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Relative phantom maps
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The de Bruijn—Erdés theorem states that the chromatic number of an infinite graph
equals the maximum of the chromatic numbers of its finite subgraphs. Such deter-
mination by finite subobjects appears in the definition of a phantom map, which is
classical in algebraic topology. The topological method in combinatorics connects
these two, which leads us to define the relative version of a phantom map: a map
f+ X — Y is called a relative phantom map to a map ¢: B — Y if the restriction of
f to any finite subcomplex of X lifts to B through ¢, up to homotopy. There are
two kinds of maps which are obviously relative phantom maps: (1) the composite of
amap X — B with ¢; (2) a usual phantom map X — Y. A relative phantom map
of type (1) is called trivial, and a relative phantom map out of a suspension which is
a sum of (1) and (2) is called relatively trivial. We study the (relative) triviality of
relative phantom maps and, in particular, we give rational homology conditions for
the (relative) triviality.

55P99

1 Introduction

1.1 De Bruijn—-Erdés theorem

We start with the classical de Bruijn—Erd8s theorem on graph colorings. A graph G is
called n—colorable if its vertices are colored by n colors in such a way that adjacent
vertices have different colors. Then the chromatic number x(G) is defined to be the
minimum 7 such that G is n—colorable. De Bruijn and Erd&s [3] proved the following:

Theorem 1.1 The chromatic number of an infinite graph equals the supremum of the
chromatic numbers of its finite subgraphs.

We shall connect this theorem to algebraic topology. Recall that the index of a free Z /2—
space X, denoted by ind(X), is the minimum 7 such that there is a Z /2—equivariant
map X — S”, where Z/2 acts on S” by the antipodal map. To a graph G, possibly
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infinite, one associates a free Z/2—complex B(G) which is called the box complex
of G. Here, we do not need to know what the box complex is; all we need to know
is that it is a free Z/2—complex having the following property: as in Matousek and
Ziegler [7], the chromatic number of a graph G' and the index of the box complex B(G)
are related by the inequality

x(G) = ind(B(G)) + 2.

Then one may ask whether ind(B(G)) is determined by the indices of the box complexes
of finite subgraphs of G, like the chromatic number as in Theorem 1.1. Let us polish
this question to pose a general problem in algebraic topology. First, for any free Z/2—
space X, there is a Z/2—equivariant map X — S” if and only if the classifying map
X/(Z/2) — RP factors through RP", up to homotopy. Next, the box complex of a
finite graph is a finite complex, and any finite subcomplex of B(G) is included in B(H)
for some finite subgraph H of G, where B(H) is a subcomplex of B(G). Then the
above question is generalized and formalized as the following problem, which we call
the topological de Bruijn—Erdds problem:

Problem 1.2 Suppose that a map f: X — RP* from a CW—complex X factors
through RP”", up to homotopy, whenever it is restricted to any finite subcomplex of X.
Then does f itself factor through RP”?

1.2 Relative phantom maps

Recall that amap f: X — Y from a CW-complex X is called a phantom map if the
restriction of f to any finite subcomplex of X is null-homotopic. Phantom maps are
classical in algebraic topology and their theory has been developed to a quite high
level, as one can see in McGibbon [9]. The determination by finite subobjects of the
topological de Bruijn—Erd&s problem and phantom maps are quite similar and, actually,
the topological de Bruijn—Erd&s problem can be rephrased by the following relative
version of phantom maps:

Definition 1.3 A map f: X — Y from a CW—complex X is called a relative phantom
map from X to ¢: B — Y if the restriction of f to any finite subcomplex of X lifts
to B through ¢, up to homotopy.

When B is a point, a relative phantom map to ¢: B — Y is just a phantom map, so the
name “relative” phantom map makes sense. We will call a phantom map an absolute
phantom map to distinguish it from a relative phantom map.
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It is obvious that any map X — B becomes a relative phantom map from X to
¢: B — Y after composition with ¢. We call a map X — Y homotopic to such a
composite a trivial relative phantom map from X to ¢: B — Y, which is consistent
with the triviality of an absolute phantom map. Then the topological de Bruijn—Erdos
problem can be rephrased as follows: is there a nontrivial relative phantom map to
the inclusion RP" — RP®°? Thus, we aim in this paper to study the “triviality” of
relative phantom maps.

