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Let f : ANV — AN be a regular polynomial automorphism defined over a number
field K. For each place v of K, we construct the v-adic Green functions G,
and G -1, (i.e., the v-adic canonical height functions) for f and £~1. Next
we introduce for f the notion of good reduction at v, and using this notion, we
show that the sum of v-adic Green functions over all v gives rise to a canonical
height function for f that satisfies a Northcott-type finiteness property. Using an
earlier result, we recover results on arithmetic properties of f-periodic points and
non- f-periodic points. We also obtain an estimate of growth of heights under f
and f~!, which was independently obtained by Lee by a different method.

Introduction

Height functions are one of the basic tools in diophantine geometry. On abelian
varieties defined over a number field, there exist Néron—Tate canonical height
functions that behave well relative to the n-th power map. Tate’s elegant construction
is via a global method using a relation of an ample divisor relative to the n-th power
map. Néron’s construction is via a local method and gives deeper properties of the
canonical height functions. Both constructions are useful in studying arithmetic
properties of abelian varieties.

In [Kawaguchi 2006], we showed the existence of canonical height functions
for affine plane polynomial automorphisms of dynamical degree at least 2. Our
construction was via a global method using the effectiveness of a certain divisor
on a certain rational surface. In this paper, we use a local method to construct a
canonical height function for affine space regular automorphisms f : AY — AV,
which coincides with the one in [Kawaguchi 2006] when N = 2. We note that
arithmetic properties of polynomial automorphisms over number fields have been
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studied, for example, by Silverman [1994], Denis [1995], Marcello [2000; 2003],
and the author [Kawaguchi 2006].

We recall the definition of regular polynomial automorphisms. Let f: AN — AN
be a polynomial automorphism of degree d > 2 defined over a field, and let
f:PY -5 PV denote its birational extension to P. We write f~! for the inverse
of f,d_ for the degree of f~!, and f~! for its birational extension to P". Then
S is said to be regular if the intersection of the set of indeterminacy of f and
that of f—1 is empty over an algebraic closure of the field (see Definition 2.1 and
Remark 2.2). Over C, dynamical properties of affine space regular polynomial
automorphisms f are deeply studied, in which the Green function for f plays a
pivotal role; see [Sibony 1999, §2].

In Sections 1 and 2, we construct a Green function (a local canonical height
function) for f over an algebraically closed field 2 with nontrivial nonarchimedean
absolute value |- |. For x = (x1, ..., xy) € QV, we set [|x|| = max;<;<y{|x;|}. Our
results are put together as follows.

Theorem A (see Proposition 1.1, Lemma 1.3, and Theorem 2.3). Ler f : AN — AN
be a regular polynomial automorphism of degree d > 2 defined over S2.

(1) Forall x € AN(Q), the limits

lim — logmax{]| /Ol 1} and lim —logmax{| f~" (o)l 1}
d” n—>+ood_

n—-+o0o

exist and are nonnegative. We respectively write G y(x) > 0 and G y-1(x) > 0
for the limits, which we call Green functions for f and f~'. They satisfy the
Junctional equations G ¢ (f (x)) =dG y(x) and G - (f'x)) = d_G y-1(x).

(2) There are constants cy, ¢ ;-1 € R such that, on AN (Q),

G () <logmax{l| -, 1} +cy,
Gy-1(+) <logmax{[ - ||, 1} 4 ¢ -1
(3) There are subsets V't and V= of AN (Q) with VUV~ =AN(Q) and constants
c¢t, ¢™ € R such that
Gy(+)>logmax{|l |, 1} +ct onVT,
Gs-(-) =logmax{| - |, 1} +c~ onV™.

Over C, Green functions are constructed using compactness arguments [Sibony
1999, §2]. Here we use more algebraic arguments based on Hilbert’s Nullstellensatz.
Our construction of V* and ¢¥ is rather delicate with a choice of two parameters &
and &, which behaves well when we work over number fields in Sections 6 and 7. We

note that over C, our construction gives a different proof of the existence of Green
functions with more explicit estimates (see Section 5). In Section 3, we continue
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to study some basic properties of regular polynomial automorphisms f over €2,
characterizing the set of the points with unbounded orbit by G ; and showing a
filtration property for f.

Now we turn our attention to number fields. Let f : AY — A" be a polynomial
automorphism defined over a number field K. For each place v of K, let K,
denote the completion of K with respect to v and K, an algebraic closure of K,,.
Then f induces a regular polynomial automorphism over K ,, so we have Green
functions G, and G ;-1 ,, and estimates with cy,,, ¢ -1 ,,, and ¢ as in Theorem A.
(Here we use the suffix v to indicate that we work over K ,. See Section 5 when v
is archimedean.)

We want to define the canonical height functions fz}r and fz; for f as the sum
of Gy, and G -1, over all the places v of K. To this end, we introduce the
notion of good reduction at a nonarchimedean place v of K. Let R, denote the
ring of integers of K, and k, the residue field. Recall that the notion of good
reduction for an endomorphism ¢ of P! over K, is introduced in [Morton and
Silverman 1994], which means that ¢ extends to a morphism over R, and the
induced morphism ¢ over k, has the same degree as ¢. Here we say that a regular
polynomial automorphism f : AN — AN has good reduction at v if f extends to
an automorphism over R, and the induced morphlsm f over k is again a regular
polynomial automorphism such that the degrees of f and f ' are the same as the
degrees of f and f~!, respectively (see Definition 4.1 for the precise definition).

Using the notion of good reduction, we show the existence of canonical height
functions. Let / : AN (K) — R denote the usual logarithmic Weil height function.

Theorem B (see Proposition 6.2 and Theorem 6.3). Let f : AN — AN be a regular
polynomial automorphism of degree d > 2 over a number field K. Let d_ > 2 denote
the degree of f~\.

(1) Then f has good reduction at v except for finitely many places. Further, if this
is the case, we can take the constants ¢y, = c fle= cff =0 in Theorem A, so

Gy(-)=logmax{|-[,1} on V™,
Gyp-1(-)=logmax{|-[|, 1} onV".

(2) For all x € AN (K), the limits

A

hjf(x):: lim —h(f”(x)) and h (x) = hm dlnh(f_”(x)) (0-1)

n—-+oo d n—-+

exist. Further, we have the decomposition into the sum of local Green functions

PE)= )" mGro(x) and h7x)= ) nyGpi,(x).

veMg veMg
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(3) We define I;f :AN(K) — R by lAzf = lAl}r +IA1? Then flf satisfies ﬁf >KLh
and

Further, for x € AN (K) we have
fzf(x) =0 < fl+(x) =0 < fl_(x) =0 < x is f-periodic.

In [Kawaguchl 2006] we have defined h+(x) as limsup,,_, d"h( f*(x)), and
similarly for /. Theorem B shows that {d,,h(f" N} and {h(f o)}
are in fact convergent sequences, i.e., lim sup can be replaced by lim as in (0-1).

