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Irreducibility of the
Gorenstein loci of Hilbert schemes
via ray families
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We analyze the Gorenstein locus of the Hilbert scheme of d points on P” i.e., the
open subscheme parameterizing zero-dimensional Gorenstein subschemes of P
of degree d. We give new sufficient criteria for smoothability and smoothness of
points of the Gorenstein locus. In particular we prove that this locus is irreducible
when d < 13 and find its components when d = 14.

The proof is relatively self-contained and it does not rely on a computer algebra
system. As a by-product, we give equations of the fourth secant variety to the
d-th Veronese reembedding of P” for d > 4.
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1. Introduction

Let k be an algebraically closed field of characteristic neither 2 nor 3 and denote by
Hilb p(t)IP’N the Hilbert scheme parameterizing closed subschemes in PV with fixed
Hilbert polynomial p(¢) € Q[¢]. Since A. Grothendieck proved the existence of
such a parameter space in 1966 (see [Grothendieck 1995]), the problem of dealing
with Hilb,;)P" and its subloci has been a fruitful field, attracting the interest of
many researchers in algebraic geometry.

Only to quickly mention some of the classical results which deserve, in our
opinion, particular attention, we recall Hartshorne’s [1966] proof of the connected-
ness of Hilb,P", the description of the locus of codimension-2, arithmetically
Cohen—Macaulay subschemes due to J. Fogarty [1968] (for the dimension-zero
case) and G. Ellingsrud [1975] (for higher dimensions) and of the study of the
locus of codimension-3, arithmetically Gorenstein subschemes due to J. Kleppe
and R. M. Mir6-Roig [Mir6-Roig 1992; Kleppe and Mir6-Roig 1998].

If we restrict our attention to the case of zero-dimensional subschemes of degree d,
i.e., subschemes with Hilbert polynomial p(¢) = d, then the first significant results
are due to Fogarty [1968] and to A. Iarrobino [1972].

Fogarty [1968] proves that HilbsP? is smooth, hence irreducible thanks to
Hartshorne’s connectedness result (the same result holds when one substitutes P2
by any smooth surface).

On the other hand, larrobino [1972] deals with the reducibility when N > 3
and d is large with respect to N. In order to better understand the result, recall
that the locus of reduced schemes R C Hilb;PV is birational to a suitable open
subset of the d-th symmetric product of PV, thus it is irreducible of dimension dN.
We will denote by Hilbffn[P’N its closure in HilbyPV . It is a well-known and easy
fact that ’Hilbflen[P’N is an irreducible component of dimension d N, by construction.
larrobino [1972] proves that Hilb, PV is never irreducible when d >> N >3, showing
that there is a family of schemes of dimension greater than d N. Such a family is
thus necessarily contained in a component different from Hilb5" PV .

D. A. Cartwright, D. Erman, M. Velasco and B. Viray [Cartwright et al. 2009]
proved that already for d = 8 and N > 4, the scheme HilbyP" is reducible.

In view of these earlier works it seems reasonable to consider the irreducibility and
smoothness of open loci in HilbyPN defined by particular algebraic and geometric
properties. In the present paper we are interested in the locus ’Hilbg PV of points in
HilbyPVN representing schemes which are Gorenstein. This is an important locus,
e.g., it has an irreducible component ’Hilbg’genle i= HilbS" PN NHilbS PN of
dimension d N containing all the points representing reduced schemes. Moreover,
it is open, but in general not dense, in HilbyP" . Recently, interesting interactions
between Hilbg PV and the geometry of secant varieties and general topology have
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been found (see, for example, [Buczyniska and Buczyriski 2014; Buczynski et al.
> 2015]).

Some results about Hilbg PV are known. The irreducibility and smoothness of
Hilbg PN when N < 3 is part of folklore (see [Casnati and Notari 2009, Corol-
lary 2.6] for more precise references). When N > 4, the properties of Hilbg PN
have been the subject of intensive study in recent years.

For example, it is classically known that Hilbg PV is never irreducible for d > 14
and N > 6, at least when the characteristic of k is zero (see [larrobino and Emsalem
1978; Iarrobino and Kanev 1999]; see also [Casnati and Notari 2011]). Also, for
N =4and d > 140, or N = 5 and d > 42, the scheme HilngPN is reducible;
see [Buczynska and Buczynski 2014, Section 6, p. 81]. For fixed N € {4, 5}, the
minimal value of d for which this scheme is reducible is not known.

As reflected by the above references, it is natural to ask whether ’Hilbg PN
is irreducible when d < 13 and N is arbitrary. There is some evidence of an
affirmative answer to this question. Indeed, Casnati and Notari [2009; 2011;
2014a; 2014b] studied the locus Hilbg PN whend < 11 and N is arbitrary, prov-
ing its irreducibility and dealing in detail with its singular locus in a series of
papers.

A key point in the study of a zero-dimensional scheme X C PV is that it is
abstractly isomorphic to Spec A, where A is an Artin k-algebra with dimy (A) =d.
Moreover, the irreducible components of such an X correspond bijectively to those
direct summands of A, which are local. Thus, in order to deal with Hilb;PV, it
suffices to deal with the irreducible schemes in Hilby/PV for each d’ < d.

In all of the aforementioned papers, the methods used in the study of ’Hilbfj PN
rely on an almost explicit classification of the possible structure of local, Artin,
Gorenstein k-algebras of length d. Once such a classification is obtained, the authors
prove that all the corresponding irreducible schemes are smoothable, i.e., actually
lie in Hilbg’gen[P’N . To this purpose they explicitly construct a projective family
flatly deforming the scheme they are interested in (or, equivalently, the underlying
algebra) to reducible schemes that they know to be in Hilbg’gen[P’N because their
components have lower degree.

Though such an approach sometimes seems to be too heavy in terms of calcu-
lations, it is only thanks to such a partial classification that it is possible to state
precise results about the singularities of #ilb§PV.

However, there are families H; of schemes of degree d = 10 and 11 for which an
explicit algebraic description in the above sense cannot be obtained (see Section 3 of
[Casnati and Notari 2011] for the case d = 10 and Section 4 of [Casnati and Notari
2014b] for d = 11). Nevertheless, using an alternative approach, the authors are still
able to prove the irreducibility of ’Hilbg PV and study its singular locus. Indeed,
using Macaulay’s theory of inverse systems, the authors check the irreducibility of
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the aforementioned loci H; inside Hilbg PN. Then they show the existence of a
smooth point in H; N Hilbg’gen[P’N . Hence, it follows that H; C Hilbg’gen[P’N .

The aim of the present paper is to refine and generalize this method. First, we
avoid a case-by-case approach by analyzing large classes of algebras. Second, in
[Casnati and Notari 2011; 2014b] a direct check (e.g., using a computer algebra
program) is required to compute the dimension of the tangent space to the Hilbert
scheme at some specific points to conclude that they are smooth. We avoid the need
for such computations by exhibiting classes of points which are smooth, making
the paper self-contained.

Using this method, we finally prove the following two statements:

Theorem A. If the characteristic of k is neither 2 nor 3, then Hilbg PV is irre-
ducible of dimension dN for each d < 13 and ford =14 and N <5.

Theorem B. If the characteristic of k is 0 and N > 6, then HilbIG4 PN is connected
and it has exactly two irreducible components, which are generically smooth.

Theorem A has an interesting consequence regarding secant varieties of Veronese
embeddings. Geramita [1999] conjectures that the ideal of the 2-nd secant variety
(the variety of secant lines) of the d-th Veronese embedding of P” is generated by
the 3 x 3 minors of the i-th catalecticant matrix for 2 <i < d — 2. This conjecture
was confirmed in [Raicu 2012]. As pointed out in [Buczyriska and Buczynski 2014,
Section 8.1], Theorem A allows us to extend the above result as follows: if r < 13
and 2r <d, then for every r <i <d —r the set-theoretic equations of the r-th secant
variety of the d-th Veronese embedding of P" are given by the (r +1) x (r + 1)
minors of the i-th catalecticant matrix.

The proofs of Theorem A and Theorem B are highly interlaced and they follow
from a long series of partial results. In order to better explain the ideas and methods
behind their proofs, we will describe in the following lines the structure of the
paper.

In our analysis we incorporate several tools. In Section 2 we recall the classical
ones, most notably Macaulay’s correspondence for local, Artinian, Gorenstein
algebras and Macaulay’s growth theorem. Moreover, we also list some criteria
for checking the flatness of a family of algebras which will be repeatedly used
throughout the whole paper.

In Section 3 we analyze Artin Gorenstein quotients of a power series ring and
exploit the rich automorphism group of this ring to put the quotient into suitable
standard form, extending a result of larrobino.

In Section 4 we further analyze the quotients, especially their dual socle genera-
tors. We also construct several irreducible subloci of the Hilbert scheme using the
theory of secant varieties. We make a small contribution to this theory, showing
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that the fourth secant variety to a Veronese reembedding of P” is defined by minors
of a suitable catalecticant matrix.

Section 5 introduces a central object in our study: a class of families, called ray
families, for which we have relatively good control of the flatness and, in special
cases, fibers. Most notably, Section 5B gives a class of tangent-preserving flat
families, which enable us to construct smooth points on the Hilbert scheme of
points without the necessity of heavy computations.

Finally, in Section 6, we give the proofs of Theorems A and B. It is worth men-
tioning that these results are rather easy consequences of the introduced machinery.
We also prove the following general smoothability result (see Theorem 6.14), which
has no restriction on the length of the algebra and generalizes the smoothability
results from [Sally 1979; Casnati and Notari 2014a; Elias and Valla 2011].

Theorem C. Let k be an algebraically closed field of characteristic neither 2 nor 3.
Let A be a local Artin Gorenstein k-algebra with maximal ideal m.
If dimg (m?/m?) < 5 and dimy (m® /m*) < 2, then Spec A is smoothable.

2. Preliminaries

Let n be a natural number. We let (S, mg, k) be the power series ring k[[oy, . . ., oy ]l
of dimension n with a fixed basis «q, ..., «,. The basis chosen determines a
polynomial ring Spoly = k[a1, ..., @,] € S. By P we denote the polynomial ring
klx1, ..., x,]. We will later define a duality between S and P; see Section 2B. We
usually think of n being large enough, so that the considered local Artin algebras
are quotients of S.

For f € P, we say that f does not contain x; if f €k[xy, ..., Xi—1, Xix1, -+, Xnl;
and similarly for o € § or o € S,01y. For f € P, by f; we denote the degree-d part
of f, with respect to the total degree; and similarly for o € §S.

By P, and P,, we denote the space of homogeneous polynomials of degree m
and (not necessarily homogeneous) polynomials of degree at most m, respectively.
These spaces are naturally affine spaces over k, which equips them with a scheme
structure.

Recall that S has a rich automorphism group: for every choice of elements
o1, ...,0, € mg that are linearly independent in mg/ m%, there is a unique auto-
morphism ¢ of S such that ¢(«;) =0; fori =1, 2, ..., n. The existence of such
automorphisms is employed in Section 4 to put the considered Artin Gorenstein
algebras in a better form. See, e.g., [Elias and Rossi 2015, Section 2] for details
and examples of this method.

Remark 2.1. For the reader’s convenience, we introduce numerous examples,
which illustrate the possible applications. In all these examples k£ may have arbitrary
characteristic except 2 or 3, unless otherwise stated.
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2A. Artin Gorenstein schemes and algebras. In this section we recall the basic
facts about Artin Gorenstein algebras. For a more thorough treatment we refer to
[larrobino and Kanev 1999; Eisenbud 1995; Casnati and Notari 2009; Jelisiejew
2014a].

Finite-type, zero-dimensional schemes correspond to Artin algebras. Every such
algebra A splits as a finite product of its localizations at maximal ideals, which
corresponds to the fact that the support of Spec A is finite and totally disconnected.
Therefore, we will focus our interest on local Artin k-algebras. Since & is alge-
braically closed, such algebras have residue field k.

An important invariant of a local algebra (A, m, k) is its Hilbert function Hy,
defined by Hs(I) = dimy m//m/*!. Since H,(I) = 0 for [ > 0, it is usual to
write H4 as the vector of its nonzero values. The socle degree of A is the largest [
such that H4(/) # 0. Such an algebra is Gorenstein if the annihilator of m is a
one-dimensional vector space over k; see [Eisenbud 1995, Chapter 21].

We recall for the reader’s benefit that a finite, not necessarily local, algebra A is
Gorenstein if and only if all its localizations at maximal ideals are Gorenstein (in
particular, it is meaningful to discuss the irreducibility of the Gorenstein locus in
the Hilbert scheme by reducing to the study of deformations of local Gorenstein
algebras; see Section 2D).

Since k is algebraically closed, we may write each Artin local algebra (A, m, k)
as a quotient of the power series ring S = k[[ay, ..., «, ]l when n is large enough; in
fact, n > Hx (1) is sufficient. Since dimy, A is finite, such a presentation gives a pre-
sentation A = Spo1y/1, i.€., a point [Spec A] of the Hilbert scheme of A" = Spec Syoly.

2B. Contraction map and apolar algebras. In this section we introduce the con-
traction mapping, which is closely related to Macaulay’s inverse systems. We refer
to [larrobino 1994; Eisenbud 1995, Chapter 21] for details and proofs.

Recall that P = k[xy, ..., x,] is a polynomial ring and S = k[[aq, ..., ;] is a
power series ring. The k-algebra S acts on P by contraction (see [larrobino and
Kanev 1999, Definition 1.1]). This action is denoted by (-) 4(-): S x P — P and
defined as follows. Let x* =x{" - - xI e Pand ab = a?] .- -aﬁ" € S be monomials.
We write @ > b if and only if a; > b; for all 1 <i <n. Then

_b .
x? if a > b,
of Jx% = i -

0 otherwise.

This action extends to S x P — P by k-linearity on P and countable k-linearity
on S.

The contraction action induces a perfect pairing between S/ m‘f;rl and P, which
restricts to a perfect pairing between the degree-s polynomials in Spery and P. These
pairings are compatible for different choices of s.
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If f € P then a derivative of f is an element of the S-module Sf, i.e., an element
of the form 0 1 f for d € S. By definition, these elements form an S-submodule
of P, in particular a k-linear subspace.

Let A = §/I be an Artin quotient of §; then A is local. The contraction action
associates to A an S-submodule M C P consisting of elements annihilated by 7, so
that A and M are dual. If A is Gorenstein, then the S-module M is cyclic, generated
by a polynomial f of degree s equal to the socle degree of A. We call every
such f a dual socle generator of the Artin Gorenstein algebra A. Unlike M, the
polynomial f is not determined uniquely by the choice of the presentation A = S/1,
however, if f and g are two dual socle generators, then g =0 1 f, where d € S is
invertible.

Conversely, let f € P be a polynomial of degree s. We can associate to it the
ideal I := anng( f) such that A := §/I is a local Artin Gorenstein algebra of socle
degree s. We call I the apolar ideal of f and A the apolar algebra of f, which we
denote as

A = Apolar(f).