1.3 Triviality

Let Ph(X, ¢) denote the set of homotopy classes of relative phantom maps from X
to ¢: B — Y. We say that Ph(X, ¢) is trivial if any relative phantom map from X to
@: B — Y istrivial. Note that the triviality of Ph(X, ¢) does not imply Ph(X, ¢) = *.
For example, if ¢ = idp, then Ph(X, ¢) is trivial but Ph(X, ¢) = [X, B].

We will first consider a condition equivalent to the (non)triviality of Ph(X, ¢) when
¢ extends to a homotopy fibration B %> Y — Z. By using this, we will show the
following example, which guarantees that there is certainly a nontrivial relative phantom
map.

Example 4.9 Let u: BS® — K(Z,4) be a generator of H*(BS?;7) = 7, and extend
it to a homotopy fibration sequence

B-%>Y — BS?® 45 K(Z,4).
Then Ph(ZCP>°, ¢) is not trivial.

It is well known that any absolute phantom map into a torsion space — that is, a space
with m, finite for any n —is trivial. Next we will generalize this fact to relative
phantom maps. As well as absolute phantom maps [9], we consider the class F of
connected CW—complexes having finitely generated m,, for n > 2.

Proposition 4.6 Suppose that B,Y € F and ¢: B — Y is an isomorphism in 1, ® Q
forn > 2. Then Ph(Z X, @) is trivial.

1.4 Relative triviality

Any absolute phantom map is obviously a relative phantom map. So relative phantom
maps which are trivial relative phantom maps or absolute phantom maps need no
special handling. When the source space is a suspension, any sum of such maps can
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be understood using the existing theory. So we are led to the following definition: a
relative phantom map from a suspension XX to ¢: B — Y is called relatively trivial
if it is a finite sum of trivial relative phantom maps and absolute phantom maps, and
Ph(Z X, ¢) is said to be relatively trivial if every relative phantom map from XX to ¢
is relatively trivial.

Example 1.4 Let ¢: B — Y be as in Example 4.9 above. Since Y is a torsion space,
every phantom map into Y is trivial. Then Example 4.9 shows that there is certainly a
relatively nontrivial relative phantom map.

The main theorem of this paper is a further generalization of Proposition 4.6 to the
relative triviality of relative phantom maps. For a map ¢: B — Y, we put

g@)=1{n>2| p+Q: 1,(B) ® Q — 1,(Y) ® Q is not injective}.
Now we state our main theorem.

Theorem 5.8 Suppose that B,Y € F and H,_1(X;Q) = 0 for n € q(¢). Then
Ph(Z X, @) is relatively trivial.

1.5 Back to triviality

When the source space is not a suspension, we cannot consider the relative nontriviality
of relative phantom maps. However, when X is not a suspension and any absolute
phantom map X — Y is trivial, the (non)triviality of relative phantom maps out of X
is still our object to study. Let s,: B — B, be the n™ Postnikov section of a space B.
Then it is well known that any absolute phantom map into B is trivial, so we will
study the following problem:

Problem 1.5 Find whether or not there is a nontrivial relative phantom map to the
Postnikov section s;,: B — Bj,.

Of course, the methods developed for relative phantom maps out of a suspension
do not apply to Problem 1.5 if the source space is not a suspension. However, by a
sophisticated consideration on LiLnl , one can prove the following. Put

q(B) ={n|ma(B) ® Q # 0j.

Theorem 1.6 Suppose that B € F is nilpotent or has torsion annihilators (see Defini-
tion 6.3). If Hy(X;Q) =0 for k € g(B), then Ph(X, sy,) is trivial.
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We finally return to the topological de Bruijn—Erd8s problem. Since the inclusion
RP" — RP is the first Postnikov section of RP”, Problem 1.5 is actually a general-
ization of the topological de Bruijn—Erdds problem. Since RP” is nilpotent for n odd,
one gets an answer to the topological de Bruijn—Erd&s problem by Theorem 1.6.