Using estimates on local Green functions over all places, we obtain the following
estimate on global height functions for all N > 2 [Kawaguchi 2006, §4; Silverman
2006, Conjecture 3; 2007, Conjecture 7.18]. This result has been independently
proved by Chong Gyu Lee [2013]. His proof uses a global method and is based on
the effectiveness of a certain divisor (as was done for N = 2 in [Kawaguchi 2006]).

Corollary C (see Theorem 7.1). Let f : AN — AN be a regular polynomial
automorphism over a number field K. With the notation as above, there exists
a constant ¢ > 0 such that

1 1 —1
Sh @)+ R @) = (14 Jhe = (0-2)

forall x € AN (K). Further, we have

; ,fﬁh(f(x))ﬂ%h(f—l(x))_l 1
AV (K () =t

h(x)—o00

Since (0-2) holds, by the argument of [Kawaguchi 2006] we recover the results on
f-periodic points and refine the results on non- f-periodic points in [Silverman 1994;
Denis 1995; Marcello 2000; 2003]. For x € AN (K), let Or(x):={f"(x)|neZ}
denote the f-orbit of x. If Oz (x) is infinite, we have the canonical height fz(O r(x))
of Oy (x) (see Equation (7-6)).

Corollary D (see Equation (7-6) and Corollary 7.4). Let f : AN — AN be a regular
polynomial automorphism over a number field K. With the notation as above,

(1) the set of f-periodic points in AN (K) is a set of bounded height and
(2) for any infinite orbit O r(x),

#ye 0y h(»=T)=( )log T — (0, (x) +0(1)

logd + logd_
as T — +oo, where O(1) is independent of T and x but depends on f.
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1. Nonarchimedean Green functions for polynomial maps

Let Q2 be an algebraically closed field with nontrivial nonarchimedean absolute
value |- | and R its ring of integers. For a point x = (x1, ..., xy) € AN(Q), the
norm of x is defined by ||x|| = max;—; . n{|x;|}. We set log*(a) := log max{a, 1}
for a € R>¢ as usual so that log™ ||x|| = log max{||x]|, 1} = log]|(x, 1)||.

Let f =(fi1,..., fv):AY — AN be a polynomial map of degree d > 2 defined
over 2, where f(X), ..., fv(X) are polynomials in [X1, ..., Xx] such that

d =max;=1,_, N{degf,} We write F; (X, T) = T‘lfl(X/T) € Q[Xl, XN, T]
for homogenization of f;. Let f = (F :---: Fy : T%) : PN ——s PV denote the
extension of f to PY. We put F := (Fy, ..., FN, T4y : ANt 5 AN which is a
lift of f.

For the composition f" = fo---o f, we write " = (f{', ..., fy). Similarly,
for the composition F" = Fo---o F, we write F"' = (F[', ..., Fy, Td"). Let d,

denote the degree of f", and let F,; (X, T) = Td"fl.”(X/T) e Q[Xy,..., XN, T]
be homogenization of f;". Since F'(X, 1) = f"(X) = F,;(X, 1), counting degrees
gives F'(X, T) =T~ F,;(X, T).

Proposition 1.1. Let f : AN — AN be a polynomial map of degree d > 2 defined
over Q. Then for all x € AN (Q), dln log™|| f*(x)| converges to a nonnegative real
number as n — +00.

Proof. We take anr € RsothatrF; € R[X, T]foralli=1,..., N. We set

1

an = log" Il f" GOl by = 1n log||(r F)" (x, D,

- log (v, DI, eni=—

d

where rF = (rFi, ..., rFy, rT%). We claim that
—n

d_

Indeed, the first equality follows from (f"(x),1) = (F"(x,1)). The second
equality follows from (r F)" = pl+d+-+d""' pn — @' =D/@=D Fn_ 1 follows from
I F)Ge, DI < 1 Gx, D that

a,=b,=c, — log|r|. (1-1)

1 1 - -
i logll(r FY"(x, )| < 77 logll(r )" (e, DI = = logl| - F)"~" (x, DI
In other words, {cn}:fl’ is a nonincreasing sequence. Equation (1-1) implies that
{cn}Jr is bounded from below Indeed, since a,, is nonnegative and |r| < 1, we have
cp > a, + d 7 log|r| > log|r| Thus, lim,,_, 4 ¢, exists. Equation (1-1) then
gives the existence of hm,HJroo an, which is nonnegative from the definition. [

Proposition 1.1 allows the following definition:
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Definition 1.2. For a polynomial map f : AN — AV defined over Q, we define the
nonnegative function G s : AN (Q) — R by

. 1
Grlx):= lim - log™ | f" ()|l for x € AM(Q)

and call it the Green function for f.

Lemma 1.3. Let C ’f be the maximum of the absolute value of all the coefficients
of fi(X) for1 <i <N, and we set

Cf =77 log max{C’, 1}.

Then
Gr(-)<loghll-|+c; onAN(Q).

Proof. We take r € R such that |r| = 1/max{C’,, 1}. Then r F; € R[X, T] for all

i=1,..., N. From the proof of Proposition 1.1, we have
. 1 1 " 1
G(x) = lim_c,———loglr| < co— 7 log|r| = log" |jx|| = —— loglrl.
Hence, we get the assertion. U

Lemma 1.4 below shows that for some polynomial maps f, G f is not interesting.
However, we will see in the next section that G y enjoys nice properties for regular
polynomial automorphisms f (see Definition 2.1 and Theorem 2.3).

To state Lemma 1.4, we recall that a polynomial map f is said to be algebraically
stable if d,, = d" for all n > 1 [Sibony 1999, §1.4].

Lemma 1.4. If f is not algebraically stable, then G ¢(x) =0 for all x € AN ().

Proof. We take ng such that d,, < d"°, and we put g = f"°. Proposition 1.1 tells us
that (1/d;) log™||g™ (x)|| converges to a nonnegative number as m — +00. Hence,

dy \" 1 i
log ™ || £ () || = (d—nZ) o logt|lg” (x)| — 0 asm — +oo.
no

dnom

From Proposition 1.1, we get G y(x) = 0. ([

2. Nonarchimedean Green functions for regular automorphisms

In this section, we consider polynomial automorphisms. Let f : AN — AN be a
polynomial automorphism of degree d > 2 defined over an algebraically closed
field 2 with nontrivial nonarchimedean absolute value.

As before, let f = (F{(X,T):---: Fy(X,T): T% : PN ——s PV denote the
extension of f to PY. We denoted by d_ the degree of the inverse £~ : ANV — AN
of f. The integer d_ > 2 may be different from d. We denote the extension of f~!
0P by f1=(G(X,T): - :Gn(X,T): T%): PN -5 PV,
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Let I, and /_ denote the set of indeterminacy of f and f_—l, respectively:
L ={(x:0) ePY(Q) | Fi(x,0) =+ = Fy(x,0) =0},
I ={(x:00eP¥(Q)|Gi(x,0)=---=Gpn(x,0)=0}.

Definition 2.1 [Sibony 1999, §2.2]. A polynomial automorphism f : AN — AN s
called regularif I, NI_ = @.

Remark 2.2. The definition of regular polynomial automorphisms works over any
algebraically closed field.

