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The local symbol complex of a reciprocity functor

Evangelia Gazaki

For a reciprocity functor M we consider the local symbol complex

M " Gp) (1) > @D Mk) —> M(k),
PeC
where C is a smooth complete curve over an algebraically closed field & with
generic point ¢ and ® is the product of Mackey functors. We prove that if M
satisfies certain assumptions, then the homology of this complex is isomorphic
to the K-group of reciprocity functors 7' (M, CH,(C)°)(Spec k).

1. Introduction

Let F be a perfect field. We consider the category £ of finitely generated field
extensions of F. F. Ivorra and K. Riilling [2015] created a theory of reciprocity
functors. A reciprocity functor is a presheaf with transfers in the category Reg=!
of regular schemes of dimension at most one over some field k € £ that satisfies
various properties.

Some examples of reciprocity functors include commutative algebraic groups,
homotopy invariant Nisnevich sheaves with transfers, Kahler differentials. More-
over, if My, ..., M, are reciprocity functors, Ivorra and Riilling construct a K-
group T'(My, ..., M,) which is itself a reciprocity functor.

One of the crucial properties of a reciprocity functor M is that it has local
symbols. Namely, if C is a smooth, complete and geometrically connected curve
over some field k € £ with generic point 5, then at each closed point P € C there
is a local symbol assignment

(3 0p : M) X Gy (n) — M(k),

satisfying three characterizing properties, one of which is a reciprocity relation
Y peclgs f)p =0, for every g € M(n) and f € G,,(n). We note here that if G is
a commutative algebraic group over an algebraically closed field &, then the local
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symbol of G coincides with the local symbol constructed by Rosenlicht—Serre in
[Serre 1959]. The reciprocity relation induces a local symbol complex (C)

M
<M 0% @m> a2 @ M) =5 M),

PeC

where by ® we denote the product of Mackey functors (see Definition 3.2). The
main goal of this article is to give a description of the homology H (C) of the above
complex in terms of K-groups of reciprocity functors. Our computat_ions work well
for curves C over an algebraically closed field k. In the last section we describe
some special cases where the method could be refined to include nonalgebraically
closed base fields. To obtain a concrete result, we need to impose two conditions on
the reciprocity functor T(M, CH 0(C)?) (see Assumptions 3.3, 3.10). In Section 3
we prove the following theorem.

Theorem 1.1. Let C be a smooth, complete curve over an algebraically closed
field k. Let M be a reciprocity functor such that the K-group of reciprocity func-
tors T(M, CHy(C )9) satisfies the assumptions 3.3 and 3.10. Then the homol-
ogy of the local symbol complex (C) is canonically isomorphic to the K-group

T (M, CHo(C)°)(Speck).

Here CH((C) is a reciprocity functor that is identified with the Jacobian variety
Jof C.

In Section 4 we give some examples of reciprocity functors that satisfy the two
assumptions. In particular, we prove the following theorem.

Theorem 1.2. Let Fi, ..., F, be homotopy invariant Nisnevich sheaves with trans-
fers, and consider the reciprocity functor M =T (Fi, ..., F;). Let C be a smooth,
complete curve over an algebraically closed field k. Then there is an isomorphism

H(C)~T(Fi, ..., Fr, CHo(C)°)(Speck).

In particular, if Gy, ..., G, are semiabelian varieties over k, then we obtain an
isomorphism

H(C)=T(G1,...,Gr, CHo(C))(Speck) =~ K (k; G1. ..., G,, CHy(C)"),

where
K(k; Gy, ...,G,,CHy(C)")

is the Somekawa K-group attached to
Gi,...,G,.

Another case where the assumptions of Theorem 1.1 are satisfied is when M =
T(My, ..., M,) such that M; = G, for some i € {1,...,r}. Using the main
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result of [Riilling and Yamazaki 2014] together with Theorem 5.4.7. of [Ivorra
and Riilling 2015], we obtain the following corollary.

Corollary 1.3. Let My, ..., M, be reciprocity functors. Let
M=T(Gg, My, ..., M;).

Then for any smooth complete curve C over k, H(C) =0. In particular, if char k =0,
the complex
+1 Resp 2P
A = P o =
PeC

is exact.

The idea for Theorem 1.1 stems from the special case when M = (3. In this
case the local symbol

K(C)* @M k(C)* Y &

at a closed point P € C factors through the group T(G,,, G,,)(nc). By a theorem
in [Ivorra and Riilling 2015] this group is isomorphic to the usual Milnor K-group
Ké” (k(C)) and we recover the Milnor complex

K (k(C)) > @k~ 28 g,
PeC

This complex was studied by M. Somekawa [1990] and R. Akhtar [2000]. Using
different methods, they both prove that the homology of the above complex is
isomorphic to the Somekawa K-group K (k; G,,, CHo(C)?). This group turns out
to be isomorphic to the group T (G,,, CHo(C)%)(Spec k). (by [Ivorra and Riilling
2015, Theorem 5.1.8; Kahn and Yamazaki 2013, Theorem 11.14]). A similar result
was proved by T. Hiranouchi [2014] for his Somekawa-type additive K-groups. Our
method to prove Theorem 1.1 is similar to the method used by R. Akhtar and T.
Hiranouchi.

Notation 1.4. For a smooth connected variety X over k € £r, we denote by k(X)
the function field of X. Let C be a smooth complete curve over k € & and P € C a
closed point. We write ordp for the normalized discrete valuation on k(C) defined
by the point P and for an integer n > 1, we put

U, ={f €k(C)* ordp(1 - f) > n}.

