) € Hpu (Ta,s, (@)(1).

As the t-Selmer group is still trivial for the enlarged Selmer system, item (4) remains valid by Lemma 3.12.
So we can find a prime w’ ¢ S’Uw and enlarge the Selmer system £'ULR™ in the same way so that the dual
Selmer group shrinks even further. Applying this argument finitely many times, we can kill the dual Selmer
group. Therefore, by the first two lines of the proof of Theorem 3.4, we obtain desired /-adic lifts. [J

3C. Deforming principal GL;. We use the notation in Section 2B. Recall that p is the composite
I'g — GLa(k) % G (k) where the first map is constructed from modular forms and the second map is
the principal G L,-map.

Patrikis has shown that all simple algebraic groups of exceptional types are geometric monodromy
groups for I'g except for Egd, Eg°, EX° [Patrikis 2016]. In this section, we follow Patrikis” work and use
the principal GL; to construct full-image Galois representations into E29, E¢°, SL3, Spinj,.

The proof of the following theorem is identical to that of [Patrikis 2016, Theorem 7.4].

Theorem 3.17. Let L = {L,},es be a family of smooth local deformation conditions for p (the residual
representation defined in Section 2B) unramified outside a finite set of places S containing the real place
and all places where p is ramified. Suppose that

Y dimL, > Y h(Ty, p(g)).

ves ves
Assume [ is large enough.

Then there is a finite set of places Q disjoint from S and a continuous lift
p:Tsug —> G(O)
of p such that p is of type L, for v € S and of Ramakrishna type for v € Q.
In [Patrikis 2016, Lemma 7.6], the following fact is verified using Magma.

Lemma 3.18. Assume [ is large enough for g. For g of exceptional type, there is a root o € ® such that
every irreducible submodule of p(g) has a vector with nonzero |, component and a vector with nonzero

g_q COmponent.

For our purpose, we only need to establish its analogs for g of type A, and B,,.
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Lemma 3.19. Assume [ is large enough for g. For g of type A,, there is a root a € © such that every
irreducible submodule of p(g) has a vector with nonzero |, component and a vector with nonzero g_

component.

Proof. Let g =sl,1 and let o; ; = e; —e;, i # j be the roots of g. Let E; ; be the n + 1 by n + 1 matrix
that has 1 at the (i, j)-entry and zeros elsewhere. The sl,-triple associated to «; ; is {X; j ;== E; j, H; j =
E;;— Ej,ja Yi,j = Ej’,'}. Let

X=Xi2+Xo3+ -+ Xunt1,

H= Z Hij =k H+kHy3+- - +kyHpni1,

i<j

Y=kYi2+kYa3+--+ki¥nnt1,

where k; :=i(n —i+1). The triple {X, H, Y} is an sl,-triple containing the regular unipotent element X.
A straightforward calculation gives for i < j

Y, X; jl=kiXiy1,; —kj1Xij-1.

Put 4 = j —i and apply the above identity recursively, we obtain

h—1 h—1 _1/h—1
(adY)"X; ; = (_l)hki,j(Hi,i—i-l - ( 1 )Hi+l,i+2+( ’ )Hi+2,i+3 e (=D 1<h_1>Hj—1>,

where k; ; = k;k;41 - --kj_1. By Proposition 2.19,

g¥ =) (va)
h=1

where vy, = Zj i—n Xi,j. Then we have

(adY)'vy, =hiHya+ -+ hyHypi

with hy = (=D"ky py1, ho = (—l)h_l(llTl)kl,h+1 + (=D""kpp42 and h; = (—=1)""'h,_;41. Since
(adY; v )H;_1; =Y, 41, @dY; i 1)H; i1 =—=2Y; ;11 and (adY; i 1) Hi11,i12 =Y, 11,

(@dY)"* vy, = (@dY)(hi Hip + -+ + by Hy 1)
=ki(=2h1 +h) Y12+ ka(hy —2hy +h3)Ya 3+ -+ ky(hp—1 —2h,) Yy i1
One computes
hy—2h1 = (=D" Y+ Dh(n—1D(n—2) - - (n—h+1) £0.

So if we let @ = a1 > and suppose [ is large enough for g, then the submodule of p(g) generated by vy,
has a vector with nonzero g_, component, that is, the vector (adY Yitlysys the vector (adY)" vy, has
nonzero l, component, as a(hyHy 2+ - - -+ hy Hy 1) = 2h1 — hy which is nonzero. |
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Corollary 3.20. Assume [ is large enough for g. For g of type B, there is a root « € ® such that every
irreducible submodule of p(g) has a vector with nonzero |, component and a vector with nonzero g_
component.

Proof. Let g =500,,41. Let V = k2 +1 be a vector space equipped with a bilinear form x; yy,+1 + x2y2, +
-+« + X2,41y1 With matrix J. Then g can be identified with

(X € Mopi1(k) | XJ +JX' =0},

The roots of g are ¢; —ej, ¢; +¢j, —e; — e, £e; for 1 <i # j < n. We choose a set of simple
roots A = {e] — ez, ex —e3, -+ -e,—1 — ey, en}. The sly-triple associated to e; — e;4+1 is {X; 1= X j+1 —
Xon—iv12n—i+2, Hi:=H; iy 1+Hyu—i110n—i42, Yi :=Yiit1—Y2n—i+1,20—i+2}, and the slp-triple associated
to ey is {Xy := Xy 1 — Xns1n+2, Hy :=2Hy n1 +2Hy 1,042, Yo :=2Y0 n1 — 2Yn41,042}. Let

X:ZXi,
i

H= Y i@nu—i+1)H+in(n+1)H,,

1<i<n-—1
Y= Y i@n—i+1)Yi+in(+1)Y,.