The purpose of this section is to prove the following theorem, which says that
the Green functions for regular automorphisms exhibit nice properties:

Theorem 2.3. Let Q be an algebraically closed field with nontrivial nonarchi-
medean valuation and f : AN — AN a regular polynomial automorphism over Q.
Then there are open subsets V™ and V= of AN (Q) with respect to the topology
induced from the valuation on Q and constants ¢*, ¢~ € R with the properties

(i) Gy(-)=logh| -l +cton VT,

(i) G -1(-) =log" |- || +c~ on V™, and
(iii)) VTUV™ =AN(Q).
Remark 2.4. Over C, corresponding results (and much more) were established by
Sibony [1999, §2.2]. Here since A" () is not locally compact in general, we give
a different proof that is more algebraic in nature based on Hilbert’s Nullstellensatz.

We also give V*, V=, ¢T, and ¢~ with precise estimates so that they work well
when we introduce the notion of good reduction in Section 4.

Before proving Theorem 2.3, we will need several lemmas. We begin by in-
troducing some notation. Since Iy N I_ is empty, F(X,0),..., Fy(X,0) and
Gi1(X,0),...,Gy(X,0) have no solutions in common other than 0. Thus, for each
1 <i < N, there are polynomials P;;(X), Q;;(X) € Q[X] for 1 < j < N such that

N N
Y O POF;(X, 00+ Y 0i(X)G,(X,0) = X' @-1)
j=1 j=1
with some m > 1. Hence, there is a polynomial R;(X, T) € [X, T] such that

N N
D PiXOF(X, T +Y 06X, )+ TR(X, T)=X".  (22)
j=1 j=1
Here we may and do assume that m is independent of i. Replacing P;;(X) by its
homogeneous part with degree m —d, Q;;(X) by its homogeneous part with degree
m—d_, and R;(X, T) by its homogeneous part with degree m — 1, we may and do
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assume that the P;;(X), Q;;(X), and R;(X, T) are homogeneous polynomials with
degree m —d, m —d_, and m — 1, respectively.

Let C’ be the maximum of the absolute value of all the coefficients of P;;(X),
Q;j(X),and R;(X,T)for1 <i <Nand1<j<N.Weset

C =max{C’, 1}. (2-3

~

We fix real numbers ¢ > 0 and § > 0 as follows. First we choose § to satisfy § < %

Then choose ¢ to satisfy

sl/d gl/d-
e < min{ _— }
C C
This ensures & < %, so in particular, ¢ < 1. To sum up, we have
e<t, 8= (e0)'<8, and (sO)- <. (2-4)
For example,
1 1
&= Cminid.d) and 6= Cmin{d.d_}(min{d.d_}—1) (2-5)

satisfy (2-4).
We define N, 5+ . and V(;; by
Ny ={x e AN@) |1 <elxl and | f(OIl < 8lxl|),

(2-6)
Vil = AN@\ NS, = {x e ANQ) | [Ix]l < Lor | £(0) ]l = 8l1x]| ).

Intuitively, points in N 3+ . are near to the hyperplane {(x : 0) € PN ()} at infinity
(measured by €) and also near to I in “the direction of x” (measured by §). We note
that both NV, 5+ . and VSJ’FE are open and closed with respect to the topology induced
from the valuation of €2.

Remark 2.5. We set
N ={@:0)ePY Q| 1] <elxll and [(F(x, 1), t)] < 8]l Gx, ]| }.

Then Ny, = N NAN(Q). If (x :1) € I, then t =0 and F(x, 1) =0. Thus, |¢| =0
and ||[(F(x, 1), t%)|| =0, so we have
I, S Nj,.
The next lemma says that if a point is not too close to I, then f maps it to a

point that is also not very close to /; and that the measurement of “closeness” is
uniform with respect to the point.

Lemma 2.6. We have f (V(;;) C V;fs.
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Proof. Taking the complement, it suffices to show that
fTHNG) S N

Suppose x = (x1,...,XN) € N(g;. Without loss of generality, we assume |x;| = ||x]||.
We note f(x)=(Fi(x,1),..., Fy(x, D)and f~'(x) =(Gi(x, 1), ..., Gy(x, 1)).
Since ¢ < 1, we have ||x|| > 1. Then the definition of N(;’: gives

< xl, (2-7)
If Ol < 8|14 (2-8)
We need to show that f~!(x) e N (;“ .» Which is equivalent to
L<elf~'el, (2-9)
lxll < 81LF~ ol (2-10)

First we show (2-9). To derive a contradiction, we assume that || f ! (x)|| < % Let
A > 0 be any small number. We have

N N
Y PUEF (x5, D+ Y 010G (x, D+ Ri(x, 1)
j=1 j=1

< max{C|lx[|"~*-8llx |, (C+ W)™ 1, (C+n)lx|"")
< max{C8||x|", (C+ M) x|~ (C +1)x)""") (from (2-7))
< max{C§|x|", (C+ k)||x||'”_1} (since d_ > 2).
Since A > 0 is arbitrary, (2-2) and the assumption that |x;| = ||x]|| then gives either
x| < Clix|"~" or ||x||" < C§||x||™. Equivalently, we have either ||x|| < C or
1 < C§. However, the former contradicts (2-4) and (2-7) while the latter contradicts
(2-4). Hence, we get (2-9).
Next we show (2-10). To derive a contradiction, we assume the contrary, i.e.,
lxll =81l F~ )9, Letting A > 0 be any small number, we have

N N
D O P@F D+ Y 010G (x, D+ Ri(x, 1)

j=1 j=1
<max{Cllx "~ §[lx ]|, (C + M) Ix "~ - (DY )1V, (€ +)llx )
< max{C3||x||", (C + 1) (H V4 |x "~ (C + 1) x ")

< max{C8||x|", (C+M) () x|"""}  (since d_ — 5 > 1).
Since A > 0 is arbitrary, (2-2) and the assumption that |x;| = || x| gives this time

either ||x|| < (H)'IC or 1<Cs.
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However, the former contradicts (2-4) and (2-7) while the latter contradicts (2-4).
Hence, we get (2-10), which completes the proof. U

Lemma 2.7. Set Cy, :=min{8, &*}. Then
max{|| f(x)|l, 1} > C;S -max{||x||d, 1} forallx € V;”s.
Proof. For x € V(;’FS, the definition of V(;; gives
either [lx[| <1 or max{|lf(x),1} > 8max{|x|’, 1}.

If the latter holds, then we get the assertion since § > C;s. If the former holds,
then C5, ||x[|Y < 1. We get max{]| f(x)[|, 1} > 1 > C{, - max{[x||, 1} noting that
Ci. <L 0

Lemma 2.8. Set ¢, := -5 log Cyf,. Then
Gy(x) = log"|x||+¢;, forallx eV,

Proof. Suppose x € V;;. It follows from Lemma 2.6 that f"(x) € VSJ’FS foralln > 1.
Then Lemma 2.7 gives

log* |l " ()l = d log™ || £~ (x)[| +1og C,.
The usual telescoping argument tells us that
Gr)= lim - log*|f" (o)
f n—+oo d"
oo
— oot 1 + +y pn—1
= log™ [|lx ]| + X; d—,,(log ILf" GOl —dlog™ | f*~ ()
n—=
> log™ x|l +cf,. O
With £~! in place of f, we define N 5. and Vg by
N; .= {x € AN(Q) | 1 <e|lx|| and max{||f_1(x)||, 1} < 8max{||x||d‘, 1} },
Vs, =AN(Q)\ Ny,. (2-11)
Then setting Cse = d,_l—l log min{$, sd*}, we have
G p-1(x) = log" x| +¢c5, forallxeVy,. (2-12)

The next lemma may be seen as a quantified version of the fact that a point
cannot be too close to both It and I~ since IT NI~ = 2.