Corollary 6.6 If n is odd and H,(X; Q) = 0, then Ph(X, i) is trivial.

We will construct a space X (n) such that H, (X (n); Q) # 0 and there is a nontrivial
phantom map from X (n) to i,,. Then Corollary 6.6 will turn out to be the optimal
answer to the topological de Bruijn—Erd8s problem in terms of the rational homology
of the source space.

Remark Csorba [5] proved that for any free Z/2—complex X, possibly infinite, there
is a graph G such that the box complex B(G) is Z/2-homotopy equivalent to X. Then
Corollary 6.6 gives a condition for the positive answer to the original question on the
index of box complexes.

Acknowledgement The authors were supported respectively by JSPS KAKENHI (No.
26400094), ISPS KAKENHI (No. 25400087) and JSPS KAKENHI (No. 28-6304). The
authors are grateful to Jérdome Scherer and the anonymous referee for useful comments.

2 Relative phantom maps and inverse limits
2.1 lim and !il_n1 of groups

In this subsection, we recall the definition of lim and lil_n1 of the inverse system of
groups, not necessarily abelian. Let

Jo f Sn—1

Gy <— Gy <—---<—Gn<ﬁ---
be an inverse system of groups, and define the left action of [];—, G, on itself by

(805 s &ns v ) (X0, -y Xms o) = (20X0So(€1) T o gnXn fa (@) )

Then lim G, and l(iﬂll G, are defined by the isotropy subgroup of ]_[Zozo G, at
(1,1,...) € [1;2, G» and the orbit space of this action, respectively. By definition,
lim G, is a group but l(iLnl G, is just a pointed set in general whose basepoint is the
orbit containing (1, 1,...). However, if every G, is abelian, then liLnl G, has a natural
abelian group structure.
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Next we recall the 6—term exact sequence (Lemma 2.1) involving lim and Lilll which
will be useful. For a basepoint-preserving map /#: S — T between pointed sets, we
write Im /4 and Ker / to mean 4(S) and 4~ !(x), respectively. Recall that a sequence
of pointed sets A4 S, B £, C is exact if Im f=Kerg.If A, B and C are groups
and f and g are group homomorphisms, the exactness coincides with that of groups.

Lemma 2.1 Let | — {G,} — {H,} — {K,} — 1 be an exact sequence of inverse
systems of groups. Then there is a natural exact sequence of pointed sets

1 - lim G, — lim H, — lim K,, — lim! G, — lim' H, — lim' K,, — .
— <« — <« — <«
2.2 Absolute phantom maps

Recall that a map f: X — Y from a CW—complex is a phantom map if the restriction
of f to any finite subcomplex of X is null-homotopic. Then f: X — Y is a phantom
map if and only if the composite f o g is null-homotopic for any map g: K — X
from a finite complex K. This implies that the definition of a phantom map does not
depend on a particular cell structure of the source space. Hereafter, we will assume
that the source space of a phantom map is a CW—complex of finite type. Then, in
particular, f: X — Y is a phantom map if and only if the restriction of f to any
finite-dimensional skeleton of X is null-homotopic. As mentioned in Section 1, we will
call a phantom map an absolute phantom map to distinguish it from relative phantom
maps. Let Ph(X, Y) denote the set of homotopy classes of absolute phantom maps
from X to Y.

Let X" denote the n—skeleton of a CW—complex X. By the Milnor exact sequence
(see [2])

(1) * — lim' [SX" Y] > [X. Y] ™5 lim[ X", Y] — =,
we have the following description of Ph(X, Y) by LiLnl :
Proposition 2.2 There is an isomorphism of pointed sets

Ph(X.Y) =lim'[SX" Y],
which is a group isomorphism whenever X is a suspension.

