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We classify the simple supersingular modules for the pro-p-Iwahori Hecke al-
gebra 3¢ of p-adic GL, by proving a conjecture by Vignéras about a mod p
numerical Langlands correspondence on the side of the Hecke modules. We
define a process of induction for #-modules in characteristic p that reflects the
parabolic induction for representations of the p-adic general linear group and
explore the semisimplification of the standard nonsupersingular #-modules in
light of this process.
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1. Introduction

Let F be a p-adic field and let » > 1 be an integer. When exploring the category
of smooth mod p representations of GL,,(F), it is natural to consider the functor
that associates to such a representation its subspace of invariant vectors under the
action of the pro-p-Iwahori subgroup of GL,, (F). It has values in the category of
right modules in characteristic p over the pro-p Hecke algebra #. The structure of
this Hecke algebra has been studied by Vignéras [2005], and the classification of
the simple modules in the case n = 3 is given in [Ollivier 2006b]. Three families
of #-modules appear, namely, the regular, singular, and supersingular ones. This
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definition resonates with the idea that, just as the regular modules should be related
to the principal series and the supersingular modules to the supersingular represen-
tations, likewise the singular modules should be related to the hybrid case where
one induces a supersingular representation from a strict Levi subgroup of GL,, (F).
The first link has been explored and proves fruitful [Ollivier 2006a; 2006c; Grosse-
Klonne 2009; Vignéras 2008]. Except for the isolated case of GL»(Q,), the link
between supersingular modules and representations does not seem tight enough
to give substantial information about the supersingular representations [Breuil and
Paskunas 2007]. However, a striking numerical coincidence occurs: in this article
(Section 7), we prove Conjecture 1 of [Vignéras 2005], which says that any nonzero
simple supersingular module contains a character for the affine Hecke subalgebra
of . It implies the following result, which can be seen as a numerical Langlands
correspondence on the side of the Hecke modules.

Theorem 1.1. The number of n-dimensional simple supersingular modules (with
fixed action of the uniformizer) over the pro-p-Hecke algebra of GL,,(F) is equal
to the number of smooth irreducible n-dimensional mod p representations of the
absolute Galois group of F (with fixed determinant of a Frobenius).

The aim of Sections 5 and 6 is to investigate the nonsupersingular Hecke mod-
ules. We define a process of induction for Hecke modules in characteristic p and
relate it to the parabolic induction on the side of the representations of GL,,(F). In
characteristic zero, one of the ingredients for the construction of types by covers
consists in embedding a Hecke algebra relative to a Levi subgroup into a Hecke
algebra relative to GL,, (F) using Iwahori decomposition and the notion of positive
subalgebra. This allows a reading of the parabolic induction of representations in
terms of induction on the side of the Hecke modules [Bushnell and Kutzko 1998,
§6]. Some of these results can be adapted to the case of mod ¢ representations
when ¢ # p [Vignéras 1998; Dat 1999]. In characteristic p, one cannot expect
an injection of the pro-p Hecke algebra (L) relative to a strict standard Levi
subgroup L into the pro-p Hecke algebra of GL, (F). Nevertheless, it is still true
for the positive part #(L™) of #(L). We now provide a summary of the results
proved in this article, keeping in mind that all the modules have mod p coefficients.

Let 97 be a right #(L)-module with scalar action of the uniformizers. The
d¢-module induced from 9 is defined in Section 5A by the tensor product over
F(LT) of M by ¥. This process of induction defines an exact functor from the
category of #€(L)-modules with scalar action of the uniformizers into the category
of right #-modules.

In Section 5B, we recall the definition of a standard #-module: a regular, sin-
gular or supersingular character (with values in a field with characteristic p) of the
commutative part s{ of ¥ gives rise to a standard module. This standard module
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and any of its quotients are then called regular, singular or supersingular respec-
tively. Any simple #-module is a quotient of a standard module. We show in
Section 5C that the standard modules relative to L-adapted characters of o are
induced from #(L)-modules in the sense defined above. These are a special case
of nonsupersingular standard modules. Owing to intertwining operators defined
in Section 5D, any nonsupersingular standard module can be related to a standard
module of this kind. We then give sufficient conditions for these operators to be
isomorphisms, from which we deduce:

o Assuming that Conjecture 5.20 is true, we bolster the definition of nonsupersin-
gular modules with the proof that any simple nonsupersingular #-module appears
in the semisimplification of a standard module that is induced from a #(L)-module,
where L is a strict Levi subgroup of GL,,(F). We prove the conjecture and its con-
sequence for the simple modules that are actually modules over the Iwahori-Hecke
algebra. The key to this proof is a theorem by Rogawski [1985] which relies on
the Kazhdan—Lusztig polynomials for the Iwahori-Hecke algebra in characteristic
zero (Section SE).

e We show that if an irreducible 7 (L)-module 9 satisfies Hypothesis (%), it gives
rise by induction to an irreducible #-module (Section 5F).

e In Section 6B, we consider the compact induction U (resp. Uy ) of the trivial
character of the pro-p-Iwahori subgroup of GL,,(F) (resp. L), and relate the repre-
sentation MM &g¢(z+) U to the one which is parabolically induced from 9 @ge() U .
Denote the latter representation of GL, (F') by pon.

We compare the #-module induced from 90t with the pro-p-invariant subspace
of psx. So far we have made no specific hypothesis about the p-adic field F, the
Levi subgroup L, or the #(L)-module 9 with scalar action of the uniformizers.

In Section 6D we give some examples in the case where F' = @, and the stan-
dard Levi subgroup L is isomorphic to a product of GL{(Q,)’s and GL>(Q),)’s.
In these cases, the irreducible representations of L and the corresponding Hecke
modules are thoroughly understood. Our process of induction describes explicitly
the pro-p-invariant subspace of pgy, which is irreducible as a Hecke module in
the chosen examples. After the first version of this article was written, however,
Herzig announced that he could prove that these representations pgy are actually
irreducible.

While this article does not draw on Herzig’s work [2010, Theorem 8.1], it is
noticeable that Hypothesis (x) reflects parallel conditions. Our approach, which
focuses on the Hecke modules, does not require any further hypotheses on F and L.
A barrier to further investigation of the pro-p-invariant subspace of the irreducible
induced representations classified in [Herzig 2010] is the lack of knowledge of the
(pro-p-invariants of) supersingular representations of L, for general L and F.
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In Section 8, we work with the Iwahori—-Hecke algebra. Using [Schneider and
Teitelbaum 2006], which deals with p-adic Hecke algebras, we make an integral
Satake transform for the generic Iwahori—-Hecke algebra of GL, (F) explicit. By
analyzing the map (8-7), Barthel and Livné’s method for producing unramified
representations [1995] can then be related to the construction of representations
arising from the natural left adjoint of the functor of the Iwahori-invariants.

2. Affine root system and Weyl groups

2A. We consider an affine root datum (A, /v\, D, Ci), II, ﬁ); for this notion and
the facts in the subsequent review, see [Lusztig 1989, 1]. An element of the free
abelian group A is called a weight. We will denote by (., .) the perfect pairing
on A x A. The elements of A are the coweights. The elements in ® C A are the
coroots, while those in ® C A are the roots. There is a correspondence a <> a
between roots and coroots satisfying {a, &) = 2. The set IT of simple coroots is a
basis for @, and the corresponding set I1 of simple roots is a basis for . Let &F
and @~ denote, respectively the set of roots which are positive and negative with
respect to I1. There is a partial order on ) given by a < ﬁv if and only if ,Bv —a
is a linear combination with (integral) nonnegative coefficients of elements in I1.
Denote by II,, the set of coroots such that the associated root is a minimal element
in @ for <.

To the (simple) root ¢ corresponds the (simple) reflection s, : A+ 1 — (4, &) a,
which leaves @ stable. Reciprocally, we will denote by ¢ the simple root asso-
ciated to the simple reflection s. The finite Weyl group W is the subgroup of
GL(A) generated by the simple reflections s, for o € II. It is a Coxeter system
with generating set So = {s,,, o € I1}. We will denote by (wg, 4) — *°1 the natural
action of W on the set of weights and by Wy (1) the stabilizer of a weight A under
the action of Wy. This action induces a natural action of Wy on the coweights which
stabilizes the set of roots. The set A acts on itself by translations: for any weight
2, we denote by e” the associated translation. The Weyl group W is the semidirect
product of Wy and A. For wg € Wy and 1 € A, observe that woe* = e *wg. The
affine Weyl group Wy is the semidirect product of Wy and @.

The Weyl group acts on b xZ by

woe™ : (@, k) > (wodt, k— (2, a)),

where we denote by (wy, &) — woa the natural action of W on the roots. Define
the set of affine roots by ® = & U &~ C @ x Z, where

®F = {(0, k), a €@, k>0U{(&,0), & dt},
@ :={(a,k),ae®d, k<0U{(@,0), adecd},
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and the set of simple affine roots by 0:={@,0), a € M}U{(,1), & € ILy,).
Identifying & with (¢, 0), we will often consider IT a subset of II.

For A € II, denote by s4 the associated reflection s4 = s, if A = (&, 0) and
sa =sqe® if A=(a, 1). The affine Weyl group is a Coxeter system with generating
set 5

Saff = {SA, Ae H}.

The length on the Coxeter group Wy extends to W in such a way that, for any

weWw, 5 5
t(w):=#Aec®", w(Ad) e d ).

The Weyl group is the semidirect product of W, by the subgroup € of the elements
with length zero. The Bruhat order < inflates from Wys to W [Vignéras 2005,
Proposition 1].

2B. The length on W has the following properties [Lusztig 1989; Vignéras 2006,
appendice]. Let 1, 1 € A, wo, wy € Wo, we W, A e ®.

L(w)+1  if wAedT,

BL. C(wsy) = :
(wsa) [f(w) 1 if wAed .

2B2. The quantity £(wo) + £(wpe*) — €(wowpe?) is twice the number of positive
roots & € O satisfying

wee € 7, wowya € ®F, (A,a)>0 or

we € 1, wowja € ®, (4, a) <O.

2B3. Set n(d, woe’) = (4, ) if woe € T and n(&, woe*) = 1+ (A, &) other-
wise. If the integers n (&, woe”) and n(é, e*) have the same sign (or one of them
vanishes) for all ¢ € ®*, then

C(wpe’ ) = L(woe’) + f(ei/).
2C. The root datum associated to p-adic GL,,.

2C1. We denote by F' a nonarchimedean locally compact field with ring of integers
0, maximal ideal % and residue field F,, where g is a power of p. We choose a
uniformizer 7 and fix the valuation (denoted by val) normalized by val(z) =1 and
the corresponding absolute value | . | such that |7 | =g~ .

Let n € N, n > 2. Denote by G the group of F-valued points of the general
linear group GL,, by K the maximal compact GL, (0), by I the standard upper
Iwahori subgroup of Ky and by 7 (1) its unique pro-p-Sylow. It contains the first

congruent subgroup K| of the matrices in Ky which are congruent to the identity
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modulo 7. The element

01 0 O
00 1 O
o= : ..
0 --- 0 1
z 0 - .. 0

normalizes the Iwahori subgroup and w"” = x.1d is central in G. Let B denote
the upper triangular Borel subgroup of G with Levi decomposition B = UT and
modulus character 6 : B — Z[gT!].

Consider the affine root datum associated to (G, B, T'). The set of cocharacters
of T identifies with A~ T /(T NKy) >~ 7". We will also consider it a multiplicative
subgroup of G by lifting 7 /(T N Ky) to the subgroup of diagonal matrices with
coefficients in 7Z. The simple positive roots are

a; »diag(z™, z* ..., ") —> xjy1 —x;, for i=1,...,n—1.

Identifying the reflection s; associated to a; with the transposition (i, i 4+ 1) gives
an isomorphism between the finite Weyl group Wy and the symmetric group S,,.
We see W = WyA as a subgroup of G. It is a system of representatives of the
double cosets I\G/I.