2. Review of definitions

Reciprocity functors. Let Reg=! be the category whose objects are regular F-
schemes of dimension at most one which are separated and of finite type over
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some k € £r. Let Reg=! Cor be the category with the same objects as Reg=! and
with morphisms finite correspondences. A reciprocity functor M is a presheaf
of abelian groups on Reg=! Cor which satisfies various properties. Here we only
recall those properties that we will need later in the paper.

Notation 2.1. Let M be a reciprocity functor. For k € £ we will write
M(k) := M(Speck).

Let E/k be a finite extension of fields in £r. The morphism Spec E — Spec k
induces a pull-back map M (k) — M(E), which we call restriction and will denote
by resg,r. Moreover, there is a finite correspondence Speck — Spec E which
induces a push-forward M(E) — M (k), which we will call the trace and denote
it by Trg k-

Injectivity. Let C be a smooth, complete curve over k € E. Each open set U C C
induces a pull-back map M(C) — M(U) that is required to be injective. Addi-
tionally, if n¢ is the generic point of C, we have an isomorphism

lim M(U) — M(1¢),
where the limit extends over all open subsets U C C.

Specialization and trace maps. Let P € C be a closed point. For each open U C C
with P € U, the closed immersion P — U induces M(U) — M (P). We consider
the stalk M¢ p =1lim M(U), where the limit extends over all open U C C with
P € U. The above ﬁ)rphisms induce a specialization map

Sp ZMC’p —> M(P)

Moreover, for every closed point P € C we obtain a Trace map, which we will
denote by
TI‘p/k . M(P) — M(k)

The modulus condition and local symbols. Let M be a reciprocity functor. Let
C be a smooth, projective and geometrically connected curve over k € E. The
definition of a reciprocity functor imposes the existence for each section

g € M(nc)

of a modulus m corresponding to g. The modulus m is an effective divisor
m= Z np P

on C, where S is a closed subset of C, such that g € M¢ p, for every P ¢ S and
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. X . (np)
for every function f € k(C)* with f € (pcs Uc p > we have

> ordp(f) Trp/i(sp(2)) =0.

PeC\S

Notation 2.2. Let f € k(C)* be such that f € (s Uos. Then we will write
f=1modm.

The modulus condition on M is equivalent to the existence, for each closed
point P € C, of a biadditive pairing called the local symbol at P

(.3 )P Mce) x Gpu(ne) - M(k),
which satisfies the following three characterizing properties:

(1) (g; fHHp=0,for f e Ugf;,), where m=)_ ,_¢np P is a modulus corresponding
to g.
(2) (g; fHp=ordp(f) Trp/k(sp(g)), forall g € Mc p and f € k(C)*.
3) Zpec(g§ f)p =0, forevery g € M(nc) and f € k(C)*.
The proof of existence and uniqueness of this local symbol is along the lines of

[Serre 1959, Proposition 1, Chapter III]. In this paper we will use the precise defi-
nition of (g; f)p, for g € M(n¢) and f € k(C)*, so we review it here.

Case I: 1f g € M, p, property (2) forces us to define (g; f)p =ordp(f)Trp i (sp(g)).

Case 2: Let P € S. Using the weak approximation theorem for valuations, we
consider an auxiliary function fp for f at P, i.e., a function fp € k(C)* such that
fre Ugf’,;’,) atevery P’ € S, P’ # P and f/fp € Ué’f’,;). Then we define

(8: fp=—_ord(fp) Trok(so(g))-
0¢s

Using the local symbol, one can define for each closed point P € C,
Fil) M(nc) :== Mc.p

and forr > 1

Fill, M(nc) :={g € M(nc) : (g; f)p =0, forall f e Ug)P}

Then {Fil’, },>0 form an increasing and exhaustive filtration of M(n¢).

The reciprocity functors M for which there exists an integer n > 0 such that
M(nc) = Fil, M(nc), for every smooth complete and geometrically connected
curve C and every closed point P € C, form a full subcategory of RF, which is
denoted by RF,,. (see [Ivorra and Riilling 2015, Definition 1.5.7]).
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K-group of reciprocity functors. Let M, ..., M, be reciprocity functors. The
K-group of reciprocity functors 7 (M, ..., M,) is itself a reciprocity functor that
satisfies various properties [Ivorra and Riilling 2015, Theorem 4.2.4]. We will not
need the precise definition of T (M, ..., M,), but only the following properties.

(a) For k € EF, the group T(My, ..., M,)(k) is a quotient of

(M1 éy--ém)(k),

where by ®M we denote the product of Mackey functors (see Definition 3.2).
The group T (My, ..., M) (k) is generated by elements of the form

Tre (X1 ® -+ Q@ x,),

with x; € M;(k’), where k’/k is any finite extension.
(b) Let C be a smooth, complete and geometrically connected curve over L € &

and let P € C be a closed point. Let g; € M;(n¢). Then:

(i) If for some r > 0 we have g; € Fil’, M;(nc) fori =1, ..., n, then
81®---®g, €Fil, T(My, ..., M,)(nc).

Moreover, if the element g; has modulus m; = )", ¢ n', P, for i =
1,...,n,thenm= Zpeus; maxi<j<,{n'p} P is a modulus for g1 ®- - - ®g,.

(i) If g; € Fil(}) M;i(nc), fori =1, ..., n, then we have an equality
sp(81® - ®gn) =5p(81) Q- Qsp(gn).

Examples. Some examples of reciprocity functors include constant reciprocity func-
tors, commutative algebraic groups, homotopy invariant Nisnevich sheaves with
transfers. For an explicit description of each of these examples we refer to [Ivorra
and Riilling 2015, Section 2]. The following example is of particular interest to us.