We can dualize this proposition by considering the Postnikov tower of the target space,
where the proof is omitted. Let Y, denote the n™ Postnikov section of Y, and let
Y < Y, < .-- <Y, < .- be the Postnikov tower of Y.
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Proposition 2.3 There is an isomorphism of pointed sets
Ph(X.Y) = lim'[X, QY,],

which is a group isomorphism whenever X is a suspension.

We record consequences of the two propositions above on the triviality of Ph(.X, Y) that
we are going to use. As in Section 1, let F denote the class of connected CW—complexes
having finitely generated m, for n > 2.

Corollary 2.4 (1) If Y is a finite Postnikov section, then Ph(X,Y) = x.
(2) If Y € F satisfies that m«(Y) ® Q =0 for * > 2, then Ph(X,Y) = *.

Proof (1) is immediate from Proposition 2.3. For (2), for any finite connected com-
plex A, the homotopy set [X A4, Y] is a finite set by the assumption on Y, and the
inverse system of finite groups satisfies the Mittag-Leffler condition (see [9]). Then
Ph(X.Y) = lim'[SX", Y] = x. i

3 Relative phantom maps

In Section 1, we have defined that a map X — Y from a CW—complex X is a relative
phantom to ¢: B — Y if the restriction of f to any finite subcomplex of X lifts to B
through ¢, up to homotopy. As well as absolute phantom maps, one can see that the
definition of a relative phantom map does not depend on a particular cell structure of
the source space. Just as for absolute phantom maps, we will always assume that the
source space of a relative phantom map is a connected CW—complex of finite type.
In particular, f: X — Y is a relative phantom map to ¢: B — Y if and only if its
restriction to any finite-dimensional skeleton lifts to B through ¢, up to homotopy.

Analogous to the absolute case in Proposition 2.3, let us dualize the definition of relative
phantom maps. Let Y| <= Y, < --- <— Y, <= --- be the Postnikov tower of Y as in
the previous section, and let s,: Y — Y, be the n™ Postnikov section of Y. By the

naturality of Postnikov towers, a map ¢: B — Y induces a map ¢,: B, — Y, between

B B

the Postnikov sections, satisfying ¢, o, s

~ SZ o@, where s,” and s,f are the Postnikov

sections of B and Y, respectively.

Proposition 3.1 The following conditions on amap f: X — Y are equivalent:
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(1) f is a relative phantom map to ¢.
(2) Foranyn=>0, syo f: X — Y, has a lift with respect to ¢,: By, — Yy, up to
homotopy.

Proof Suppose that f is a relative phantom map to ¢. We want to show that
spo f: X — Y, has a lift with respect to ¢, up to homotopy, for any n. Since f isa
relative phantom map to ¢, the map f|yn+1: X"t — Y has alift f: X"t — B
through ¢, up to homotopy. Since the inclusion X”*! — X induces an isomor-
phism [X, B,] => [X"*!, B,] of pointed sets, there is amap f: X — B, satisfying
Sflxn+1 > sp0 f. Now we have
(pnof|X”+1 :gonosnof:SnO(pof:Snof|Xn+1.

Since the inclusion X”*! — X induces an isomorphism [X, ¥,] => [X"T!,7,] as

pointed sets, we obtain that ¢, o f ~ sy 0 f. Thus, ]7 is a desired lift.

Suppose next that, for any #, 5,410 f: X — Y, hasalift g: X — B, with respect
to @u+1, up to homotopy. We want to show that f|x»: X" — Y has a lift with respect
to ¢, up to homotopy. Since there is an isomorphism (s, 1)«: [X", B] == [X", B,+1]
of pointed sets, we have a map g: X" — B satisfying 5,41 0g >~ g|x». Then we get

Sp+10900Z = QPpt108p+108 = Puy10&lxn = Spr10 flxn.

Since the map (sy,+1)x: [X", Y]—[X", Y;,+1] is also isomorphic, we get pog >~ f|xn,
as required. a

Next we give a description of Ph(X, ¢) by using Ph(X, Y) which will be useful for
dealing with Ph(X, ¢) algebraically.