There is a unique coroot in IT,, and the associated root is —dg, where ¢ denotes
the positive root 5 5 5

apg=0a1+---+0,-1.

The reflection associated to (—ayg, 1) is sg = wsiw LA generating set for the
affine Weyl group is Suer = {50, 51, - . ., Su—1}. The subgroup Q of W of the elements
with length zero is generated by w.

For s € Saft, denote by @ : GL,(F) — G the associated morphism [Iwahori and
Matsumoto 1965]. Recall that the cocharacter associated to s is the map F* — T,

X = (I)s(f) x(_)]). Denote by Ty the image of F; by this cocharacter and set ¢; =

-10
q)sl():ﬁrllfz .the dominant and antidominant weights respectively by
Adom = {4 € A, (A, ) >0 for any & € O},
Awi = {4 €A, (A,a) <0 forany & € dT}.
A wev:ight 1 € A is said to be minuscule if (i, a) € {0, £1} for any positive root
& € ®*. To any subset J C {1, ..., n} corresponds a minuscule weight x; defined

by (uy)i == ifi € J, (uuy); = 1 otherwise. The semigroup A of the antidominant
weights is generated by the minuscule antidominant weights

{l1s ooy fne, 151,
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where, for i € {1,...,n}, we denote by x; the minuscule weight associated to
{1,...,i}. Set uo := up.
2C2. The Weyl group W of G identifies with the quotient of the normalizer Ng(T)

of T in G by T N Ky. The extended Weyl group W) of G is defined to be the
quotient Ng(T)/(T N K). We have an exact canonically split sequence

0->T—>whswo,

where T denotes the finite diagonal torus of the Chevalley group GL, (F,). For any
subset X of W we will denote by X! its inverse image in W1, In particular, the
set of extended weights A1), which identifies with the direct product of A by T,
is seen as the set of translations on itself. Again, for any extended weight 1, we
denote by e” the associated translation. An extended weight is said to be dominant,
antidominant, or minuscule if its component in A is so. The action of the extended
Weyl group on A and on ® x Z is the one inflated from the action of W. By
Teichmiiller lifting, we identify A(l) and W = Wy AD with subgroups of G. The
extended affine Weyl group W ) is generated by S ) The length function on W
extends to W in such a way that the elements of TT have length zero.

The extended Weyl group W is a system of representatives of the double
cosets I (1)\G/I(1).
2C3. Throughout, we fix a standard Levi subgroup L =L X --- X L,, in G, where
L; :GLnj(F) for je{l,...,m}withn+---+n, =n.Set A:={1,...,n—1}
and define its subset Ay to be the set of i such that s; € L. Denote by Wy 1 the
finite Weyl group of L. It is a Coxeter group generated by {si,i € Ar}. Denote by
®; C ® the set of associated roots, and by ® = d; Nd™ the set of positive ones.
The Weyl group W, of L is the semidirect product of Wy,r by A. The extended
Weyl group Wél) of L is the semidirect product of Wy 1 by AW,

Proposition 2.1. There exists a system Dy of representatives of the right cosets
Wo.r\Wo such that

(wod) = t(wo) +€(d) forall woe Wy, de Dy. 2-1)

Any d € Dy, is the unique element with minimal length in Wy 1d.

Proof. The proposition is proved in [Carter 1985, 2.3.3], where Dy is explicitly

iven b . .
8 Y ={de Wy, d 0] c dt). (2-2)

This concludes the proof. U
Proposition 2.2. Letd € Dy and s € S.

(1) If t(ds) =¢€(d) — 1 thends € Dy.

(2) If t(ds) ={(d) + 1 then either ds € Dy or Wy, pds = Wy d.
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Proof. Suppose ds ¢ Dy. Leti € {1,...,n—1} be such that s =s;. Since d € D
and ds; ¢ Dy, there is an element § € ®; such that d~'f € ®F and 5;d ' § ¢ O
But ¢; is the only positive root made negative by s; [Carter 1985, Proposition 2.2.6],
s0 d~'f = ¢;. This implies in particular that d¢; € @, and so £(ds;) = €(d) + 1
by 2B1. The fact that d&; belongs to ® . ensures that ds;d~!' e Wo.L. O

2C4. We denote the upper standard parabolic subgroup associated to L by P. It has
Levi decomposition P = LN, and N will denote the opposite unipotent subgroup.
The Iwahori subgroup decomposes into I = I I; 1~, where

IT=INN, I,=INL, I =INN.

Wealsoset I (1):=1(1)NL. Asin[Vignéras 1998, I1.4] and [Bushnell and Kutzko
1998, 6], we consider the semigroup L™ of L-positive elements: an element w € L
is called L-positive if it contracts I and dilates I, that is,

wltv™'cI™ and w'I"wcl.
The elements w in Wil) which are L-positive are the ones satisfying
w(dF —df) c dt. (2-3)

A weight 1 € AW is said to be L-positive if the associated translation in W is
L-positive. It means that (1, &) < 0 for any & € * — Cf)zr. For example, if L is
the diagonal torus, a weight A is T -positive if and only if it is antidominant.

The set Dy is also a system of representatives of the right cosets W\ W, and
we have a weak analog of (2-1):

Lemma 2.3. For any w € Wél) which is L-positive and any d € Dy,
{(wd) =LC(w) +£(d). (2-4)

Proof. Letd € Dy, and let w € WS) be a L-positive element. Write w = e*wy.
Equality (2-4) is equivalent to £(d~") + ¢(w, 'e™) — £(d  wy 'e™) = 0.

Let & € T be a positive root. Suppose wy ' e ®* and 4~ wy ' e @~ Then
by (2-2) and (2-3), one has w, '¢ € ®F — &F and w(wy ¢, 0) = (¢, — (4, &) €
&+, 50 (—1,d) > 0. In the same way, one gets (—4,a) < 0 if wo_lé € & and
d-! wy laedt. Applying the length property 2B2 then gives the required equality.

O
Lemma 2.4. The set 1 (1)L K is the disjoint union of the sets I(1)L*dI(1)
where d runs over Dy,
Proof. Lemma 2.3 implies that I (1)w*dI (1) =I(1)w*I(1)dI(1) for any d € Dy,
and any L-positive w™ € WS). So the set I (1)LTI(1)dI(1) is the disjoint union
of the sets 1 (1)w™dI(1), where w™ runs over the L-positive elements of Wg). It
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is equal to I (1)L dI(1). In particular, the sets 1 (1)L*dI (1) are pairwise disjoint
ford € Dy.

The set 1 (1)L T K is the union of the sets I (1)w™*1(1)wodI (1), where d runs
over D, wo over Wy 1 and w™ over the L-positive elements in Wél). By Propo-
sition 2.1, we have I (1) wodI (1) =1 (1)wol (1)d1(1), so I(DwtI(1)wedI(1) =
I(WwtI(Dwel (1)dI(1), and, since w™ and wq are L-positive,

I(MwtT(MwedI (1) =I(N)wt I (D)wel (HdI(1) Cc I(HLTI(1)dI(1). O

Proposition 2.5. There is a system 9 of representatives of the right cosets Wo\ W

such that
L(wod) = €(wo) +€(d), forall wge Wy, d €D. (2-5)

Any d € 9 is the unique element with minimal length in Wod.

Proof. Set
Di={deW,d 'dt c d*).

First check that the cosets Wyd are pairwise disjoint for d € 9. Let d,d € 9,
wo, wy, € Wy be such that wod = w(d’. If d # d’, then wy # w), and there exists a
simple root £ € II such that K(Sﬂwalwé) = {’(wglwé) — 1, that is, (w(/)*lwo)ﬂv =
(d'd ") e ® . Butd €%, and hence d~'f e d’~!(d~) c &, which contradicts
the fact that d € 9.

For w € W, we prove by induction on the length of w that there exists an
(obviously unique) (wq, d) € Wy x D such that w = wod and £(wod) =€ (wo)+£(d).

By 2B1, saying that w does not belong to % means that there exists a simple root
¢ € 11 such that £(s, w) = £(w) — 1. In particular, if w has length 0, it belongs to %.
Suppose now that £(w) > 0 and that it does not belong to %. Then, by induction,
there exists (wq, d) € Wy x @ with s, w = wod and £(s,w) = £ (wg) + £(d), where
o is chosen as before. So w = s, wed and

L(w) =(sqw) + 1 =C(wo) +£(d)+ 1.

Veritying that €(w) = £(s,wo) + £(d) is just verifying that €(s,wo) = €(wp) + 1,
which is true, since otherwise £(s,wg) < €(wo) and £(w) < £(sqwo) + £(d) <
(wp) +€(d) = £(w) — 1.

We have proved that & is a system of representatives of the right cosets Wo\ W
and that it satisfies (2-5). In particular, any d € % is the unique element with
minimal length in Wyd, since wy € Wy has length zero if and only if wg=1. U

Lemma 2.6. Any d € 9 can be written d = e*wo e W, with wg e Woand A € A a
dominant weight such that

(e wo) + L(wy ") = C(e").
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Proof. By definition of the set %, we have (wglovz, (A, ) € dF for every & € O
Then /. is dominant and w;, "¢ € T if & € O satisfies (4, &) = 0. Applying the
length property 2B2, one gets the required equality. U

Proposition 2.7. Letd € % and s € Sys.

(1) Ift(ds) =€(d) — 1 then ds € 9.

() If t(ds) = £(d) + 1 then either ds € D or Wyds = Wyd.
Proof. Write d = e*wo e W.

(A) We first prove the proposition for s in the finite Weyl group; write s = s; with
1 <i <n—1. Saying that ds; € % means that there exists B e ®* such that
d-! ,5 = (a;, 0), since (a;, 0) is the only positive affine root made negative by s;.
This implies in particular that dé;; € @, so £(ds;) = £(d) + 1. We have

B =woai, (A, woa;)=0.
The latter equality means that wos; w,, ! fixes 4, so

ds; = e*wys; = wos; wale’lwo € Wod.

(B) Now suppose s = so. Recall that the associated affine simple root is (—ayg, 1).
The coroot ag can be seen as the diagonal matrix (72:_1, 1,...,1, 7). Write 5o =
pe %, where p denotes the reflection sending o to its opposite. Saying that
{(dsg) = £(d) + 1 means that d(—ay, 1) € @, that is, we are either in case (a) or
in case (b):

(@) (4, woao) =0,
(b) wodio € ®~ and (4, wodo) = —1.

Saying that £(dsg) =€ (d)—1 means that d(—do, 1) € @, so we are in case (¢) (note
that since A is dominant, it is impossible to simultaneously have the conditions
woéo € @' and (/1, w0&0> = —1)1

(©) (4, wodp) < —1.

By definition of the reflection p, hypothesis (b) says that “0”%o D=1+ “ag, SO

that we have dsg = e}"wope_“o = u)opwale’lwo e Wod.

Suppose that we are under hypothesis (a) or (c), that is, (1, woag) # —1. Take
S € I1. Under the action of sod !, it becomes the affine root

sod ™' f = (pwg ' B, (4, B) + (a0, wg ' ).
Let us check that it belongs to @, which will prove that dsp € 9. Recall that

d e 9P, so . 1% . .
d7'f=(wy'f, (4, B)) € @
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First we verify that (ag, w, ﬂ ﬂ’v > 0. Since (g, v, ﬁv) € {0, £1, £2},
the required inequality is true if (4 ﬁ) > 2. If (A, f) = 0, then w, ,B € ®* and
(a0, u)o_lﬁv) > 0. If (4, ﬁV) = 1 then, by the chosen hypotheses, w, ﬁ # —ag, SO
(a0, wy ' B) # 2.