Let X be a smooth projective variety over k € £r. Then there is a reciprocity
functor CH((X) such that for any scheme U € Reg=' over k we have

CHo(X)(U) = CHo(X xx k(U)).

Since we assumed X is projective, the degree map C Hy(X) — Z induces a map
of reciprocity functors CHy(X) — Z whose kernel will be denoted by CH(X)°.
Both CH((X) and CHo(X)" are in RF.

Remark 2.3. If X has a k-rational point, we have a decomposition of reciprocity
functors CHo(X) ~ CHy(X)? @ Z, where Z is the constant reciprocity functor.
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Moreover, if My, ..., M, are reciprocity functors, then by [Ivorra and Riilling
2015, Corollary 4.2.5(2)] we have a decomposition

T(CHo(X), My, ..., M;) =~ T(CHo(X)", My, ..., M) @T(Z, My, ..., M,).

Relation to Milnor K-theory and Kahler differentials. 1f we consider the reci-
procity functor 7' (G,.") := T (G, ..., G,,) attached to n copies of G,,, then for
every k € Ep the group T(G,,")(k) is isomorphic to the usual Milnor K-group
K ,]l” (k) [Ivorra and Riilling 2015, Theorem 5.3.3].

Moreover, if k is of characteristic zero, then the group 7 (G,, G;”_l)(k), n>1,
is isomorphic to the group of Kéhler differentials QZ/_ZI [Ivorra and Riilling 2015,
Theorem 5.4.7].

3. The homology of the complex

Convention 3.1. From now on, unless otherwise mentioned, we will be working
over an algebraically closed base field k € .

Let M be a reciprocity functor. Let C be a smooth complete curve over k with
generic point 7¢. At each closed point P € C we have a local symbol (.;.)p. We
will denote by (.; .)c the collection of all symbols {(.; .)p} pec, namely

(.3 )¢ : M(nc) ® Gu(ne) — @ Mk).
PeC
We note here that a reciprocity functor M is also a Mackey functor. In what fol-
lows, we will need the definition of the product of Mackey functors My, ..., M,,
evaluated at a finitely generated extension L of k. We review this definition here.

Definition 3.2. Let M, ..., M, be Mackey functors over k. Let L be a finitely
generated extension of k. Then,

M M
(1@ @M )= (DM@ @t /&
L'/L
where the sum is extended over all finite extensions L’ of L and R is the subgroup
generated by the following family of elements: If L C K C E is a tower of finite
field extensions and we have elements x; € M;(E) for some i € {1,...,r} and

xj € M;j(K), for every j # i, then
Q- QTreg/k(x)®---Qxr —resg/g (X)) ® - Qx; @---Qresg/x(x,) € R.

The relation in R is known as the projection formula. Using the functoriality
properties of the local symbol at each closed point P € C [Ivorra and Riilling 2015,
Proposition 1.5.5], we obtain a complex
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M
<M ®Gm>(nc) L D Mk Z5 M),

PeC

Namely, if C’ is a smooth complete curve over k with function field k(C") D k(C)
and we have a section g € M(n¢) and a function f € k(C’)*, then we define

(g: fle= ( > (e f)pf) e P M),
AMP))=P PeC
where A : C' — C is the finite covering induced by the inclusion k(C) C k(C").
We will denote this complex by (C) and its homology by H(C). We consider
the reciprocity functor CHy(C). Notice that the existence of a k-rational point
Py € C(k) yields a decomposition of reciprocity functors CHy(C) >~ CH(C YVgz.
We make the following assumption on the K-group 7 (M, CHy(C)).

Assumption 3.3. Let M be a reciprocity functor. Let g € M(n¢), h€ CHy(C)(nc)
and f € k(C)*. Let P € C be a closed point of C. Assume that the local symbol
(g®h; f)p e T(M, CHy(C))(k) vanishes at every point P such that sp(h) =0

In the next section we will give examples where Assumption 3.3 is satisfied.

Proposition 3.4. Let M be a reciprocity functor over k satisfying Assumption 3.3.
Then there is a well defined map

®: (EB M(k)) /(5 )0) > TM, CHo(O) k),

PeC
(ap)pec = Y _ ap®[P].
PeC
Proof. First, we immediately observe that if P € C is any closed point of C, then
the map ¢p : M(k) > T (M, CHy(C))(k) given by a — a ® [ P] is well defined.
In particular, the map

©=>"¢p: P Mk) > T(M, CH(C)) (k)
P PeC

is well defined. Let D be a smooth complete curve over k with generic point
np and assume there is a finite covering A : D — C. Let g € M(np) and
f € k(D) be a function. For every closed point P € C we consider the ele-
ment (ap)p € P p. M(k) such that ap = (g; f)p. We are going to show that
q)(ZPeC(g; f)P) =0

First, we treat the case D = C and A = 1¢. The element g € M (n¢) admits a
modulus m with support S. We consider the zero-cycle h = [n¢] € CHo(C)(n¢).
Notice that for a closed point P € C, the specialization map

sp: CHo(C)(nc) — CHo(C)(k)
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has the property sp(h) = [P]. We are going to show that

®((g; flp) =(g®h; f)p forevery PeC,

and the required property will follow from the reciprocity law of the local symbol.
We consider the following cases.

(1) Let P ¢ S. Then,
D((g; fHp) =¢p(ordp(f)sp(g)) =ordp(f)sp(g) ®[P]
=ordp(f)sp(g) ®sp(h)

=ordp(f)sp(g®h)=(g®h; f)p.

(2) Let Pe Sand f =1 modm at P. Since CHy(C) € RFy, h does not contribute
to the modulus, and hence, by item (b)(ii) on page 322 we get

Q((g: /Hp) =P0)=0=(®h; fpr.