1<i<n—-1

A straightforward calculation shows that X, H, Y form an sl,-triple containing the regular unipotent
element X € g.

Corresponding to the exponents 1, 3, --- ,2n — 1 of g, we put
v =X+ + Xpnrt — Xngin2 — - — Xon2n 41 € 502041,
v3=Xia+ +Xp—i1n42 = Xnnt3 = — Xon—22n41 €50241, .oy oty

V2.2n-1) = X1,20n — X2,204+1 € §02,41.

Then gX = Zi=1,3,... on1 <2 >. Leta=e; —ea, the same calculation as in the proof of Lemma 3.19
gives (ad Y)'vy; has a nonzero I, component and (adY )i+1yy; has a nonzero g_q component for any
exponent i. ([

3D. Removing the congruence conditions on l. In this section, we use a result in [Fakhruddin et al.
2018] to remove the congruence condition we have imposed for G of type B, C,, E7 in Theorem 3.16.
The following theorem is a simplified version of [Fakhruddin et al. 2018, Theorem 1.3]: as we are not
considering geometric lifts, we relax the condition at / and only require the right hand side of Wiles’
formula (Proposition 4.10) to be nonnegative. It applies to the residual representations we construct
and allows us to deform it to an /-adic representation with Zariski-dense image for almost all primes /.
However, their argument is very different and much more complicated than ours, so we only use it to
remove the congruence conditions.
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Theorem 3.21. Suppose that there is a global deformation condition L = {L,},cs consisting of smooth
local deformation conditions for each place v € S. Let K = Q(p(g), ;). We assume the following:

() Y (dimL,) =Y h'(Tq,, (@)

ves ves

(2) The field K does not contain [1p.
(3) The groups H'(Gal (K /Q), p(g)) and H'(Gal (K /Q), p(g)(1)) vanish.

(4) The spaces p(g) and p(g)(1) are semisimple F;[I'g]-modules (equivalently, k[I"q]-modules) having

no common [T gl-subquotient, and that neither contains the trivial representation.

(5) The space p(g) is multiplicity-free as a F;[I"g]-module.

Then there exists a finite set of primes Q disjoint from S, and a lift p : U'q sug — G(O) of p such that p is
oftype Ly atallv € S.

Lemma 3.22. Let k =[F; and let p : 'g — G(k) be as in Sections 2A4-2A6. Then Theorem 3.21(2)—(5)
hold.

Proof. By the decomposition of p(g) and the proof of Proposition 3.5(3)—(5) hold. It remains to show (2).
Since by construction p is unramified at [, Q(p(g)) and Q(u;) are linearly disjoint over Q. It follows that

Gal (K/Q) = (Im(p)/Z) x (Z]1Z)*
where Z denotes the center of G (k). Assume K contains 2, then there would be a surjection
Gal (K /Q)™ — (2/1°7)>.

On the other hand, we have by the construction of p that Im(p)’ =Im(p) for G of type B, and E7, Im(p)’
is of index two in Im(p) for G of type C,. It follows that the order of (Im(p)/ 7)™ is at most two, and
hence the order of Gal (K / @)ab is at most 2(/ — 1). But this is impossible since (Z/[?Z)* has order
Il —1)and [ # 2. O

4. Simple, simply connected groups as monodromy groups

In this section, we prove Theorem 1.2 for G a simple, simply connected algebraic group. Recall that
there are two different constructions for the residual representation p : 'g — G(k): one has image a
large index subgroup of Ng(T'); with the properties that p is unramified at / and ad p(c) is nontrivial; the
other factors through a principal GL; such that p(c) = p¥(—1).

4A. Local deformation conditions. We need to define several local deformation conditions for deforming
the mod p representations.
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4A1. The archimedean place. Recall that in Sections 2A3-2A5, we construct the residual representations
by first realizing S, or A, as a Galois group over Q) and then repeatedly applying Theorem 2.5 to build
the Galois extension realizing N or a subgroup of it over (0. We write ¢ for the nontrivial element in I'g,
the complex conjugation.

Proposition 4.1. Let G be of classical type and p : T'g — G (k) be as in Sections 2A2-2A5. In particular,
ad p(c) is nontrivial. Then:

(1) For G of type Ay—1, h°(Tm, p(g)) <n*—2n+1.

(2) For G of type B,, h°(T'w, p(g)) < 2n*> —3n+2.

(3) For G of type Cp,, h°(T'w, p(g)) < 2n> —3n+4.