From the discussion above it follows that every local Artin Gorenstein algebra is
an apolar algebra of some polynomial.

Remark 2.2. Recall that we may think of § /mf;rl as the linear space dual to P;.
An automorphism i of S or S /m‘YSJrl induces an automorphism * of the k-linear
space P<;. If f € P<; and [ is the apolar ideal of f, then v (/) is the apolar ideal

of ¥*(f). Moreover, f and ¢*(f) have the same degree.

2C. Iarrobino’s symmetric decomposition of Hilbert function. One of the most
important invariants possessed by a local Artin Gorenstein algebra is the sym-
metric decomposition of its Hilbert function, due to Iarrobino [1994]. To state
the theorem it is convenient to define addition of vectors of different lengths
position-wise: if a = (ag, ..., a,) and b = (by, ..., b,) are vectors, then a + b =
(ap+bo, . . ., Amax(m,n) + Pmax(m,n)), where a; =0 for i > n and b; =0 for i > m.
In the following, all vectors are indexed starting from zero.

Let (A, m, k) be a local Artin Gorenstein algebra. By (0 : m') we denote the
annihilator of m’ in A. The chain 0 = (0: m") < (0: m!) C - - . defines a filtration
on A. In general, it is different from the usual filtration 0 =m?* HoemcmsIc....
The analysis of mutual position of these filtrations is the content of Theorem 2.3.

Theorem 2.3 (Iarrobino’s symmetric decomposition of the Hilbert function). Let
(A, m, k) be a local Artin Gorenstein algebra of socle degree s with Hilbert func-
tion Hy. Let

(0 . ms-l—l—i—t) Nnm!

A; (t) := dimg O:ms—i—yAm! + (0: msH—i—1) Amit]

fort=0,1,...,s—1I.
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The vectors Ay, A1, ..., Ag have the following properties:

(1) The vector A; has length s + 1 — i and satisfies A;(t) = A;(s —i —t) for all
integerst € [0, s —i].

(2) The Hilbert function Hy is equal to the sum y ;_ A;.

(3) The vector Ag is equal to the Hilbert function of a local Artin Gorenstein
graded algebra of socle degree s.

Let (A, m, k) be a local Artin Gorenstein algebra. There are a few important
remarks to make.

(1) Since Ay is the Hilbert function of an algebra, we have Ag(0) =1 = Hy4(0).
Thus, for every i > 0 we have A;(0) = 0. From symmetry, it follows that
Ai(s +1—1i)=0. In particular, A; = (0) and A;_; = (0, 0), so we may ignore
these vectors. On the other hand, A;_» = (0, ¢, 0) is in general nonzero and its
importance is illustrated by Proposition 4.5.

(2) Suppose that H4 = (1, n, 1, 1) for some n > 0. Then we have Ay = (1, *, %, 1)
and A; = (0, %, 0), thus Ag = (1, %, 1, 1), so that Ay = (1, 1, 1, 1) because of its
symmetry. Then Ay = (0, n — 1, 0). Similarly, if H4 = (1, n, e, 1) is the Hilbert
function of a local Artin Gorenstein algebra, then n > e. This is a basic example of
how Theorem 2.3 imposes restrictions on the Hilbert function of A.

(3) If A is graded, then Ag = Hy4 and all other A, are zero vectors; see [larrobino
1994, Proposition 1.7].

(4) For every a < s the partial sum Z?zo A, is the Hilbert function of a local Artin
graded algebra; see [larrobino 1994, Definition 1.3, Theorem 1.5]; see also [lar-
robino 1994, Subsection 1.F]. In particular, it satisfies Macaulay’s growth theorem;
see Section 2E. Thus, e.g., there is no local Artin Gorenstein algebra with Hilbert
function decomposition satisfying Ao = (1,1,1,1,1,1) and A; = (0,0, 1,0, 0),
because then (Ag+ A)(1) =1and (Ag+A)(2) =2.

Let us now analyze the case when A = Apolar(f) = S/ anng(f) is the apolar
algebra of a polynomial f € P, where f =Y ._, fi for some f; € P;. Each local
Artin Gorenstein algebra is isomorphic to such an algebra; see Section 2B. For the
proofs of the following remarks, see [larrobino 1994].

(1) The vector Ay is equal to the Hilbert function of Apolar( f), the apolar algebra
of the leading form of f.

(2) If A is graded, then anng(f) = anng(f;), so that we may always assume
that f = f;. Moreover, in this case H(m) is equal to (Sf;),, the number of
degree-m derivatives of f;.

(3) Let f; and f> be polynomials of degree s such that f; — f> is a polynomial of
degree d <s. Let A; = Apolar( f;) and let Ay, ,, be the symmetric decomposition of
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the Hilbert function Hy, of A; fori =1, 2. Then Ax, , = Aa, ;m forallm <s —d;
see [larrobino 1994, Lemma 1.10].

2D. Smoothability and unobstructedness. An Artin algebra A is called smooth-
able if it is a (finite flat) limit of smooth algebras, i.e., if there exists a finite flat
family over an irreducible base with a special fiber isomorphic to Spec A and general
fiber smooth. Recall that A >~ A, X --- X Ay, , where the m; are maximal ideals
of A. The algebra A is smoothable if all localizations Ay, at its maximal ideals
are smoothable. The converse also holds, that is, if an algebra A >~ B; x B; is
smoothable, then the algebras B; and B, are also smoothable; a complete and
characteristic-free proof of this fact will appear shortly in [Buczynski and Jelisiejew
2014]. We say that a zero-dimensional scheme Z = Spec A is smoothable if the
algebra A is smoothable.

It is crucial that every local Artin Gorenstein algebra A with Hs(1) < 3 is
smoothable —see [Casnati and Notari 2009, Proposition 2.5]— which follows
from the Buchsbaum—FEisenbud [1977] classification of resolutions. Also, complete
intersections are smoothable. A complete intersection Z C P" is smoothable by
Bertini’s theorem (see [Hartshorne 2010, Example 29.0.1], but note that Hartshorne
uses a slightly weaker definition of smoothability, without a finiteness assumption).
If Z = Spec A is a complete intersection in A", then Z is a union of connected
components of a complete intersection Z’' = Spec B in P", so that B ~ A x C for
some algebra C. The algebra B is smoothable since Z’ is. Thus also the algebra A
1s smoothable, i.e., Z is smoothable.

Definition 2.4. A smoothable Artin algebra A of length d, corresponding to the
subset Spec A of P, is unobstructed if the tangent space to Hilb,;(P") at the
k-point [Spec A] =: p has dimension nd. If A is unobstructed, then p is a smooth
point of the Hilbert scheme.

The unobstructedness is independent of n and the chosen embedding of Spec A
into P"; see the discussion before [Casnati and Notari 2009, Lemma 2.3]. The
argument above shows that algebras corresponding to complete intersections in A"
and P" are unobstructed. Every local Artin Gorenstein algebra A with Hy (1) <3
is unobstructed; see [Casnati and Notari 2009, Proposition 2.5]. Moreover, every
local Artin Gorenstein algebra A with Hy (1) <2 is a complete intersection in A2,
by the Hilbert-Burch theorem.

Definition 2.5. An Artin algebra A is limit-reducible if there exists a flat family
(over an irreducible base) whose special fiber is A and general fiber is reducible.
An Artin algebra A is strongly nonsmoothable if it is not limit-reducible.

Clearly, strongly nonsmoothable algebras (other than A = k) are nonsmoothable.
The definition of strong nonsmoothability is useful, because to show that there is
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no nonsmoothable algebra of length less than d it is enough to show that there is
no strongly nonsmoothable algebra of length less than d.

2E. Macaulay’s growth theorem. We will recall Macaulay’s growth theorem and
Gotzmann’s persistence theorem, which provide strong restrictions on the possible
Hilbert functions of graded algebras. Fix n > 1. Let m be any natural number; then
m may be uniquely written in the form

m= ()4 )+ ()

where m,, > m,_1 > --- > my. We define

; +1 1+1 +1
mli) = my n Mp—1 T mji .
n+1 n 2

It is useful to compute some initial values of the above-defined function: 1/ =1
for all n, 3% =4, 4% =5, 602 =10 and 45 = 5.

Theorem 2.6 (Macaulay’s growth theorem). If A is a graded quotient of a polyno-
mial ring over k, then the Hilbert function Ha of A satisfies Hy(m+1) < Hy (m)m
forall m.

Proof. See [Bruns and Herzog 1993, Theorem 4.2.10]. O

Note that the assumptions of Theorem 2.6 are satisfied for every local Artin
k-algebra (A, m, k), since its Hilbert function is by definition equal to the Hilbert
function of the associated graded algebra.

Remark 2.7. We will frequently use this easy consequence of Theorem 2.6:

Let A be a graded quotient of a polynomial ring over k. Suppose that H4 (/) <1
for some 1. Then Ha(1) = (})+ (")) +--- and Ha)" = (1)) + () +--- = Ha (D),
thus Hy(I + 1) < Ha(l). It follows that the Hilbert function of H,4 satisfies

Hy() > Ha(l+1)> Hy(I+2) > ---. In particular, Hy(m) <[ for all m > |.

Theorem 2.8 (Gotzmann’s persistence theorem). Let A = Spo1y/1 be a graded
quotient of a polynomial ring Spoly over k and suppose that for some | we have
Hao(l+1) = Ha(D™ and that I is generated by elements of degree at most . Then
Ha(m+1) = Hy(m)"™ forallm > 1.

Proof. See [Bruns and Herzog 1993, Theorem 4.3.3]. O

We will mostly use the following consequence of Theorem 2.8, for which we
introduce some (nonstandard) notation. Let I C S,oy = k[ay, ..., a,] be a graded
ideal in a polynomial ring and m > 0. We say that I is m-saturated if, for all ] <m
and o € (Spory);, the condition o - (ay, .. ., a)" L C 1 implies o € 1.
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Lemma 2.9. Let S,y = klay, ..., o] be a polynomial ring with maximal ideal
n=(ay,...,a,). Let I C Syoy be a graded ideal and A = Syo1y/1. Suppose that 1
is m-saturated for some m > 2. Then:

(D) If Hy(m)=m+1and Hyx(m+1) =m+ 2, then Hs(l) =141 for all | < m;
in particular, Ha(1) = 2.

Q) If Hy(m)=m+2and Hy(m+ 1) =m + 3, then Hs(l) =142 for all | < m;
in particular, Ha(1) = 3.

Proof. (1) First, if Hy(I) <[ for some [ < m then, by Macaulay’s growth theorem,
Hy(m) <1 <m+ 1, a contradiction. So it suffices to prove that H4(/) <[/ + 1 for
all | <m.

Let J be the ideal generated by elements of degree at most m in /. We will prove
that the graded ideal J of Syoly defines a P! linearly embedded into P~ 1.

Let B = Syoy/J. Then Hp(m) = m + 1 and Hg(m + 1) > m + 2. Since
Hg(m)=m+1= (m,:l), we have Hg(m)™ = (ﬁﬁ) =m+2 and, by Theorem 2.6,
we get Hg(m + 1) < m + 2, thus Hg(m + 1) = m 4+ 2. Then, by Gotzmann’s
persistence theorem, Hg(l) =1+ 1 for all / > m. This implies that the Hilbert
polynomial of Proj B € P"~!is hp(t) =t + 1, so that Proj B € P"~! is a linearly
embedded P'. In particular, the Hilbert function and Hilbert polynomial of Proj B
are equal for all arguments. By assumption, we have J; = J for all / < m. Then
Ha(l) = Hs, /(1) = Hg,, jysa (1) =1+ 1 for all I < m and the claim of the lemma
follows.

(2) The proof is similar to that of (1); we mention only the points where it changes.
Let J be the ideal generated by elements of degree at most m in I and B = Spo1y/J.
Then Hg(m) =m+2= (") + ("7)), thus Hg(m+1) < (") + (I) =m+3
and B defines a closed subscheme of P"~! with Hilbert polynomial /g (t) =t + 2.
There are two isomorphism types of such subschemes: the union of P! and a
point, and P! with an embedded double point. One checks that for these schemes
the Hilbert polynomial is equal to the Hilbert function for all arguments and then

proceeds as in the proof of part (1). U

Remark 2.10. If A = S,,0y/I is a graded Artin Gorenstein algebra of socle de-
gree s, then it is m-saturated for every m < s. Indeed, we may assume that
A = Apolar(F) for some homogeneous F € P of degree s; then I = anng(F).
Letn = (a1, ...,a,) Cklag, ..., 0,] = Spory. Take 0 € (Spoly);; then o € I if
and only if o J F = 0. Similarly, on™~! C I if and only if every element of n”~/
annihilates o 4 F. Since o 1 F is either a homogeneous polynomial of degree
s —1 >m —1 or it is zero, both conditions are equivalent.

Remark 2.11. Clearly, if two graded ideals I and J of Spo1y agree up to degree m
and [ is m-saturated, then also J is m-saturated.
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2F. Flatness over Speck[t]. For further reference we explicitly state a purely
elementary flatness criterion. Its formulation is a bit complicated, but this is
precisely the form which is needed for the proofs. This criterion relies on the easy
observation that the torsion-free modules over k[¢] are flat.

Proposition 2.12. Suppose S is a k-module and I C S[t] is a k[t]-submodule. Let
lo:=1NS. If, for every A € k, we have

(F=2)NI<(@E—1)I+1lt],
then S[t]/1 is a flat k[t]-module.

Proof. The ring k[¢] is a principal ideal domain; thus, a k[t]-module is flat if and
only if it is torsion-free; see [Eisenbud 1995, Corollary 6.3]. Since every polynomial
in k[¢] decomposes into linear factors, to prove that M = S[¢]/1I is torsion-free it is
enough to show that t — A are non-zerodivisors on M, i.e., that (f — A)x € I implies
x €1 for all x € S[¢t], A € k.

Fix A € k and suppose that x € S[¢] is such that (t —X)x € I. Then, by assumption,
(t—Mx € (t —A)I + Iy[t], so that (r — A)(x —i) € Ip[t] for some i € I. Since
S[t1/Io[t] >~ S/ Io[t] is a free k[t]-module, we have x —i € [y[t] S [ andsox e l. []

Remark 2.13. Let iy, ..., i, be the generators of /. To check the inclusion which
is the assumption of Proposition 2.12, it is enough to check that s € (tr —A) N [
implies s € (¢t —A)I + Ip[¢] for all s = s1i1 + - - - + 5,0, where 5; € S.

Indeed, take an arbitrary element s € I and write s = t1i| + - - - + t,i,, where
t1,...,t € S[t]. Dividing #; by t — A, we obtain s = syi; + - - - + 5,4, + (t — V)i,
where i € [ and s; € S. Let s’ =s1i1 +---+s,i,; then s € (r —A) N [ if and only if
s'e(@—x)NI,and s € (t —A)I + Ip[t] if and only if s € (t — M) + Ip[t].