(3) Letnow P € S and f € K* be any function. We consider an auxiliary function
fp for f at P. By the definition of the local symbol, we have

P((g: fHr) =¢p (— > OTdQ(fP)SQ(g)) =— Y ordg(fp)so(g) ®[P]

0¢s Q¢S
==Y ordg(fp)sp(e)® Q1+ ordg(fp)so(e)® (1Q]—[P)).
¢S 0¢s

We observe that we have an equality

(g®h: fp=— ) ordp(fr)sg(3) ®[Q].
¢S

Next, notice that the flat embedding k < k(C) induces a restriction map
res;/k : CHy(C) — CHy(C x nc). Let hg =res, ([ P]). We clearly have

Z ordo (fP)so(8) ® ([P1—[Q]) = (g ® (ho —h); f)p.

0¢S
Since we assumed that the Assumption 3.3 is satisfied, we get that this last
symbol vanishes. For, sp(h — hg) = 0.

The general case is treated in a similar way. Namely, if A : D — C is a finite
covering of smooth complete curves over k and g € M(np), then the local symbol
at a closed point P € C is defined to be (g; f)p = ZMQ):P(g; f)o- Considering
the zero cycle h = [np] € CHy(C)(np), we can show that

Qp((g; ) =(&®h; fp. a

From now on we fix a k-rational point Py of C.
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Corollary 3.5. The map ® of Proposition 3.4 induces a map
®: H(C) - T(M, CHo(C)°)(k),
(@p)pec = Y _ a® (P1—[Po)).

PeC

which does not depend on the k-rational point P.

Proof. If (ap)pec € H(g), then
> ap=0e M),
P

and hence
Y ap®[Po]=0¢€ T (M, CHo(C))(k).
P

We conclude that if (ap) pec € H(C) then ®((ap)pec) € T(M, Clio(C)O)(k) and

clearly the map does not depend on the k-rational point P;. ([
Definition 3.6. Let M, ..., M, be reciprocity functors over k. We consider the
geometric K-group attached to My, ..., M,,

M M
K&(%k; My, ..., M,) = <M1 ®---®MF>(k)/R,

where the subgroup R is generated by the following family of elements. Let D be
a smooth complete curve over k with generic point np. Let g; € M;(np). Then
each g; admits a modulus m;. Let m = sup;_;_, m; and S be the support of m. Let
f € k(D) be a function such that f = 1 mod m. Then

> _ordp(fsp(g) ®- - ®sp(g) € R.
P¢s

Notation 3.7. The elements of the geometric K-group K& (k; My, ..., M,) will
be denoted as {x; ® - - - ® x, }8°.

Remark 3.8. In the notation of [Ivorra and Riilling 2015] the group
K&°(k; My, ..., M,)

is the same as the Lax Mackey functor LT (My, ..., M,) evaluated at Speck
[Ivorra and Riilling 2015, Definition 3.1.2]. In general the group T(My, ..., M,)(k)
is a quotient of K&°(k; My, ..., M,). In the next section we give some examples
where these two groups coincide.
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Proposition 3.9. Let Py be a fixed k-rational point of C. The map
W KE°(k; M, CHo(C)") — H(Q),
{x® ([P]—[PoD}*° —> (xp)prec,

with .

X if PP=P,

Xpr=3—X ifP/= Py,

0 otherwise,
for P # Py, is well defined and does not depend on the choice of the k-rational
point P.
Proof. We start by defining the map Wp, : M (k) ® CH((C)(k) — H(C) as in the
statement of the proposition. To see that Wp, is well defined, let f € k(C)*. We

need to verify that Wp (x ® div(f)) = 0 for every x € M(k). Let w : C — Speck
be the structure map. Consider the pull back

g=m"(x) e M(C).

Then g € M(nc¢) has modulus m = 0 and hence for a closed point P € C we have
(8, f)p =ordp(f)sp(*(x)) =ordp(f)x. Since

W, (x ®div(f)) = (ordp (f)x) pec,

we conclude that Wp (x ® div(f)) € Im(., .)c.
Next, notice that W p, does not depend on the base point Py. For, if Q¢ is another
base point, then

Vo, ({x @ ([P1—[Po])}**)
= Wo,({x ® ([P1=[Q0D}**) — W, ({x ® ([Po]l — [QoD)}**).

Here W, ({x ® ([P]—1[Q0])}#°) gives the element x at the coordinate P and —x
at the coordinate Qg, while —Wo,({x ® ([Po] —[Qo])}#*°) gives —x at coordinate
Py and x at Q¢. From now on we will denote this map by W. In order to show that
W factors through K& (k; M, CHo(C)"), we consider a smooth complete curve
D with generic point np. Let g1 € M(np) admitting a modulus m with support
Sp and gy € Cl{o(C)O(nD) having modulus m; = 0. Let moreover f € k(D)* be
a function such that f =1 mod m. We need to show that

“’( S ordr(/ise(g) ®sR<gz>}ge°) =0 H(O).
R¢Sp
Since we assumed the existence of a k-rational point Py, the group CHy(C)°(17p)
is generated by elements of the form [h] — m[resi(p)/« (Po)], where h is a closed
point of C x k(D) having residue field of degree m over k(D). Using the linearity
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of the symbol on the last coordinate, we may reduce to the case when g, is of the
above form. Notice that 7 = Speck(E) — C x Speck(D), where E is a smooth
complete curve over k, and hence % induces two coverings

A
E——D

.