Lemma 2.9. V;" UV, =AN(Q), or equivalenily, N, NNy, = @.
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Proof. Taking the complement, it suffices to show that N (;r . NNy, = . To derive
a contradiction, we assume that there is an x € N 5+ . N N; .. Then we have

Ixll > £, (2-13)

Lf Gl < 8lxll, (2-14)

LF7H el < 8lx) ™. (2-15)

Without loss of generality, we assume that |x;| = ||x||. Let A > O be any small

number. By (2-13)—(2-15), we have

N N
D POFx, D+ 010G (x, D+ Rix, 1)

j=1 j=1
< max{C|lx ||~ 8)|x |9, Cllx||" = - 8] x|, (C +1)|x|""}
< max{C8||x[|"™, (C+ 1) [x|™"}.

Since A is arbitrary, it follows from (2-2) that || x || < C8||x||” or ||x||™ < C|lx||"™ .
Hence, we get

either 1<C§ or |x||<C.

However, the former contradicts (2-4) while the latter contradicts (2-4) and (2-13).
Thus, we have N, N N;, = @. O

Proof of Theorem 2.3. Let § and ¢ be constants satisfying (2-4). Then Theorem 2.3
holds with V* = Vf; and ¢t = cgt’g. Indeed, the condition (i) follows from
Lemma 2.8 and the condition (ii) from (2-12) while the condition (iii) follows from
Lemma 2.9. O

3. Nonarchimedean Green functions and the set of escaping points

In this section, we continue to study basic properties of regular polynomial automor-
phisms defined over 2. We keep the notation and the assumption of Section 2. In
particular, f : AN — A" denotes a regular polynomial automorphism of degree d > 2
defined over 2.

In analogy with the field of complex numbers, we define the set W+ of escaping
points and the set X+ of nonescaping points by

W= {(x e AY@) | | /" (1) = +00 (n — +00) },
H = {x € AN(Q) | {f"(x)}25 is bounded with respect to || - || }.

Then the following theorem holds, which is a nonarchimedean version of the results
of [Bedford and Smillie 1991, §2 and §3; Sibony 1999, §2]:
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Theorem 3.1. Let f : AN — AN be a regular polynomial automorphism over R,
and let G y be the Green function for f.

(1) The set X is exactly the set of points where G s vanish:
T={xeAY(Q) |G (x)=0}.
(2) AN(Q) = WH LK™ (disjoint union).

To prove Theorem 3.1, we need the following two lemmas. Recall that § and ¢
are fixed constants satisfying (2-4).

Lemma 3.2. Forany x € N;g/z, one has ||x|| < 31 £~
Proof. 1t follows from x € N 3+ £)2 that
Ixl>2 and | £l <8lx[? (3-1)

To derive a contradiction, we assume that || x| > %H f~1(x)|l. Without loss of
generality, we assume that |x;| = ||x||. Then (we take A = C here)

ZPI,u)F (x, 1>+ZQ1,<x>G G, D+ Ri(x, 1)
j=1
< max{C|lx||"~¢-8|x|, Cllx||" ¢ - 2||x]|, 2C[lx |~ "}

< max{C8||x[", 2C <" ~"}.
Using (2-2), we get
either 1<C§ or |x]| <2C.

However, the former contradicts (2-4). If the latter holds, then Equation (3-1)
implies 1 < Ce, contradicting (2-4). This completes the proof. (|

Lemma 3.3. For any x ¢ AN (Q), one has f"(x) € V8+g/2 for all sufficiently large n.

Proof. Note that 5 and § satisfy (2-4) with £ in place of &. Thus, if x € Vs £/2> then
Lemma 2.6 gives f”(x) € Va e)2 for all n > 0.

Suppose now that x € N e We take a positive integer ng so that || x| < 270+ /e,
We claim that f"0(x) € Va . /2 Indeed, if we assume the contrary, then Lemma 3.2
applied to x, ..., f"(x) € Na e/ gives

_ 1
2<lfm@l st @l < g 1%

which contradicts our choice of ng. Thus, f"(x) € V;; 2 for all n > ny. O
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Proof of Theorem 3.1. (1) We get XT C {x € AN(Q) | Gr(x) = 0} from
Definition 1.2. To show the other inclusion, we assume that G y(x) = 0. Then
Gr(f"(x)) =d"Gs(x) =0 for all n > 0. By Lemma 3.3, we take n such that
fM(x) e Vs’; - It follows from Lemmas 2.6 and 2.8 (applied to 5 in place of ¢)
that

G s (f" () = log" I f* ()l +¢5, 12

for all n > ng. Combined with G ¢ (f"(x)) =0, we see that || " (x)| < exp(—cza/z)
for all n > ng. Thus, {x € AN(Q) | Gr(x)=0}CH*.

(2) If x ¢ KT, then G r(x) > 0 by (1). Definition 1.2 then gives || /" (x)|| — +o0
as n — +o00. O

With f~!in place of f, we put

W™= {x e AY@Q) | | /")l = +00 (n > +00) },
H ={xe€ AN(Q) [{f™" (x)}::“(’) is bounded with respect to || - || }.
Then we have AV (Q) = W~ LI~ as in Theorem 3.1.

In the rest of this section, we give filtrations of A" relative to f over nonar-
chimedean fields as in [Bedford and Smillie 1991, §2.2; Shafikov and Wolf 2003,
§3] over C.

We set

By ={x e AY(Q) | l|x|l <
Use ={x e A | lIx]| >

b
and || f (x)|| = 81|x1| },

® = O =

where 6 and ¢ are constants satisfying (2-4).
Since ¢ < 1 and §/¢¢ > C? > 1 by (2-4), we have

Uy, ={x e AN(Q) | IxIl > 1 and max{]| f (x)|, 1} > 8 max{||x||, 1}* }
so that B, 11 U(;’rg = V(;;.
Proposition 3.4. We assume that € and § satisfy

d—

e"l<s and ¢+"'<s (3-2)

in addition to (2-4) (for example, if we take € and § as (2-5), then they also satisfy
(3-2)). Then we have the following:

(1) AN(Q) = B, L U;, L1 Ny, (disjoint union),

(2) fWU;) CUS, and (B, LU, € B, LUy, and

3) f7IWNS,) S NS, and f71 (B, INS,) € B.LINy,.
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Proof. (1) This is obvious from the definition.