Example 2.14. Consider S = k[x, y] and I = xyS[t]+ (x3 —tx)S[t] C S[t]. Take
an element s1xy + s2(x> —rx) € I and suppose s1xy +s5(x3 —1x) € (t —A)S[1].
We want to prove that this element lies in Iy[¢] 4 (r — A)I. As in Remark 2.13, by
subtracting an element of /(¢ — A) we may assume that s; and s, lie in S. Then
slxy+sz(x3 —tx) € (t—X)S[t]if and only if slxy+sz(x3 —Xx)=0. In particular, we
have s, € ¥ S, so that sH(x3—1x) € xyS[t]; then slxy+sz(x3 —tx) e xyS[t] C Iy[t].
Similarly, we will frequently use the following easy observation:
Lemma 2.15. Consider a ring R = Bl«a] graded by the degree of a. Let d be a
natural number and I C R be a homogeneous ideal generated in degrees less or
equal to d.

Let g € Bla] be an element of a-degree strictly less than d such that for every
b € B satisfying ba® € I, we have bq € I. Then, for every r € R,

r@—q)el = ra®el and rqel.



Irreducibility of the Gorenstein loci of Hilbert schemes 1537

Proof. We apply induction on a-degree of r, the base case being r = 0. Write
m
r= Zria’, where r; € B.
i=0

The leading form of r(a? — g) is r,,a™ ¥ and it lies in . Since I is homogeneous
and generated in degree at most d, we have r,,a? € I. Then r,,q € I by assumption,
so that 7 1= r — r,,a” satisfies 7(a? — ¢) € I. By induction we have 7a?, g € I,
then also ra?, rq € I. U

3. Standard form of the dual generator

Definition 3.1. Let f € P = k[xy, ..., x,] be a polynomial of degree s. Let
I =anng(f) and A = S/I = Apolar(f). By A, we denote the decomposition of
the Hilbert function of A and we set e(a) := Z?:o A(1).

We say that f is in the standard form if

f=fh+fii+fo+fi+---+f, where fi€ PNkl[xy,...,xs-] forall i.

Note that if f is in the standard form and d € mg, then f 4 9 J f is also in the
standard form. We say that an Artin Gorenstein algebra S/I is in the standard
form if any (or every) dual socle generator of §/I is in the standard form; see
Proposition 3.5 below.

Example 3.2. If f =x%+x) +x3, then f is in the standard form. Indeed, e(0) = 1,
e(1) =2, e(2) =2, e(3) = 3 so that we should check that x® € k[x;], x5 € k[x1, x]
and xg € k[x1, x2, x3], which is true. To contrast, g = x36 + xg + x13 is not in the
standard form, but may be put in the standard form via a change of variables.

The change of variables procedure of Example 3.2 may be generalized to prove
that every local Artin Gorenstein algebra can be put in a standard form:

Proposition 3.3. For every Artin Gorenstein algebra S/ 1 there is an automorphism
@ : S — Ssuchthat S/¢(l) is in the standard form.

Proof. See [larrobino 1994, Theorem 5.3AB]; the proof is rewritten in [Jelisiejew
2014a, Theorem 4.38]. O

The idea of the proof of Proposition 3.3 is to “linearize” some elements of S.
This is quite technical and perhaps it can be best seen in the following example.

Example 3.4. Let f = xf’ —{—xi‘xz. The annihilator of f in S is (a%, ozf — oefaz), the
Hilbert function of Apolar(f) is (1,2,2,2,1, 1, 1) and the symmetric decomposi-
tion is

Ao=(1, 11,1, 1,1, 1), A;=(0,0,0,0,0,0), A»=(0,1,1,1,0).
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This shows that e(0) =1, e(1) = 1 and e(2) = 2. If f is in the standard form we
should have f5 = xf’xz € k[x1, ..., xe1)]l = k[x1]. This means that f is not in the
standard form. The “reason” for e(1) =1 is the fact that a?(az — ozlz) annihilates f,
and the “reason” for f5 & k[x;] is that ap — a12 is not a linear form. Thus we make
oy — oaf a linear form by twisting by a suitable automorphism of S.

We define an automorphism v : S — S by ¥ (1) = o1 and ¥ (a2) = a2 —|—oef, SO
that we have v (ap — a%) = ap. The automorphism maps the annihilator of f to the
ideal I := ((ap +Ot%)2, O[?O[Q). We will see that the algebra S/I is in the standard
form and also find a particular dual generator obtained from f.

As mentioned in Remark 2.2, the automorphism v induces an automorphism
Y™ of the k-linear space P<g. This automorphism maps f to a dual socle generator
v*fof S/1.

The element F := ¥*x% is the only element of P such that ¥ (a]) 4 F =
V() o F =0, Y (@0)(F) =1 and y(!)(F) = 0 for [ < 5. Caution: in the
last line we use evaluation on the functional and not the induced action (see
Remark 2.2). One can compute that 1/f*x16 = x16 - xfxz + x12x22 — xg and similarly
w*xi‘xg = xi‘xz — 2x12xz + 3x§’, so that ¢* f = x16 - xlzxg + 2x§. Now indeed
xf € k[x1], xlzxz2 € k[xy, x»] and 2x§ € k[x1, x»], so the dual socle generator is in
the standard form.

We note the following equivalent conditions for a dual socle generator to be in
the standard form:

Proposition 3.5. In the notation of Definition 3.1, the following conditions are
equivalent for a polynomial f € P:

(1) The polynomial f is in the standard form.

(2) Forallr andi suchthatr > e(s—i), we have mg_lar cl=(fH)"~ Equivalently,

forall v and i such that r > e(i), we have mfg_i_lar Ccl= (f)L.
Proof. Straightforward. ([

Corollary 3.6. Let f € P be such that the algebra S/1 is in the standard form,
where I = anng(f). Let ¢ be an automorphism of S given by

p(a;) = kia; + g,

where q; is such that deg(q; 1 ) < deg(w; 1 f) and k; € k\ {0}. Then the algebra
S/~ (1) is also in the standard form.

Proof. The algebras S/I and S/¢~'(I) are isomorphic; in particular, they have
equal functions e(-). By Proposition 3.5 it suffices to prove that if, for some r
and i, we have ma; C I, then msar; @~ (I). The latter condition is equivalent to
mp(a;) C 1. If mia; o f =0 then deg(a; 1 f) <7 so, by assumption, deg(q; 1 f) <r;
thus mgq,- 2 f=0and m’S<p(a,~) =mg(/c,~oz,- +qgi) a1 f=0. O
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Corollary 3.7. Suppose that q € m% does not contain «; and let ¢ : S — S be an
automorphism given by

o if j £1i,
ola)) = { A

kioi +q if j=1,
where k; € k\ {0}. Suppose that S/1 is in the standard form, where I = anng(f),
and that deg(q 1 ) < deg(w; 1 f). Then the algebras S/¢(I) and S/(p_l(l) are
also in the standard form.

Proof. Note that ¢ : § — S, given by ¥ («j) =« for j #i and ¥ («;) =/<i_1(a,~ —-q),
is an automorphism of S and, furthermore, v (k;o; +¢q) = o; —q + g = «;, SO
that » = ¢ ~!. Both ¢ and v satisfy assumptions of Corollary 3.6, so both S/¢ = (I)
and S/¥~'(I) = S/@(I) are in the standard form. O

Remark 3.8. The assumption g € mg of Corollary 3.7 is needed only to ensure that
¢ is an automorphism of S. On the other hand, the fact that ¢ does not contain «; is
important, because it allows us to control ¢! and, in particular, prove that S/¢ (1)
is in the standard form.

The following corollary is a straightforward generalization of Corollary 3.7, but
the notation is difficult. We first choose a set K of variables. The automorphism
sends each variable from K to (a multiple of) itself plus a suitable polynomial in
variables not appearing in K.

Corollary 3.9. Take K C {1,2,...,n}and q; € m?s for i € K which do not contain
any variables from the set {«;}icic. Define ¢ : S — S by
o ifi¢K
pla)=1" f . #
kiai +q; ifi €K,

where k; € k\{0}. Suppose that S/1 is in the standard form, where I =anng( ), and
that deg(g; o f) <deg(e; 1 f) for all i € K. Then the algebras S/@(I) and S/~ (I)
are also in the standard form. [l

4. Special forms of dual socle generators

Recall that k is an algebraically closed field of characteristic neither 2 nor 3.

In the previous section we mentioned that for every local Artin Gorenstein algebra
there exists a dual socle generator in the standard form; see Definition 3.1. In this
section we will see that in most cases we can say more about this generator. Our
main aim is to put the generator in the form x* + f, where f contains no monomial
divisible by a “high” power of x. We will use it to prove that families arising from
certain ray decompositions (see Definition 5.2) are flat.

We begin with an easy observation.
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Remark 4.1. Suppose that a polynomial f € P is such that Hapolar(r)(1) equals
the number of variables in P. Then any linear form in P is a derivative of f. If
deg f > 1 then the S-submodules Sf and S(f — f1 — fo) are equal, so analyzing
this modules we may assume f| = fp =0, i.e., the linear part of f is zero.

Later we use this remark implicitly.

The following lemma provides a method to slightly improve the given dual socle
generator. This improvement is the building block of all other results in this section.

Lemma 4.2. Let f € P be a polynomial of degree s and A be the apolar algebra
of f. Suppose that o} 4 f # 0. For every i, let d; := deg(a; 1 f) +2.

Then A is lsomorphlc to the apolar algebra of a polynomial f of degree s such
thatoz1 J f =1and a; _loz, a f Oforalli # 1. Moreover, the leading forms of f
and f are equal up to a nonzero constant. If f is in the standard form, then f is
also in the standard form.

Proof. By multiplying f by a nonzero constant we may assume that Otl 2f=1
Denote I :=anng( f). Since deg(aa; 1 f) = d; — 2, the polynomial 0‘1 Lo f=

(aloz, 1 f) is constant; we denote it by A Then
(al"f o —Ajoy) o f =0, so that af"fl( — Aot} dH) el

Define an automorphism ¢ : § — S by

( ) aq if i = 1,

o) =

VRO = Ny = aged ™ i i £ 1

then ozf"_la,- € ¢~ !(I) for all i > 1. The dual socle generator f of the algebra

S/@~!(I) has the required form. We can easily check that the graded algebras of
S/@~!(I) and S/I are equal; in particular, f and f have the same leading form,
up to a nonzero constant.

Suppose now that f is in the standard form. Let i ef{l,...,n}. Thend; =
deg(ajo; o f)+2 <deg(a; 1 f)+1, so that deg(ozs dit Jf) <d;—1<deg(a;f).
Since ¢ is an automorphism of §, by Remark 3.8 we may apply Corollary 3.9 to ¢.
Then S/¢(I) is in the standard form, so f is in the standard form by definition. [

Example 4.3. Let f € k[x;, x2, x3, x4] be a polynomial of degree s. Suppose that
the leading form f; of f can be written as f; = xj + g, where g, € k[x2, x3, x4].
Then deg(ojo; 1 f) <s—3foralli > 1. Using Lemma 4.2, we produce f =x]+h
such that the apolar algebras of f and f are isomorphic and o}~ 20; oh =0 for
all i # 1. Then ozf 2 h= Ax1+ Xy, where A; e k fori =1, 2 After adding a
suitable derivative to f we may assume A; = Ay =0, that is, oci 2 h=0.

Example 4.4. Suppose that a local Artin Gorenstein algebra A of socle degree s
has Hilbert function equal to (1, Hy, H>, ..., H., 1, ..., 1). The standard form of
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the dual socle generator of A is
f=x{+kex] + o Hreax{T 4 g,

where deg g <c-+1 and «, € k. By adding a suitable derivative we may, furthermore,
make all k; = 0 and assume that aCH 1g = 0. Using Lemma 4.2 we may also
assume that afa; 1 g = 0 for every j # 1, so we may assume «f 1 g = 0, arguing
as in Example 4.3. This gives a dual socle generator

f=xi+¢.
where deg ¢ < ¢+ 1 and g does not contain monomials divisible by x{.

The following proposition was proved in [Casnati and Notari 2014a] under the
assumption that & is algebraically closed of characteristic zero and in [Jelisiejew
2014a, Theorem 5.1] under the assumption that k = C. For completeness we
include the proof (with no further assumptions on k other than the ones listed at the
beginning of this section).

Proposition 4.5. Let A be Artin local Gorenstein algebra of socle degree s > 2 such
that the Hilbert function decomposition from Theorem 2.3 has A4 s—2» = (0, q, 0).
Then A is isomorphic to the apolar algebra of a polynomial f such that f is in the
standard form and the quadric part f, of f is a sum of q squares of variables not
appearing in f>3 and a quadric in variables appearing in f>3.

Proof. Let us take a standard dual socle generator f € P :=k[xy, ..., x,] of the
algebra A. Now we will twist f to obtain the required form of f;. We may assume
that HApolar(f)(l) =n.

If s = 2, then the theorem follows from the fact that the quadric f may be
diagonalized. Assume s > 3. Let e 1= e(s — 3) = f;g A4 +(1). We have
n=-e(s—2) = f+gq,sothat f>3 € k[x, ..., x.] and f> € k[xy, ..., x,]. Note
that f-3 is also in the standard form, so that every linear form in xq, ..., x, is a
derivative of f>3; see Remark 4.1.

First, we want to assure that a,% 2f#0. lfa, o f €klxy,...,x.] then there
exists an operator d € m% such that (o, —d) 4 f = 0. This contradicts the fact that f
was in the standard form (see the discussion in Example 3.4). So we get that o, 1 f
contains some x, for r > e, i.e., f contains a monomial x,x,,. A change of variables
involving only x, and x, preserves the standard form and gives a2 1 f # 0.

Applymg Lemma 4.2 to x,,, we see that f may be taken to be in the form f —|—x ,
where f does not contain x,, that is, f € k[x1, ..., x,—1]. We repeat the argument
for f . (]

Example 4.6. If A is an algebra of socle degree 3, then H4 = (1,n,e¢, 1) for
some n and e. Moreover, n > e and the symmetric decomposition of Hy4 is
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(1,e,e,1) 4+ (0,n — e, 0). By Proposition 4.5, we see that A is isomorphic to
the apolar algebra of
f4 20w

e<i<n

where f € k[xy, ..., x.]. This claim was first proved by Elias and Rossi [2012,
Theorem 4.1].

4A. Irreducibility for fixed Hilbert function in two variables. Below we analyze
local Artin Gorenstein algebras with Hilbert function (1, 2, 2, ...). Such algebras
are (in some cases) classified up to isomorphism in [Elias and Valla 2011], but
rather than such classification we need to know the geometry of their parameter
space, which is analyzed (among other such spaces) in [larrobino 1977].

We need the following Proposition 4.7, which is part of folklore. We thank
J. Buczynski for explaining the proof.