Let Sg = A~'(Sp). For a closed point R € D, we obtain an equality:

se(M) =D e(Q/RIu(Q)],
MQ)=R

where e(Q/R) is the ramification index at the point Q € E lying over R € D. Since
m=1[k(E):k(D)]= ZMQ):R e(Q/R), we get

lIJ< Z ordr (f){sr(g1) ®SR(82)}geo)

R¢Sp

geo
= w( > ordR<f>{sR(g1>®( >, e(Q/R)[M(Q)]—m[Po])} )

R¢Sp AMQ)=R

=¢(Z > e(Q/R)OrdR(f){SR(gl)®([M(Q)]—[PO])}geO)

RESp M(Q)=R

= \v( Y ordp (N s (g1) @ ((1(Q)] — [Po]>}‘°’°°).
0¢SE
Here we have used the equality sg(g1) = sg(A*(g1)), valid for a closed point
Q € E lying over R € D, and following from [Ivorra and Riilling 2015, Propo-
sition 1.3.7(S;)] and the assumption that the base field & is algebraically closed.
We conclude that

w( > ordg (D {so(h* (81) ® (@)1 — [Pl } /k)

O¢Sk
Y. ordg(A*(f)so(A*(g1)) at P # Py,
— uw(@)="~P
— > > ordg(A(f))se(r*(g1)) at Py.
P#Py n(Q)=>P

This last computation completes the argument, after we notice that the reciprocity
of the local symbol yields an equality

=3 D odoGr (e @) =GM @ A (e O

P#Py u(Q)=pP
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We make the following assumption on 7' (M, CHo(C )9).

Assumption 3.10. Let M be a reciprocity functor. Assume that the K-group

T (M, CHo(C)*)(k)
coincides with the geometric K-group K&%°(k; M, CHy(C )0y.
Theorem 3.11. Let M be a reciprocity functor such that the group

T (M, CHo(C)°) (k)
satisfies both Assumptions 3.3 and 3.10. Then we have an isomorphism

H(C) ~ T (M, CHo(C)") (k).
Proof. By Proposition 3.9 we obtain a homomorphism
W T(M, CHo(O)°)(k) — H(O).

It is almost a tautology to check that W is the inverse of ®. Namely,

PV (x ® ([P1—[Po])) = ®((xp)p) =Y xp ®[P1=x®[P]—x®[Py],
p
and
VO ((xp)p) = “’(Z xp ® ([P]— [Po])) = (xp)p.

PeC

Notice that for the last equality, we used the fact that (xp) pec € ker(}_ p.), and
hence at coordinate Py we have xp, == p_p *p. O

4. Examples

In this section we give some examples of reciprocity functors M such that the
K-group of reciprocity functors T(M, CH((C)") satisfies Assumptions 3.3 and
3.10.

Homotopy invariant Nisnevich sheaves with transfers. We consider the category
HIyjis of homotopy invariant Nisnevich sheaves with transfers over a perfect field F.
Let 71, ..., F, € Hlnis. Then each F; induces a reciprocity functor j—"\ € RF| (see
[Ivorra and Rulhng 2015, Example 2.3]). The associated K—group of reciprocity
functors T (F1, ..., F,) is alsoin RFy. We claim that T (T (F1, . .., F,), CHo(C)?)
satisfies both assumptlons of Theorem 3.11. The claim follows by the comparison
of the K-group T(T(fl, ey .7-:,), CH y(C)") (k) with the Somekawa type K-group
Kk, Fr..., Fr, Cl—IO(C)O) defined by B. Kahn and T. Yamazaki [2013, Defini-
tion 5.1].
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Remark 4.1. If My, ..., M, are reciprocity functors with r > 3, then F. Ivorra
and K. Riilling in Corollary 4.2.5. of [Ivorra and Riilling 2015] prove that there is
a functorial map

TWMy,.... Mp) > T(T My, ..., Mp_1), M,),

which is surjective as a map of Nisnevich sheaves. It is not clear whether this map
is always an isomorphism which would imply that T is associative and we would
call it a product. In the case F; € Hlys, for every i € {1, ..., r}, associativity holds.
In fact, in this case there is an isomorphism of reciprocity functors

T(J?l,...,f,):(ﬂ@-.-@...ﬁ),

where F1Qyy,.. -+ - @y, F i the product of homotopy invariant Nisnevich sheaves
with transfers. (see [Kahn and Yamazaki 2013, Section 2.10] for the definition of
the product and [Ivorra and Riilling 2015, Theorem 5.1.8] for the isomorphism).

Notation 4.2. By abuse of notation from now on we will write T (F1, ..., F,) for
the K-group of reciprocity functors associated to Fy, ..., F,.

Remark 4.3. Let NST be the category of Nisnevich sheaves with transfers. We
note here that there is a left adjoint to the inclusion functor NST — HIyjs which
is denoted by hONis (see [Kahn and Yamazaki 2013, Section 2]). If U is a smooth
curve over F, then there is a Nisnevich sheaf with transfers L(U), where

LU)(V)=Cor(V,U)

is the group of finite correspondences for V smooth over F, i.e., the free abelian
group on the set of closed integral subschemes of V x U which are finite and
surjective over some irreducible component of V. Then the corresponding homo-
topy invariant Nisnevich sheaf with transfers hoNiS(U ) = hg“s(L(U )) is the sheaf
associated to the presheaf of relative Picard groups

V — Pic(U x V, D x V),

where U is the smooth compactification of U, D = U \ U and V runs through
smooth F-schemes. When U is projective we have an isomorphism

hyS(U) =~ CHo(U)

(see [Kahn and Yamazaki 2013, Lemma 11.2]). In particular, CHy(C) is homotopy
invariant Nisnevich sheaf with transfers.