Finally, we have to show that (a, wo_l[)’v) + (4, ﬁ) = 0 implies pwo_l,é X
A positive root 7 becomes a positive root under the action of p if and only if it is
fixed by the action of p, or in other words, if (e, 7) = 0. Suppose that

v

(2, B) = (a0, wy ' ) =

then w,, ! ﬁv e ®*, and so, by the preceding remark, pw, ! ﬁv e ot Suppose that

v

(2, ) = — (a0, wy ' f) > 0;

then w, ! [? e ®, and by the preceding remark, pwoﬁ € dt. U

3. Hecke algebras and universal modules

3A. Consider the Chevalley group G = GL,,(F,) and its standard upper Borel sub-
group B with Levi decomposition B = TU. We denote by U the opposite unipotent
subgroup. The double cosets U\G/U are represented by the extended Weyl group
of G, which is isomorphic to the extended finite Weyl group Wél) of G. The
finite universal module Z[U\G] of Z-valued functions with support on the right
cosets U\G is endowed with a natural action of G. The ring #(G, U) of its Z[G]-
endomorphisms will be called the finite Hecke ring. By Frobenius reciprocity, a
Z-basis of the latter identifies with the characteristic functions of the double cosets
U\G/U.

We call the space Z[I(1)\G] of Z-valued functions with finite support on the
right cosets I (1)\G the pro-p-universal module. It is endowed with an action of
G. The subspace of the functions that are actually left invariant under the Iwa-
hori subgroup constitute a G-subspace that is isomorphic to the universal module
Z[I\G].

The Z-ring of the Z[G]-endomorphisms of Z[I (1)\G] will be called the pro-p-
Hecke ring and denoted by #(G, 1(1)). By Frobenius reciprocity, #(G, I (1)) is
seen as the convolution ring of the functions with finite support on the double cosets
of G modulo 7(1). Among these functions, the ones that are actually biinvariant
under the Iwahori subgroup constitute a ring that is isomorphic to the Iwahori—
Hecke ring #(G, I) of the Z[G]-endomorphisms of Z[I\G].

A Z-basis for (G, 1 (1)) (resp. #(G, I)) is given by the characteristic functions
of the double cosets I (1)\G/I(1) (resp. I\G/I).
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For w € WM, we denote by 7, the element of (G, I (1)) corresponding to the
associated double coset. The subalgebra generated by the elements 7, for w € Wa(flf)
is called the affine Hecke algebra.

The subspace of Z[I(1)\G] of the functions with support in K identifies with
the finite universal module. Among the Z[G]-endomorphisms of the pro-p-uni-
versal module, those stabilizing this subspace form a subring that identifies with
the finite Hecke algebra. It is the subring generated by the elements ,, for w € Wé]).

Fix k an algebraic closure of [,. The space Z[I(1)\G] ®z k is endowed with
a smooth action of G and is isomorphic to the compact induction ind?(l) 1 of the
trivial character with values in k of the pro-p-Iwahori subgroup. We will denote
by U this representation of G.

3B. The pro-p-Hecke ring is the ring with Z-basis (z,,),,cw satisfying the braid
and quadratic relations, namely

o TyTy = Tyw for any w, w' € WO such that £(ww’) = £(w) + £(w’), and

o 1} =q+ (2 ,cr, 74,71) 7 for s € Su,

in the notation of 2C1. From now on, we consider ¢ an indeterminate and work
with the Z[g]-algebra ¥ with generators (zy,),,ew® satisfying the relations above.
It will be called the generic pro-p-Hecke algebra.

For w € W), set o f(w)
Ty =4 (3-1)

The map u : 7, — (—1){)(“’)110_1 defines an 1nvolutive algebra endomorphism of
J¢ [Vignéras 2005, Corollary 2].

Remark 3.1. For s € Sufr, one checks that the following equalities hold in #®z(k:
(z) ) = (n—i—v)z—r Vg = V5T
where v, :=— 3", T, Th Tr-
4. Pro-p-Iwahori Hecke algebra relative to a Levi subgroup of G

The generic pro-p-Hecke algebra #(L) of the Levi subgroup L is the tensor product

of the generic pro-p-Hecke algebras of the L;’s, for j € {1,...,m}. For any
element w = (wy, ..., w,) in the extended Weyl group W£ ) of L we will denote
by
= ® Tw;
j=I

the corresponding element of #(L). Denote by #(L™) the subspace of #(L)
generated over Z[g] by the elements 7,2 corresponding to L-positive elements w
in WL(I). From [Bushnell and Kutzko 1998, 6.12] and [Vignéras 1998, 1], we know
that #(L™) is a Z[g]-algebra and the following holds.
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Proposition 4.1. The natural injective map 9:
HLT)—>H, 20 10, (4-1)

where w € Wél) is L-positive, respects the product. It extends uniquely into an
injective morphism 0y, of Z[q*'1-algebras

O : H(L) ®z141 ZIg™"] = # Q2141 Z[gT"].

The proof of the second assertion [Bushnell and Kutzko 1998; Vignéras 1998]
makes use of the following (strongly) L-positive central element in L:

ar, =e)'L, where AL = Z M, (4-2)
jEA—AL

and the fact that for any w € WS) there exists » € N such that aj w is L-positive.
Then 0, (z,?) is given by 7, " 74 »,, Which is well-defined in ¥ ®z(q) Z[¢*'] (and
does not depend on the choice of r).

We will call (L") the positive subalgebra of 3 (L). We will sometimes iden-
tify it with its image in # without further notice.

4A. Classical Bernstein presentation. In the case where the Levi subgroup L is
the diagonal torus 7', the map 7 is simply denoted by & and called the Bernstein
embedding. It is more traditional to consider its renormalization

0: Z[g*"*IIAD] — H ®714 ZIgT"*,

4-3
A 0Y2(1)0(R), @

whose image is denoted by si[¢*!/?], where J is the modulus character of the
Borel subgroup defined in 2C1. The following well-known properties of this com-
mutative subalgebra are proved in, for example, [Lusztig 1989, 3] (and [Vignéras
2005, 1.4] for the extension to the pro-p case). The center of %@z[q]l[qil/ 2]is the
image under 0 of the subspace Z[qil/z][A(l)] Wo of the invariants in Z[qil/z][A(l)]
under the natural action of Wy. The Hecke algebra # ®z(,; Z[qil/ 2] is a free right
module over &ﬁ[qil/z] with basis {7,,, wo € Wo}.

4B. Integral Bernstein presentation. In this section, we recall the results obtained
by Vignéras [2005] concerning an integral version of the previous Bernstein pre-
sentation. We present them in the light of [Schneider and Teitelbaum 2006].

4B1. Following [Schneider and Teitelbaum 2006, p. 10 and Example 2], we con-
sider the action of W on Z[qil/ 2 [AD] twisted by the map

51/2(11)%)

. 1) +1/2 - 7
y: Wox AV — Z[q I, (wo,4) — S12()

(4-4)
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This map is a cocycle in the sense that it satisfies
(@) 7 (vowo, 1) = y (vo, 1)y (wo, 1), for vy, wy € Wy and 1 € AD,

so we have a well-defined action of Wy on A denoted by (wg, 4) — wq - 4 and

given by
w4 = y(wo, 1)4. (4-5)

The map y also satisfies the following conditions:
(b) 7 (wo, Au) =y (wo, A)y (wo, p), for wg € Wp and 2, 4 € AW,
(¢) y(wo, 2) =1 for wy € Wp, 2 € AD such that o4 = /,

so the twisted action (4-5) extends into an action on Z[qil/ 211AD7, which is com-
patible with the structure of Z[¢*!/?]-algebra.

Lemma 4.2 [Schneider and Teitelbaum 2006, Example 2 and Lemma 4.2]. (1)
For wg e Wy, 4 € AW, one has

ywo, =[] la@l,
&edv)‘*'ﬁwal(é)_)
so y actually takes values in Z[q*"].

2) Any 4 € AWY can be written Ay — Ay with 11, )2 antidominant weights. Let
wo € Wy such that *°). is antidominant. Then

y (o, 1) = g~ CO—LG)+G)/2

and it does not depend on the choice of wy, A1, As.

4B2. Let 1 € AW and wy € W, such that 0/ is antidominant. Define the element
E(2) in ¥# ®z1) ZIq*'] by

EQ) =y (wo, 1)) =y (wy ', 1O (L) (4-6)

It is proved in [Vignéras 2005] that E (1) actually lies in ¥ (see Theorem 4.5 below
for the precise statement). Hence, we have an injective Z[q]-equivariant map

E:Z[ql[AV] — %, 4-7)

but it does not respect the product. The natural action of Wy on A induces an
action of Wy on the image s of E.

Proposition 4.3 (integral Bernstein relations). Ler A € AY) be a weight, & € Ia
simple root and s the associated reflection. The following holds in ¥:

(1) If (A, a) =0, then E(1) and t; commute.
(2) If (A, a) =1, then t;E(A) = E(A)t)f and E(A) 1, =t E(°A).
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Proof. This is a direct corollary of the classical Bernstein relations proved in
[Lusztig 1989, Proposition 3.6] and [Vignéras 2005, Proposition 5]. An integral
version of these is proved in [Ollivier 2006a, 4.4.1] (use the involution x defined
in 3B to pass from the definition of the Bernstein map in the latter to the present
situation). O

Lemma 4.4. Let ). € A be antidominant. Then E(1) = t,. and E(A™") = T
Suppose also that 1 is minuscule. Let d € Wy with minimal length in Wo(A)d. Then

EC D) =1t and tE@ 2)=EQ)T,.

Proof. First recall that an element A € A is T-positive if and only if it is an-
tidominant. So §(1) = 6} (1) = t,.. Then, by Lemma 4.2(2) and since @ respects
the product, one has E(1~!) = qw‘)r;l = 7);. We have proved the first statement,
which gives the second one for the case d = 1. Suppose 4 is minuscule and show the
second one by induction on £(d). Let d € W, with minimal length in Wy(4)d and
{(d)> 0. Lets € Sy such that £(ds)=¢(d)—1. Then t* Ty = ‘L' ,anddag € o

The stabilizer Wy (1) is a Coxeter subgroup of Wy, so Proposmon 2.2 applies: ds
has minimal length in Wy(1)ds. In particular, this implies that dsd~' does not
stabilize A, so (4, dag) > 0. The length property 2B2 then gives L(s)+(d e =
{(sd~'e*). By induction, E(*¢ /1) =TTy = TsTy- wr
#H Q7191 Z[qil] and apply the Bernstein relations (2) to a1y

1 Now work in

EC@ D) =c"ECT D = Tg-1i T

The last equality of the lemma easily follows using 2B2 and the fact that (1, &) =0
implies d ¢ € & for any & € . O
Theorem 4.5 [Vignéras 2005, Theorems 2, 3, and 4]. The image s of E is a Z[q]-
algebra. It coincides with the intersection si[q'/*1N K. The action of Wy on s is
compatible with the structure of Z|ql-algebra.

A Z[q]-basis for A is given by (E(1));cam-

As a Z|q]-algebra, A is generated by elements corresponding to minuscule
weights, that is, by the elements t, for t € T and

Eu)ici,...ns E(ua,.m)™
with the relations
E(uNE(us) =q"E(uu)E(uins) (4-8)

forany I, J C{1,...,n}with|INJ|=a,|l|=a+b,|J|=a+c.

The center of ¥ is the space of Wy-invariants in A.

As an dA-module, ¥ is finitely generated; as a module over the center, A is
finitely generated.
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The proof of the theorem relies on the more general definition of an element
E(w) € % associated to any w = e*wy € WD:

E(w):= q(f(w)*f(wo)*f(ez))ﬂE(}L) Ty (4-9)

in #®z14)Z[g*'/?], and the fact that the elements (E (w)),,cyo constitute a Z[q]-
basis for # called the integral Bernstein basis.

Remark 4.6. Note that (4-8) implies that in ¥ ®z(4) k, the product E(u7)E (1)
is zero unless either / C J or J C I.