Let r > 1 be a natural number. By Hilb, Spec S we denote the Hilbert scheme
of length r subschemes of the power series ring S. It is called the punctual Hilbert
scheme because, as a set, Hilb, Spec S is equal to the set of length-r subschemes
of P"* supported at a single fixed point.

We recall a classical construction. Let V be a constructible subset of P<;. Assume
that the apolar algebra Apolar(f) has length » for every closed point f € V. Then
we may construct the incidence scheme {( f, Apolar(f))} — V, which is a finite
flat family over V, and thus we obtain a morphism from V to Hilb, Spec S. See
[Jelisiejew 2014a, Proposition 4.39] for details.

Proposition 4.7. Let R C Hilb, Spec S be a constructible subset and V C P denote
the set of all possible dual socle generators of elements of R. If R is irreducible,
then also V is irreducible.

Proof. Below, by k* and $* we denote the sets of invertible elements of k and S,
respectively.

There is an induced surjective morphism ¢ from V to R, as explained above. By
construction, the fiber over ¢(f) is $* 1 f. The image R of ¢ is irreducible, so it is
enough to show the existence of an open cover {H;} of R such that every ¢~ (H;)
is irreducible.

Choose an element f € V and a section of mg/anng(f) to mg, that is, a
linear subspace m(f) € mg such that m(f) — mg/anng(f) is bijective. Let
O(f)=m(f)+k < S;then S f=O0(f) 1 f. Finally, let O(f)* :=k* +m(f),
so that 9~ (¢(f)) = O(f)* 1 f. Consider the set

Ur={geV]0(f)Namns(g) =0} ={geV|O(f)ag=S5g}
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It is an open set in V and its image H; = ¢(Uy) is open (hence irreducible) in the
Hilbert scheme. Moreover, Uy = ! (Hy). For every g € Uy the fiber o (p(g)
is equal to O(f)* L g.

By [Emsalem 1978, Proposition 18 and its Corollary] there is an open neighbor-
hood H Ji C Hy of ¢(f) such that the morphism ¢ : o \(H JQ) — H Ji has a section i.
Denoting wil(H}) by U, we have a surjective morphism O(f)* x H; — U}
mapping (o, h) to o 1i(h). Since O(f)* and H} are irreducible, also U} is
irreducible. Therefore, { H }} forms a desired cover of R and so V is irreducible. [J

Proposition 4.8. Let H = (1,2,2, %, ..., *, 1) be a vector of length s + 1. The set
of polynomials f € k[xy, x2] such that Hapolar(r) = H constitutes an irreducible
subscheme of the affine space k[x1, x2]<s. A general member of this set has, up to
an automorphism of P induced by an automorphism of S, the form f + 0 1 f, where
f =x}+x3" for some s, <s.

Proof. Let V C k[x1, x2] denote the set of those f such that Hapolar(f) = H. Then the
image of V under the mapping sending f to Apolar(f) is irreducible by [larrobino
1977, Theorem 3.13]. By Proposition 4.7, the set V is irreducible.

In the case H = (1,1, 1, ..., 1) the claim (with s, = 0) follows directly from
the existence of the standard form of a polynomial. Further in the proof, we
assume H (1) =2.

Let us take a general polynomial f such that Hapolar(r) = H. Then anng(f) =
(91, g2) is a complete intersection, where g, € S has order 2, that is, g; € mé \ m%.
Since f is general, we may assume that the quadric part of g; has maximal rank,
i.e., rank two; see also [larrobino 1977, Theorem 3.14]. Then, after a change
of variables, g; = «jop mod mg. Since the leading form oy of ¢ is reducible,
q1 = 616, for some §1, 87 € S such that §; = «; modmi fori =1, 2, see, e.g., [Kunz
2005, Theorem 16.6]. After an automorphism of § we may assume §; = «;; then
o0 = ¢qp annihilates f, so that it has the required form. O

4B. Homogeneous forms and secant varieties. It is well known that if F' € P
is a form such that Hapolar(r) = (1,2, ..., 2, 1) then the standard form of F is
either x| + x; or x‘f_lxz. In particular, the set of such forms in P is irreducible
and in fact it is open in the so-called secant variety. This section is devoted to
some generalizations of this result for the purposes of classifying leading forms of
polynomials in P.

The following proposition is well known if the base field is of characteristic zero
(see [Bernardi et al. 2011, Theorem 4] or [Landsberg and Ottaviani 2013]), but we
could not find a reference for the positive characteristic case, so for completeness
we include the proof.

Proposition 4.9. Suppose that F € k[x1, x2, x3] is a homogeneous polynomial of
degree s > 4. The following conditions are equivalent:
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(1) The algebra Apolar(F) has Hilbert function H beginning with H(1) = H(2) =
H@B3)=3,ie, H=(1,3,3,3,...).

(2) After a linear change of variables, F is in one of the forms
x] + x5+ x3, x‘l"_lxz +x3, or xf_z(xlx_g —i—x%).

Furthermore, the set of forms in k[xy, x2, x3]s satisfying the above conditions is
irreducible.

Proof. For the characteristic zero case, see [Landsberg and Ottaviani 2013] and
references therein.

Let S = k[o, a2, a3] be a polynomial ring dual to P. This notation is incoherent
with the global notation, but it is more readable than Spo1y.

Let I :=anng(F) and I, := (61, 62, 63) C S, be the linear space of operators of
degree 2 annihilating F. Let A:=S/I,J :=(l;) € S and B :=§/J. Since A has
length greater than 3-3 > 23, the ideal J is not a complete intersection. Let us analyze
the Hilbert function of A. By symmetry of H4, we have Ha(s — 1) = Ha(1) = 3.
By Remark 2.7 we have 3= H4(3) > Hs(4) > --- > Hy(s — 1) =3, thus

Hym)=3 foral m=1,2,...,5s—1.

We will prove that the graded ideal J is saturated and defines a zero-dimensional
scheme of degree 3 in P> = Proj S. First, 3 = H,(3) < Hz(3) < 4 by Macaulay’s
growth theorem. If Hg(3) = 4 then, by Lemma 2.9 and Remark 2.10, we have
H,4 (1) =2, a contradiction. We have proved that Hgz(3) = 3.

Now we want to prove that Hg(4) = 3. By Macaulay’s growth theorem applied
to Hp(3) = 3 we have Hg(4) < 3. If s > 4 then Hs(4) = 3, so Hg(4) > 3.
Suppose s =4. By Buchsbaum—Eisenbud [1977] we know that the minimal number
of generators of [ is odd. Moreover, we know that A, = B,, for n < 4, thus the
generators of I have degree two or four. Since [ is not a complete intersection,
there are at least two generators of degree 4, so Hg(4) > Hs(4) +2 =3.

From Hp(3) = Hp(4) = 3, by Gotzmann’s persistence theorem we see that
Hp(m) =3 for all m > 1. Thus the scheme I" := V (J) C Proj k[, a2, @3] is finite
of degree 3 and J is saturated. In particular, the ideal J = I (I") is contained in /.

We will use I' to compute the possible forms of F, in the spirit of the apolarity
lemma; see [larrobino and Kanev 1999, Lemma 1.15]. There are four possibilities
for I':

(1) T is a union of three distinct, noncollinear points. After a change of basis,
F={[1:0:01}U{[0:1:01}U{[0:0:1]}; then I, = (a2, arx3, ax3¢1) and
F =x]+x5+x5.

(2) T is a union of a point and scheme of length two such that (I') = P2, After a
change of basis, It = (af, a1, aras), so that F = x§_1x1 +x5.
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(3) T is irreducible with support [1 : 0 : O] and it is not a 2-fat point. Then
I" is Gorenstein and so I may be taken as the curvilinear scheme defined
by (a%, o3, 03 — a%). Then, after a linear change of variables, F' =
g 4 ada 2

(4) T is a 2-fat point supported at [1 : O : O]. Then It = (a%, o3, a%), SO
F = xf’l()nzxz + A3x3) for some Ay, A3z € k. But then there is a degree-one
operator in § annihilating F, a contradiction.

The set of forms F which are sums of three powers of linear forms is irreducible.
To see that the forms satisfying the assumptions of the proposition constitute
an irreducible subset of P; we observe that every I' as above is smoothable by
[Cartwright et al. 2009]. The flat family proving the smoothability of I" induces a
family F; — F, such that F), is a sum of three powers of linear forms for A # 0,
see [Emsalem 1978, Section C2, Corollaire]. See also [Buczyiiska and Buczyniski
2014] for a generalization of this method. (]

Proposition 4.10. Let s > 4. Consider the set S of all forms F € k[xy, x2, x3, x4] of
degree s such that the apolar algebra of F has Hilbert function (1,4,4,4,...,4,1).
This set is irreducible and its general member has the form £ + £ + €5 + £3, where
L1, £y, U3 and L4 are linearly independent linear forms.

Proof. First, the set Sy of forms equal to E‘l‘ + Z% + 6‘3‘ + ¢4, where €, €5, 3 and {4
are linearly independent linear forms, is irreducible and contained in S. Thus, it is
enough to prove that S lies in the closure of Sp.

We follow the proof of Proposition 4.9, omitting some details which can be
found there. Let S = k[a, o, 3, a4], I ;= anng(F) and J := (I5). Set A= S§/1
and B =S/J. Then Hg(2) =4 and Hg(3) is either 4 or 5. If Hg(3) =5 then, by
Lemma 2.9, we have Hg (1) = 3, a contradiction. Thus Hg(3) = 4.

Now we would like to prove Hp(4) = 4. By Macaulay’s growth theorem,
Hp(4) < 5. By Lemma 2.9, Hg(4) # 5, thus Hg(4) < 4. If s > 4, then
Hp(4) > Hx(4) > 4, so we concentrate on the case s = 4. Let us write the minimal
free resolution of A, which is symmetric by [Eisenbud 1995, Corollary 21.16]:

0—> S(—8) = S(—4)% P S(—6)%° > §(—3)®" @ §(—4)® @ §(—5)%
— S(-=2)%° @ (4% > §.

Calculating H4(3) = 4 from the resolution, we get b = 8. Calculating Hs(4) =1,
we obtain 6 —2a +c¢ =0. Since 1 +a = Hg(4) <4 wehavea <3,s0a=3,c=0
and Hp(4) =4.

Now we calculate Hg(5). If s > 5 then Hg(5) = 4, as before. If s = 4 then,
extracting syzygies of I, from the above resolution, we see that Hg(5) =4 +y,
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where 0 < y < 8; thus Hg(5) =4 and y = 0. If s = 5, then the resolution of A is

0— S(—=9) > S(—HP @ S(=7)®° - $(-3)®8 B 5(—6)®8
— S(—5% @ 5(—2)% - §.

So Hp(5) =56 —20 -6+ 8 =4. Thus, as in the previous case, we see that J is the
saturated ideal of a scheme I' of degree 4. Then I' is smoothable, by [Cartwright
et al. 2009], and its smoothing induces a family F; — F, where F) € Sy for L #0. I

The following corollary is a consequence of Proposition 4.10. This corollary is
not used in the proofs of the main results, but it is of certain interest of its own and
shows another connection with secant varieties. For simplicity and to refer to some
results from [Landsberg and Ottaviani 2013], we assume that k = C, but the claim
holds for all fields of characteristic either zero or large enough.

To state the claim we introduce catalecticant matrices. Let ¢, s—q: Sq X Ps = Ps_,
be the contraction mapping applied to homogeneous polynomials of degree s. For
F € Py we obtain ¢, s—q(F) : S4 — Ps—4, whose matrix is called the a-catalecticant
matrix. It is straightforward to see that 1k ¢, 5o (F) = Hapolar(F)(@).

Corollary 4.11. Let s > 4 and k = C. The fourth secant variety to s-th Veronese
reembedding of P" is a subset o4(vg(P")) C P(Py) set-theoretically defined by the
condition 1k ¢, s—q < 4, where a = |s/2].

Proof. Since Hapolar(F)(a) <4 for F which is a sum of four powers of linear forms,
by semicontinuity every F € o4(vs(P")) satisfies the above condition.

Let F € Py be a form satistying rk ¢, s, (F) <4. Let A= Apolar(F) and H =Hy
be the Hilbert function of A. We want to reduce to the case where H (n) = 4 for
al0<n <.

First we show that H(n) > 4 for all 0 <n < s. If H(1) < 3, then the claim
follows from [Landsberg and Ottaviani 2013, Theorem 3.2.1(2)], so we assume
H (1) > 4. Suppose that for some n satisfying 4 <n < s we have H(n) < 4. Then,
by Remark 2.7, we have H(m) < H(n) forallm > n, sothat H(1) = H(s — 1) < 4,
a contradiction. Thus H (n) > 4 for all n > 4. Moreover, H (3) > 4 by Macaulay’s
growth theorem. Suppose now that H(2) <4. By Theorem 2.6 the only possible case
is H(2) =3 and H(3) =4. But then H(1) =2 < 4 by Lemma 2.9, a contradiction.
Thus we have proved that

H(n)>4 forall 0<n <s. )

We have H(a) =4. If s > 8, then a > 4, so by Remark 2.7 we have H (n) <4 for
all n > a. Then, by the symmetry H (n) = H(s —n), we have H (n) <4 for all n.
Together with H(n) > 4 for 0 <n < s, we have H(n) =4 for 0 < n < s. Then
F € a4(vs(P")) by Proposition 4.10. If a =3 (i.e., s =6 ors =7), then H(4) <4
by Lemma 2.9 and we finish the proof as in the case s > 8. If s =5, thena =2 and
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the Hilbert function of A is (1,n,4,4, n, 1). Again by Lemma 2.9, we have n <4,
thus n =4 by (1) and Proposition 4.10 applies. If s =4, then H = (1, n, 4, n, 1).
Suppose n > 5; then Lemma 2.9 gives n < 3, a contradiction. Thus n = 4 and
Proposition 4.10 applies also to this case. U

Note that, for s > 8, Corollary 4.11 was also proved, in the case k = C, in
[Buczyniska and Buczynski 2014, Theorem 1.1].

5. Ray sums, ray families and their flatness

Recall that £ is an algebraically closed field of characteristic neither 2 nor 3. Since
k[[e; ]l is a discrete valuation ring, all its ideals have the form o' k[[; ]| for some v > 0.
We use this property to construct certain decompositions of the ideals in the power
series ring S = k[lay, ..., oyl
Definition 5.1. Let / be an ideal of finite colength in the power series ring S and
m; k[, ..., a,]l = kl[c; ] be the projection defined by 7;(«j) =0 for j #i and
mi(a;) = ;.

The i-th ray order of I is a nonnegative integer v =rord; (/) such that 7; (1) = (¢;).

By the discussion above, the ray order is well defined. Below, by p; we denote
the kernel of ;; this is the ideal generated by all variables except for ;.