Let F € Hlnjs. If we are given a section g € F(U) for some open dense U C C,
then g induces a map of Nisnevich sheaves with transfers ¢ : hgis(U ) — F such
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that '
eU) : hy™(U)(U) — FU),

[A]— g,

where [A] € hgﬁS(U )(U) is the class of the diagonal. The existence of the map ¢
follows by adjunction, since we have an obvious morphism L(U) — F in NST.

Lemma 4.4. Let 71, ..., F, € Hlnis be homotopy invariant sheaves with transfers.
Then the K-group of reciprocity functors T(T (Fi, ..., Fy), CHo(C)?) satisfies the
assumptions of Theorem 3.11.

Proof. By Remark 4.1 we get an isomorphism
T(T(Fi,.... Fo), CHo(C)) (k) = T (Fi, ... Fy, CHo(O)’) (k).

Moreover, by Theorem 5.1.8. of [Ivorra and Riilling 2015] we get that the groups
K& (k; Fi, ..., Fr, CHo(C))) and T(Fy, ..., Fr, CHo(C)?) (k) are equal and they
coincide with the Somekawa type K-group K (k; Fi, ..., F., CHo(C)?). We con-
clude that Assumption 3.10 holds.

Regarding the Assumption 3.3, let g; € F;(n¢) and h € C_HO(C)O(nc) such that
sp(h) = 0 for some closed point P € C. Let moreover f € k(C)*. We need to
verify that (g1 ®---®g-®h; f)p=0.1f g; € Fic p,foreveryi e{l,...,r}, then

EI1® - ®g ®h; flp=ordp(f)sp(g1)®---Qsp(g) ®sp(h) =0.

Assume P is in the support of g; for some i € {1, ..., r}.

We first treat the case when F; is curve-like (see [Kahn and Yamazaki 2013,
Definition 11.1]), fori =1, ..., r. For such F; it suffices to consider elements
gi € Fi(nc) with disjoint supports [Kahn and Yamazaki 2013, Proposition 11.11].
In this case the claim follows by the explicit computation of the local symbol [Kahn
and Yamazaki 2013, Lemma 8.5, Proposition 11.6]. Namely, if P € supp(g;), then
the local symbol at P is given by the formula

EI® - ®g®h; flp=sp(g)®...0p(& f)® - Qsp(g)®sp(h) =0,

where dp(gi, f) is the symbol at P defined in [Kahn and Yamazaki 2013, Sec-
tion 4.1].
Now assume that F; is general, fori =1, ..., r. Since g; € F;(n¢) and

Fi(ne) = lim F,(U),

there is an open dense subset U; C C such that g; € F(U;), fori =1,...,r. By
Remark 4.3 we get that the sections g; induce morphisms in Hlyjs, ¢; : hgﬁs(U,-) — F.
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In particular, we get a homomorphism
9=¢1® R, ®1: K(k; () S(U1), ..., hy"(Uy), CHo(C)°)

— K(k; Fi, ..., Fr, CHo(O)"),
with the property

1® Qg flp=0(([AM]®--Q[AIRh; fp).

Notice that the latter element vanishes, because hONiS(U ;) is curve-like, fori=1,...,r
[Kahn and Yamazaki 2013, Lemma 11.2(c)] and hence
([A]®---Q[A]®h; f)p =0. O

Corollary 4.5. Let 71, ..., F € Hinis. Let M =T (Fy, ..., F) and let (C) be the
local symbol complex associated to M corresponding to the curve C. Then there
is a canonical isomorphism

H(C)~T(Fi,....Fr CHo(C)))(k).
In particular, if Gy, . .., G, are semiabelian varieties over k, then
H(C)~T(Gi,...,G,, CH)(C)*)(k) ~ K (k; G1, ..., G,, CHy(C)"),

where K(k; Gy, ..., G,, QIO(C)O) is the usual Somekawa K-group attached to
semiabelian varieties [Somekawa 1990, Definition 1.2].

The G,-case. In this subsection we consider reciprocity functors
Mla-~-aMra rZ()’
and set My = G,. We consider the K-group of reciprocity functors

T(Gy, My, ..., M,).

Lemma 4.6. The K-group T(T (G,, My, ..., M,), CHy(C)°) satisfies Assumption
3.3.

Proof. We have a functorial surjection
T(Ga, My, ..., M,, CHo(C)*)(k) = T(T(Gy, My, ..., M,), CHo(C)®)(K).

The first group vanishes by the main result of [Riilling and Yamazaki 2014, Theo-
rem 1.1]. Therefore, the second group vanishes as well. In particular, Assumption 3.3
is satisfied. (]

Lemma 4.7. The K-group T(T(Gy, My, ..., M,), CHy(C)®) satisfies Assump-
tion 3.10.
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Proof. To prove the lemma, it suffices to show that
K&(k; T(Ga, M1, ..., M), CHo(C)")
vanishes.

Claim. There is a well defined local symbol

T (Ga, M, ..., M) (1c) ® CHo(C) (ne) @ k(C)
— K&(k; T(Ga, M, ..., M), CHo(C)"),
satisfying the unique properties (1)—(3) of page 321.
To have a well defined local symbol following [Serre 1959], we need for every
closed point P € C the natural map
h:T(Ga My, ..., M)(Oc.p)® CHo(C)(Oc,p)
— T(Ga, My, ..., M) (1c) ® CHo(C)° (nc)

to be injective. For, if gy € T (G4, My, ..., M,)(nc), g2 € CHo(C)°(n¢), then we
say that g; ® g» is regular, if g ® go = h(g; ® g2), for some

5185 €T (Gy, My, ..., M,)(Oc.p)® CHo(C)*(Oc.p).