Proposition 3.2 There is an exact sequence of pointed sets
1 —Ph(X.Y) — Ph(X, ¢) ™5 lim s [ X", B] - 1
which is an exact sequence of groups whenever X is a suspension.

Proof Note that an element f of [X, Y] is a relative phantom map to ¢ if and only if
my (f) € im[X™", Y] is contained in lim ¢«[X™, B]. This means that the diagram

Ph(X. ¢) — lim g« [X", B]

| |

(X, Y] —2 lim[X", Y]
—
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is a pullback. By the Milnor exact sequence (1), the lower wy is surjective, implying

that the upper wy is surjective too. By (1), we also have that the kernel of the lower 7y

is lim! [ X", Y]. Thus, the kernel of the upper 7y is isomorphic to lim'[Z X", Y],
<« <

which is isomorphic to Ph(X, Y') by Proposition 2.2, completing the proof. O

4 Triviality of relative phantom maps out of a suspension

A relative phantommap f: X — Y to ¢: B—Y iscalled trivial if the entire map f has
a lift with respect to ¢, up to homotopy, and Ph(X, ¢) is called trivial if every element
of Ph(X, ¢) is trivial. We consider the triviality of relative phantom mapsto ¢: B—Y
when ¢ is a fiber inclusion, that is, there is a homotopy fibration B Ly > W
This case descends to relative phantom maps out of a suspension as follows. Given
amap ¢: B — Y, there is a homotopy fibration QB 2,y F, where F is the
homotopy fiber of ¢. Then Q¢ is a fiber inclusion and by the adjointness, we have

) Ph(Z X, ¢) = Ph(X, Qo).

The following proposition enables us to detect the (non)triviality of relative phantom
maps by that of related absolute phantom maps.

Proposition4.1 Let B> Y -£5 Z be a homotopy fibration. Thenamap f: X — Y
is a relative phantom map to ¢ if and only if the composite po f: X — Z is an absolute
phantom map. Moreover, f is a trivial relative phantom map if and only if po f is
null-homotopic.

Proof For every n, f|x» has alift with respect to ¢, up to homotopy, if and only if
po flxn is null-homotopic. This implies that f is a relative phantom map to ¢ if and
only if po f is an absolute phantom map. Similarly, p o f is null-homotopic if and
only if f has a lift with respect to ¢, up to homotopy. Thus, the proof is done. a

We show two applications of Proposition 4.1. The first one is as follows. We denote
the adjoint of amap f: XX — Y by ad(f): X — QY.

Corollary 4.2 Let QY S, F>BY5Y bea homotopy fibration sequence. A map
f: XX — Y is a relative phantom map to ¢ if and only if 6 o ad(f) is an absolute
phantom map. Moreover, f is trivial if and only if § o ad(f') is null-homotopic.
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Proof Note that f: XX — Y is a (trivial) relative phantom map to ¢ if and only
if ad(f): X — QY is a (trivial) relative phantom map to Q2¢. Then, by applying
Proposition 4.1 to the fibration sequence Q2B 2oy 5 F , the proof is done. O

Corollary 4.3 Suppose that we have a homotopy fibration F — B -*> Y such that
the connecting map §: QY — F is null-homotopic. Then Ph(X X, ¢) is trivial.

Proof Since § is null-homotopic, so is § oad(f) for any f € Ph(Z X, ¢). Then, by
Corollary 4.2, f is trivial, completing the proof. |

Example 4.4 Let
Fo(Y) > Gp(Y) 255 Y

be the n'" Ganea fibration. Since QG,(Y) — QY has a section (see Chapter 1 of [4]),
the connecting map §: QY — F,(Y) is null-homotopic. Thus, Corollary 4.3 implies
that Ph(Z X, p;) is trivial.

Although we have seen that Ph(Z X, pj) is trivial, we will see in Proposition 6.8 below
that there is a nonsuspension space X (n) such that Ph(X(n), p,) is not trivial for
Y =RP*® with n > 2.