Definition 5.2. Let / be an ideal of finite colength in the power series ring S. A
ray decomposition of I with respect to «; consists of an ideal J € § such that
J C I Np; together with an element g € p; and v € Z such that

I=J+ () —q)S.
Note that from Definition 5.1 it follows that, for every I and i, a ray decomposition
(with J = I Np;) exists and that v = rord; (/) for every ray decomposition.

Definition 5.3. Let S,y = kla, ..., a,] € S. Let I = J + (o} —q)S be a ray
decomposition of a finite colength ideal I C §. Let Jyo1y = J N Spo1y. The associated
lower ray family is

Spoly (7]
Jpoly[t] + (a,v —r-op— Q)Spoly[t] '

and the associated upper ray family is

k[t] —

Spoly[t]
Jpoly[11+ (@) — 1 -0 — ) Spony[£]

If the lower (upper) family is flat over k[¢] we will call it a lower (upper) ray

k[t] —

degeneration.

Note that the lower and upper ray degenerations agree for v = 2.
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Remark 5.4. In all considered cases the quotient Syo1y/Jpoly Will be finite over &,
so that every ray family will be finite over k[¢]. Then every ray degeneration will
give a morphism to the Hilbert scheme. We leave this to the reader.

Remark 5.5. In this remark for simplicity we assume that i = 1 in Definition 5.3.
Below we write « instead of «. Let us look at the fibers of the upper ray family
from this definition in a special case, when « - ¢ € J. The fiber over t = 0 is
isomorphic to S/I. Let us take A # 0 and analyze the fiber at ¢t = A. This fiber is
supported at (0,0, ...,0)and at (0,...,0,A,0,...,0), where A appears in the i-th
position. In particular, this shows that the existence of an upper ray degeneration
proves that the algebra S// is limit-reducible; this is true also for the lower ray

degeneration.
Now, a”*! — Aa” is in the ideal defining the fiber of the upper ray family
over t = A. One may compute that, near (0, ..., 0), the ideal defining the fiber is

(Aa'~' —g)+ J. Similarly, near (0, ...,0, 4,0, ...,0)itis (@ —2A)+(g)+J. The
argument is similar to (though easier than) the proof of Proposition 5.10.

Most of the families constructed in [Cartwright et al. 2009; Casnati and Notari
2009] are ray degenerations.

Definition 5.6. For a nonzero polynomial f € P and d > 2, the d-th ray sum of f
with respect to a derivation 0 € mg is a polynomial g € P[x] given by

g=f+xt 0+ 43P

The following proposition shows that a ray sum naturally induces a ray decom-
position, which can be computed explicitly.

Proposition 5.7. Let g be the d-th ray sum of f with respect to 0 € mg such that
01 f #0. Let o be an element dual to x, so that P[x] and T := S[l«] are dual.
The annihilator of g in T is given by the formula

d—1
anng (g) = anns(f) + ( > ka") anns (8 2 f) + (@' = )T, @

i=1
where the sum is of k-vector spaces. In particular, the ideal anny(g) € T is gener-
ated by anng(f), o anng(d 1 f) and a? —9. The Sformula (2) is a ray decomposition
of anny (g) with respect to o and with J = anng(f)T + « anng(0 1 f)T and g = 0.

Proof. 1t is straightforward to see that the right-hand side of (2) lies in anny(g). Let

us take any 8’ € annr(g). Reducing the powers of « using a? — 3, we can write
d =0o+o1a+-F+op_1ail,

where the o, do not contain «. The action of this derivation on g gives

0=00f+x04_10 2 f+x%0400 3 f+--+x1o0 2 f+x9(---).
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We see that o € anng(f) and o; € anng(d s f) for i > 1, so the equality is proved.
It is also clear that J € mgT and annz(g) = J + («? — 3)7T, so that indeed we
obtain a ray decomposition. U

Remark 5.8. It is not hard to compute the Hilbert function of the apolar algebra
of a ray sum in some special cases. We mention one such case below. Let f € P
be a polynomial satisfying f, = fi = fo=0and 9 € mg be such that d 4o f = is
a linear form, so that 3% 1 f = 0. Let A = Apolar(f) and B = Apolar(f + x2¢).
The only different values of H4 and Hp are Hg(m) = Ha(m) + 1 form =1, 2.
The assumption f, = f| = fo =0 is needed to ensure that the degrees of d 1 f and
d 1 (f +x20) are equal for all 3 not annihilating f.

5A. Flatness of ray families.

Proposition 5.9. Let g be the d-th ray sum with respect to f and 0. Then the
corresponding upper and lower ray families are flat. Recall that these families are
explicitly given as

Tpoly [t ]

kit = Jpoly[t] + (Old —tad—1— 8)Tpoly[t]

(upper ray family), 3)

Tpoly [7]

k[t] —
Jpoly[t] + (ad —to— a)Tpoly[l‘]

(lower ray family), @)

where Tpoly is the fixed polynomial subring of T.

Proof. We start by proving the flatness of family (4).

We want to use Proposition 2.12. To simplify notation let J := Jyo1y. Denote
by J the ideal defining the family and suppose that some z € J lies in (+ — A) for
some A € k. Write z as i +i»(a? —ta — d), where i € J[t], iy € Tholy[?], and note
that by Remark 2.13 we may assume i € J and iy € Tp,o1y. Since z € (f — A), we
have that i +i>(a} — tocl”*1 —g)=0,so

i —ra—09)=—ieJ.

By Proposition 5.7 the ideal J is homogeneous with respect to grading by ««. More
precisely it is equal to Jo + Jio, where Jy = anng(f)T and J; = anng(0 1 )T
are generated by elements not containing «, so that J is generated by elements of
«-degree at most one. We now check the assumptions of Lemma 2.15. Note that
0J C Jy by definition of J. If r € T,y is such that ra? € J, then r € Jy, so that
r(ha +0) € aJy + Jo € J. Therefore, the assumptions are satisfied and the lemma
shows that i»a? € J. Then ira € J; thus ir(e? —ta) € J[t] S (TN Tpoly)[t]. Since
i20 € JNTpoly by definition, this implies that i+ir(e?—ta—d)e J[1]1< (N Toory)[2].
Now the flatness follows from Proposition 2.12.
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The same proof works equally well for the upper ray family: one should just
replace a by a¢~!
case of family (3) to the reader. ([l

in appropriate places of the proof. For this reason, we leave the

Proposition 5.10. Let us keep the notation of Proposition 5.9. Let A € k\ {0}. The
fibers of family (3) and family (4) over t — A are reducible.

Suppose that 3% 5 f = 0 and the characteristic of k does not divide d — 1. The
fiber of the family (4) over t — X is isomorphic to

Spec Apolar( f) L (Spec Apolar(3f))-4~!.

Proof. For both families the support of the fiber over t — A contains the origin. The
support of the fiber of family (3) contains, furthermore, a point with & = A and
other coordinates equal to zero. The support of the fiber of family (4) contains a
point with & = w, where /=1 = A.

Now let us concentrate on family (4) and on the case 32 4 f = 0. The support of
the fiber overr — A is (0, ...,0,0) and (0, ..., 0, w), where @? = are (d—1)-st
roots of A, which are pairwise different because of the characteristic assumption.
We will analyze the support point by point. By hypothesis, d € anng(d 1 f), so
that « - € J; thus a9*! — A - o is in the ideal I of the fiber over ¢ = A.

Near (0,0, ..., 0) the element ¢~ — A is invertible, so 2 is in the localization
of the ideal I, thus o + 2719 is in the ideal. Now we check that the localization
of I is equal to anng(f) + (o + rla)TpO]y. Explicitly, one should check that

Then the stalk of the fiber at (0, ..., 0) is isomorphic to Spec Apolar(f).

Near (0,0, ..., 0, ®), the elements « and (¥ — A - &?)/(a — w) are invertible,
so anng(d 1 f) and o — w are in the localization of /. This, along with the other
inclusion, proves that this localization is generated by anng(d 1 f) and ¢ — w and
thus the stalk of the fiber is isomorphic to Spec Apolar(df). (]

We make the most important corollary explicit:

Corollary 5.11. We keep the notation of Proposition 5.9. Suppose that char k does
not divide d — 1 and 3 5 f = 0. If both apolar algebras of f and d J f are
smoothable then also the apolar algebra of every ray sum of f with respect to 9 is
smoothable. ([

Example 5.12. Let f € k[xy, ..., x,] be a dual socle generator of an algebra A.
Then the algebra B = Apolar(f + xr% 1) 18 limit-reducible: it is a limit of algebras
of the form A x k. In particular, if A is smoothable, then B is also smoothable.

Combining this with Proposition 4.5, we see that every local Gorenstein algebra A
of socle degree s with Ay ;—» = (0, g, 0), where g # 0, is limit-reducible.
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If deg f > 2 then the Hilbert functions of the algebras A = Apolar(f) and B =
Apolar(f—i—xir]) are related by Hg(m) = Ha(m) form # 1 and Hg(1) = Ha(1)+1.

Above, we took advantage of the explicit form of ray decompositions coming
from ray sums to analyze the resulting ray families in depth. In Proposition 5.13
below we prove the flatness of the upper ray family without such knowledge. The
price paid for this is the fact that we get no information about the fibers of this
family.

Proposition 5.13. Let f =x]+g € P be a polynomial of degree s such that a{ g =0
for some c satisfying 2c¢ < s. Then any ray decomposition anng(f) = (o] —q) +J,
where J = anns(f) N (a2, ..., a,), gives rise to an upper ray degeneration. In
particular, Apolar(f) is limit-reducible.

Proof. Let J := (a] — toz'f_l —q)+ J be the ideal defining the ray family and recall
that g, J C p;, where p; = (@2, ..., o).

Since o) —¢q € anng(f), wehaveg ug =g f =a{ 1 f=x] "+a] 1g. Then
o) "(gug)=oay "ox] " 4ajog=1;thuso; " ug #0. It follows that s —v <c—1,

sov—1>s5—c>c;thus ozl”_ngzo. For all y € p;, we claim that

y (] —ta)™' —q) e J[1]. (5)

Note that (o] —¢) 1 f =0and oti’_l)uf =o¢‘1’_1y4g =0. This means thatot‘f_ly elJ.
Since (a] — q)y € J always, we have proved (5).

Let J C Syo1y[7] be the ideal defining the upper ray family. Take any A € k and an
element i € JN (t —A). We will prove that i € J(t — A) + Jo[¢], where Jo =T N S,
then Proposition 2.12 asserts that S[7]/J is flat. Write i =i; +i>(a] — toz}’_l —q).
As before, we may assume i; € J and i, € §. Since i € (¢t — 1), we have
i1+ i) — koz‘ffl —¢) = 0. Since i; € p;, we also have i, € p;. But then
by inclusion (5) we have i»(o} — toe'ffl —q) € Jo[t]. Since clearly i} € J C Jplt],
the assumptions of Proposition 2.12 are satisfied; thus the upper ray family is flat.

Now, Remark 5.5 shows that a general fiber of the upper ray degeneration is
reducible; thus, Apolar(f) is a flat limit of reducible algebras, so limit-reducible. [J

Example 5.14. Let f € k[x1, x2, X3, x4] be a polynomial of degree 4. Suppose that
the leading form f4 of f can be written as f; = xf + g4, where g4 € k[x2, X3, x4].
We will prove that Apolar( f) is limit-reducible. By Example 4.3 we may assume
that f = xf + g, where ozf 1 g =0. By Proposition 5.13 we see that Apolar(f) is
limit-reducible.

Example 5.15. Suppose that an Artin local Gorenstein algebra A has Hilbert
function H4 = (1, Hy, ..., H., 1, ..., 1) and socle degree s > 2c. By Example 4.4
we may assume that A >~ Apolar(x} + g), where af 1 g =0 and deg g < c+ 1. Then
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by Proposition 5.13 we obtain a flat degeneration

T p—10 . ©)
(@) —ta; —q)+J

Thus A is limit-reducible in the sense of Definition 2.5. Let us take A # 0. By
Remark 5.5 the fiber over r = A is supported at (0,0, ..., 0) and at (4,0, ...,0)
and the ideal defining this fiber near (0, 0, ..., 0) is I = (koz‘f*1 —q)+ J. From
the proof of 5.13 it follows that a”_l g =0. Then one can check that [ lies in the
annihilator of A~'x 1 ! +g. Slnce oa(xj+g =01~ x 1 ! + g) for every o in
(ap, ..., 0y), 0ne calculates that the apolar algebra of L™ ! S L g has Hllbert func-
tion (1, Hy,...,H.,1,...,1)andsocle degree s—1. Then dlmk Apolar(x +g) =
dimyg Apolar(k_le + g) — 1. Therefore, the fiber is a union of a point and of
Spec Apolar(k_le + g), i.e., the degeneration (6) peels one point off A.

5B. Tangent-preserving ray degenerations. A (finite) ray degeneration gives a
morphism from Spec k[#] to the Hilbert scheme, that is, a curve on the Hilbert
scheme Hilb(P"). In this section we prove that in some cases the dimension of
the tangent space to Hilb(P") is constant along this curve. This enables us to
prove that certain points of this scheme are smooth without the need for lengthy
computations.

This section seems to be the most technical part of the paper, so we include even
more examples. The most important results here are Theorem 5.18 together with
Corollary 5.20; see examples below Corollary 5.20 for applications.

Recall (e.g., [Jelisiejew 2014a, Proposition 4.10] or [Casnati and Notari 2009])
that the dimension of the tangent space to Hil/b(P") at a k-point corresponding to
a Gorenstein scheme Spec S/ is dimy /1% — dimy S/1.

Lemma 5.16. Let d > 2. Let g be the d-th ray sum of f € P with respectto d € S
such that 3% f =0. Denote I := anng(f) and J := anng(0 1 f). Take T = S[la]]
to be the ring dual to P[x] and let

= +Ja+ (@ —ta—29)) Tt

be the ideal in T [t] defining the associated lower ray degeneration; see Proposition
5.9. Then the family k[t] — T[t]/3? is flat if and only if (1> : 9)NINJ> I -J.

Proof. To prove flatness we will use Proposition 2.12. Take an element i € J>N(r—1).
We want to prove that i € J32(t—1)+Jo[t], where Jo[t]=T*NT. Let 7 :=(I+J )T .
Subtracting a suitable element of J(f — A), we may assume that

i=i1+ire? —ta—0)+iz@? —ta—9)>,

where i; € 72, i» € J and i3 € T. We will in fact show that i € J%(t — ) + J2[1].
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To simplify notation, denote ¢ = a? — Aa — 3. Note that Jo € 7. We have
i1 +ir0 +iz30%2 =0. Let j3 :=1i30. We want to apply Lemma 2.15; below, we
check its assumptions. The ideal 7 is homogeneous with respect to «, generated
in degrees less than d. Let s € T be an element satisfying sa? € 7. Then s € J,
which implies s(Aa + 3) € 7. By Lemma 2.15 and i302 = j30 € J we obtain
jzad e J,s0iz0a? € J. Applying the same argument to iza¢ we obtain iza*? € 7,
therefore i3 € JT. Then

iz —ta — ) —izo (@’ —ta —3) = iza(t — M) (@ —ta — 9)
e Tt -1 —ta—d) STt —A).