(2) Since B, I U(;;9 = V(;’rs, we have f (B, L U;s) CB. U U;s by Lemma 2.6.
Suppose that x € U(;’r .- Then

)
If @)l = 8llxll? > — = 1, (3-3)

where we have used (3-2) in the last 1nequahty. Also since x € U ; . C V;fa, we have
f(x) € Vs, by Lemma 2.6. Since f(x) ¢ B. by (3-3), we get f (x) € V5',\ B =Uj,.
Hence, f(US';) - Ugfg.

(3) We put

Us, ={x e AY@) | x| > L and ||/~ ()]l = 8]l [} (3-4)
={x e AN@) | lIxIl > & and max{[| £~ (0)Il, 1} = § max{ x|, 1}~ },

where the second equality follows from §/¢? > C4- > 1 by (2-4). Then as in (2),
we have ! (U(;S) C Uy, Since B, LI Us .= Vs .. Lemma 2.9 implies N(St3 C U,
Suppose that x € N 5+ .- Then

f“(X) e f' Ny € £ WUy, S UG

In particular, || £~ (x)|| > - sothat f~ (x) ¢ B.. On the other hand, since x ¢ U ; R
and f(Uy,) CU M,we getf '(x) ¢ Uy, 50 f71(x) € Ni, =AN(Q)\ (B LLU}).
We conclude that f~ (Ns":) - Na":.

Next we show f~!(B; LI N;",) € B, LI N}, Since U, = A¥(Q) \ (B, L N;),
it suffices to show that f‘l(U;s) D) U(;fg, which is obvious from f(U;S) - U(;rg. [l

Proposition 3.5. We assume that € and § satisfy

d

V<8 and 471 <8 (3-5)

in addition to (2-4). Then we have
M U2 f" WUy, =W and
@ US f"(Nf ) =w~.
Proof. (1) We set r := §/e4~! > 1. We first show that U6+,e C W, Indeed, if
X € U;E, then
1 1

8
ILf QI = 8llx ]l > =
le e

Since f(Uy,) € Uy, we inductively get | f"(x)|| > r@=D/@=D1 for all n > o
Hence, x € W+. This completes the proof of U;", € W. Since f~/(W+) =
we get f~ ”(UJF)CWJr foralln>OsothatU o f~ ”(U(SS)CWJr
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To show the inclusion o f ”(U(S .) 2 W, suppose that x ¢ U oS~ ”(U{S )
We need to show that x € 57{+ Since f"(x) ¢ U&s, we have either f”(x) € B, or

f"(x) € Ny,.

Case 1. Suppose there is an ng > 0 such that f”0 (x) € B;. Then f™*l(x)e BgLIU;S
by Proposition 3.4(2). Since f"!(x) ¢ U, ;> We obtain f m0+1(x) € B,. Inductively,
f™(x) € B, for all n > ng, so we conclude that x € H*.

Case 2. Suppose that f"(x) € N(;’E for all n > 0. By Lemma 3.3, there is an ng > 0
such that f"(x) € Vgg P for all n > ng. Then for all n > ng, we have

ff@) eV NN S {y e AV@Q) |1 <yl < 2},

Hence, x € %T.
In both cases, we have x € H, so we get U+°° *”(UgL YD W,

2)Let Uy 5.6 be the set defined by (3-4). Then f "(Us 8) = W™ by the argument
in (1), and SO U+°8 f(N 5+ ) S W™ To show the other inclusion, suppose that
x ¢ f”(N(S ). Then we have either f~"(x) € B; or f7"(x) € Ua o
Case ] . If there is an ng > 0 such that f~"°(x) € B,, then the argument of Case 1
of (1) together with Proposition 3.4(3) gives f~"(x) € B, for all n > ny.
Case 2. Suppose that f~"(x) € U . for all n > 0. Then the argument of Case 2
of (1) together with Lemma 3.3 w1th f~"in place of f g1ves S < |x|l < = for
sufficiently large n.

In both cases, we get x € X~. Hence, U o f" (Ns':) W, O

Remark 3.6. If we take

1 1
0<¢<comaay ™ 0= Comdd a1

then they satisfy both (2-4) and (3-5).

4. Regular automorphisms having good reduction

Morton and Silverman [1994] introduced the notion of having good reduction for
endomorphisms of P! over 2, which has been useful in studying endomorphisms
of P! over a global field. For endomorphisms of PV having good reduction,
see for example [Kawaguchi and Silverman 2007, Remark 12; 2009]. In this
section, we introduce the notion of having good reduction for regular polynomial
automorphisms of AV over Q. This notion will be useful in studying regular
polynomial automorphisms over a global field in Sections 6 and 7.

As in Section 1, R denotes the ring of integers of 2. Let M be the maximal ideal
of R and k := R/M the residue field. Note that & is algebraically closed since €2 is
algebraically closed.
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Definition 4.1 (Good reduction). Let f = (fi, ..., fv) : AY — A" be a regular
polynomial automorphism over an algebraically closed field 2 with nontrivial
nonarchimedean absolute value, and let ' = (g1, ..., gn) : AY — AN denote its
inverse. We write d and d_ for the degrees of f and f !, respectively. We say that
f has good reduction if the following three conditions are satisfied:

(i) We have that f extends to the polynomial automorphism f : Ag — Ag over R,
so both fi(X),..., fv(X)and g(X), ..., gy(X) are in R[ X, ..., Xn].

(ii) Let f=(fi..... fv) AN - AN and f=1 = (&1, ..., gv) : AY — A be the
induced polynomial automorphisms over k. Then the degrees of f and f-!
are equal to d and d_, respectively.

(ii1) We have that f is regular (see Remark 2.2).

We give some equivalent conditions for regular polynomial automorphisms f
to have good reduction. As in Section 1, let F;(X,T) and G;(X, T) be the ho-
mogenization of f;(X) and g;(X). If F;(X,T) and G;(X, T) are defined over R,
E(X , T) and Gj (X, T) denote their reductions to k. Let p:R— k be the natural
map.

Proposition 4.2. Let f be a regular polynomial automorphism of AN over Q.
Assume that f satisfies the conditions (i) and (ii) of Definition 4.1. Then the
following are equivalent:

(1) We have that f has good reduction, i.e., f also satisfies Definition 4.1(iii).
(2) Asideals in R[X,, ..., Xy, T], one has

X1, ... Xy DS (X, T),.... Fy(X.T).G(X.T),....GN(X. T), T)

for some integer k > 1.

(3) Asideals in R[X4, ..., XN], one has
(X1,.... X0 S (FI(X,0),..., Fy(X,0), G1(X,0),...,Gy(X,0))

for some integer £ > 1.

Proof. (1) = (3). It suffices to show that

(X1, ... X0 S (FI(X, 0, ..., Fy(X, 00", Gi(X, 0%, ..., Gn(X,0))
4-1)
for some £ > 1. We set
r-l,cr there is an £ > 1 such that #(X;, ..., Xy)¢ C
B (F1(X,00%, ..., Fy(X, 00", G1(X, 004, ...,GN(X, 00 |

Since f is regular, I is a nonzero ideal of R.
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We claim that p (1) # 0. Indeed, suppose that p (/) = 0. Then elimination theory
tells us that there is a point x = (x; : ---: x,) € pN-1 (IE) such that I::i(x, 0)=0
and 51 (x,0) =0for all i and j; see [Kawaguchi and Silverman 2007, Theorem 6].
Since f satisfies condition (ii), E(X ,T) and 5,- (X, T) are the homogenizations
of ﬁ and g, respectively. Then the existence of such an x € PV ~1(k) contradicts
condition (iii), which yields the claim.