(4) For G of type D, h°(T'r, p(g)) <2n> —5n+4.
Proof. Let f be the number of root vectors that are fixed by p(c). Let us recall that ad p(c) is nontrivial

by Theorem 2.4.
If G is of type A,_1, we have G (k) = SL(V) with V =k". Let d := dim V?©. Then

r=2((5)+("2%))

If G is of type B,, G(k)/uus = SO(V) with V = k?"*! a k-vector space equipped with the nondegen-
erate symmetric bilinear form xjy,41 4+ xX2¥2, + - - - + X2,+1y1. We may assume p(c) is conjugate to
diag(ey, ..., €y, 1,€,,...,€1) in SO(V) and let d be the number of ones among €, ..., €,. Then

(8 () v

If G is of type C,, G(k) = Sp(V) with V = k>" a k-vector space equipped with the nondegenerate
alternating bilinear form x1yz, + - - - Xy Yn+1 — Xp+1Yn — + - — X2, ¥1. We may assume p(c) is conjugate
to diag(ey, ..., €, €, .. ., €1) and let d be the number of 1’s among €, ..., €,. Then

(8 ()

If G is of type D,, a quotient of G (k) is isomorphic to SO(V) with V = k?" a k-vector space equipped
with the nondegenerate symmetric bilinear form x1ys, + x2V2,_1 + - - - + X2, y1. We may assume p(c)
is conjugate to diag(ey, ..., €,, €, ..., €1) in SO(V) and let d be the number of 1’s among €, ..., €,.

r=o((4)+(3)

By the construction of p (see the paragraph before Remark 2.8 in Section 2A3 for type A,; for other
types, see Sections 2A4, 2AS5 and 2A6), ad p(c) is nontrivial, which implies 0 < d < n. So f attains its
maximum when d =n — 1. Since

h’ (T, p(g)) = rk(g) + f,



1384 Shiang Tang

the upper bounds can then be computed easily. U

Proposition 4.2. Let G be of type E7 and p : T'qg — G (k) be as in Section 2A6. In particular, ad p(c) is
nontrivial. Then h®(Tr, p(g)) <7+ 126 — 14 = 1109.

Proof. Suppose that p(c) € T (k) for a maximal torus 7" split over k. Let ® = ®(G, T), and go =) _,c ¢ O
be the k-subspace of p(g) generated by all root vectors. The Lie algebra t of T (k), which has k-dimension 7,
is clearly fixed by ad p(c). Thus, it suffices to show that the —1-eigenspace of ad p(c) | go has k-dimension
at least 14. We consider ad p(c) | gor where @’ C @ is of type A;. This action is nontrivial. By the
Ap-calculation in the proof of Proposition 4.1 (letting n = 7), the —1-eigenspace of ad p(c) | go has
dimension at least twice the rank of @, proves the proposition. U

The following lemma is clear.
Lemma 4.3. The dimension
dimy (Sym?" (k%) @ det~™)diae(1.=D)
equals n when n is odd, and n + 1 when n is even.
Corollary 4.4. Let p : 'q — G(k) be as in Section 2B. Then
h’(Tr, p(@)) =4 for G =SLs,
R (Tr, p(g) =9  for G = Spin,,
"’ (T, p(g)) =38 for G = EX*.
Proof. This follows from Lemma 4.3 and Proposition 2.19. Note that the complex conjugation maps to

diag(1, —1) in GL; because the representation r; in the last paragraph of Section 2 is odd. (I

4A2. The place l. As we are not looking for geometric /-adic Galois representations in this paper, we
impose no condition at the place [. So the tangent space is H'(I';, 5(g)). By the local Euler characteristic
formula,

W' (T1, 5(@) = h°(Ty, p(g)) +h* (T, p(g)) +dimy g.
Lemma 4.5. Let p be as in Section 2A or 2B. Then h*(I'y, p(g)) = 0 for large enough primes .

Proof. By local duality, it suffices to show that ho(';, p(g)(1)) = 0. For the representation p in
Section 2A, p(Ig,) is trivial by construction but ¥ (Ig,) is nontrivial, so p(g) (1)@ is trivial. In particular,
KOy, p(g)(1)) = 0. For the representation p in Section 2B, Proposition 2.19 and the lemma below imply
h(Ty, p()(1)) = 0. O

Lemma 4.6. We have h°(T';, Symzm (rp)®@det(rp) ™ ®k) =0 for m > 1 and large enough primes |
(relative to m).

Proof. The argument is similar to the proof of [Weston 2004, Proposition 4.4]. Let K be a finite extension
of (; with ring of integers O and residue field k. Let v: K* — Q be the valuation on K, normalized so that
v(l) = 1. We briefly recall the setting in Section 4.1 of [Weston 2004]. For a < b, let MF%?(©) denote
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the category of filtered Dieudonné O-modules D equipped with a decreasing filtration of O-modules
{D;}icz and a family of O-linear maps { f; : D' — D} satisfying D* = D and D” = 0; see [Weston 2004,
Definition 4.1]. Let G“?(©) denote the category of finite type ©-module subquotients of crystalline

K -representations V with Dé‘rys(V) = D¢rys(V) and Dfrys( V) = 0. Fontaine—Laffaille define a functor

U : MF-H(0) — gatl (o)

satisfying a list of properties including ¢/ that is stable under formation of subobjects and quotients, and
compatible with tensor products for / large enough. In particular, I/ is compatible with symmetric powers
for large enough [. Let ¢ : I'; — O be an unramified character of finite order and let O(g) denote a
free @-module of rank 1 with I';-action via &. Then O(¢) € G (), so that there is D, € MF*1(0)
such that 4/ (D,) = O(e). This D, is a free O-module of rank one with D, = Dg and fj: Dg — D, the
multiplication by £ ! (/) := e~ (Fr;) where the Frobenius element is arithmetic.