Subtracting this element from i and substituting i, :=ip+i30, we may assume i3 =0.
We obtain

0=1i,+i0 =i +ira? —ra—9). )

Let i = j» + vo, where j, € S, i.e., it does not contain «. Since i; € J, we
have j» € I. As before, we have v (@ —ta —9) — o) = vra?(t — 1) € I2(t — 1),
so that we may assume v, = 0.

Comparing the top a-degree terms of (7), we see that j, € J>. Comparing
the terms of (7) not containing «, we deduce that j,d € [ 2 thus e 2:9).
Jointly, j» € INJ>N (I%:d); thus j, € IJ by assumption. But then jra € 72, so
jo(@? —ta — ) € J?[t] and, since i; € J2, the element i lies in J>[t] € Jo[r].
Thus the assumptions of Proposition 2.12 are satisfied and the family 7'[¢]/J? is
flat over k[7].

The converse is easier: one takes i» € I N J2N (1% : 9) such that i, ¢ 1J.Onone
hand, the element j :=i>(a? — 9) lies in 72 and we get that iy —ta—3)—j=
tioa € 3%, On the other hand, if i € 3%, then ira € (3% +(1))NT = (T +(2? —9))?,
which is not the case. O

Remark 5.17. Let us keep the notation of Lemma 5.16. Fix A € k\ {0} and suppose
that the characteristic of k does not divide d — 1. The supports of the fibers of
S[t1/73, 3/32 and S[r] /32 over t = A are finite and equal. In particular, from
Proposition 5.10 it follows that the dimension of the fiber of J/J% over ¢ — A is
equal to tan(f) + (d — 1) tan(d 1 f), where tan(h) = dimy anng (h)/ anng(h)? is the
dimension of the tangent space to the point of the Hilbert scheme corresponding to
Spec S/ anng(h).

Theorem 5.18. Suppose that a polynomial f € P corresponds to a smoothable,
unobstructed algebra Apolar(f). Let d € S be such that 3 2 f = 0 and the algebra
Apolar(0 1 f) is smoothable and unobstructed. The following are equivalent:

(1) The d-th ray sum of f with respect to 9 is unobstructed for some d such that
2 <d <chark (or2 <d if chark = 0).
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(1a) The d-th ray sum of f with respect to d is unobstructed for all d such that
2 <d <chark (or2 <d if chark = 0).

(2) The k[t]-module 337 is flat, where J is the ideal defining the lower ray family
of the d-th ray sum for some 2 < d < chark (or 2 < d if chark = 0); see
Definition 5.3.

(2a) The k[t]-module 337 is flat, where J is the ideal defining the lower ray family
of the d-th ray sum for every 2 < d < chark (or 2 < d if chark = 0); see
Definition 5.3.

(3) The family k[t] — S[t1/3? is flat, where J is the ideal defining the lower ray
family of the d-th ray sum for some 2 < d < chark (or 2 <d if chark = 0).

(3a) The family k[t] — S[t]/3? is flat, where J is the ideal defining the lower ray
Sfamily of the d-th ray sum for every 2 < d < chark (or 2 <d if chark = 0).

(4) The following inclusion (equivalent to equality) of ideals in S holds: 1 N J>N
(I?:9) C1-J,where I =anng(f)and J = anng(d J f).

Proof. 1t is straightforward to check that the inclusion I-J C INJ?>N(I%:9) S 1-J
in point (4) always holds, thus the other inclusion is equivalent to equality.

(3) <= (4) <= (3a): The equivalence of (3) and (4) follows from Lemma 5.16.
Since (4) is independent of d, the equivalence of (4) and (3a) also follows.

(2) <= (3) and (2a) <= (3a): We have an exact sequence of k[t]-modules
0— J3/3% = S[t]/3* — S[t]1/T — 0.

Since S[t]/7J is a flat k[¢]-module by Proposition 5.9, we see from the long exact
sequence of Tor that J/J3? is flat if and only if S[¢]/J? is flat.

(1) <= (2) and (1a) <= (2a): Let g € P[x] be the d-th ray sum of f with respect
to d. We may consider Apolar(g), Apolar(f) and Apolar(d s f) as quotients of a
polynomial ring T}y, corresponding to points of the Hilbert scheme. The dimension
of the tangent space at Apolar(g) is given by dimy J/32®k[t]/t =dimy T/ (T2 +(2)).
By Remark 5.17 it is equal to the sum of the dimension of the tangent space at
Apolar(f) and d — 1 times the dimension of the tangent space to Apolar(d J f).
Since both algebras are smoothable and unobstructed, we conclude that Apolar(g)
is also unobstructed. On the other hand, if Apolar(g) is unobstructed, then J/J2 is
a finite k[f]-module such that the length of the fiber J/3% ® k[t]/m does not depend
on the choice of the maximal ideal m C k[¢]. Then J/ 32 is flat, by [Hartshorne
1977, Exercise 11.5.8 or Theorem I11.9.9] applied to the associated sheaf. (]

Remark 5.19. The condition from point (4) of Theorem 5.18 seems very technical.
It is enlightening to look at the images of (I1?:d)N 7 and I - J in I/I?%. The image
of (I? : 3) N1 is the annihilator of 3 in 7/I%. This annihilator clearly contains
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(I :9)-1/I*>=J-1/I*. This shows that if the S/I-module 1/I? is “nice”, for
example free, we should have an equality (I2:3) NI =1 - J. More generally, this
equality is connected to the syzygies of /17

In the remainder of this subsection we will prove that in several situations the
conditions of Theorem 5.18 are satisfied.

Corollary 5.20. We keep the notation and assumptions of Theorem 5.18. Suppose
further that the algebra S/1 = Apolar(f) is a complete intersection. Then the
equivalent conditions of Theorem 5.18 are satisfied.

Proof. Since S/I is a complete intersection, the S/I-module /1 is free; see,
e.g., [Matsumura 1986, Theorem 16.2] and discussion above it or [Eisenbud 1995,
Exercise 17.12a]. This implies that (I?:9)N1 = (I:3) =JI, because J =
anng(d 1 f) ={s e S|sdif=0}=(anng(f):09) = (I : d). Thus the condition
from point (4) of Theorem 5.18 is satisfied. U

Example 5.21. If A = §/I is a complete intersection, then it is smoothable and
unobstructed (see Section 2D). The apolar algebras of monomials are complete
intersections, therefore the assumptions of Theorem 5.18 are satisfied, for example,
for f = xlzx%xg and 0 = oz%. Now Corollary 5.20 implies that the equivalent
conditions of the theorem are also satisfied; thus xfx%m —i—xffxlzxg = (x%m)(xf—l—xjf)
is unobstructed for every d > 2 (provided chark = 0 or d < chark). Similarly,

XIZXQ)C3 + xfxl is unobstructed and has Hilbert function (1, 4, 5, 3, 1).

Example 5.22. Let f = (x7 + x3)x3; then anng(f) = (o} — o3, ajon, 03) is a
complete intersection. Take 0 = «jas3, then 0 J f = x; and 9% f = 0; thus
[+ xfa Jf= xlzxg + x%xg, + xfx] is unobstructed. Note that by Remark 5.8 the
apolar algebra of this polynomial has Hilbert function (1, 4, 4, 1).

Proposition 5.23. Let f € P be such that Apolar(f) is a complete intersection.
Let d be a natural number. Suppose that chark = 0 or d < chark. Take 0 € S
such that 3% 3 f =0 and Apolar(d 1 f) is also a complete intersection. Let g € P[y]
be the d-th ray sum f with respect to 3, i.e., g = f +y99  f.
Suppose that deg 0 4 f > 0. Let B be the variable dual to y and o € S be such
thato 200 1 f)=1. Take ¢ := o € T = S[B]. Let h be any ray sum of g with
respect to @; explicitly,

h=f+yla,f+z"yd"!
for some m > 2.
Then the algebra Apolar(h) is unobstructed.

Proof. First note that ¢ 1 g = y?~! and so ¢?> _g =0 1 y?2 =0, since o € mg.

Therefore, indeed, / has the presented form.
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From Corollary 5.20 it follows that Apolar(g) is unobstructed. Since ¢ g = y¢~!,

the algebra Apolar(g Jg) is unobstructed as well. Now, by Theorem 5.18 it remains
to prove that
2. 2
Uy :p)NIgNJy S 1oy, ®

where I, =annr(g), J, =annr (¢_g). The rest of the proof is a technical verification
of this claim. Denote Iy := anng(f) and J; := anng(d 4 f); note that we take
annihilators in S. By Proposition 5.7 we have I, = I;T + BJ;T + (B¢ —0)T.
Consider y € T lying in (I : 9) NI, N JZ. Write y = yo + 18 + 128> +
where y; € S, so they do not contain 8. We will prove that y € I, J,.

First, since (8¢ —9)? e I ¢Jo we may reduce powers of 8 in y using this element
and so we assume y; = 0 for i > 2d. Let us take i < 2d. Since y € J2
(annp (yd 1))2 (mg, ,Bd)2 we see that y; € mg C J,. Fori > d we have Bl e I,
so that y; B¢ € JgI, and we may assume y; = 0. Moreover, Blya—dyq € IgJg, so
we may also assume y,; = 0, obtaining

y=vo+ - +va1p""

From the explicit description of /, in Proposition 5.7 it follows that y; € J; for
all i.

Let M = Ig NeT = Ié? N J¢BT. Then, for y as above we have yp € M, so we
will analyze the module M. Recall that

=13T+BIpJp T+B I 7T+ =) T+(B'=9)BJ - T+(B—0)T. (9)
We claim that
MCI}-T+BIpJs-T+B22-T+ (B —8)BJs-T. (10)

We have Ig2 CJr-T+ (,Bd —9)%- T so, if an element of Ig2 lies in J; - T, then
its coefficient associated to (8¢ — 9)? in presentation (9) is an element of J, by
Lemma 2.15. Since Jy - (B —9) C Iy + BJr, we may ignore the term (B4 — 9)2:

MCI;-T+BIdp- T+ IF-T+B =) T+ (B —)BJr-T. (11)

Choose an element of M and leti € I¢-T be the coefficient of this element associated
to (8¢ — 9). Since I;TNBT C J;T, we may assume that i does not contain 3,
ie., i € Ir. Now, if an element of the right-hand side of (11) lies in 8 - T', then the
coefficient i satisfiesi-d € I 2 sothati € (I 2-9). Since I r 1s a complete intersection
ideal, the §/1¢-module I / 12 is free; see Corollary 5.20 for references. Then we
have (I7:9)=(I7:3)Iy and €Up:d)y=1pJs. Theni-(B'—=3)CI;+B-15-Jf
and so the inclusion (10) is proved. We return to the proof of pr0p0s1t10n

From Lemma 2.15 applied to the ideal J; 2T and the element B(B¢ — 3), and
the fact that ﬂan - I2 we compute that MN{§ | degﬂ 6 < d} is a subset
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of I2 T+B-IpJy-T+ ,8212 T. Then yp = yBo lies in this set, so that
Y0 € (IfJf o)and y, € (Jf 0) for n > 1. Since Apolar(f) and Apolar(d 1 f)
are complete intersections, we have yy € Iymg and y; € Jymg for i > 1. It follows
that y € I,mg C I, J,. O

Example 5.24. Let f € P be a polynomial such that A = Apolar(f) is a complete
intersection Take 9 such that d 4 f = x; and 8% 4 f = 0. Then the apolar algebra
of f+ y1 X1+ y?yf !is unobstructed for any d, m > 2 (less or equal to char k if it
is nonzero). In particular, g = f + ylle + y% y1 is unobstructed.

Continuing Example 5.22, if f = x12x3 —I—x%x3; then x12X3 +x§xz, +x§x 1 +x52x4 is
unobstructed. The apolar algebra of this polynomial has Hilbert function (1, 5, 5, 1).

Let g = x12x3 + X%X3 + xfxl, then x12x3 + x%m + xfxl + x52x4 is a ray sum
of g with respect to d = a4qr;. Let [ := anng(g) and J := (/ : 3). In contrast
with Corollary 5.20 and Example 5.22 one may check that all three terms, 1, J>
and (I : 3), are necessary to obtain equality in the inclusion (8) for g and 9, that

is, no two ideals of 1, J2, I z. d) have intersection equal to 1J.

Example 5.25. Let f = xf —|—x§ . Then the annihilator of f in k[aq, 2] is a complete
intersection, and this is true for every f € k[xy, x2]. Letg= f +x32x12 be the second
ray sum of f with respect to or;’ andh=g —I—xfxg be the second ray sum of g with
respect to ogozf. Then the apolar algebra of

h = xf + x5 +x32x12 + x7x3
is smoothable and not obstructed. It has Hilbert function (1, 4, 4, 3, 1, 1).

Remark 5.26. The assumption deg d 1 f > 0 in Proposition 5.23 is necessary: the
polynomial & = x1x3x3 +xf +x52x4 is obstructed, with length 12 and tangent space
dimension 67 > 12-5 over k = C. The polynomial g is the fourth ray sum of x;x,x3
with respect to ooz and 4 is the second ray sum of g = x1x>x3 +x§ with respect
to a4; thus this example satisfies the assumptions of Proposition 5.23 except for
degd 4 f > 0. Note that in this case af g #0.

6. Proof of the main theorem and comments on the degree 14 case

6A. Preliminary results. Letr > 1 be a natural number and V be a constructible
subset of P<;. Assume that the apolar algebra Apolar(f) has length r for every
closed point f € V. We may construct the incidence scheme {( f, Apolar(f))} — V,
which is a finite flat family over V, and thus we obtain a morphism from V to the
(punctual) Hilbert scheme of r points on an appropriate P”. See [Jelisiejew 2014a,
Proposition 4.39] for details.

Consider f € P<;. The apolar algebra of f has length at most  if and only if
the matrix of partials S<, f has rank at most r. This is a closed condition, so we
obtain the following remark:
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Remark 6.1. Let s be a positive integer and V C P, be a constructible subset.
Then the set U, consisting of f € V such that the apolar algebra of f has maximal
length (among the elements of V), is open in V. In particular, if V is irreducible
then U is also irreducible.

Example 6.2. Let P~4=k[xy, ..., x,]>4 be the space of polynomials that are sums
of monomials of degree at least 4. Suppose that the set V C P-4 parameterizing
algebras with fixed Hilbert function H is irreducible. Then also the set W of
polynomials f € P such that f~4 € V is irreducible. Let e := H (1) and suppose that
the symmetric decomposition of H has zero rows A;_3 = (0,0,0,0) and A;_, =
(0,0, 0), where s = deg f. We claim that a general element of W corresponds to
an algebra B with Hilbert function Hy,.x = H 4+ (0, n — e, n — e, 0). Indeed, since
we may only vary the degree-three part of the polynomial, the function Hp has the
form H + (0, a, a, 0) + (0, b, 0) for some a, b such that a + b < n — e. Therefore,
algebras with Hilbert function Hp,x are precisely the algebras of maximal possible
length. Since Hpax is attained for f>4 + xe3 o +x2 , the claim follows from
Remark 6.1.