4C. For w = (w1, ...., W) € W, we denote by E®(w) € #(L) the tensor
product of the Bernstein elements corresponding to the elements w; in the generic
pro-p-Hecke algebras of the L;s. The Hecke algebra #(L) contains the commuta-
tive subring #f; with Z[g]-basis (E®(1)),cam-

Proposition 4.7. A Z[q]-basis for the positive subalgebra 3 (L") is given by
(E®(w))w,
where w runs over the L-positive elements in Wél). For any such w, one has
01 (E®(w)) = E(w). (4-10)

Proof. (A) We first check that E ® (1) lies in the positive subalgebra #(L ™) for any
L-positive weight 1 € A1), It is enough to show the property for 2 minuscule. In
this case, using Lemma 4.4, one easily computes E ® (1) and checks that the ele-
ments of the Iwahori-Matsumoto basis appearing in its decomposition correspond
to L-positive elements in Wfl).

Now consider w = (w1, ..., wy) € Wél). Write w =e*o with A e AW, v e Wo.L.
Since Wy, normalizes I~ and I, the element w is L-positive if and only if 2 is
an L-positive weight. Decompose 4 = (41, ..., 4;;) and v = (vy, ..., 0y) in the
Levi L and recall that, after extending the scalars to Z[qil/ 2,

E ®(w) — ﬁ q([(wj)—[(v/)—[(e)'j))/ZE ®(/1)Tv®' (4_1 1)
j=1
The element 7,2 lies in the positive subalgebra, and E ® (1) does too if w is L-
positive, so the property also holds for E ®(w).
Once we know that E ®(w) lies in the positive subalgebra #(L™) for any L-

positive element w € W(l), it is clear that these elements constitute a Z[g]-basis of
(L) by using [Vignéras 2006, 1.5].

(B) Let us show Equality (4-10) for L-positive elements of the form e* with
2 € AW, The weight 1 can be written 1 = u — v, where u,v € A" are anti-
dominant weights which decompose into g = (tt1, ..., tm), v = V1, ..., Vy), SO
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A=A, .. s Am) with 4; = y; —v; fori =1, ..., m. By definition,

m
E®() = [ttt mige )

i=1
and

E(1) = g EHE)~e/2g 7).
Note that uniqueness in Proposition 4.1 gives 0, 0§ ® = 0, where 6 ® denotes the

tensor product of the Bernstein maps, so the required equality will be proved once
we have checked that

(") +L(e”) — L(e") = D (L") + E(e”) — £(e)). (4-12)

i=1

By the definition of the length on A1),
bty + ey — ey =D [u—v, @)+ (v, &) — (i, )|

Ged+
=D W —v, &) — (v, &) + (u, ).

aed+
A positive root ¢ will give a zero contribution to this sum if and only if (v, a) >
(i, a). According to (2-3), the fact that 4 is L-positive ensures that it is the case
for every a € ot — CT)JLr Hence the sum can be restricted to the roots o € Cf)JLr,
which proves that (4-12) holds.

We return to the general case of an L-positive element of the form w = e*v. By

the previous case, applying 6y, to (4-11) gives

k '
OL(E®w)) =[] ¢ =)D EG)g,.
j=1
Since E(w) = g @~(@=E)/2E ()7, , it remains to check that
k

D (M) + ) — b(ehv))) = t(e) + () — E(e*v).

j=1
By 2B2, the right side of this equality is twice the number of roots ¢ € &t such
that vt € @~ and (4, vé) < 0. But v € Wo 1, so any & € O+ satisfying v € G~
belongs to dVDJLr. Now applying 2B2 to each summand of the left hand side, this
remark ensures that the equality holds. O

Proposition 4.7 says in particular that the Z[q]-algebra
Ap+ =y NH(LT) (4-13)

has Z[q]-basis E ® (1), where / runs over the L-positive weights 4 in A(.
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Proposition 4.8. For any h € ¥, there is r € N such that

v he D WL
deDy,

Proof. Let w € W, Write w = e*wod with wg € Wo,r,d € Dy and A € AD a
weight that decomposes into A = u — v where g and v are antidominant. There is
r € N such that aZe)‘ wo is a L-positive element and £(aj w) = f(aiei wo) +£(d)
by Property (2-4). Note that aZe’1 = ¢"*+#7V and that A, + p is antidominant.
The elements E(w) and E (aZe)“ wp) of the integral Bernstein basis of ¥ can be
written respectively

E(w) = (@)=L~ (@)t 2y o1y o
and
E(a,ie’l wO) — q(t’(aZe’t U)O)7€(w0)+[(€‘))*[(ﬂ£)75(€”))/2.L-(:L 7, Z_;l Tug»

so the element
TZ;LE(w) — q([(w)-i—t’(ai)—t’(aiw))/zE(azeiwo)l_d

belongs to #(L1)z,. O

5. Inducing Hecke modules

5A. We consider the category ‘6, of the k-vector spaces 91 endowed with a struc-
ture of right #¢(L)-module such that the central invertible elements t /ff, jeA—-Ap
act by multiplication by nonzero scalars. This category is closed relative to sub-
quotients.

Proposition 5.1. Let 9 be a k-vector space endowed with a right action of the
positive algebra #(L"). Suppose that the central invertible elements ‘L'/f?, Jj €
A — A act by multiplication by nonzero scalars. Then there is a unique structure
of right module over #(L) on M extending the action of #(L™).

Proof. The element 7,2 defined by (4-2) is the product of the r/f??, JEA—AL.
Denote by ¢ the scalar action of rff on 1. The Hecke algebra #(L) is generated by
# (L) and by the central elements (ra?)il. So, if M is endowed with an action of
F(L), it is unique and the natural map I — I Qg(+) (L) is surjective. Define
the map M gz +) H(L) — M, v @ rh® = "o ra?h, where h € Wél) andr e N
is chosen so that aj h is L-positive. One checks that this map is well-defined and
factors into an inverse for the previous one. U

Proposition 5.2. Let M in 6€1. As a vector space, M Qge1+) H decomposes into
the direct sums
M Qg1 +) H = @ MR 1y (5-1)

dGDL
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and

M@ %= P M) (5-2)
dEDL

Each subspace in these decompositions is isomorphic to 9N via the natural maps
M—> Mg and M —> M 7)_,.

The decomposition (5-2) is a decomposition into eigenspaces for the action of
Tq,: it acts by zero on each M@t withd # 1 and by { on MR 71.

Corollary 5.3. Let £, 9, N in €1 be such that there is an exact sequence of right
#(L)-modules 0 — £ — I — I — 0. Then one has an exact sequence of
F-modules

0— £Qyr+) H — MQypr+) H — N®ger+) ¥ — 0.

Corollary 5.4. Suppose that N and £ in €y are finite-dimensional over k and
that they have the same semisimplification as #(L)-modules. Then any irreducible
quotient of the 3-module N@g+) I is also an irreducible subquotient of L1 +)
.

Corollary 5.5. Let MM in €, be such that M Qg1+ I is an irreducible H-module.
Then M is an irreducible ¥ (L)-module.

Corollaries 5.3 and 5.5 easily follow from Proposition 5.2.

Proof of Corollary 5.4. Let N be an irreducible quotient of 0N ®g¢(z+) #. Let Ny
be a subquotient of the #(L)-module 9t with minimal dimension over k such that
N is a quotient of 9y ®gyz+) ¥. Using Corollary 5.3 and the irreducibility of N,
one sees that My is irreducible as an #(L)-module. Hence 91 is an irreducible
subquotient of £, so that N appears in the semisimplification of £ ®gez+) #. [

Proof of Proposition 5.2.
(A) Proposition 4.8 ensures that

M) H= D MR1q. (5-3)
dEDL

Since 7;_; decomposes with respect to the Iwahori-Matsumoto basis into the sum
of 7; and of other terms corresponding to elements with strictly smaller length
[Vignéras 2005, Lemma 13], we also have

M@y H= D M), (5-4)
dEDL

(B) Let u € AV be a minuscule weight and m € 9. If u is not L-positive, then
E(u) acts by zero on m ® 1 (Because of relations (4-8), there is j € A — Ay such
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that E(u)E(uj) = 0; since E(uj) = 7,4 acts by a nonzero scalar on m ® 1, the
element E(u) acts by zero.) We show by induction on ¢(d) that, for any d € Dy,

m®t,  E(u) =m®E(d,u)r;,1. (5-5)

Let d € Dy, and let s € Sy be such that ds € Dy and £(ds) = £(d) + 1. These
hypotheses imply da, € ®+ — (DJLF. Suppose that (5-5) holds. We have to show that
mt 1 E(un) =m® E(®u)ck 7. (5-6)

If (u,as) =0, then 4 =°*u and E(u) and 7" commute by Proposition 4.3(1),
so we have the required equality.
If (u, a5) > 0, then
m@t; 1y E(u) =m @t (ts +vs) E (1)
=m®t,  ECu)t; +m®t;_ E(u)vs by the Bernstein relations
= m®E(dS,u)T;_l T+ m®E(d,u)r;_1 vs by induction.
The hypothesis on x implies that (%, dés) > 0, so %u is not L-positive. Hence the
second part of the preceding sum is zero, which gives the required equality.
If (u, a5) <0, then
m@t; 1y E(u)=m®7t; ECu)r; by the Bernstein relations
=mQE (d“,u)r[}“_l 7y by induction.
But (“u, dé) > 0, so “u is not L-positive. Hence we have proved that both sides

of (5-6) are zero.
By Proposition 2.2, we have proved (5-6) by induction.

(C) Result (B) shows that the right action of E (dﬁli L) on MR r;,_l is zero for
any d' € Dy, d’' # d and that it is a multiplication by ¢ on M ® ;. Hence, the
decomposition (5-4) is a direct sum.

(D) Let us prove that
M —> M r;, |
0

is injective for any dy € Dy. Let m € 9 such that

m® T;_l =0. (5-7)
0

Let (m,),ex be a family of generators of the #(L™)-module 9 that contains m,
say m,, =m. By [Bourbaki 1961, Chapitre 1, §2, n° 11], (5-7) implies that there is
a finite family (k,),cg of elements in 9 and a finitely supported family (b, 1),e9 vex
of elements in J¢(L™) such that

e > exmyb,, =0forany: e 9,
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. 2169 bl,kal = T;—] s
o
o > g bivk, =0 forany v # vg.

By Proposition 4.8, there exists 7 € N such that r;Lk, = ZdeEDL ¢;.47q¢ With
1.4 € #(L™) for any 1 € $. The component of

aL d—] = E E b, oCi,dTd

deD; 1

with supportin I (1)L " dyI (1) is equal to 7,, Td, On one hand, and to > biveCidy T,
on the other hand. So, by Lemma 2.4, we get 7, 74, = D_, b v,C1.dyTd, and then
TarL = Zz by,vyCr,dy-

The same argument applied to 0 = > _4 b, vk, shows that 0 = >" b, ,¢, 4, for
v # V.

Multiplying 0 = > _\ m,b, ,, by ¢, 4, for any 1 € §, and then summing over ¢,
gives 0 =m,, rgL, and hence m = 0.

This proves the remaining assertions of Proposition 5.2, also using again the
argument of [Vignéras 2005, Lemma 13] to deduce the direct sum (5-1) from the
direct sum (5-2). O

5B. Standard modules. The field k is naturally a Z[¢g]-module via the specializa-
tion g — 0. A k-character of & is a morphism of unitary rings y : sd — k which
is compatible with the structures of Z[g]-modules. The set of k-characters of o
inherits a natural action of Wy given by (wg, y) +— “0y.

Because of (4-8), one has E(uy)E(ug) =0 forany J, K C {1, ..., n}, unless
either / C K or K C J. So, a k-character y of & is completely determined by its
values on {z;, t € T}, the flag

Jo=2Ch<C - CJ=(l....n}

of the subsets J; C {1, ..., n} such that y (E(uy,)) is nonzero, and these nonzero
values. The standard module induced by y is the right #-module

x Q.