The next lemma is a variant of Corollary 4.2 and will be used to prove Proposition 4.6
below, which is a generalization of Corollary 2.4 to the relative case.

Lemma 4.5 Let F be the homotopy fiber of a map ¢: B — Y. Then Ph(X X, ¢) is
trivial whenever Ph(X, F) = .

Proof Let §: QY — F be the connecting map of a homotopy fibration F — B 2> Y.
Since Ph(X, F) ==, doad( f) is a trivial absolute phantom map forany f € Ph(Z X, ¢).
Then f is trivial by Corollary 4.2, completing the proof. a

As in Section 1, we will write F to denote the class of connected CW—complexes each
of which has finitely generated =, for n > 2.

Proposition 4.6 Let B,Y € F. Suppose that ¢: B — Y is an isomorphism in 1, ® Q
for n > 2. Then Ph(X X, ¢) is trivial.

Proof By assumption, the homotopy fiber F of ¢ satisfies the condition of Corollary
2.4, implying Ph(X, F) = %. Then we get the desired result by Lemma 4.5. o
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Next we show the second application of Proposition 4.1.
Proposition 4.7 Suppose that there is a homotopy fibration sequence
BSy %y lw

such that either B is null-homotopic or Ph(X, W) = x. Then Ph(X, ¢) is trivial if and
only if Ph(X, V) = *.

Proof Tt clearly follows from Proposition 4.1 that Ph(X, V') = * implies that Ph(X, ¢)
is trivial. On the other hand, let f: X — V be an absolute phantom map. Then
Bo f: X - W is an absolute phantom map, so by the assumption, S o f is null-
homotopic. Thus, f has alift j~ with respect to «, up to homotopy. By Proposition 4.1,
f is a relative phantom map from X to ¢ which is trivial if and only if f: X — V is
null-homotopic. Therefore the proof is completed. a

Corollary 4.8 Let F I B2 Y bea homotopy fibration such that either j is
null-homotopic or Ph(X, B) = *. Then Ph(X X, ¢) is trivial if and only if Ph(X, F)
is trivial.

Proof Apply Proposition 4.7 to the homotopy fibration sequence QB BLNYo) G IN
F -L> B together with the adjoint congruence (2). a

Example 4.9 We give an example of a space X and a map ¢ such that Ph(Z X, ¢)
is nontrivial although Ph(XX,Y) is trivial. Let u: BS® — K(Z,4) be a generator of
H*(BS?;7) = 7, and extend it to a homotopy fibration sequence

§3 84 K(7,3) =B %> Y — BS® 45 K(Z,4).

By Corollary 2.4, we have Ph(X, B) = * for any space X. So we can apply Corollary 4.8
to the homotopy fibration sequence S3 2u g (Z,3) = B %> Y. By [6], we have
Ph(CP®, S3) # %, and thus we obtain that Ph(SCP>, ¢) is not trivial. On the other
hand, it follows from Corollary 2.4 that Ph(XCP°,Y) is trivial.

5 Relative triviality of relative phantom maps out of a
suspension

Any absolute phantom map is a relative phantom map and it is not an object that we
would like to study in this paper. So, as in Section 1, a relative phantom map out of
a suspension is called relatively trivial if it is a finite sum of trivial relative phantom
maps and absolute phantom maps, and we will investigate conditions for the existence

Algebraic & Geometric Topology, Volume 19 (2019)



352 Kouyemon Iriye, Daisuke Kishimoto and Takahiro Matsushita

of a relatively nontrivial phantom map. By Example 1.4, there is certainly a relatively
nontrivial phantom map. We say that Ph(Z X, ¢) is relatively trivial if it consists only
of relatively trivial relative phantom maps. We first observe basic properties of relatively
trivial relative phantom maps. Note that the set Ph(X X, ¢) is a group.

Proposition 5.1 (1) Any relatively trivial relative phantom map is homotopic to the
sum f 4+ g, where f is a trivial phantom map and g is an absolute phantom map.