Since p(I) # 0, there is an r € I such thatr € R* = R\ M. Then I = R, and
we obtain Equation (4-1).

(3) = (1). The assumption of (3) gives, as ideals in k[X],

(X1, XN S (p(FI(X,0)),..., p(Fy(X,0)), p(G1(X,0)),..., o(Gn (X, 0))).

Since p(F;(X, 0)) = Fi(X,0) and p(G,(X,0)) = G;(X, 0), we obtain that f is
regular.

(2) = (3). We have only to put 7 = 0.

(3) = (2). It suffices to show that forany « =1, ..., N, there are an integer k > 1
and polynomials P; (X, T), Q;(X,T), and R(X, T) defined over R such that

N N
XE=Y"PX.T)F(X.T)+)_ Q;(X.T)G;(X, )+ TR(X.T). (4-2)
i=1 j=1
By the assumption of (iii), there are an integer £ > 1 and polynomials P;(X) and
Q;(X) defined over R such that

N N
XL=Y P(XOF(X.00+ ) 0;j(X)G;(X,0).

i=1 j=1

Wesetk:=¢, P,(X,T):=P;(X),and Q;(X,T) := Q;(X). Then

N N
XE=Y P(X.T)F(X.T)= ) _ Q;(X.T)G;(X.T)
i=1 j=1

is a polynomial in R[X, T'] that is divisible by 7. Hence, there is a polynomial
R(X, T) in R[X, T] satisfying Equation (4-2). O

Suppose now that a regular polynomial automorphism f has good reduction.
By Proposition 4.2, for each 1 <i < N there are polynomials P;;(X) and Q;;(X)
in R[X] that satisfy (2-1). Then the polynomial R; (X, T) in (2-2) is also defined
over R, and the constant C in (2-3) is equal to 1. This means that e =1 and § = 1
satisfy (2-4). It follows that when f has good reduction, Gy and log™|| - || are
related simply.
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Proposition 4.3. Suppose that f has good reduction.

(1) G(-) <log*|- |l and G ;-1 (-) <log*| - || on AN(Q).

) log®| - = Gr(-) on Vﬁl and log™|| - || = Gp1(-) on Vi1 Moreover,
AN@Q) =V UV

Proof. (1) Since the f;(X) are defined over R, in the proof of Lemma 1.3 we

may take r = 1 so that c; = 0. Thus, G () < log™|| - || on AN (). The estimate
for G ;-1 is similar.

(2) Since ¢ =1 and & = 1 satisfy (2-4), Lemma 2.9 gives AN (Q) = Vﬂrl U Vlfl. The
constant CT,] in Lemma 2.8 is equal to 0, and thus, combined with (1), we have
logt|lx|| =G r(x) forall x € VITI. The estimate for G ;-1 is similar. U

5. Green functions for regular automorphisms over C

In this section, we remark that the proof of Theorem 2.3 gives a different proof
(more explicit and without compactness arguments) of the corresponding estimates
of Green functions over C.

We write the usual absolute value of C for | - |, and we set ||x ||oo :=maX; {|x;|co0}
forx = (x1,...,xy) € AN(C).

Let f = (f1,..., fn) : AV — AV be a regular polynomial automorphism of
degree d > 2 defined over C. Then the Green function for f is defined by [Sibony
1999, §2]

Gy(x):= lim dinlog+||f"(x)|| for x € AN (C). (5-1)

Let || f|lo be the maximum of the absolute values of all the coefficients of f;(X)
for 1 <i <N, and set cfo0 = 77 logmax{(NJrj*l)Hflloo, 1}. Note that (N‘Lj*l)
is the number of monomials of degree d in the ring of homogeneous polynomials

in N variables. Since
N+d—1
log* |1 £ ()]l = dlog* el +logmax{ (" "3 T )1/l 1}, 52)

we get
Gr(x) < log™||x| + Cfoo foranyx e AN (C). (5-3)

Let P;;(X), Q;j(X) € C[X] and R(X, T) € C[X, T] be polynomials satisfying
(2-2). As before, we may and do assume that the P;;(X), Q;;(X), and R;(X, T)
are homogeneous polynomials with degree m —d, m —d_, and m — 1, respectively.
We write || Pl for the maximum of the absolute values of all the coefficients of
Pj(X)forl1 <i <Nand1<j<N,and we write || Q| and ||R| o similarly.
We set

N+m—d—1 N+m—d_—1 N+m
Clommax{ (M T N 1Ploos (U T 1@l (et ) IRl 1]
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We note the above formula for C_ is not as explicit as in the nonarchimedean
case since it involves the coefficients of P, Q, and R and not only those of F' and G.
However, || Pllco, || Qlloo, and ||R|« can be expressed in terms of F and G via
an effective version of Hilbert’s Nullstellensatz (see [Masser and Wiistholz 1983,
Chapter 4] for example).

We put

Coo = (2N +1)CL.
Fix real numbers ¢ > 0 and § > O satisfying (2-4) with C in place of C. We

define N 3’:8 and Vaj; by (2-6) and (2-11) with C in place of 2. Then exactly as in
Theorem 2.3, we have the following:

Theorem 5.1. Let f : AN — AN pe a regular polynomial automorphism over C.
(i) Gy(-)=logh| -l +c5, on Vi,

(ii) G y-1(-) =log" |- | + ¢z, on Vg .

(i) Vi, UV, =AN(Q).

6. Global theory of regular automorphisms

In this section, we turn our attention to regular automorphisms over a number field.
Let K be a number field and Oy its ring of integers. We fix an embedding
K C K into an algebraic closure. Let M be the set of absolute values on K. We
extend the absolute values on K to those on K.
Let L be a finite extension field of K. For x € AV (L), we define

h(x) =Y nylog*ilx, (6-1)

veMg

where n, =[L,: K,]/[L : K]. This gives rise to the logarithmic Weil height function
h:ANK) - R.

For more details on height functions, we refer the reader to [Bombieri and Gubler
2006; Hindry and Silverman 2000; Lang 1983].

Let f:AY — AN be a regular polynomial automorphism over K (see Remark 2.2).
If the coefficients of f are all defined over K, then we say that f is a regular
polynomial automorphism over K.

Lemma 6.1. If f : AN — AV is a polynomial automorphism over K, then the
coefficients of f~" are also all defined over K.