The set of minuscule weights (uj,)iec(1,....,r} We call the support of y. We say
that y has dominant or antidominant support if every weight in the support is so.

Recall that any k-vector space which is a simple #-module is a quotient of a
standard module [Vignéras 2005, 1.4].

Definition 5.6. The character y, the associated standard module, and any quotient
of the latter are said to be regular if the flag is maximal, that is, r = n; supersingular
if the flag is minimal, that is, r = 1; and singular otherwise.

If n = 1, we make the convention that any character of o is supersingular.
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5C. Inducing standard modules.

5C1. A k-character y : s — k is called adapted to L (or L-adapted) if y (E(AL)) is
nonzero, where Ay, is defined by (4-2). This implies that y has L-positive support,
that is, any weight in its support is L-positive. A k-character y; : iy — k of the
integral Bernstein subalgebra of #(L) is the tensor product of k-characters of the
integral Bernstein algebras corresponding to the L;’s, j € {1, ..., m}. The value
of yr on the invertible element ra? being nonzero, y; is completely determined
by its restriction to s, + and we have an isomorphism of 7€(L)-modules:

L ®siy H(L) =y Qq,, H(L).

There is a one-to-one correspondence between the k-characters y; of sy and
the k-characters of &{ adapted to L: it associates the character y : sd — k adapted
to L with the character y; given on &, + by

AL(E®(D) := yx 0 OL(E® () = x(E(2))

for any L-positive weight 1 € A,

The algebra od; is endowed not only with an action of the finite Weyl group
Wo. 1, but also of the normalizer of Wy 1 in Wy. Nevertheless, the previous corre-
spondence is only compatible with the action of Wy ; which preserves the set of
L-positive weights in A1,

5C2. With Proposition 5.1, the previous paragraph gives the following result.

Proposition 5.7. Given y; : A — k, let y : A — k be the associated L-adapted
character of . The standard module relative to y is induced by the standard
module relative to yp in the sense that the following isomorphisms of ¥-modules

hold:
X QuyH = xr R, (L) Qge(L+) ¥~y ®wL+ 7.

5D. Intertwining operators between standard modules. Let y : 4 — k be a char-
acter. We assume that L is a strict Levi subgroup of G and that y is adapted to L.
Then its support contains at least {;, j € A — A}

Let d € Wy and s € Sy be a simple reflection such that d, ds € Dy and €(ds) =
€(d) + 1. Let & be the k-character & = a! x . Denote respectively by ¢ and ¢, the
canonical generators of the standard modules induced by & and *¢.

SD1. Definition of the intertwiners.

Remark 5.8. The fact that £(ds) = €£(d) + 1 implies that da is a positive root.

That both ds and d belong to Dy, implies that ds ¢ Wy 1.d, so there exists j in
A — Ay such that d“f;ll j # ;- the weight dﬁ,zlz ; lies in the support of ¢ and satisfies
(d_,tlz j»as) ={(uj,das) < 0. Because of relations (4-8), any other minuscule weight
w in the support of ¢ will then satisfy (u, ¢;) <O0.
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Lemma 5.9. The vector ¢t is an eigenvector for the character °¢ of .

Proof. 1t is easy to check that 77, = *¢(7,)pt) for any ¢t € T (or see [Ollivier
2006a, 4.4.2]). We have yet to show that

oty E(uy) ="C(E(uy)) o) (5-8)

for any minuscule weight u; associated to J C {1,...,n—1}.

If 4 is fixed by s, the Bernstein relations ensure that 7 and E(u;) commute
and (5-8) holds.

If (uy, as) > 0, the Bernstein relations give

ot E(uy) =t E(uy) + 9 E(uy)vs = 9 ECpuy)t) ="C(E(uy)) oz,

because ; is not in the support of ¢ by Remark 5.8 .
If (us, as) <0, the Bernstein relations give g 7 E(u;) =@ E (Puy) 7, =0, because
Suy is not in the support of &, and (5-8) holds. U

We choose a weight df,tll j as in Remark 5.8. It is a minuscule weight in the
support of £. It can be denoted by ug for some K C {1,...,n}. Recall that
(ug, as) <0. Set

B = E(E (uk k) E(E (ursk)) E(E (uk)) ™
where °K denotes the image of K under the natural action of s.

Remark 5.10. Because of the relations (4-8), this scalar f is zero as soon as
there exists a minuscule weight w; different from wug in the support of & such
that (uy, as) <O.

Lemma 5.11. The vector p;(E (setX) — Bvy) is an eigenvector for the character &
of A.

Proof. Note that v lies in & and commutes with z,. See [Ollivier 2006a, 4.4.2] to
check that gs(E (se”®) — fvg)t, = E(11) o5 (E (set®) — fvy) for any ¢ € T. We have
yet to prove that

ps(E(se™) — Bv) E(uy) = S(E (1)) ps(E(se ) — Bvy) (5-9)
for any minuscule weight u; associated to J C {1,...,n — 1}.
We use the fact that after extending the scalars to Z[¢*'/2], we have
E(se"*) =q "ECux)ts =q 't} E(ux). (5-10)

If uy is fixed by s, then (5-9) holds.
If (uy,as) <0, then uy is not in the support of *¢ by Remark 5.8, and the left
side of (5-9) is ¢, E (se”*)E(u;). The Bernstein relations and (5-10) give
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E(se"<)E(uy)
= E(uy)E(se"®) — vyqUKIZIKOIDUII=IKOID= B (e ) E (agng). (5-11)

o If J # K, the power of ¢ in the preceding equality is at least 1, so
o5 E(se" )E(uy) = C(E(uy)) ps E(se'").

If J is in the support of &, then f = 0 by Remark 5.10, and (5-9) holds. If J
is not in the support of &, we have proved that both sides of (5-9) are zero.

o If J = K, then (5-11) gives equality (5-9).

If (uy, &) > 0, then wy is not in the support of & and the right side of (5-9) is
zero. The Bernstein relations give

E(se")E(ur)
= E(uy)E(se") +vgqUKITKNDWIEIKOID= B (S0 VE Cuny),  (5-12)

50 g E (se" )V E(uy) = pgvsq (KIZIKOIDUWIZIKOID=VE S ) E Cugeny).-

o If J #°K, the latter power of ¢ is at least 1, so the only remaining term in
the left side of (5-9) is equal to —¢(E (uy))f osvs: if wuy is in the support
of °¢, then f = 0 by Remark 5.10; if u; is not in the support of °¢, then
C(E(uy)) =0.

o If J ="K, then o, E(se* )E(uy) = E(E(ug))Posvs, so the left side of (5-9)
is zero. (]

The preceding lemmas allow us to define an ¥-equivariant morphism @ from
the standard module induced by ¢ into the one induced by °¢, and another, ¥, going
the other way around. They are fully determined by ®(¢) = ¢ (E (se”c) — fvy)
and ¥ (p,) = @1

Lemma 5.12. The composition of © and ¥ is the homothety with ratio
E(E (ug) = pvy).

Proof. Any dy € Wy such that Sug = d(;l,uj satisfies (u;, docts) = —(uxk, as) > 0,
s0 dodiy € @ and €(dos) = €(dp) — 1. Hence
r;()_l 7, =0

in #®z41k, and Lemma 4.4 ensures that E(*ug )7, =0 in H®zp41k. Thus g7, =0

and g, (E (se"x)—Bvg) 1 =E(E (uk)—Bv?)gs, and ®o¥ is a homothety with ratio

E(E (ux)—pv?). Using the equalities E (ux ) E (se**) = 1, E (ukrvk ) E (uxusk ) and

1, E(se"®) = E(uk), one checks that ¥ o @ is a homothety with the same ratio.

O
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5D2. Conditions of isomorphism.
5SD2.1. Suppose that y; is a tensor product of supersingular characters. Then the
support of y is exactly {u;, j € A —Ar}.

Recall that the standard Levi subgroup L decomposes into L = L X - -+ X L,

where L; is isomorphic to GL,, (F) for i € {1,...,m}. There exists a simple
reflection not belonging to Wy ; but normalizing Wy ;. if and only if one can find
two consecutive L; and L;4+; withi € {1,...,m — 1} such that n; =n;1| = 1.

We will say that y; satisfies Hypothesis (x) if for any simple reflection s; not
belonging to Wy ; but normalizing Wy r, the characters */y; and y differ.

Lemma 5.13. Let j € A and suppose that the simple reflection s does not belong
to Wy, but normalizes Wy, 1. The k-character x|, and its conjugate by s; coincide
if and only if two conditions are satisfied:

. X(vszj) # 0, that is, X(vszj) =1,
o x(E(u))? = x(E(uj-))x (E(uj11))-

Proof. First note that vszj = Z,em_ 7;. One then easily checks that X(vszj) =1
if the characters y; and its conjugate by s; coincide on the space generated by
{T,®, t € T}, and that y (vszj) =0 otherwise (see also [Ollivier 2006a, Remarque 7]).

Saying that s; does not belong to Wy ; means that e*/~!, e/, e/i*! are central
elements in L, so y (E(uj—1)), x (E(u;)), x (E(xj+1)) are nonzero elements in k.
The characters y;, and its conjugate by s; coincide if and only if they coincide on
the space generated by {z,%, ¢ € T}, and

X(EW)) _ x(EWi+1)
x(E(uj—1)  x(E(u)j)

By Lemma 5.12, it is clear that if f# = 0, then 7(¢) and 7 (°¢) are isomorphic.
Saying that £ is nonzero means that ugx s and ugnsg both belong to the support of
¢. Because of the hypothesis on the support of y, this implies that x; 1 = Yk ok,
i = uk, wj—1 = ‘ugnk belong to the support of y and that dsd=! = s; is a
simple reflection not belonging to Wy ; and normalizing Wy ;. By Hypothesis (%),
Lemma 5.13 then proves that ¢(E(ux) — fv?) is nonzero, so I(¢) and I (%) are
isomorphic.

By induction and using Proposition 2.2, we get the following result.

O

Proposition 5.14. Let y : sl — k be an L-adapted character:

Suppose that the associated yy : A — k is a tensor product of supersingular
characters and that it satisfies Hypothesis (x). Then the standard module induced
by x is isomorphic to the standard module induced by any conjugate a! x of x
under the action of the inverse of an element d € Uy .
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5D2.2. Let yo: sl — k be a character with antidominant support, and L be the
maximal Levi subgroup such that the associated character yo  : 9§ — k is a tensor
product of supersingular or regular characters. This Levi subgroup can be described
in the following way: any j € A lies in A — A if and only if x; lies in the support
of yo and at least one of x;1 or u;j_1 does not lie in the support of yo.

We suppose now that y = “0yq, where wg € Wy 1. It is adapted to L and we can
apply the results of Section 5D1.

Consider as before the weight ux in the support of £ and the element j € A— A
such that ux = dﬁ,th j- Then ug sk and pugnsg cannot be simultaneously in the sup-
port of &; otherwise u;_1, u;, ttj+1 would be in the support of o, which contradicts
the definition of A — A;. Hence f = 0 and /(&) and I(°¢) are isomorphic. By
induction (using Proposition 2.2), the following proposition is proved.

Proposition 5.15. Let yo: sl — k be a character with antidominant support and L

the maximal Levi subgroup such that the associated character yo 1 : dp — kisa

tensor product of supersingular or regular characters. Let wo € Wy, 1. The standard

module induced by y :="° yq is isomorphic to the standard module induced by any
. d-! . .

conjugate * "y of y under the action of the inverse of an element d € Uy .

SE. Nonsupersingular Hecke modules.
5E1. Regular standard modules.

Proposition 5.16. The standard module induced by a character y : A — k with
regular support is a k-vector space with dimension n!.