Let f be a newform of weight 3, level N, and character . Let K D E; andletry:=ry; : I'g — GLy(K)
be the Galois representation associated to f of weight k (see Example 1.5). We fix an embedding I'; — g,
and let V¢ be a two dimensional K -vector space on which I'; acts via r¢ | I';, and fix a I';-stable O-lattice
Ty C Vy. If I does not divide N, then Vy is crystalline and Ty € GY%3(0). Thus for [ > k there exists
Dy € MF**(0) withU(Dy) = Ty. The filtration on Dy satisfies tko(D%) =2 if i <0, tko(D%) =1 if
1<i<2,and rko(D;) =01if i > 3. Choose an O-basis x, y of Dy with x an O-generator of D}. Let
a,b,c,d e O be such that fox =ax + by, foy = cx +dy. Then a +d = a; and ad — bc = I*¢(l). We
have v(a), v(b) > 2.

Let 7 s : Iy — GLa(k) be the Galois representation Ty /AT. Since detr s = k2e, we have

Sym™ (Ty) ® det(Ty) ™ @ k = (Sym™™(T) ® O(¢~™))(1 —2m).
When [ is large enough relative to m, by [Fontaine and Messing 1987, Proposition 1.7] we can take
D = (Sym*" (D) ® De-n)(2m — 1).
Further, since (Sym2’" (Tr)®@det(Ty)™™ ®«)/A is a realization of Sym2m (7 r) @det(r r) ™" ® k, we have
HO([y, Sym™ (7 ;) @ det(7 r) ™ @ &) = ker(1 — fo : D°/AD° — D/AD).
By the definition of Tate twists and tensor products of filtered Dieudonné O-modules, we have

D’ =Sym™ (D) ®De-m)™"'= > D}...D.Dl,= Y D}...DP.DY,.

iV +tiom+j=2m—1 i1+-Figy=2m—1

To make the sum nonzero, there must be at least m indices that are greater than or equal to 1, so at least

m indices must be two since x € D% as well as D}. It follows that {x/y?>"~'=lw | i > m} is an O-basis of

DO, where w is an O-generator of D,-». We compute

i 2m—i— ™ (1) i m—i—
fo(x'y? hw) = =] (ax +by) (cx + dy)* L
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Since v(a),v(b) > 2 and i > m, all the coefficients of x and y have positive valuations. There-
fore, fo(x'y*"~"~lw) = 0 modulo X, which implies fy : D°/AD° — D/AD is zero. It follows that
HO(I'y, Sym®™ (7 /) @ det(7 ) ™™ ® &) is trivial. O
Corollary 4.7. h'(I';, p(g)) = h°(T'y, p(g)) + dimy g.
4A3. A zero-dimensional deformation. In order to maximize the Zariski-closure of the image of the
[-adic lift of the residual representation, we need to impose a simple local deformation condition at some
unramified place.

Suppose that p # [, F is a finite extension of Q,, and p : I'r — G (k) is an unramified representation.
Let g € G(O) be a lift of p(Fr)).
Definition 4.8. Define

Liftf; :CNLp — Sets

such that for a complete local noetherian O-algebra R, Liftf;(R) consists of all lifts

p:T'r— G(R)

of p such that p is unramified and p (Fr),) is G(R)—conjugate to g.

So the tangent space is zero-dimensional and when Lift‘g is a local deformation condition, it is clearly
smooth. But for a given g, Liftf% may not be representable. But at least we have

Proposition 4.9. Suppose that G is simply connected. Let g and g be regular semisimple elements of
G (F)) and G(Qy), respectively. Then Lift% is representable.

Proof. By Schlessinger’s criterion, it suffices to show the following: for any A — B in CLNy with kernel
I for which I - m4 = 0, the induced map

ZG(g)(A) — Zs(g)(B)

is surjective. The group Zs(g) is a scheme over O, we denote the structure map by
f:Zs(g) — SpecO.

We need to show that Z5(g) is a smooth O-scheme. It suffices to show that:
e The map f is flat over O.
» The generic fiber and the special fiber of f are smooth of the same dimension.

Because G is simply connected and g and g are regular semisimple, Z(g)(O/A) and Zg(g)(Frac O)
are connected maximal tori of G(O/A) and G (Frac O), respectively, with dimension the rank of G. The
second bullet follows.

To show the first bullet, note that f has a section, that is, Z5(g) has an O-point (for example, the
element g € G(O) itself). Moreover, by the previous paragraph, the generic fiber and the special fiber of
f are both irreducible, reduced and have the same dimension. It follows from Proposition 6.1 of [Gan
and Yu 2003] that f is flat. [l
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4A4. Steinberg deformations. In [Patrikis 2016, Section 4.3], a local deformation condition of “Steinberg
type” is taken at a place in order to obtain a regular unipotent element in the image of the /-adic lift.
We will only need this in deforming those p constructed from the principal GL,. We refer the reader to
[Patrikis 2016, Section 4.3] for the definition and properties of the Steinberg deformation condition. The
dimension of the tangent space equals h°(I", 5(g)).