Proof. We take a finite Galois extension field L of K such that the coefficients
of f~! are elements of L. For every o € Gal(L/K), the uniqueness of the inverse
gives (f~1)? = f~!. Thus, the coefficients of f~! are in fact elements of K. [
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In [Kawaguchi 2006], we constructed (global) canonical height functions h+
and h for polynomial automorphisms f over K under the assumption that there
ex1sts a constant ¢ > 0 such that

ZhFE) + () = (14 )h) —e (6-2)
for all x e AN (K), where d and d_ denote the degrees of f and f~!. (We showed in
op. cit. that (6-2) holds for regular polynomial automorphisms in dimension N =2
by a global method, i.e., a method using the effectiveness of a certain divisor on a
certain rational surface.)

In the following, using properties of local Green functions studied in the previous
sections, we will first construct in Theorem 6.3 (global) canonical height functions
h+ and h_ for regular polynomial automorphisms. Indeed, we will construct h+
and h; as approprlate sums of local Green functions. Then we show local Verswns
of (6- 2) for all places v, and summing them up, we will obtain (6-2) for regular
polynomial automorphisms in any dimension N > 2 in Theorem 7.1.

For a finite subset S of Mg that contains all the archimedean absolute values
of K, we let Ok s denote the ring of S-integers:

Ogs={xeK||x|,<1forallv¢S}.

Proposition 6.2. Let f : AN — AN be a regular polynomial automorphism of
degree d > 2 over a number field K. Then there exists a finite subset S of Mg that
contains all the archimedean absolute values of K with the following property: for
allv ¢ S, f induces a regular polynomial automorphism over K ,, that has good

reduction.
Proof. We write f = (f1,..., fv) and let F;(X,T) € K[X, T] be the homoge-
nization of f;. Let d_ denote the degree of f~' = (g1,..., gn), and in virtue of

Lemma 6.1, let G;(X,T) € K[X, T] be the homogenization of g;. Then there
are an integer m and homogeneous polynomials P;;(X) € K[X] of degree m —d,
Q;j(X) € K[X] of degree m —d_, and R;(X,T) € K[X, T] of degree m — 1 such
that (2-2) holds as polynomials in K[X, T].

We take a finite subset S of Mk that contains all the archimedean absolute values
of K with the following properties:

(1) The coefficients of F;(X,T), G;(X,T), P;j(X), Q;j(X), and R;(X, T) are
all in Ok s.

(i) Forv ¢ S, welet p,: Og s — IEU denote the natural map, where IE,, is the residue
field of (Ok),. Then deg(f) = deg(p,(f)) and deg(f~") = deg(p,(f~1)).

Then for any v ¢ S, f xg K, AN — AN satisfies the properties (i) and (ii) of
Definition 4.1 and (3) of Proposmon 4.2. Hence f xg K, has good reduction. [J
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Theorem 6.3. Let f : AN — AN be a regular polynomial automorphism of degree
d > 2 over a number field K. Let d_ > 2 denote the degree of f~\.

(1) Forall x € AN (K), the limits
. 1 n o1 —n
nl}g{loo d—nh(f (x)) and nl}glrloo dﬁh(f (x))

exist. We write flJfr(x) and lAzJ_c(x) for the limits, respectively.

(2) (Global-to-local decomposition) For each place v e Mg, let G y,,, and Gf—l v be
the Green functions for f and f~' at v, respectively. Then for all x € AN (K),

FE) =Y nGro(x) and h7x)= Y nyGpi,(x).

veMg veEMg
(3) We define iAzf :AN(K) — R by
hp=hT+h7.
Then h r satisfies the following two conditions:
Gi) Yhpo f+ Lhrof~' =1+ ks on AN(K) and
(i) h+0(1) <hs <2h+ 0(1) on AN(K).
(4) The function h r has the following uniqueness property: ifh :AN(K) — Ris
a function satisfying the condition (3i) such that h’ = hf +0(Q), then h' = hf

(5) The functions hf, hf, and hf are nonnegative. Further, for x € AN (K) we
have

fzf(x) =0 < ﬁ}(x):o = fl}(x)zO < x is f-periodic.

Proof. For each v € Mg, we have estimates of Green functions for f at v as
in Lemmas 1.3 and 2.8. We use the suffix v when we work over the absolute
value v € Mg. For example, the Green function for f at v is denoted G f,, and
constants ¢y and czfs in Lemmas 1.3 and 2.8 and (2-12) are denoted c,,, and czf 5,00
respectively.

Let S be a finite subset of Mg as in Proposition 6.2.

(1)(2) We fix x € AN (K). We will show the existence of h+(x) and the decomposi-
tion h+(x) =) e My vG fv(x). The existence and decomposmon for h; (x) are
shown similarly.

For v € Mg and n > 0, we set

o (X) 1= 10g 1" GOl

Then the following are true:
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e We have 0 < GIn(x) <log™|x|ly + ¢y, for all v € Mg and n > 0 from
Proposition 1.1, Lemma 1.3, and Equations (5-2) and (5-3). Indeed, if v is
nonarchimedean, then with r in the proof of Proposition 1.1, we have only to

setcyy = _d+l log|r|. If v is archimedean, then by (5-2) we have only to set

¢ro =75 logmax{ (") flloe, 1}.
e We have lim,,_, GIn (x) = G f,y(x) from Definition 1.2 and Equation (5-1).
« We have J-h(f"(x)) =)
e We may take ¢y, =0 for any v ¢ S from Propositions 4.3 and 6.2.
« We have ) 4/ ny(logtllxlly +cpv) =h(xX)+ > s M€ ry < +00.

nyGy ,(x) from Equation (6-1).

veEMg

Lebesgue’s dominated convergence theorem then implies that ) My n,G7,(x)
converges as n — 400 and that

: i n — T +
Jim Sh(ff(0) = dim Y nGy,@)

veEMg
_ . + _ .
= 2 Jim mGlu) = D mGra).
veMg veMg

This completes the proof of (1) and (2)

(3)(4)(5) First we have
hp)= )" nGro()+ D> nyG iy, (x) (6-3)
veMg veMg
< Y mQloghlixlly +cpu+cpm ) =200 + Dyl +cpry).
veMg ves

On the other hand, we have
. min{c:&v, Cosul T logtllx|| < G fy(x)+ G -1 ,(x) from Lemma 2.8, (2-12),
and Theorem 5.1 and

e forany v ¢ S, we may take e =1and 6 =1 and min{ciw, €11, =0 from
Propositions 4.3 and 6.2.

Then
hp)= 3" nGro)+ D> nyGp,(x) (6-4)
veMg veMg
> Y ny(log|lxlly +minfc]y . el b = hao(¥) + Y nymin{cly crs ).
veMg ves

Equations (6-3) and (6-4) give (3ii). For the rest of the proof, see [Kawaguchi 2006,
Theorem 4.2(2-4)]. O
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Remark 6.4. Theorem 6.3(1) shows that { LA (f"(x))} 20 and { Fh(f " (x)} 5
are convergent sequences, which gives an improvement of [Kawaguchi 2006] since
we replace lim sup by lim in the definition of h?

We now introduce another function

hp(x) =Y nymax{Gry(x), G 1 ,(x)) (6-5)

veMg

for x € AV (K). The next proposition shows that h r also behaves well relative to f.
Proposition 6.5. (1) On AN(K), hy =h+ O(1).
(2) Forx € AN(K), we have izf(x) =0 if and only ifflf(x) =0.