SE1.1. Our proof relies on further ingredients relative to root data and Coxeter
systems. Let R C I1 be a set of simple roots and denote by (R) the subset of ®*
generated by R. Define Wy(R) to be the subset of W, whose elements w satisfy
w(R) C ® and w(Il — R) C d.

Lemma 5.17. In Wy(R) there is a unique element wg with minimal length. It is
an involution and its length is equal to the cardinality of (R).

Proof. The length of an element w in W being the number of positive roots & € ®*
such that wa € @~ (Section 2A), any element in Wy(R) has length larger than
the cardinality of (R). The subgroup of W, generated by the simple reflections
corresponding to the simple roots in R has a unique maximal length element wg,
with length the cardinality of (R). It is an involution satisfying wg(R) = —R and
wr(®1 — (R)) C @ [Bourbaki 1968, Chapitre VI, §1, n° 1.6, corollaire 3]. This
element belongs to Wy(R).

Let w € Wyp(R). Suppose that £(w) = €(wg). Then the roots in (R) are the
only positive ones made negative by w. Applying the length property 2B2 and the
definition of Wy(R), we then see that £(w) = {(wwg) + £(wg), so wwg =1 and
w = Wwg. O
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Lemma 5.18. Let w € Wy(R). Suppose that w # wg and consider s; € Sy such
that {(sjwwg) = ((wwg) — 1. Then t(s;w) = {(w) — 1, the element s;w lies in

1

Wo(R) and the positive root —w ™" & is not a simple root.

Proof. The hypothesis on the length ensures that wgw™'é j € ®~. Because of
the properties of w and wg, it implies w='d; € &~ and (sjw) = {(w) — 1.
More precisely, one checks that the only possibility is —w !¢ j € ®+ — (R). So,
if —w~'a; were a simple root, it would be an element in IT — R, which would
contradict w(IT — R) C ®*. It remains to check that s jw lies in Wo(R). Let
& € R. Since wa € d~ — {—a;}, we have sjwa € ®~. Let & € IT — R. Since
wée&fr—{éj}, wehavesju)ovce(i)*. O

Lemma 5.19. Denote by o € Wy the cycle (n,n—1,...,1). Leta € I1— R. There
exists je{l,...,n—1} such that 6/wg € W(R U {a}).

Proof. We first make some remarks.

(1) Let ﬁv’ ell—-Rbea simple root. Then wg ﬁv is a positive root. Also, sz appears
in any reduced decomposition of the transposition wgsgwg according to the
set So. From this, one easily deduces that wg /? > ﬁv where > denotes the
partial order on @ described in 2A. Conversely, let & € I1 — R. If wg f > @,
this means that s, appears in any reduced decomposition of wgsgwg, SO ,BV =a.

(2) Let je{l,...,n—1})and f € d*. Then ¢/ ff € ® if and only if f > &;.

Let & € IT — R as in the lemma and j € {1, ..., n — 1} such that & =a;. We
check that o/wg € Wo(R U {@;}). Any ,BV € R is sent by wg to an element in —R,
which in turn is sent by ¢/ to an element in ®~ by (2). Let § € IT — R. Then
WR ,BV € @7 and using (2), aij/)v’ € & ifand only if wR,BV > aj, which by (1) is
equivalent to f = & j- O

Proof of Proposition 5.16. Let y : 4 — k be a character with regular antidominant
support.

(A) Let R C IT be as in 5E1.1. We prove by induction on the length of w € Wy(R)
that the standard modules induced by * y and “# y are isomorphic as #-modules.

Let w € Wo(R). Suppose w # wg; then there is s; € Sy such that £(s;wwg) =
t(wwpg) — 1. By Lemma 5.18, this implies £(s;w) = {(w) — 1 and the element
s;jw also lies in Wy(R). Set & =/ y. We prove that ¢ and */¢ induce isomorphic
standard modules. We are in the situation of Section 5D; the Levi subgroup here is
simply the diagonal torus. So we have two well-defined intertwining operators
between the standard modules in question. By Remark 5.10, there is an easy
sufficient condition for these operators to be isomorphisms: it suffices to check
that there is more than one minuscule weight ¢ in the support of ¢ satisfying
(u,aj) < 0; that is, that there is more than one antidominant minuscule weight 4
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v

such that (1, w_laj) > 0. This is true, because w_lé‘,- e ®” and —w~
a simple root, by Lemma 5.18.

155‘,- is not

(B) For w € W), the standard modules induced by “y and °* y have the same
dimension, as proved in [Ollivier 2006a, Proposition 2].

(C) Let R C I1 be a set of simple roots. We prove by induction on the cardinality of
R that the standard module induced by * y is n!-dimensional for any w € Wy(R).
If R = @, then Wy(R) = {1}, and the result is given by Propositions 5.2 and 5.7.
Suppose that the property holds for some set of simple roots R C 1. Letc e IT—R
and w € Wo(R U {a}). By Lemma 5.19, there is a power ¢/ of the cycle ¢ such
that 6/ wg € Wo(R U {c}). We conclude using (A) and (B). U

SE1.2. The motivation for Proposition 5.16 is this:

Conjecture 5.20. Let y : i — k be a character with regular support and wgy € Wj.
The standard modules induced by "’y and y have the same semisimplification as
modules over ¥.

We can prove the conjecture if we consider characters of & which are totally
degenerate on the finite torus, that is, for # € T, the value y(z;) only depends
on the orbit of ¢ under the action of Wy. By twisting, we can consider that y is
trivial on the finite torus. Then the standard module induced by y can be seen
as a module over the Iwahori—Hecke algebra (see for example Section §). One
can then apply the arguments listed in [Ollivier 2006b, 2.4] (for the case of GL3)
to show that y and its conjugates induce standard modules which have the same
semisimplification. The first argument comes from [Vignéras 2006, théoreme 6]:
the character y can be lifted to a character yo with values in Z,,, and we see the
latter as a character with values in Q@ p- Since the standard module induced by yx is
n!-dimensional over Fp, [Vignéras 2006, théoreme 5] says that it is isomorphic to
the reduction of the canonical integral structure of the # ®z4 Q p standard module
induced by yo. To conclude, we recall Proposition 2.3 of [Rogawski 1985]: two
standard modules for the Iwahori—Hecke algebra in characteristic zero have the
same semisimplification if they are induced by conjugate characters. The proof is
based on the description of an explicit basis for the standard modules owing to the
Kazhdan—Lusztig polynomials for the Iwahori-Hecke algebra.

Proposition 5.21. Conjecture 5.20 is true for the standard modules over the Iwa-
hori—Hecke algebra, that is, for characters y that are trivial on the finite torus.

SE2. Nonsupersingular simple modules and induction. Recall that a nonsupersin-
gular character y : s§ — k with antidominant support is adapted to some strict Levi
subgroup L of G. So the associated standard module is induced from a #(L)-
module by Proposition 5.7. In the light of this, the following proposition bolsters
the definition of a nonsupersingular module.
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Proposition 5.22. Assume that Conjecture 5.20 is true. Any simple nonsupersingu-
lar ¥-module appears in the semisimplification of a standard module for ¥ relative
to a nonsupersingular character with antidominant support.

Proof. Let M be a simple nonsupersingular module: it is a quotient of a standard
module induced by some nonsupersingular character ¢ : s{ — k. Let w € W with
minimal length such that y := ¢ has antidominant support. We want to prove
that M appears in the semisimplification of the standard module induced by y.
Let L be the standard Levi subgroup associated to y as in Proposition 5.15. Let
(wo, d) € Wy, x D, be such that w = wod. Recall that £(w) = €(wo) + €(d). By
Proposition 5.15, the standard modules induced by “o I x and ¢ are isomorphic. So
M is an irreducible quotient of the standard module induced by “o 1 x - We have yet
to check that it is a subquotient of the standard module induced by y.

o If L = G, then y is a regular character and the claim comes from Conjecture
5.20.

e Suppose L # G. Decompose L >~ L x - -- X L, and u)o_1 =(w1,...,Wwy) €
Lix---xL,. Both y and wo_l)( are L-adapted: denote by y;. = y1,®---QxL,,
the character of s{; corresponding to y. Then “o 1 ="y, ® - yr,
corresponds to o 1 x. If xr, is a supersingular character forani € {1, ..., m},
then i y and y have the same support, so by minimality of the length of w, we
must have w; = 1. In other words, if w; # 1, then y;, is a regular character of
sAp,. So Conjecture 5.20 says that the standard modules for #¢(L) induced by
yz and Yo I xr have the same semisimplification. Then applying Proposition
5.7 and Corollary 5.4, one gets that M is an irreducible subquotient of the
standard module induced by y. U

Proposition 5.23. The statement of Proposition 5.22 holds without further hypoth-
esis for modules over the Iwahori—Hecke algebra.

SFK. Irreducible induced modules. Let 01 be a k-vector space endowed with a
structure of right #(L)-module. Let 9t be irreducible as an #(L)-module. Then
it is finite-dimensional and has a central character [Vignéras 2007, 5.3], so M is a
quotient of some standard module for #(L) induced by a character y; : d; — k.
In particular, 9 belongs to the category €, defined in 5A. Suppose that y; is
the tensor product of supersingular characters and consider as before its associated
L-adapted character y : 4 — k.

Proposition 5.24. Let y’ be a k-character for A contained in M@@ge(1.+)H. There is
d € Dy such that %y’ is the L-adapted character associated to some Wo,L-conjugate

of xr-
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Proof. First note, using the braid relations in 9€(L) and the fact that y; is a product
of supersingular characters, that any k-character for s4;, contained in 9% is a Wy 1.-
conjugate of y;. Then, using Proposition 5.7, note that 9 ®g¢(z+) ¥ is a quotient
of the standard module for # induced by y. So it has a central character given
by the restriction of y to the center of #. Any k-character y’ for s{ contained in
M ®g¢(1.+) ¥ has the same restriction to the center, which ensures that the supports
of ¥’ and y are conjugate, and more precisely, that there is an element d € Dy,
such that y and %y’ coincide on (E(A));ea. In particular, X/(E(dfl/lL)) # 0, so
the character y’ is supported by an element in 9 ® ;-1 by Proposition 5.2 and
its proof. With the braid relations in %, our first remark then shows that %y’ is the
L-adapted character associated to some Wy r-conjugate of yr. ]

Corollary 5.25. Suppose that x|, satisfies Hypothesis (x). Then I Qg +) ¥ is an
irreducible #-module.

Proof. A nontrivial irreducible submodule of 9®g (. +) 9 is a quotient of a standard
module for #. By Proposition 5.24, the latter is induced by a k-character y’ such
that %y’ is the L-adapted character associated to “y; for some d € D; and wq €
Wo.r. It is clear that 0y satisfies Hypothesis (x) since yz does, so Proposition
5.14 ensures that the standard module induced by y’ is isomorphic to the one
induced by %y’. In particular, any nonzero submodule of 9t ®sg¢(1+) # contains an
L-adapted character, and hence a nonzero eigenvector for 7,, and the value . By
Proposition 5.2 and by the irreducibility of 90T, any nonzero submodule contains
M ® 71, and hence it is the whole IM Rger+) . U

6. Parabolic induction and compact induction

Recall that the universal module AU is the compact induction to G of the trivial
character of 7 (1) with values in k. We will denote by AU, the compact induction to
L of the trivial character of I (1) with values in k. These representations of G and
L are respectively generated by the characteristic functions of the pro-p-Iwahori
subgroups /(1) and /7 (1). We will denote both of these by 1 when there is no
possible ambiguity.

We consider a module 991 in the category €, defined in SA. Let (z (9N), V) be
the representation of G on M gz +) W and (77 (M), V) the representation of L
on IMN Rge(L) Uy,.

6A. The parabolic induction Indg 71, (9MN) is the smooth part of the space of func-
tions f : G — Vi satisfying f(Ilng) =1.f(g) for g € G, (I,n) € L x N, endowed
with the action of G by right translation.