For such g; ® g» we can define (g1 ® g2; f)p = ordp(f)sp(g1) ® sp(g2). For
nonregular g; ® g» we define the local symbol using an auxiliary function fp for
f at P as usual (see page 321). The symbol (. ;.)p is well defined, since there
is a unique lifting g; ® g, and the unique properties (1)—(3) of page 321 are satis-
fied by the very definition of the group K&°(k; T (G4, My, ..., M,), CHo(C)?).
Therefore to prove the claim, it suffices to show the injectivity of 4.

Note that we have an equality

CH(C)*(Oc,p) := CHo(C x k(Spec(Oc,p))® = CHo(C)° (nc).

The map T (G,, My, ..., M) (Oc.p) = T(Gy, My, ..., M;)(nc) is injective by
the injectivity condition of reciprocity functors. Next, T (G,, M, ..., M,) be-
comes a reciprocity functor of either Q or [ ,-vector spaces, depending on whether
char F is 0 or p > 0. Setting « = Q or Z/p depending on the case we have

T(Gy, My, ..., M,)(Oc.p) ®z CHo(C)°(Oc.p)
=T Gy, M1, ..., M)(Oc.p) ® (k @z CHo(C)*(Oc.p)).

Since the k-module k¥ ®7 QIO(C)O(OC,p) is flat, the claim follows.

To prove the lemma, we imitate the proof given in [Riilling and Yamazaki 2014]
for the vanishing of T(G,, M, ..., M,, CHy(C)") (k). Let {(xq, ..., x.), £}8®°
be a generator of K2°(k; T (G4, My, ..., M,), CHy(C)). Since k is algebraically
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closed, we may assume ¢ = [Py] — [ P;], for some closed points Py, P; € C. Then
we can show that

{(x0, ..., xp), £}&° = Z((x08®resk(C)/k(X1) < @resg(o)/k (X)) ®nc; f)p =
pPeC

where f € k(C)* is a function such that ordp,(f) = 1 and ordp, (f) = —1 and
g € k(C)* is obtained using the exact sequence

e — D
pec “°C.P

k(C)/k ZReSP i — 0.

For more details on this local symbol computation see Section 3 in [Riilling and
Yamazaki 2014]. In particular, we refer to 3.2 and 3.4 there for the choice of the
functions f, g € k(C)*. O

Corollary 4.8. Let M =T (G,, M, ..., M,), where My, ..., M, are reciprocity
functors. For any smooth complete curve C over k, we have H O = 0. In particu-
lar, if char F = 0, the complex

+1 RBSP 2
QZ(C) @ Qn n
PeC

is exact.

Proof. When char F = 0, Ivorra and Riilling [2015, Theorem 5.4.7] showed an
isomorphism of reciprocity functors 6 : Q" ~ T (G,, G*"). Moreover, the complex
(C) factors through QZ(JFC]) O

5. The nonalgebraically closed case

In order to prove Theorem 3.11, we made the assumption that the curve C is over
an algebraically closed field k. The reason this assumption was necessary is that
for a general reciprocity functor M the local symbol at a closed point P € C does
not have a local description, but rather depends on the other closed points. Namely,
if P is in the support of the modulus m corresponding to a section g € M (7n¢), then
we have an equality

(g: f)p=—)_ordo(fp) Trok(so(g)),
0¢s

where fp is an auxiliary function for f at P. If for some reciprocity functor M
we have a local description (g; f)p =Trp;k(dp(g; f))), where dp(g; f) € M(P),
for every P € C, then we can obtain a complex (C)’

M
(M ®Gm)<nc> 2 @ mp) = M.

PeC
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For such a reciprocity functor M, assuming the existence of a k-rational point
Py € C(k), we can have a generalization of Theorem 3.11 for the complex (C)’
by imposing the following two stronger conditions on M. Namely, we make the
following assumptions.

Assumption 5.1. Let M be a reciprocity functor for which we have a local de-
scription of the symbol (g; f)p = Trp,i(dp(g; f)). Let A : D — C be a finite
morphism. Assume that for every h € CHy(C)(np) and every closed point P € C
we have an equality

(&®h; f)p=Trp;(dp(g, f)®sp(h)).

Assumption 5.2. We assume that for every finite extension L/k we have an equal-
ity

KE&(L; M, CHo(C)°) = T(M, CHo(C)")(L).
Notation 5.3. If E/L is a finite extension and x € M(k), we will denote

XE = resE/L(x).

Theorem 5.4. Let M be a reciprocity functor that satisfies Assumptions 5.1 and
5.2. Then we have an isomorphism

O': H(C') — T(M, CHo(C)) (),
(@p)pec = Y Trpsi(ap ® ((P1— Poip)))-

PeC

Proof. We start by considering the map

@' (GB M(P)) /Imac — T(M, CHy(©) (),

PeC
(@p)pec = Y_ Trpji(ap ® [P)).
PeC

The map @’ is well defined because of Assumption 5.1. Restricting to H(C'), we
obtain the map of the proposition. Moreover, we can consider the map

W' T(M, CHo(C)) (k) — H(§’>
Tri(x® Q] —=I[L(Q): LI[Po,L]) — (xp)pec,

with xp = TI‘L(Q)/k(p)(x), Xpy = — TrL(Q)/k(x) and xp = 0 otherwise. Here L/k
is a finite extension, x € M (L), Q is a closed point of C x L having residue field
L(Q) that projects to P € C under the map C x L — C with P # Py. We denote
by k(P) the residue field of P. The map W’ will be well defined (using the same
argument as in Proposition 3.9), as long as we check the following:
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(1) If Kk C L C E is a tower of finite extensions and we have elements x € M (L),
y € CHo(C)*(E), then W/ (Trp/x(x ® Tre 1 () = W' (Trg k(X ®@ ¥)).