Proof. (1) We use the notation of the proof of Theorem 6.3. By Lemmas 1.3 and 2.8,
Equations (2-12) and (5-3), and Theorem 5.1, we have

. + —
10g+ lx(ly + mln{cg,&v’ Cs,S,v}

< max{G 1,(x), G g1, (0)} < log"llx|ly +max{cyu, ¢ 1}

Summing up over all places v, we get

h(x)+ Z Ny min{czs’v,c;&l}} ffzf(x) <h(x)+ Z Ny maX{nyv,Cf—l’v}.

veMg veMg
Since we have cfy =cyp-1, = c:(; » = ¢, s, = 0 except for finitely many v (indeed
for every v ¢ §), this gives the assertion.

(2) Since G ¢, and G ;-1 ,, are nonnegative functions, we see that h r(x)=0if and
only if Gfy(x) = G y-1 ,(x) =0 for every v € M if and only if & ¢(x) = 0. [l

7. Arithmetic properties of regular polynomial automorphisms

In this section, we give some applications of local and global canonical height
functions. The first application is the following theorem on the usual height function
[Kawaguchi 2006, §4; Silverman 2006, Conjecture 3; 2007, Conjecture 7.18], which
is independently obtained by Lee [2013] via a different method (global method based
on the effectiveness of a certain divisor as in the case of N =2 in [Kawaguchi 2006]).

Theorem 7.1. Let f : AN — AN be a regular polynomial automorphism over a
number field K. Let d and d_ be the degrees of f and f~'.

(1) There exists a constant ¢ > 0 such that

1 1 —1 1
G+ h(F ) = (14 = Jheo —c

for all x € AN (K).
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(2) We have
po @O HhT) -
el hw) — tad b

Proof. (1) We set
Grv:i=max{Gyy, G ,}.

Claim 7.1.1. Forall x € AN(K), we have

1~ 1 ~ - 1 \=
GG+ G ez (1+ - )8 . 32)

We first show that Claim 7.1.1 implies (1). Indeed, we assume Claim 7.1.1. Then
summing up over all v, we have
1

1~ 1= =
GhCre)+ R @) = (14 2 )i, (7-3)

Since ﬁf = h + O(1) by Proposition 6.5(1), Equation (7-3) yields (1).

To show Claim 7.1.1, for notational convenience let A = G 7, (x), B = G -1 ,,(x),
and y = ﬁ. Then the definition of G fv and G ¢-1,, and the functional equation
of Gy(x) and G -1, (x) show that the equality (7-2) is equivalent to

max{A, y B} + max{y A, B} > (1 + y) max{A, B}. (7-4)
But the left-hand side of (7-4) is
max{(1+y)A, A+ B,y(A+B),(1+y)B},

which is clearly greater than or equal to the right-hand side of (7-4). This completes
the proof of Claim 7.1.1 and hence the proof of Theorem 7.1(1).

(2) From (1), we obtain

Th(f) + h(f71(x) ]

lim inf >1+ .
xeA (K) h(x) dd_

h(x)—o00

On the other hand, it is shown in [Kawaguchi 2006, Proposition 4.4] that for any
polynomial automorphism f : AY — AN one has

; ,féh(f(X)Hd%h(f‘I(X))q | s
R A TE) =rar "

h(x)—>o00

Combining these two inequalities gives the assertion. (]
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Remark 7.2. It is shown in [Kawaguchi 2006, Theorem 4.4] that the equality (7-1)
holds in dimension N = 2 for regular polynomial automorphisms. Theorem 7.1(2)
asserts that the equality holds in any dimension N > 2 for regular polynomial
automorphisms.

Theorem 6.3 recovers the following theorem on f-periodic points.

Corollary 7.3 [Marcello 2000]. Let f : AN — AN be a regular polynomial auto-
morphism over a number field K. Then the set of f-periodic points in AN (K) is a
set of bounded height. In particular, for any integer D > 1 the set

{x e AN(K) | x is f-periodic, [K(x):K]< D}
is finite.

Proof. By Theorem 6.3(3ii)(5), ﬁf satisfies fzf >« h, and a point x € AN (K) is
f-periodic if and only if h £(x) =0. Thus, we get the assertion. ([

For a non- f-periodic point x, let O¢(x) :={ f"(x) | n € Z} denote the f-orbit
of x. We define the canonical height of the orbit O (x) by
loght(x) logh7(x)

logd logd_

h(Of(x)) = (7-6)

We note that for any integer n, Theorem 6.3 implies that

log hf(f"(x)) loghy(f"(x)) logd"h}(x) logd~"h7(x)

logd logd_ - logd logd-_
logfz}r(x) logfz;(x)
~ logd logd_

Thus, the value h (O (x)) depends only on the orbit O ¢(x) and not the particular
choice of the point x in the orbit. The next corollary gives a refinement of [Marcello
2003, Corollary B].

Corollary 7.4. Let f : AN — AN be a regular polynomial automorphism over a
number field K. Let d and d_ be the degrees of f and f~'. Then for any infinite
orbit O ¢(x),

: +
logd logd_

#ye 000 h(» =T )= )log T = (0 (x) + O(1)

as T — +o00. Here the O(1) bound depends only f, independent of the orbit O ¢(x).
Proof. Since f satisfies (7-3), we apply [Kawaguchi 2006, Theorem 5.2]. (]
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In the rest of this section, we consider some global-to-local arithmetic properties.
Suppose that f is a regular polynomial automorphism. By Theorem 6.3(2)(5),
x € AN(K) is f-periodic if and only if G 7, (x) =0 for all v € Mg . By Theorem 3.1
for nonarchimedean v and [Sibony 1999, §2] for archimedean v, G, (x) =0 is
equivalent to { " (x)}::"f) being bounded with respect to || - ||,. Thus, we see that
xeAN(K)is f -periodic if and only if { /" (x)};;’f) is bounded with respect to || - ||,
for all v e Mg.

This actually holds for any polynomial map f, replacing f-periodic points by
f-preperiodic points (see [Call and Goldstine 1997, Corollary 6.3] for N = 1).

Proposition 7.5. Let  : AN — AN be a polynomial map over a number field K .
For x € AN (K), the following are equivalent:

(i) x is f-preperiodic and

(ii) for everyv € Mg, {f" (x)}:;’g is bounded with respect to the v-adic topology.
Proof. Taking a finite extension field of K over which x is defined if necessary,
we may assume that x is defined over K. It is obvious that (i) implies (ii). We
assume (ii) and show (i). We take a finite subset S of Mk containing the set of all
archimedean absolute values such that x and f are defined over Ok s. Then for

any v ¢ S, we have
lf ), <1 foralln>0.

Since we assume (ii), there is a constant C,, for each v € S such that
| f*(x)]l, <C, foralln>0.

Then we have
W(f" )= Y nloghlf* @)l <) n,Cy foralln=0.
veMg vesS
Then
{f"@)In=0}C {y e AV(K) ‘ h(y) <Y nC, }
vesS

Since the latter set is finite, the set { /" (x)},>0 is finite, so x is f-preperiodic. [
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