6A1. The set Dy is a system of representatives of the double cosets P\G/U in the
Chevalley group. For d € Dy, set Uy = UNd~'Ud and Uy = UNd~'Ud. Any
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element in U can be written as a product of an element of U, and of an element of
Uy and this decomposition is unique. From this, one deduces that any element in
PdU decomposes uniquely in PdUy [Carter 1985, 2.5.12].
The set Dy is also a system of representatives of the double cosets P\G/I(1).
For any d € Dy, one has
pdI(l) =] ] PI()dy, (6-1)
y

where dy runs over a system of representatives of I (1)\/(1)d(1).

For any d € Dy and any I (1)-invariant element v in 7y (97), the 7 (1)-invariant
function fpgy(1),, with support PdI (1) and value v at d is a well-defined element
of Indg 7z (9. Any I (1)-invariant function in the latter representation is a linear
combination of such functions.

6A2. Theright action of ; maps fp(1),, to an I (1)-invariant element with support
PdI(1), which is completely determined by its value at d. Using (6-1), one easily
checks that this value is v, so

(fPr(),)ta = frarye (6-2)

6A3. Let w € Wél). Suppose it is a L-positive element.

According to [Vignéras 1998, 11.4], there is a system of representatives of the
right cosets 1 (1)\/(1)wl (1) respecting the decomposition of Iy (1)wlr (1) into
right cosets mod I (1). Explicitly, from the decomposition

nwi () =]]1.wx
one gets ’

IMwI (1) =]J1Mwxr)”

and a decomposition I (1)wl (1) = ]_[x’ux I (D)wxu,, where u, belong to 7(1)~.

From arguments analogous to [Schneider and Stuhler 1991, Proposition 7], one
shows that PI(1)wx N PI(1)wxu, # & implies I (1)wxu, = I (1)wx: the hy-
pothesis can be written Pw~'I(1)"wx N Pw~'1(1)"wxu, # &, and we recall
that 7 (1)~ is normalized by x € I (1). So there exists an element xjxux " 'x; in
P with 1, ko € w™ ' T(1)"w C I(1)~. Since P NI (1)~ = {1}, one deduces that
xux~ Ve w ' T(Dw and I (D wxu, = I(1)wx.

The right action of 7,, € # on fp;(1),, gives the I (1)-invariant function with sup-
port PI(1) and value at 15 given by Zx,ux fP[(l),D((U)XMx)_l). But (wxu,)~ ! €
PI1(1) implies 1 € PI1(1)wx N PI(1)wxu,; therefore this value is > (wx)~lo =
vz,2, and

(FPray)Tw = Fprayoee- (6-3)



732 Rachel Ollivier

6B. For any m € 9, there is a well-defined G-equivariant map
Fp s U — Indg T (M)

sending the characteristic function of /(1) on fp;(1), me1. The computation of 6A3
shows that we then have a G-equivariant morphism

F:a@) — mdS 7, (M), murs Fp(u). (6-4)

Remark 6.1. In the case where L is the diagonal torus 7 and 21 is a character of
A7, the map & is an isomorphism [Schneider and Stuhler 1991; Vignéras 2004].

6C. In the tensor product M ®g¢r) Uz, the group L only acts on Uy, so there is
a natural morphism of (L )-modules

M — (M @secr) Ur)" Y, (6-5)
and a natural morphism of #-modules
M Q1+ H — (M g+ W'V, (6-6)
which composes with ¥ to give the morphism of ¥-modules
M ®ge(r+) ¥ — (IndSz, () D. (6-7)

6C1. If (6-5) is not trivial, then (6-7) is not trivial and neither is (6-6). By adjunc-
tion, if there exists a representation (7, V) of L and a nonzero #(L)-equivariant
map N — VLIL(I), then (6-5) is not trivial.

6C2. Suppose (6-5) is surjective. Then (6-7) is surjective.

6C3. Using Proposition 5.2, one sees that (6-7) is injective if (6-5) is injective. In
this case, (6-6) is also injective.

In 5F, we gave sufficient conditions for certain irreducible #(L)-modules I
to induce irreducible #-modules. Under these conditions, and if (6-5) is nonzero,
then (6-7) allows us to describe an irreducible subspace M ®g¢ (1) # of the pro-p-
invariants of Indgn L(ON).

If #(L) is a direct factor of Uy as a left #(L)-module, then (6-5) is injective
for any 91 in 6, . This is the case if F has residue field [, and L is isomorphic to
a product of GL(F)’s and GL,(F)’s [Ollivier 2007, 2.1.3].

6D. Examples.

6D1. If L is the diagonal torus 7', then 91 identifies with a character yr : A7 — k.
By Remark 6.1 and previous results, the representation 9T ®gez+) U is isomor-
phic to the principal series induced by the character T — k*, t — y7(t~!). The
semisimplification of this representation and of its space of pro-p-invariants is well-
understood [Grosse-Klonne 2009; Ollivier 2006a; Ollivier 2006¢; Vignéras 2008].
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6D2. We consider the case where F = Q,. Suppose that L is isomorphic to
a product of GL{(Q,)’s and GL,(Q,)’s. There is an equivalence of categories
between the right #¢(L)-modules (with scalar action of the uniformizers) and the
representations of L generated by their I (1)-invariants (with scalar action of the
uniformizers). In particular, (6-5) is an isomorphism for any 991. If L is the diagonal
torus, it is clear. Otherwise, the result is given by [Ollivier 2009]. So, for any 9t
in 6, the map (6-7) is an isomorphism.

6D2.1. Suppose that G =GL3(Q),) and L is isomorphic to GL>(Q,) x GL;(Q,).

Let y1 : sd; — k be the tensor product of two supersingular characters. It satisfies
Hypothesis (x). Denote by 9 the standard module for #(L) induced by y. It
is irreducible and 2-dimensional. Because of the above-mentioned equivalence of
categories, the representation 9 ®g¢(z+) U, is the tensor product of a supersingular
representation of GL,(Q,) by a character of GL{(Q,).

By Corollary 5.25, the #-module 901 ®g¢(z+) € is irreducible. By the remarks of
6C, it is isomorphic to the subspace of I (1)-invariants of the representation which
is parabolically induced from 9 ®gz+) WUr. Hence, this subspace generates an
irreducible subrepresentation for GL3(Q,). By the results of Herzig, this subrep-
resentation is actually the whole Indgn L ().

6D2.2. Suppose that G is GL4(Q),) and L is isomorphic to GL,(Q,) x GL2(Q)).
Let yr : sl — k be the tensor product of two supersingular characters. It sat-
isfies Hypothesis (x). Denote by 9t the standard module for (L) induced by
xr. It is irreducible and 4-dimensional. The same arguments as before ensure
that 9T ®g¢(z+) Uy is the tensor product of two supersingular representations of
GL2(Qj), and that the #-module 9 ®g(+) ¥ is irreducible and isomorphic to the
space of I (1)-invariants of the representation which is parabolically induced from
M Rger+) WUz . The latter is an irreducible representation by the results of Herzig.

7. Supersingular modules

Fix a supersingular character y : s§ — k. Itis defined by its restriction to {z;, t € T},
its value ¢ € k* on E(uq,..»)) and by the fact that for any 4 € AW such that
£(e*) > 0, the scalar y (E (1)) is zero.

Let M be a nonzero quotient of the standard module for # induced by y. Denote
by M, the sum of the equivariant subspaces in M for s{ and the Wy-conjugates of
x (it is nonzero).

Proposition 7.1. M, is stable under the action of the finite Hecke algebra.

Proof. This is a direct consequence of the integral Bernstein relations. (]
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Recall that the simple modules for the finite Hecke algebra are the characters
[Cabanes and Enguehard 2004, Theorem 6.12]. So the proposition says in partic-
ular that M, contains a character for the finite Hecke algebra. Denote by m € M,
its support. The set & was introduced by Proposition 2.5 and one has the following
result.

Proposition 7.2. The set of the lengths €(d), where d runs over the elements of &
such that mE(d) # 0, is bounded.

Proof. Let d € %. Write d = e*wo € W. According to Lemma 2.6, the weight 1 is
dominant, so (after a suitable twist of d by a power of the central element w") it
decomposes into a linear combination

= > -
1<i<n-—1

with nonnegative integral coefficients. Suppose that one of the coefficients, say n;,
is at least 2. Then 4 + u; is still dominant and we show that

(1) d' :=e*tHiwy e P,
(2) €(d) = (e ")+ €(d"), which easily implies that E(d) = E(—u;)E(d") and
mE(d) =0.

Since A4y is dominant, the only thing one has to check to make sure that d’ € &
is the following: for any & € d*, if (A+u;, &) =0 then wy e . Since d =e*wy
is already in 9, the only tricky case is (4, &) = —(u;, &) > 0. By definition of the
weight z;, this condition implies that & > ¢ ; and 2 <n; = (4, &;) < (4, @), which
contradicts the fact (1, &) = —(u;, a) = 1, since u; is minuscule.

Now for the second assertion, recall from 2B3 that this equality holds if and
only if, for any & € ®,

(i, a)n(@, wy'e™H) >0, (7-1)

where the integer n(a, wale_’l_”f) is (=4 — uj, &) in the case walé € ®* and

1 —(A+u;,a)if wglé € ®. In the case u)al& € &7, inequality (7-1) obviously

holds. Suppose now that wald e & and that (uj,a) = —1. Then a > a;j, so

again, 2 < (1, a) and n(a, wale*i*”f) <0. O
Choose d € & an element with maximal length such that m E (d) # 0.

Theorem 7.3. The element mE(d) is an eigenvector for the action of the affine
Hecke algebra.

Proof. With Lemmas 2.6 and 4.4 we compute E(d) =7, forany d € %. First note
that the braid relations in ¥ ensure that m E (d) is an eigenvector for the elements of
the form 7, withz € T. Let s € Syr. We have to show that m E(d)z* is proportional
tomE(d).
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o If £(ds) = €(d) — 1, then 7}, =75, 7. In 3 ®z k, where (t)? = v

(Remark 3.1), we have 7 77 = ©)_,vy, so mE(d)ty = mE(d)vs, which is

d-1
proportional to m E(d) by our first remark.
o If {(ds) = €(d) + 1, then r(;s),l =17, Ifds €%, then 0 = mE(ds) =

mr(";ls)_, = mE(d)tr} by the maximal property of £(d). If ds ¢ 9%, then
Proposition 2.7 says that there exists wg € Wy such that ds = wod with
C(wo) +£(d) = £(ds). So

E(d)t =1*_E(d).
o

Since m is a character for the finite Hecke algebra, mTU’i_, is proportional to
m, so mE(d)t] is proportional to m E (d). ’ g

The statement of the theorem is exactly the claim of [Vignéras 2005, Conjec-
ture 1], where it is proven that it implies the numerical correspondence described
by Theorem 1.1 in our introduction.