4AS. Minimal prime to | deformations. This deformation condition is well known; see [Patrikis 2016,
Section 4.4] for its definition. We will use this deformation condition at places v # [ for which p(Ig,) is
nontrivial and 5(I'g,) has order prime to /. The tangent space is H'(T",/1,, p(g)"), whose dimension is
h(Ty, 5(9)).

4B. Deforming mod p Galois representations. In this section, we specify the global deformation con-
dition and compute the Wiles formula, then use the results in Section 3 to prove Theorem 1.2. Let us
recall Wiles’ formula, for a proof; see [Patrikis 2016, Proposition 9.2].

Proposition 4.10. Let M be a finite-dimensional k-vector space with a continuous I'q action unramified
outside a finite set of places S. Let L = {L,},es and Lt = {LUL}Ueg be a Selmer system and dual Selmer
system, respectively, for M. Then

hy(Ts, M) —hy. (D, MY) = h°(Ts, M) = h°(Ts, M)+ ) (dimy L, —h*(T,, M),
ves
We will compute the right-hand side of the identity for M = p(g) or p(t) and for a global deformation
condition to be specified below. For p(g) from either Section 2A or 2B, note that ho(T, o(g) =

hO(T's, p(g)(1)) = 0.

4B1. Weyl group case. For G a simple, simply connected group of classical type or type E7, let p :
I'g — G (k) be as in Section 2A. Here we exclude the A, Ay, B3 cases. We impose no condition at v =1
which is liftable by Lemma 4.5, and impose the minimal prime to / condition at v € S — {00, [} (note
that p(I"g) has order prime to / by our construction). Moreover, we will find a prime p ¢ S for which
p(Fr,) is regular semisimple, together with a regular semisimple lift g € G(O) of p(Fr,). Then we take
the deformation condition Lift%lrp at p.

Lemma 4.11. Z dimy L, > Z ho(Ty, 5(g)).

ves vesS
Proof. This follows directly the local computations in Section 4A, for example Proposition 4.1 and
ves hO(FU’ ﬁ(g)) For G = SLn,
itis n —1; for G = Spiny, , , itis 3n —2; for G = Sp,,,, itis 3n —4; for G = Spin,,, it is 3n —4; and for
G =Eq,itis7. O

Corollary 4.7, etc. We record here a lower bound for } , _¢dimg L, — )

Lemma 4.12. Z dimg(L, N HY (T, p(4)) < Z hO(Ty, p(b).

vesS ves
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Proof. For v ¢ {o0, [, p}, L, corresponds to the minimal prime to / deformation condition and we have
dime(Ly N H' Ty, p(©) = dimg H' (Tu/ Ly, 5(O™) = kT, 5(V)).

So it suffices to compare both sides for v € {00, [, p}. The left-hand side subtracting the right-hand side
equals

(0 —h"(Tr, () + (K (Ty, p(©) — hO(Ty, p(6)) + (0 —hO(T,, p(1))).
By local duality and Lemma 4.5,
RN Ty, p(6) — KTy, p(4) = dimy t.

Combining this with the identity
hO(T ), p(1) = dimy t,

we see that the difference is —h%(I'g, p(£)) < 0. [l

Let us make the following observation which is from [Patrikis 2016, Lemma 7.7]. It will be used
frequently in the proof of Propositions 4.14, 4.18, and 4.20; suppose that p : I'g — G (k) is a continuous
representation with a continuous lift p : I'g — G(O). Let G, be the Zariski closure of G(O) in G(Q).
Then Lie(G,), Lie(G,) N go, and (Lie(G,) Ngo) ®p k are 'g-modules. Moreover, the last one is a
submodule of p(g) and thus is a direct sum of some irreducible summands of p(g). If Lie(G,) = g(@l)
(which is equivalent to (Lie(G,) Ngo) ®o k = g), then G, = G(Q)) (since G is connected).

Lemma 4.13. Let G be a semisimple algebraic group defined over O and let C be a proper subvariety of
G. Let g € G(O) and H = gé((’)) be the corresponding é((’))-coset of G(O). Then there is a regular

semisimple element in H — C(Q)).

Proof. Let V be the union of C (@) and the set of elements of G (Q;) that are not regular semisimple. Then
V is a proper Zariski-closed subset of G(Q;) as the set of regular semisimple elements is Zariski-open
(see for example [Humphreys 1995, Theorem 2.5]). On the other hand, H is Zariski-dense in G(Q). If
there were no regular semisimple element in H — C(Q;), then H C V and H could not be Zariski-dense,
a contradiction. O

Proposition 4.14. Let G be a simple, simply connected group of classical type (excluding type Ay, A;
and B3) or type E7. Then for almost all primes | when ® is of type A, or Dy, for almost all primes
[ = 1(4) when ® is of type B, or C,, and for almost all primes | = 1(3) when ® is of type E7, there are
l-adic lifts

p:Tg— GO)

of p: 'g — G (k) defined in Section 2A with Zariski-dense image in G(Q).