(2) W (Trp/i(Trg/(x) @ y)) = W (Trg/x(x ® yg)) for any x € M(E) and y €
CHo(C)(L).

For (1) we can reduce to the case when y = [Q] — [E(Q) : E]Py g, for some
closed point Q of C x E with residue field E(Q). Let Q' be the projection of
Q in C x L and P the projection of Q' in C. Notice that we have an equality

Tre/.(1QD) = [E(Q) : L(QH][Q']. We compute
Treoy/kepy () at P,

W' (Tre i (xe ® ((Q1 - [E(Q) : El[Po £])) = {_ Treoyc(x)  at Py

W' (Trpr(x @ Tre/L ([Q] — [E(Q) : E1[Po.£])))
=W (Trp e (x @ [E(Q) : L(QH]([Q'1—[L(Q) : LI[Po,L])))
{[E(Q) : L(Q)]Trro)y/kpy(x) at P,
—[E(Q) : L(Q)]Trro)yk(x)  at Pp.

The claim then follows in view of the equality

Treo)/kpy(X) = Trron k) Treco)/L0) (x) = [E(Q) : LIQ) Trr0n /k(py (X).

For (2) we can again reduce to the case when y = [Q] —[L(Q) : L][Po, 1] for some
closed point Q of C x L with residue field L(Q). Notice that we have an equality

[Qle= DY e(Q'/OINQ],
Q-0
where the sum extends over all closed points Q' of C x E that project to Q. We
compute:

W' (Trp i (Tre;L(x) @ y))
| Trecoy/kpy (Tre/L () o)) at P,
—Trr o)k (Tre; L (X)) at Po,
_ Ty (g 0 €(Q'/ Q) Trecgy /o) (XE0))) - at P,
—Trro)/k Q-0 e(Q'/Q) Trey L) (XE(Q))  at P,
20 0e(Q'/O) Tre) kp) (XEQ))  at P,
— 2 0—0¢(Q'/Q) Treo)/k(xE@))  at Po.

The equality TI‘E/L ()C)L(Q) = ZQ’—)Q €(Q//Q) TI‘E(Q/)/L(Q) ()CE(Q/)) follows from
Remark 1.3.3, Property (MF1) of [Ivorra and Riilling 2015] if we set

¢ :Spec E — SpecL and ¢ :Spec L(Q) — Spec L.
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On the other hand we have

V' (Tre/e(x ® yg)) = ‘I’/< > B(Q//Q)) Tre/e(x ® ([Q'] = [L(Q) : LI[Po,£])
Q0'—=0
_ 200 Q0D Treoy ki (KE))  at P,
— 2 0-0¢(Q'/O) Tre)k(xE0))  at Po.

Next we need to show that the maps @', W’ are each other’s inverses. It is immediate
that the composition W'®’ is the identity map. For the other composition, we
consider an element x ® ([Q]—[L(Q) : L][Po..]) € T (M, QIO(C)O)(L). IfL(QO)
is the residue field of Q, then Q induces an L(Q)-rational point é of C x L(Q).
Then we have an equality Tr; o), L([é]) = [Q]. By the projection formula we get
an equality

x® ([Q1—=I[L(Q) : L1[Po,.]) =Trr0)/L (xL(0) ® (01— [Po,Lc0)])),
we are therefore reduced to the case L(Q) = L. Then we have
QW' (Trz/k(x @ ([Q1—[Po,.))) = Trpi(Trp/p(x) @ ([P1—[Pokcp)]))
=Trp/x Trp p(x @resyp(LP]—[Pokr)])

=Trp ik (x®[Q]—[Po,L]).
This completes the proof of the theorem. (]

Remark 5.5. We note here that for the algebraically closed field case if instead of
the Assumption 3.3, we had made the stronger Assumption 5.1, the proof of the
Proposition 3.4 would have become simpler. The only reason we used Assump-
tion 3.3 is that in general the problem of computing the symbol (g; f)p locally is
rather hard and is known only in very few cases, namely for homotopy invariant
Nisnevich sheaves with transfers, as the next example indicates.

Example 5.6. Let k € £ be any perfect field. Let Fi, ..., F, be homotopy invari-
ant Nisnevich sheaves with transfers. Then as mentioned in the previous section,
the main theorem of [Kahn and Yamazaki 2013] gives an isomorphism

T(Fiy .o, F)L) = KL Fyy oo, Fr) 2 K(L; Fuy e Fr),

where K (L; Fi, ..., F,) is the Somekawa type K-group [Kahn and Yamazaki
2013, Definition 5.1] and L/k is any finite extension. In particular, let C be a
smooth, complete and geometrically connected curve over k and P € C be a closed
point. As in the proof of Lemma 4.4, we can reduce to the case when F; is curve-
like, fori =1, ..., r. To describe the local symbol, it therefore suffices to consider
sections g; € F;(nc) with disjoint supports. In this case, if P is in the support of
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gi forsomei € {l,...,r}and f € k(C)* is a function, then we have the following
explicit local description of (g1 ®---® g; f)p.

&1®--®gr fHp =Trp/;(sp(g) @ - ®dp(gi, [H®---®sp(gr)).

Moreover, CHy(C)" is itself a homotopy invariant Nisnevich sheaf with trans-
fers. Namely, CHo(C)? € RF, and hence the above formula implies that the
Assumption 5.1 is satisfied.
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