8. Generic spherical Hecke algebra and Iwahori-Hecke algebra

8A. Denote by * the convolution operator in the generic pro-p-Hecke algebra
and by e; € ¥ the characteristic function of the Iwahori subgroup. The generic
Iwahori—Hecke algebra H coincides with the algebra e * % e; with unit ey, so all
the results of Sections 3 and 4 have (well-known) analogs in the Iwahori case. The
generic Iwahori—-Hecke algebra H has Z[¢]-basis (T, )wew, Where T, = e * 1, *e;
corresponds to the double coset /1w, satisfying the following braid and quadratic
relations.

e T, Ty = Ty forany w, w’ € W such that £(ww’) = €(w) + £ (w’),
. T% =q+ (g —1)T, for s € Sag.
Denote by ® the classic Bernstein embedding

0 : Z[g*' 1A — H®zy ZIg*"?]

naturally arising from the Bernstein map & of Section 4A and satisfying ® (1) =T,
for any antidominant weight 4 € A. For w € W, define E(w) :=¢; x E(w) *e;. It
is explicitly given by the formula

E(1) = ¢ ()=o)t @020 (4yr,

for A € A and wy € W, such that w = e*wo and 11, A, € A are antidominant
weights satisfying A = 4; — 4,. Theorem 4.5, translated to the Iwahori case, gives
the following results (see also [Vignéras 2006, Chapitre 3]). The image A of E :
Z[q]l[A] — H coincides with the intersection of H with the image of ®. It has
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Z[g]-basis (E(4)),ca- As a Z[g]-algebra, it is generated by the elements

EC) g, EGa,.m)™
with the relations
E(2DE(%) = ¢"E(10)E(@iny) (8-1)
forany I,J C{1,...,n}with [INJ|=a, |I|=a+b, |J| =a+c. The center of
H is the space of Wy-invariants in A. It is equal to the Z[q]-algebra of polynomials
in the variables
Zyy.os Zn1, ZEN,

where, fori € {1, ..., n}, we denote by Z; the central element

Zi= > E(™uw).

wo€Wo/Wo(u:)

8B. Integral Satake isomorphism. We closely follow the work of Schneider and
Teitelbaum [2006], who introduce a renormalized version of the classic Satake
map in order to get a p-adic Satake isomorphism, and check that their description
provides us in addition with an integral Satake isomorphism.

8B1. In Section 4B, we defined a twisted action of W, on the weights. Denote by
Z[qi]/ 21[A]Y0:7 the space of invariants of Z[qil/ 21[A] under this action. It has
Z[g*'/?]-basis {o;}; with

or= > wo.dk= D> y(wo, )",

woeWo/ Wo(2) woeWo/ Wo(2)

where A runs over the set Ayyy of antidominant weights. Note that o, is well-
defined for any weight 4 thanks to property (c) (of Section 4B) of the cocycle y.

We call the generic spherical Hecke algebra and denote by 3z71,1(G, Ko) the
Z|q]-algebra Z[q][Ko\G/Kp] of the functions with finite support on the double
cosets of G modulo K, with the usual convolution product. The Z[g*!/?]-algebra
H2191(G, Ko) ®z1q) Z[g*"/*] will be denoted by Fz;,+121(G, Ko).

A system of representatives for the double cosets Ko\G/Kj is given by the set
Aqang of antidominant weights. For 4 € A, denote by w, the characteristic function
of Kpe”*Ky. The results of [Schneider and Teitelbaum 2006, p- 23] with & =1 give
the next theorem, the proof of which involves the subsequent lemma.

+1/2)

Theorem 8.1. There is an injective morphism of Z[q -algebras

S: %Z[qil/z] (G, KO) — Z[qi1/2][A]>

l/ll, /1 € Aanti = ZC(W, /1)0-715 (8_2)
€ Aanii

where c(n, A) =[(Ue"KoN KoeiKo)/Ko]. Its image is equal to Z[g*'/*1[A]V0-7 .
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Lemma 8.2. If n, A € A are antidominant weights, then

1) c(A,A)=1,and
(2) c(n, A) =0 unless 1 — n is an antidominant weight.

Note that, the coefficient c(#, 1) being integral, the image of 7(,1(G, Ko) by
the map S lies in Z[g][ o4, A € Aang]. From this lemma, one also deduces the
following result.

Lemma 8.3. The image of #z7141(G, Ko) by the map S is Z[q][ 0;, 2 € Aanil.

Proof. One has to check that any ¢, with 2 € Ay lies in the image of 3741(G, Ko)
by the map S. Recall that the element w” = e*» is central in G, so if the weight 4
has the form ku,, with k € Z, then o, is the image by S of yy,, , which is invertible
in #7141(G, Ko). So it remains to prove the property for nontrivial weights 4 that
can be written A = Z?;ll ki u;, with k; € N, and we do it by induction on Z;’;ll ki.
The only antidominant weights # such that A —# is antidominant are the Z:’:—I] m; U
with 0 <m; <k;. By induction, if such an # satisfies # # 4, then o), is in the image
of #741(G, Ko) by S. Lemma 8.2(1) then ensures that it is also true for o;. |

We have checked that the map in Theorem 8.1 actually defines an integral ver-
sion of a Satake isomorphism: the restriction of S to the generic spherical algebra
#7141(G, Ko) defines an isomorphism

S : #2141(G, Ko) = ZIq1[o1, / € Anil. (8-3)

An important consequence of Lemma 4.2 and property (a) of the cocycle y is
the fact that for any wy € Wy, the coefficient y (wg, 1) belongs to Z[q] if A is
antidominant. So o¢; actually lies in Z[g][A]. The supports of the elements o,
being disjoint for 1 € Aypg and each coefficient y (1, 1) being 1, one obtains

Z[qilﬂ][ A]Wo,y NZ[gll Al =Zlqll o, 2 € Aanil. (8-4)

8C. Compatibility of Bernstein and Satake transforms. Note that for any anti-
dominant weight 4, the element

CICAEED S 7)) (8-5)

woeWo/Wo(2)

belongs to the center of H. The description of the center of H in Section 8 A implies
the following.

Proposition 8.4. Composing ® with the isomorphism (8-3) gives an isomorphism
between #z714)(G, Ko) and the center of H.
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For 1 <i < n, denote by T; the element y,,. The generic spherical algebra
¥#7141(G, Ko) is an algebra of polynomials in the variables Ti, ..., T,_1, Tnil.
Consider the G-equivariant map

ZIq)I\G] — Z[q][Ko\G],
f = eKO * f’

where ek, denotes the characteristic function of Ky and the convolution product is
given by

(8-6)

eky ¥ f(X) =D ek, () ft'x) =D f(tx) for xeG.
teG/I tel\Kyp

Proposition 8.5. Composing the maps

®oS eKO*.
Hz2191(G, Ko) — A — Z[q][Ko\G]

gives the identity on #z7141(G, Ko).
Proof. See [Schneider and Stuhler 1991, p. 32]. O

Note that the compatibility refers to the classic Bernstein map and the integral
Satake transform.

8D. Denote by R the mod p reduction of the map (8-6), that is, the G-equivariant
map G G
ind7 1; — ind% 1,
1 Ko 8-7)
fr=ek,*x [,
where ind?lk and indgo 1 denote respectively the compact induction of the trivial
character with values in k of the Iwahori subgroup / and of the maximal compact

subgroup Kj.

Proposition 8.6. Letr u € A be a minuscule weight. The image by R of E(u) €
A Qziq1 k is equal to y,, € Hz141(G, Ko) @741k if u is a dominant weight, and to
zero otherwise.

The proof will be a consequence of the following lemmas.
Lemma 8.7. For i1 € A dominant and minuscule,
Koe" Koy = ]_[ KodlI,
ded, d=<et
where < denotes the extended Bruhat order on W.

Proof. We have to prove that for 4 € A dominant and minuscule, % N Kpe* K
={d € 9, d < e"}. For any such weight u, the corresponding translation can be
written e* = w*wq with k € {0, . .., n} and wy € Wp. By definition of the extended
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Bruhat order, an element d € W satisfies d < e* if and only if it has the form d =
w*w with w € Wy such that w < wg. S0 {d €D, d < e*} C PN Kpe* K. Letd € D.
Lemma 2.6 says that d can be written d = ¢*w with w € W and 1 € A a dominant
weight such that f(e’l) =0(d)+L(w™"). If d € Kpe" K, then Kge* Koy = Koe" K
and 1 = p. Since w has length zero, one then has £(wow) + £(w™") = £(wy), so
wow < wg and d = wrwew < e*. ]
Lemma 8.8. For w e W,
R(T,) = 11\(Ko N Tl )] Ly = [1’“’“’ e,
0 otherwise.

Proof. By definition, the map (8-6) sends the characteristic function T,, of Twl
onto |1\ (KoNIwlw™")| 1g,,7. We have to show that the index | I\ (KoNIwlw™")|
is equal to 1 if w € 9 and is equal to a nontrivial power of g otherwise. If w € %,
then by length property, one easily checks that Ko N Twlw~' = I. Suppose now
that w is not an element of %, that is, that it is not the minimal length element in
Wow: there exists s € Sy such that Jwl = IsIswl. Hence Iwlw~'N K contains
Is1s, which has g right cosets modulo /. U

Lemma 8.9. For any dominant weight A € A, the following holds in H ®@z(4) k:

EW)= > T,

weW, w<e*

Proof. Let us show that for any x € W, one has

Z T, € H®Z[q] k.

weW, w=<x

This proves the lemma because E(4) = T;_, for a dominant weight /. It is enough
to show the equality for x € Wy, and we do it by induction on £(x). If x =s € Sy,
then T;,l =T; =T, +1—-qg =T+ 1in H®z[ k. Now suppose x € Wy and
s € S is such that £(sx) = £(x) + 1. In H®z[4] k, one has by induction

T}, = TiTh, = (T, + I)ZTy — ZTST} + ZTy
y=x y=x y=x

Lety <x. If €(sy) =£€(y)+1, then T,T, =T, and sy <sx. Otherwise T, T, =—T,,
$0 T(vx) 1= Z Ty’ + Z T)’ = Z TY' u

sy’ <y’ <sx y=sx, y=28y ysx
Lemma 8.10. If u is minuscule and not dominant, then R(E(u)) = 0.

Proof. Let A be the unique antidominant weight in the orbit of x# and d € W)
with minimal length in Wy(A4)d such that u = 4. Lemma 4.4 says that E(u) =
Teug-1T)_;. For any wo € Wy, we have €(e”d™ D+ £(wo) = €(e”d~'wp), which
can be seen by applying 2B2 and recalling that for any a € Ot if (A,0) =0
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then d~'¢ € dT. This implies that the elements of the Iwahori-Matsumoto basis
appearing in the decomposition of E(x) have the form z,u4-1,,,, with wg € Wy. In
particular, if 4 is not dominant, then e*d~'wy is not an element of %, by Lemma
2.6, and E(u) is sent by R on zero, by Lemma 8.8. O

Proof of Proposition 8.6. Let u € A be a minuscule weight. If it is not dominant,
Lemma 8.10 says that its image by R is zero. If it is dominant, Lemmas 8.8 and
8.9 together say that R(E(u)) is the sum of the characteristic functions of Kow/,
where w € ¥, w < e#, which, by Lemma 8.7, is the characteristic function of
K()e” K(). O

8E. On Barthel-Livné’s unramified representations for GL,. Forie{l, ..., n},
choose a; € k with a,, # 0. Set a9 = 1. Define y( to be the k-character of A with
dominant support given by E(uy—i+1,...ny) — a; fori e {1, ..., n}.

Define the associated character of #(G, Ko)zj41®k by T; +— a; fori e {1, ..., n}
and denote by

ind{ 1
Zi (T; — )

the quotient of the universal representation indg0 1, by > (Ti — o) indg0 1.

By the results of 8D, the G-equivariant surjective morphism

ind 1
Zi (’Tl - ai) ’ (8-8)
f=>R(f) mod D> (T; —a)

ind§1; —

factors into a surjective G-equivariant morphism

ind$ 1,
2o®aindf1; > ——2 . (8-9)
! Z,(Tz —a;)
Example 8.11. Suppose that one of the a;, i € {1,...,n — 1} is nonzero. The

unique character of A with antidominant support in the Wy-orbit of yo satisfies
Hypothesis (x) of Section 5D if and only if a;_j0;a;41 7 0 implies a;? F 01041
foranyi e{l,...,n—1}.

Under this hypothesis and if none of the elements «; is zero, then, by the results
of [Ollivier 2006a], the representation yo ®a ind? 1, is irreducible and isomorphic
to the principal series induced by the unramified character

* -1
T — k™, wuir>a;,

and (8-9) is an isomorphism.
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