Proof. By Lemmas 4.11 and 4.12, we can apply Theorem 3.16 to obtain a lift p : I'g — G(O) satisfying
the prescribed local conditions. The condition at p implies that G, has infinitely many elements and so
Lie(G)) is nontrivial.
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If G is of type A, or D,, by Propositions 2.9 and 2.13, (Lie(G,) Ngo) ®o k (as a Lie subalgebra of
g) is then either t or g. By the previous lemma, there exist a regular semisimple element g € G(O) such
that g = p(Fr,) and g ¢ Ng(T)(@;). Imposing Lift% |p at p, we obtain G, ¢ Ng(T)(@Q;), which implies
(Lie(G,) Ngo) ®p k cannot be t.

If G is of type B,, by Proposition 2.13, (Lie(G,) Ngo) ®ok (as a Lie subalgebra of g) is t, t® g; = 502,
or g. Let H be an algebraic subgroup of G containing T such that (Lie(H) Ngo) ®o k = t® g; (there are
finitely many of them). Let C be the union of N (7T') and all such H, which is a proper subvariety of G.
By the previous lemma, there exist a regular semisimple element g € G(O) such that g = p(Fr,) and
g ¢ C(@). Imposing Lift},  at p, we obtain G, ¢ C(Qy), which implies (Lie(G,) N go) ®o k cannot
be tor t& g;.

If G is of type C,,, by Proposition 2.11, (Lie(G,)Ngo)®ok (as a Lie subalgebra of g) is t, tdg; = (sl)"
8

or g. The same argument as for type B, enables us to impose a suitable condition Lift, »

force (Lie(G,) Ngo) ®o k = g.
Finally, suppose that G = E5°. By Proposition 2.17, (Lie(G,) Ngo) ®o k (as a Lie subalgebra of g)

at p in order to

is either t, t® g, = sly or g. We can force (Lie(G,) Ngp) ®p k to be g in the same way as above. [J

Remark 4.15. As we have flexibilities in choosing g € G(O) lifting p(Fr)), it is easy to see that there
are infinitely many lifts p that are nonconjugate in G,

4B2. Principal GL; case. For G a simply connected group of one of the following types: A,, B3, Eg,
let p: 'g — G(k) be as in Section 2B.
We begin with the following proposition due to Tom Weston [2004, Proposition 5.3].

Proposition 4.16. Let m = 7 ¢ be a cuspidal automorphic representation corresponding to a holomorphic
eigenform f of weight at least 2. Assume that for some prime p, 7, is isomorphic to a twist of the
Steinberg representation of GL,(Q)). Then for almost all X, the local Galois representation t ¢, |r,, (in
the notation of Example 1.5) has the form

fv)" Fp ~ 0
X

where the extension * in Hl(I‘p, k; (kc)) is nonzero.

Let f be a non-CM weight 3 cuspidal eigenform that is a newform of level I';(p) N T'y(g) for some
primes p and g; the nebentypus of f is a character ¢ : (Z/pqZ)* — (Z/pZ)* — C*. Such a form f
exists, see for example, [LMFDB 2013, 15.3.7.a and 15.3.11.a]. Note that the automorphic representation
7 ¢ associated to f is Steinberg at p. Proposition 4.16 together with the definition of principal GL, then
imply p|r, is Steinberg in the sense of [Patrikis 2016, Definition 4.13]. At p we take the Steinberg
deformation condition. As 7y is a principal series at g, p(/,;) has order prime to /. We then use the
minimal prime to [ deformation condition at g. At/ we impose no condition. Moreover, choose an
element o € I'g such that p(o) is regular semisimple in 7 (k) together with a lift g € T (O) such that a(g),
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a € A are distinct. By Chebotarev’s density theorem, there is a prime r ¢ {oo, [, p, ¢} such that Fr, =o.
We then take Lift/gﬂr at r. Let £ be the Selmer system associated to the above local deformations.

Lemma 4.17. The right-hand side of Wiles’ formula is 2 for A;, 9 for Bz, and 34 for Es.
Proof. This follows from Corollaries 4.4, 4.7 and Proposition 4.10. (I

Proposition 4.18. For G = SL3, Spin, or E¢° and for almost all primes 1, there are l-adic lifts
o:Tg— G(O)
of p: 'g — G (k) defined as in Section 2B with Zariski-dense image in G(Q)).

Proof. The proof is very similar to the proof of [Patrikis 2016, Theorem 7.4], so we skip a few details here.

We first show that Theorem 3.4 applies to p. Item (1) is satisfied by Lemma 4.17; items (2) and (3) are
satisfied by the proof of [Patrikis 2016, Theorem 7.4]; for item (4), take o € I'g such that p(c) =2p" (a)
is regular with 1 # a € (Z/1Z)* and i (0) = a® (which is possible, again, see the proof of [Patrikis 2016,
Theorem 7.4]. It follows that item (a) is satisfied for any simple root «. Item (b) and (c) are also satisfied
by Lemmas 3.18, 3.19 and Corollary 3.20.