6B. Lemmas on Hilbert functions. In the following, H, denotes the Hilbert func-
tion of an algebra A.

Lemma 6.3. Suppose that A is a local Artin Gorenstein algebra of socle degree
s > 3 such that Ay s_2 = (0,0,0). Then len A > 2(Hs(1) + 1). Furthermore,
equality occurs if and only if s = 3.

Proof. Consider the symmetric decomposition A, = A4, of Hy. From symmetry
we have ) j Do) ) > 2+ 2Aq(1), with equality only if Ag has no terms between
1 and s — 1, i.e., when s = 3. Similarly, Zj Ai(j)=2A;(D) forall 1 <i <s—2.
Summing these inequalities we obtain

lenA= " Y A() =24 ) 2A;(1) =2+2H,(1). a

i<s—=2 j i<s—2

Lemma 6.4. Let A be a local Artin Gorenstein algebra of length at most 14.
Suppose that 4 < Ha(1) <5. Then H4(2) <S5.

Proof. Let s be the socle degree of A. If H4(2) > 6,then Hy(3)+ Hs(4)+--- <3;
thus s € {3, 4, 5}. The cases s = 3 and s = 5 immediately lead to contradiction — it
is impossible to get the required symmetric decomposition. We will consider the
case s = 4. In this case, Hy = (1, %, *, %, 1) and its symmetric decomposition is
(1,e,q,e,1)+(O0,m,m,0)+4(0,1,0). Thene=Hs(3) <14—2—4—6=2. Since
H4(1) < H4(2) we have e < ¢g. This can only happen if e =2 and g = 3. But then
14>lenA=942m+t;thusm <2 and Ha(2) =m +q <5, a contradiction. [
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Lemma 6.5. There does not exist a local Artin Gorenstein algebra with Hilbert
function

(1,4,3,4,1,...,1).

Proof. See [larrobino 1994, pp. 99—-100] for the proof or [Casnati et al. 2014,
Lemma 5.3] for a generalization. We provide a sketch for completeness. Suppose
such an algebra A exists and fix its dual socle generator f € k[xy,...,x4]s in
the standard form. Let I = anng(f). The proof relies on two observations. First,
the leading term of f is, up to a constant, equal to x| and in fact we may take
f =x{ + f<4. Moreover, from the symmetric decomposition it follows that the
Hilbert functions of Apolar(xj + f4) and Apolar(f) are equal. Second, h(3) =4 =
3¢ = 1(2)®? is the maximal growth, so arguing similarly as in Lemma 2.9 we may
assume that the degree-two part, I, of the ideal of gr A is equal to ((«3, «g)S)>.
Then any derivative of a3 i f4 is a derivative of x{, so a power of x;. It follows that
a3 1 fy itself is a power of x;; similarly, oy 1 f4 is a power of x;. It follows that
fa € x? -k[xy, x2, x3, x4] + k[x1, x2], but then f4 is annihilated by a linear form,
which contradicts the fact that f is in the standard form. ([l

The following lemmas essentially deal with the limit-reducibility in the case
(1,4,4,3,1, 1). Here the method is straightforward, but the cost is that the proof
is broken into several cases and quite long.

Lemma 6.6. Let f = xf +fa be a polynomial such that Hapolar( £)(2) < Hapolar( ) (2)-
Let Q=5N anng(xf) CS. Then x12 € Qf4 and anng( f4)r € Q.

Proof. Note that dim Q f4 > dim S; f4 — 1 = Hapolar(f,)(2) — 1. If anng(f1)2 € Q,
then there is a ¢ € Q such that ocf —q € anng(f1). Then Q f4 = S5 f4 and we obtain
a contradiction. Suppose that x12 ¢ Q fa. Then the degree-two partials of f contain
a direct sum of kxl2 and Q f4, so they are at least Hapolar( f,) (2)-dimensional, so that
HApolar(f) 2) > HApolar(f4)(2), a contradiction. O

Lemma 6.7. Let f :xls+f4 € P be a polynomial with Hppolar(ry = (1,3,3,3, 1, 1)
and Hpapolar(f,) = (1, 3,4, 3, 1). Suppose that ozf 1 fa = 0 and that (anng(f4))2
defines a complete intersection. Then Apolar(fs) and Apolar(f) are complete
intersections.

Proof. Let I := anng(f4). First we will prove that anng( f1) = (g1, g2, ¢), where
(q1,q2) = I, and ¢ € Iz. Then, of course, Apolar( f4) is a complete intersection.
By assumption, ¢q; and g, form a regular sequence. Thus there are no syzygies of
degree at most three in the minimal resolution of Apolar(fs). By the symmetry
of the minimal resolution — see [Eisenbud 1995, Corollary 21.16] — there are no
generators of degree at least four in the minimal generating set of /. Thus [ is
generated in degrees two and three. But Hy,(y, 4,)(3) =4 = Hg/;(3) + 1; thus there
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is a cubic ¢ such that I =kc ® (g1, ¢2)3, then (g1, g2, c) = I, so Apolar(fs) = S/1
is a complete intersection.

Let O = anns(xls) NSy € . By Lemma 6.6 we have g, g2 € Q, so that
oz13 eI\ (q1,q2), then I =(q1, q2, oz13). Moreover, by the same lemma, there exists
o € Qsuchthat o 1 fy =x12.

Now we prove Apolar( f) is a complete intersection. Let J := (g1, g2, af —0)C
anng(f). We will prove that S/J is a complete intersection. Since g1, ¢, ozf
is a regular sequence, the set S/(q1, g2) is a cone over a scheme of dimension
zero and af does not vanish identically on any of its components. Since o has
degree two, oz? — o also does not vanish identically on any of the components of
Spec S/(q1, q2); thus Spec S/J has dimension zero, so it is a complete intersection
(see also [Valabrega and Valla 1978, Corollary 2.4, Remark 2.5]). Then the quotient
by J has length at most deg(g;) deg(g») deg(ozl3 —0)=12=dim; S/ anng( f). Since
J C anng(f), we have anng(f) = J and Apolar(f) is a complete intersection. []

Lemma 6.8. Let [ = xf + fa + g, where degg < 3, be a polynomial such
that Hapolar(f.,) = (1,3, 3,3, 1, 1) and Hapolar(fy) = (1, 3,4, 3, 1). Suppose that
a? 4 fa = 0 and that (anng( f1))> does not define a complete intersection. Then
Apolar(f) is limit-reducible.

Proof. Let {q1, q2) = (anng(f4))»2. Since g1, g» do not form a regular sequence, we
have, after a linear transformation ¢, two possibilities: ¢; = ajay and g, = a3,
orq; = af and ¢ = ajan. Let B be the image of o under ¢, so that 3 1 f4 = 0.

Suppose first that g = ¢jp and g3 = aja3. If B is, up to a constant, equal
to ay, then ojan, o3, a13 € anng( fy), so that alz is in the socle of Apolar(fs), a
contradiction. Thus we may assume, after another change of variables, that 8 =,
g1 = ajop and g2 = aja3. Then f = x5 + fa+ & = x5 + x} + h + g, where
h € k[x1, x3] and deg(g) < 3. Then, by Lemma 4.2, we may assume that ozf a2f=0,
so Apolar(f) is limit-reducible by Proposition 5.13. See also Example 5.14 (the
degree assumption in the example can easily be modified).

Suppose now that g; = otf and ¢ = ajay. If B is not a linear combination of
o and ap, then we may assume 8 = «3. Let m in f4 be any monomial divisible
by x;. Since q1, ¢» € anng( f4), we see that m = Axlxg’ for some A € k. But, since
,33 € anng( f4), we have m = 0. Thus f4 does not contain xy, s0 Hapolar( ) (1) < 3,
a contradiction. Thus 8 € (a1, a2). Suppose B = iay for some A € k \ {0}.
Applying Lemma 6.6 to f>4 we see that xl2 is a derivative of fy, so B2 1 f4 #0, but
B2 fa= kqu 1 f1 =0, a contradiction. Thus 8 = A1 + Arap and, changing «,
we may assume that 8 = «,. This substitution does not change (ozf, aojay). Now we
directly check that f4 = x32 (k1x1x3+ sz% + K3Xx3 + K4x§) for some «, € k. Since
x1 is a derivative of f, we have x| # 0. Then a nonzero element kyojo3 — K]Ol%
annihilates fy, a contradiction with Hapolar( £,)(2) = 4. O
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Lemma 6.9. Let a quartic fy be such that Hapolar(s,) = (1, 3, 3, 3, 1) and ozf’_nf4 =0.

Proof. Let Q = anns(xf)z C $>. Let I denote the apolar ideal of f;. By
Proposition 4.9 we see that / is minimally generated by three elements of degree
two and two elements of degree four. In particular, there are no cubics in the
generating set. Since ozf € I, there is an element in o € I, such that o = ozf —-q,
where g € Q. Therefore, Q 1 f4s = S» 1 f4. Moreover, o does not annihilate xlz, SO
that xf is not a partial of f;. We see that xl2 and Q J fy are leading forms of partials
of xf + f4; thus

Hppotarcss £ (2) 2 14+dim(Q f3) = 1 +dim(S2.1 f2) = 1+ Hapotar( ) (2) = 4. 0

Remark 6.10. Given the assumptions of Lemma 6.9, it is not hard to deduce that
H Apolar(xi+ fi) = (1,3,4, 3,1, 1) by analyzing the possible symmetric decomposi-
tions. We do not need this stronger statement, so we omit the proof.

6C. Proofs. The following proposition generalizes results about algebras with
Hilbert function (1, 5, 5, 1) obtained in [Jelisiejew 2014b; Bertone et al. 2012].

Proposition 6.11. Let A be a local Artin Gorenstein algebra of socle degree three
and Hy(2) <5. Then A is smoothable.

Proof. Suppose that the Hilbert function of A is (1, n, e, 1). By Proposition 4.5
the dual socle generator of A may be put in the form f + xe2 gttt x2, where
f € klxy, ..., x.]. By repeated use of Example 5.12 we see that A is a limit of
algebras of the form Apolar(f) x k®"=¢. Thus it is smoothable if and only if
B = Apolar(f) is.

Lete:= Hs(2);then Hg = (1,e,e,1). If Hg(1) = e < 3, then B is smoothable.
It remains to consider 4 < e < 5. The set of points corresponding to algebras with
Hilbert function (1, e, e, 1) is irreducible in Hilby,+([P¢), by Remark 6.1 for the
obvious parameterization (as mentioned in [larrobino 1984, Theorem I, p. 350]);
thus, it will be enough to find a smooth point in this set which corresponds to a
smoothable algebra. The cases ¢ =4 and e¢ =5 are considered in Examples 5.22
and 5.24, respectively. U

Remark 6.12. The claim of Proposition 6.11 holds true if we replace the assumption
H4(2) <5 by Ha(2) =7, thanks to the smoothability of local Artin Gorenstein
algebras with Hilbert function (1, 7,7, 1); see [Bertone et al. 2012]. We will not
use this result.

Lemma 6.13. Let A be a local Artin Gorenstein algebra with Hilbert function H 4
beginning with Hy(0) =1, Hy(1) =4, Hx(2) =5, H5(3) <2. Then A is smoothable.
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Proof. Let f be a dual socle generator of A in the standard form. It follows
from Macaulay’s growth theorem that Hy(m) < 2 for all m > 3, so that Hy =
(1,4,5,2,2,...,2,1,...,1). Let s be the socle degree of A.

Let Ag -2 = (0, g, 0) be the (s—2)-nd row of the symmetric decomposition
of Hy. If g > 0, then by Example 5.12 we know that A is limit-reducible; it is a
limit of algebras of the form B x k such that Hg(1) = H4(1) — 1 = 3. Then the
algebra B is smoothable (see [Casnati and Notari 2009, Proposition 2.5]), so A is
also smoothable. In the following we assume that g = 0.

We claim that f>4 € k[x;, x2]. Indeed, the symmetric decomposition of the
Hilbert function is either (1,1, ..., 1)+(0, 1, ...,1,0)4+(0,0, 1,0, 0)+(0, 2, 2, 0)
or(1,2,...,2,1)4+(0,0,1,0,0)+(0,2,2,0). Thus, e(s —3) =) ;.3 A;j(1) =2,
so that f>4 € k[x1, x2] and Hapolar(f.,) (1) =2; in particular, x; is a derivative of f>a,
i.e., there exists a d € S such that 9 4 f>4 = x;. Then we may assume 9d € m%, SO
2, f=0.

Let us fix f>4 and consider the set of all polynomials of the form & = f>4 + g,
where g € k[x1, x2, x3, x4] has degree at most three. By Example 6.2 the apolar
algebra of a general such polynomial will have Hilbert function H4. The set of
polynomials /& with fixed h>4 = f>4 such that Hapolar(ny = Ha is irreducible. This
set contains s := f>4+ x32x 1+ xfxg. To finish the proof is it enough to show that &
is smoothable and unobstructed. Since Apolar( f>4) is a complete intersection, this
follows from Example 5.24. U

The following Theorem 6.14 generalizes numerous earlier smoothability results
on stretched (by Sally, [1979]), 2-stretched (by Casnati and Notari [2014a]) and
almost-stretched (by Elias and Valla [2011]) algebras. It is important to understand
that, in contrast with the mentioned papers, we avoid a full classification of algebras.
In the course of the proof we give some partial classification.

Theorem 6.14. Let A be a local Artin Gorenstein algebra with Hilbert function
Hy satisfying Ha(2) <5 and Hx(3) < 2. Then A is smoothable.

Proof. We proceed by induction on len A, the case len A = 1 being trivial. If A has
socle degree three, then the result follows from Proposition 6.11. Suppose that A
has socle degree s > 4.

Let f be a dual socle generator of A in the standard form. If the symmetric
decomposition of Hy has a term Ag_p = (0, g, 0) with g # 0, then by Example 5.12,
we have that A is a limit of algebras of the form B x k, where B satisfies the
assumptions Hg(2) <5 and Hg(2) < 2 on the Hilbert function. Then B is smooth-
able by induction, so also A is smoothable. Further in the proof we assume that
Ass—2=(0,0,0).