Therefore, we can deform p to a continuous representation p : I'g — G(O) satisfying the prescribed
local conditions on § and the Ramakrishna condition on a set of auxiliary primes disjoint from S. We
write G, for the Zariski closure of the image of p in G(Q)). By [Patrikis 2016, Lemma 7.7] G, is
reductive. By Proposition 4.16, the Steinberg condition at p ensures that G, contains a regular unipotent
element (see the proof of [Patrikis 2016, Theorem 8.4]). By a theorem of Dynkin [Saxl and Seitz 1997,
Theorem A], G, is then of type Ay or A, for G =SL3, type Ay, G, or B3 for G = Spin,, and type Ay, Fy,
or Eg for G = E¢°. But a(p(Fr,)), a € A are distinct, so G, = G (Q)) in all three cases (see the proof
of [Patrikis 2016, Lemma 7.8]). U

Remark 4.19. As we have flexibilities in choosing g € G(O) lifting p(Fr,), it is easy to see that there
are infinitely many lifts p that are nonconjugate in G,

4B3. SL,. The alternating group A, admits a unique nontrivial central extension A, by Z/27 forn #6, 7.
By a result of N. Vila and J.-F. Mestre (which was proven independently, see [Serre 1992]), A, can be
realized as a Galois group over Q. In particular, we get a surjection 7 : I'g — As. On the other hand,
As can be described as follows: the symmetries of an icosahedron induce a 3-dimensional irreducible
faithful representation of As, i.e., there is an injective homomorphism As — SO(3). The pullback of
As along the two-fold covering map SU(2) — SO(3) is a nontrivial central extension of A5 by Z/27,
hence is isomorphic to As. In particular, we get an embedding As — SL,(C). As the matrix entries of
the image lie in a finite extension of (2, we can choose a finite extension k of [; for which there is an
embedding As — SL(k). Precomposing it with 7, we obtain a representation I'g — SL, (k) which we
denote by p. It is easy to see that the adjoint module p(sl,(k)) is irreducible.

Let S be a finite set of places containing the archimedean place and all places where p is ramified.
We impose no condition at /, and take the minimal prime to / deformation condition at all other places
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in S, which is legitimate since the residual image has order prime to / for [ > 120. Let ¥ € As be an
element of order 4, whose image in SL, (k) is conjugate to diag(\/—_l ,—+/—1). As A5 has trivial abelian
quotient, @Q(u;) and Q(p) are linearly disjoint over Q. So there is an element o € I'g such that p(c) = &
and k(o) = —1. By Chebotarev’s density theorem, there is a prime p ¢ S for which Fr;, = o. Therefore,
plr, is of Steinberg type and we take the Steinberg deformation condition at p.

Proposition 4.20. For p: T'g — SLy(k) defined as above and for almost all primes [, there is an [-adic lift
P F@ — SLz(O)
of p with Zariski-dense image in SLy(Q).

Proof. We first show that Theorem 3.4 applies to p. Item (1) is satisfied: the left hand side of the inequality
equals the right hand side. Item (2) is satisfied since |Gal (K /Q)| has order prime to / by the definition of
p. Item (3) is satisfied since p(g) and p(g)(1) are nonisomorphic. For item (4), we take o to be as above,
the connected component of whose centralizer is denoted 7', and take « to be a root of ®(G, T'). So (a)
is satisfied. As p(g) is irreducible, (b) and (c) are satisfied.

Therefore, we can deform p to a continuous representation p : 'g — SL;(O) satisfying the prescribed
local conditions on S and the Ramakrishna condition on a set of auxiliary primes disjoint from §. We
write G, for the Zariski closure of the image of p in SL>(@;). As p(g) is irreducible, Lie(G,) is either
trivial or gg, . If the former were true, then G, would be finite. But p|r, is Steinberg, so in particular the
image of p is infinite, a contradiction. Thus Lie(G,) = 95, O

Now we finish the proof of Theorem 1.2 with the congruence conditions removed. For G a simple but
not simply connected group, suppose there is a homomorphism p; : 'g — G*(Q;) with Zariski-dense
image. We compose p; with the covering projection G*¢(Q;) — G (Q), the resulting map has Zariski-
dense image in G(Q;). Propositions 4.14, 4.18 and 4.20 prove the cases of a simple, simply connected
classical group, Eg and E7. On the other hand, the remaining cases G,, F4, and Eg have already been
established in [Patrikis 2016] in a way similar to the proof of Proposition 4.18. So Theorem 1.2 is proved.

In order to remove the congruence conditions for G of type B,, C,, and E7, we impose the same local
deformation conditions as specified in the paragraph preceding Lemma 4.11, but then use Theorem 3.21
instead of Theorem 3.16. By Lemmas 4.11 and 3.22, the assumptions in Theorem 3.21 are all met.
Therefore, we obtain a characteristic zero lift of p satisfying the prescribed local conditions for all large
enough primes /. Then the proof of Proposition 4.14 shows that the lift has full monodromy group for all
large enough primes.

5. Connected reductive groups as monodromy groups

Following [Milne 2007], a connected algebraic group G is said to be an almost-direct product of its
algebraic subgroups Gy, ..., G, if the map

Gix-+xGp—>G:(g1,---,8) > &1 &n
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is a surjective homomorphism with finite kernel; in particular, this means that the G;’s commute with
each other and each G; is normal in G.
The following proposition is [Milne 2007, Corollary 4.4].

Proposition 5.1. An algebraic group is semisimple if and only if it is an almost direct product of simple
algebraic groups. (Here a simple algebraic group is called almost simple in [Milne 2007]).

Proposition 5.2 (Goursat’s lemma). Let G, G, be groups, let H be a subgroup of G| x G, such that the
two projections p1 : H — Gy, p» : H — G; are surjective. Let N1 and N, be the kernels of p, and pq,
respectively. Then the image of H in G1/N| X G2 /N> is the graph of an isomorphism G1/N| = G,/ N».

Proposition 5.3. Let G be a connected semisimple group, then there are continuous homomorphisms
Lo — G(@)
with Zariski-dense image for large enough I.

Proof. This will follow from Goursat’s lemma, Theorem 1.2 and Remark 1.3. By Proposition 5.1, it suffices
to prove the case when G is the direct product of simply connected simple algebraic groups. We may
decompose G into “isotypic factors”: G =G X - - - X G, where G; is the direct product of copies of some
simple algebraic group, and G;, G ; have different types for i # j. Suppose we are given p; : I'g — Gi(Q)
with Zariski-dense image for each i and let p := (p1, ..., py) : g = G(Q;), whose Zariski-closure is
denoted by H. Then H is an algebraic subgroup of G (Q)) for which pr;(H) = G;(Q)). Since G;(Q))
and G j(@l) share no common nontrivial quotients for i # j, Proposition 5.2 implies that H = G(Q).

It remains to prove the case when G is a direct product of copies of some simply connected simple
algebraic group. Write G = K" with K simple. We first assume K # SL,. By Section 4B1 and 4B2
(especially Remarks 4.15 and 4.19), there exists a prime p and a homomorphism p; : ['g — K (@)
for 1 <i < n such that p; has Zariski-dense image and is unramified at p with p;(Fr,) a regular
semisimple element in K (@), and for i # J, the images of p;(Fr,) and p;(Fr,) in K ad(Q;) are not
conjugate by an automorphism of K. Now we use Proposition 5.2 and induction on n to show that
p:=[];,pi:Tag— G (Q)) has Zariski-dense image. This is clear when n = 1. Suppose this is true for n —1,
sothat[[,_, pi : To— K n=1(Qy) has Zariski-dense image. Let H be the Zariski-closure of the image of p
and apply Proposition 5.2 to p1: H — G1=K"~!, p»: H— G, = K, which are surjective by assumption,
we see that the image of H in G1/N;| x G/ N is the graph of an isomorphism G;/N; = G,/N,. But
since G, = K is a simple, simply connected algebraic group, N = K or N, C Z(K). Also note that
Nj is either K"~! or isogenous to the product of n — 2 factors in K"~ !. If Ny =K and Ny = K"~', H
must be G; otherwise, N, C Z(K) and N is isogenous to the product of n — 2 factors in K n=1 50 the
isomorphism G /N; x G,/N> induces an isomorphism between two factors in G* = (K24)". But this
is impossible, as for any i # j, the images of p;(Fr,) and p;(Fr,) in K ad () are not conjugate by an
automorphism of K. Therefore, H = G.

Now let K = SL,. By the argument in the previous paragraph, it suffices to show that for any n, we can
construct homomorphisms p; : 'g — SLz(GfDl), 1 <i < n such that p; has Zariski-dense image and for
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i #]j, ,olf“d and p';d are not conjugated by an automorphism of PGL,. By the construction in [Serre 1992,
9.3] there are infinitely many homomorphisms r : I'g — As such that the composites ' —> A5 — As are
ramified at different sets of finite primes. By Section 4B3 we then obtain infinitely many homomorphisms
o : 'g — SLjy(k) such that the corresponding homomorphisms p* : g — PGLy(k) are ramified at
different sets of finite primes. By Proposition 4.20, we can deform p to characteristic zero with Zariski-
dense image. We take n of them, denoted by p1,..., 0, : 'g — SLz(GfD;). Suppose for some i, j with
1<i#j<n, ,of‘d and ,oj.‘d were conjugate by an automorphism of PGL,, then their mod / reductions ,(')j‘d
and ,5*}‘1 would be conjugate as well. But since there exists a prime p for which [)f.‘d is ramified at p and
Py

Lemma 5.4. Let n be a positive integer and T = (G,,)". Then there is a continuous map ¢ : Z; — T (Qy)

is unramified at p, ,6?‘1 and ,6*]‘.‘1 cannot be conjugate, a contradiction. O

with Zariski-dense image.

Proof. The group T has only countably many connected proper Zariski-closed subgroups, so one can pick
aline L in Lie(T)q, avoiding the tangent spaces to all such proper subgroups (since (J; is uncountable). A
small compact neighborhood of 0 in L exponentiates to a compact subgroup C of 7' (Q;) whose Zariski clo-
sure has identity component that cannot be a proper algebraic subgroup of T, so C is Zariski-dense in 7. [

Now we can prove Theorem 1.1: Let G be a connected reductive group, then G is a quotient of the
product of G (a semisimple group) and Z(G)" (a torus). Proposition 5.3 and Lemma 5.4 then allow us
to build a homomorphism from I'g to G(Q;) with Zariski-dense image for large enough /.
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