We would like to understand the symmetric decomposition of the Hilbert function
Hy of A. Since Hy satisfies the Macaulay growth condition (see Section 2E) it
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follows that Hy = (1,n,m,2,2,...,2,1,...,1), where the number of twos is
possibly zero. If follows that the possible symmetric decompositions of the Hilbert
function are:

(1) (1,2,2,...,2,1)+(0,0,1,0,0)+ (0,n —3,n — 3, 0),

@ (1,1,1...,1,)+(©0,1,1,...,1,004 (0,0, 1,0,0) + (0, n —3,n — 3, 0),
3) (1, 1,1...,1,1)+(0,1,2,1,0)+(0,n —3,n — 3, 0),

@ (1,....,D4+0,n—1,n—1,0),

() (1,2,...,2,1)+(0,n—2,n—2,0),

© (1,...,D+0,1,...,1,0)+ (0, n —2,n—2,0),

and that the decomposition is uniquely determined by the Hilbert function. In all
cases we have Hy(1) < Hq(2) <5, s0 f € k[xy, ..., xs5]. Let us analyze the first
three cases. In each of them we have Hs(2) = Ha(1)+ 1. If H4(1) <3, then A
is smoothable; see [Casnati and Notari 2009, Corollary 2.4]. Suppose Hx (1) > 4.
Since H4(2) <5, we have H4(2) =5 and H4 (1) =4. In this case the result follows
from Lemma 6.13 above.

It remains to analyze the three remaining cases. The proof is similar to the
proof of Lemma 6.13, however here it essentially depends on induction. Let
f>a be the sum of homogeneous components of f which have degree at least
four. Since f is in the standard form, we have f>4 € k[x1, x2]. The decomposi-
tion of the Hilbert function Apolar(f>4) is one of the decompositions (1, ..., 1),
1,2...,2,)or(1,...,1H)+(0,1,...,1,0), depending on the decomposition of
the Hilbert function of Apolar(f).

Let us fix a vector /1 = (1,2,2,2,...,2,1,1,...,1) and take the sets

Vi i={f €klxi, x2]| Hapolar(py =h} and  Va:={f €klxi,...,x,]| foa € Vi}.

By Proposition 4.8 the set V| is irreducible and thus V; is also irreducible. The
Hilbert function of the apolar algebra of a general member of V; is, by Example 6.2,
equal to Hy. It remains to show that the apolar algebra of this general member is
smoothable.

Proposition 4.8 implies that the general member of V, has (after a nonlinear
change of coordinates) the form f + 9 _ f, where f = x] +x3* + g for some g of
degree at most three. Using Lemma 4.2 we may assume (after another nonlinear
change of coordinates) that Ot% 1g=0.

Let B := Apolar(x] + xéz + g). We will show that B is smoothable. Since
s >4=2-2, Proposition 5.13 shows that B is limit-reducible. Analyzing the fibers of
the resulting degeneration, as in Example 5.15, we see that they have the form B’ x k,
where B’ = Apolar( frand f=2""x3""4x+g. Then Hp (3) = Hypotar( o0y 3) <2
Moreover, f € k[xy, ..., xs], so that Hg/(1) < 5. Now, analyzing the possible
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symmetric decompositions of Hp/, which are listed above, we see that Hp/(2) <
Hp (1) = 5. It follows from induction on the length that B’ is smoothable; thus
B’ x k and B are smoothable. O

Proposition 6.15. Let A be a local Artin Gorenstein algebra of socle degree four
satisfying len A < 14. Then A is smoothable.

Proof. We proceed by induction on the length of A. Then, by Proposition 6.11
(and the fact that all algebras of socle degree at most two are smoothable), we may
assume that all algebras of socle degree at most four and length less than len A are
smoothable.

If Ag1=1(0,q,0) with g # 0, then by Example 5.12 the algebra A is a limit of
algebras of the form A’ x k, where A has socle degree four. Hence A is smoothable.
Therefore we assume ¢ = 0. Then H4 (1) <5 by Lemma 6.3. Moreover, we may
assume H, (1) > 4, since otherwise A is smoothable by [Casnati and Notari 2009,
Corollary 2.4].

The symmetric decomposition of H4 is (1, n, m, n, 1) + (0, p, p, 0) for some n,
m and p. By the fact that n <5 and Stanley’s result [1996, p. 67], we have n < m;
thus n < 4 and H4(2) < H4(1) < 5. Due to len A < 14, we have four cases,
n =1, 2,3, 4, and five possible shapes of Hilbert functions, Hy = (1, *, *, 1, 1),
Ha=(,%,%2,1),Hy=(1,4,4,3,1), Hy=(1,4,4,4, 1) or Hy =(1,4,5,3, 1).

The conclusion in the first two cases follows from Theorem 6.14. In the remaining
cases we first look for a suitable irreducible set of dual socle generators parame-
terizing algebras with prescribed H4. We examine the case Hy = (1, 4,4, 3, 1).
Consider the set of f € P = k[x1, x3, X3, x4] in the standard form and such that the
apolar algebra of f has Hilbert function H4. We claim that this set is irreducible.
Since the leading form f; of such an f has Hilbert function (1, 3, 3, 3, 1), the set
of possible leading forms is irreducible by Proposition 4.9. Then the irreducibility
follows from Example 6.2. The irreducibility in the cases Hy = (1,4,4,4,1)
and Hy = (1,4,5,3, 1) follows similarly from Proposition 4.10 together with
Example 6.2. In the first two cases we see that f; is a sum of powers of variables;
then Example 5.14 shows that the apolar algebra A of a general f is limit-reducible.
More precisely, A is a limit of algebras of the form A’ x k, where A’ has socle
degree at most four (compare Example 5.15). Then A is smoothable. In the last case,
Example 5.21 gives an unobstructed algebra in this irreducible set. This completes
the proof. U

Lemma 6.16. Let A be a local Artin Gorenstein algebra with Hilbert function
(1,4,4,3,1,1). Then A is limit-reducible.

Proof. Let s =5 be the socle degree of A. If Ay s—2 # (0,0, 0) then A is limit-
reducible by Example 5.12, so we assume A4 ;—» = (0, 0, 0). The only possible
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symmetric decomposition of the Hilbert function Hy with A4 ;_» = (0,0, 0) is
(1,4,4,3,1,H)=(1,1,1,1,1,1) +(0,2,2,2,0) + (0, 1, 1, 0). (12)

Let us take a dual socle generator f of A. We assume that f is in the standard
form f = x15 + fa+ g, where deg g < 3. Then HApolar(form =(1,3,3,3,1,1).
We analyze the possible Hilbert functions of B = Apolar(f;). By Lemma 4.2
we may assume that a13 4 fa = 0. Suppose first that Hg(1) < 2. From (12) it
follows that Hyqj4r(i3 5, (1) = 3, so that Hp(1) = 2 and we may assume that
fa € k[x2, x3]. Then, by Lemma 4.2, we may further assume a% a(f — xf) =0;
then Proposition 5.13 asserts that A = Apolar(f) is limit-reducible.

Suppose now that Hg(l) = 3. Since xf is annihilated by a codimension-
one space of quadrics, we have Hp(2) < Hx(2) + 1, so there are two possi-
bilities: Hg = (1,3,3,3,1) or Hg = (1,3,4,3,1). By Lemma 6.9 the case
Hp=(1, 3,3, 3, 1) is not possible, so that Hg = (1, 3, 4, 3, 1). Now, by Lemma 6.8,
we may consider only the case when (anng( f4)), is a complete intersection; then,
by Lemma 6.7, we have that Apoleur(xi5 + f1) is a complete intersection. In this
case we will actually prove that A is smoothable.

By Example 6.2, the set W of polynomials f with fixed leading polynomial
f>4 and Hilbert function Hapolar(r) = (1,4, 4,3, 1, 1) is irreducible. Consider the
apolar algebra B of the polynomial xf + fa+ xﬁxl € W. By Proposition 5.10, this
algebra is the limit of smoothable algebras Apolar()cl5 + f1) X Apolar(xy), so it is
smoothable. By Corollary 5.20, the algebra B is unobstructed. Thus the apolar
algebra of every element of W is smoothable; in particular A is smoothable. [

Now we are ready to prove Theorem 6.17, which is the algebraic counterpart of
Theorems A and B.

Theorem 6.17. Let A be an Artin Gorenstein algebra of length at most 14. Then
either A is smoothable or it is local with Hilbert function (1, 6, 6, 1). In particular,
if A has length at most 13, then A is smoothable.

Proof. By the discussion in Section 2D it is enough to consider local algebras. Let
A be a local algebra of length at most 14 and of socle degree s. By H we denote
the Hilbert function of A. As mentioned in Section 2D it is enough to prove A
is limit-reducible. On the contrary, suppose that A is strongly nonsmoothable in
the sense of Definition 2.5. By Example 5.12 we have A4 s> = (0, 0, 0). Then,
by Lemma 6.3, we see that either H = (1, 6,6, 1) or H(1) < 5. It is enough to
consider H(1) <5. If s =3 then H(2) < H(1) <5, so by Proposition 6.11 we may
assume s > 3. By Proposition 6.15 it follows that we may consider only s > 5.

If H(1) <3 then A is smoothable by [Casnati and Notari 2009, Corollary 2.4];
thus we may assume H (1) > 4. By Lemma 6.4 we see that H(2) < 5. Then, by
Theorem 6.14, we may reduce to the case H (3) > 3. By Macaulay’s growth theorem
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we have H(2) > 3. Then Zi>3 H (i) <14 —11, so we are left with several possibil-
ities: H =(1,4,3,3,1,1,1), H=(1,4,3,3,2, 1) or H =(1, %, %, %, 1, 1). In the
first two cases it follows from the symmetric decomposition that A4 ;> # (0, 0, 0),
which is a contradiction. We examine the last case. By Lemma 6.5 there does not
exist an algebra with Hilbert function (1, 4, 3, 4, 1, 1). Thus the only possibilities
are (1,4,3,3,1,1), (1,5,3,3,1,1) and (1,4, 4, 3,1, 1). Once more, it can be
checked directly that in the first two cases A ;2 # (0, 0, 0). The last case is the
content of Lemma 6.16. O

Remark 6.18. Assume chark = 0. Iarrobino and Emsalem [1978] analyzed the
tangent space to the Hilbert scheme. larrobino and Kanev [1999, Lemma 6.21] claim
that using Macaulay they are able to check that the tangent space to Hilbg(P'%)
has dimension 76 at a point corresponding to a general local Gorenstein algebra A
with Hilbert function (1, 6, 6, 1); see [Casnati and Notari 2011] for further details.
Since 76 < (1 +6+ 6+ 1) - 6 this shows that A is nonsmoothable. Moreover, since
all algebras of degree at most 13 are smoothable, A is strongly nonsmoothable.

To prove Theorem B, we need to show that the nonsmoothable part of Hilb$,P"
(for n > 6) is irreducible. The algebraic version of (a generalization of) this statement
is the following lemma:

Lemma 6.19. Let n > m be natural numbers and V S P<3 = k[xy, ..., x,]<3 be
the set of f € P such that Hapolar(r) = (1, m, m, 1). Then V is constructible and
irreducible.

Proof. Let Vg = V N P3 denote the set of graded algebras with Hilbert function
(I, m,m, 1). This is a constructible subset of P3. To an element f3 € V,; we may
associate the tangent space to Apolar( f3), which is isomorphic to S s f3. We define

{(f3.[W]) € Vg x Gr(m,n) | W 2 8,1 f3},

which is an open subset in a vector bundle {(f3, [W]) € P3sxGr(m,n) | W2 Sszg}
over Gr(m, n), given by the condition dim $; 1 f3 > m. Let f € V and write it as
f = f3+ f<2, where deg f<» < 2. Then Hppolar( ;) = (1, m, m, 1). Therefore, we
obtain a morphism ¢ : V — Vg, sending f to f3. We will analyze its fibers. Let
f3€Vgand f = f3+ f<2 € P<3, where deg f<» <2. Then Hapolar(s) = (1, M, m, 1)
for some M > m. Moreover, M = m if and only if « 1 f<; is a partial of f3 for
every o annihilating f3. The fiber of ¢ over f is an affine subspace of P<, defined
by these conditions and the morphism, writing f = f3+ f<,

[(f,[WD) € VxGrm, n) [W2S3f3} — {(f3, [W]) € VerxGr(m, n) | W 2 S5 3)

is a projection from a vector bundle, which is thus irreducible. Since V admits a
surjection from this bundle, it is irreducible as well. Moreover, the above shows
that V is constructible. U
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Proof of Theorems A and B. The locus of points of the Hilbert scheme corresponding
to smooth (i.e., reduced) algebras of length d is irreducible, as an image of an
open subset of the d-symmetric product of P", and smooth. The locus of points
corresponding to smoothable algebras is the closure of the aforementioned locus,
so it is also irreducible. If d < 13, or d < 14 and n <5, this locus is the whole
Hilbert scheme by Theorem 6.17, and the claim follows.

Now consider the case d = 14 and n > 6. Let V be the set of points of the Hilbert
scheme corresponding to local Gorenstein algebras with Hilbert function (1, 6, 6, 1).
By Remark 6.18 these are the only nonsmoothable algebras of length 14; thus they
deform only to local algebras with the same Hilbert function. Therefore, V is a
sum of irreducible components of the Hilbert scheme. We will prove that V is an
irreducible set whose general point is smooth.

Let V, €V denote the set consisting of schemes supported at a fixed point p € P".
Then V is dominated by a set 1V, x P"". Note that an irreducible scheme supported
at a point p may be identified with a Gorenstein quotient of the power series
ring having Hilbert function (1, 6, 6, 1). These quotients are parameterized by the
dual generators. More precisely, the set of V of f € k[xi, ..., x,]<3 such that
Hapotar(r) = (1, 6, 6, 1) gives a morphism

V =V, C Hilb§,P"

which sends f to Spec Apolar( f) supported at p (see Section 6A). Since V — V),
is surjective and V is irreducible by Lemma 6.19, we see that V, is irreducible.
Then V is irreducible as well.

Take a smooth point of Hﬂbf4 P® which corresponds to an algebra A with Hilbert
function (1, 6, 6, 1). Then any point of Hilbﬁ[P’" corresponding to an embedding
Spec A € P" is smooth, by [Casnati and Notari 2009, Lemma 2.3]. This concludes
the proof. ([

List of symbols

All symbols appearing below are defined in Section 2.
 k is an algebraically closed field of characteristic #~ 2, 3.
e P =k[xy,...,x,]is apolynomial ring in n variables and fixed basis.

o S=klai,...,qa,] is a power series ring dual (see Section 2B) to P, with a
fixed (dual) basis.

e mg is the maximal ideal of S.

e Spoly =k[ai, ..., a,] is a polynomial subring of § defined by the choice of
the basis.

e H, is the Hilbert function of a local Artin algebra A.
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e Ay, Ajis the i-th row of the symmetric decomposition of the Hilbert function
of a local Artin Gorenstein algebra A; see Theorem 2.3.

e e(a) is the a-th “embedding dimension”, which is equal to Z?:o A;(1); see
Definition 3.1.

e anng( f) is the annihilator of f € P with respect to the action of S.

e Apolar(f) is the apolar algebra of f € P, equal to S/ anng(f).
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