(2) The set of relatively trivial relative phantom maps from XX to ¢: B— Y isa
subgroup of Ph(X X, ¢).

Proof The map ny: Ph(EX,¢) — limg,[2X", B] in Proposition 3.2 is a group
homomorphism whose kernel is Ph(XX, Y). In particular, Ph(X X, Y) is a normal
subgroup of Ph(X X, ¢), implying (1). We also get that the set of relatively trivial
relative phantom maps from X to ¢ is the subgroup ¢«[X X, B] + Ph(XX,Y) of
Ph(X X, ¢). Thus, the proof is done. O

We investigate conditions which guarantee that Ph(X X, ¢) is relatively trivial.

Lemma 5.2 Ph(X X, ¢) is relatively trivial if and only if the composite
[ZX, B] %5 Ph(ZX, ) 25 — lim 0«[ZX", B]
is surjective, where the map wy is as Proposition 3.2.

Proof Suppose first that Ph(X X, ¢) is relatively trivial. There is a commutative
diagram of groups
g

[£X, B] —2— 1lim[S X", B]

P —

3) lw* J‘”*

Ty .
Ph(ZX, ) —— limp,[E X", B]

where mp and my denote the natural projections as in (1) and Proposition 3.2. Then, by
Proposmon 3.2, the bottom arrow my of (3) is surjective, so for any f €lim (p*[EX " B,
there is j € Ph(X X, ¢) satisfying my ( f ) = f. By the assumption, f is relatively
trivial, so there are g € [ X, B] and & € Ph(X X, Y) such that f: ©«(g) + h. Now
we have

[ =my()) =7y (pe(g) + 1) =y 0 0x(2) + 7y (B),

where my is a group homomorphism. By definition, we have wy (4) = 0, and then we
have proved that wy o ¢y is surjective.
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Next suppose that 7wy o ¢y is surjective, and take any f € Ph(X.X, ¢). Then there
is g € [XX, B] such that wy o ¢x«(g) = ny(f), implying f — ¢«(g) € Kermy.
Since Ker ry = Ph(Z X, Y') by Proposition 3.2, there is & € Ph(X X, Y) satisfying
f —«(g) = h or, equivalently, /' = h+ ¢«(g). Thus, Ph(Z X, ¢) is relatively trivial.
Therefore the proof is completed. a

Let K, be the kernel of the group homomorphism ¢,: [E X", B] - [X X", Y]. Then
we have the exact sequence of inverse systems of groups

1 > {Ky} > {{ZX", B]} = {@«[ZX", B]} — 1.

Proposition 5.3 Ph(X X, ¢) is relatively trivial if and only if the kernel of the map
lim' K, — lim'[S X", B]
<— Pa—
is trivial.
Proof Consider the commutative diagram (3). Since the top map wp is surjective
by the Milnor exact sequence (1), the map ¢4 o wg: [XX, B] — Liiuo*[EX”, B] is

surjective if and only if @x: Im[E X", B] — lim ¢[X X", B] is surjective. Applying
Lemma 2.1 to the short exact sequence

1 > {K,} = {[ZX", B]} 25 (g[S X", B]} > 1
of inverse systems of groups, we get an exact sequence
lim[E X", B] %55 lim g« [2 X", B] = lim' K, — lim! [ X", B]
— <« <« <«

of pointed sets. Thus, the map ¢x: im[E X", B] — limg«[X X", B] is surjective if

and only if the kernel of the map lim' K, — lim![Z X", B] is trivial. This completes
< <

the proof. a

The assumption of the following corollary trivially implies that of Proposition 5.3.
Corollary 5.4 Ph(X X, @) is relatively trivial whenever l(iLn1 K, = x.

We then consider practical conditions which guarantee liLnl K, = *. We first translate
the condition Lilll K, = * to that of absolute phantom maps.

Lemma5.5 Let FL5 B-%>Y bea homotopy fibration with the connecting map
8: QY — F. For any space X, LiLann = x if and only if the map 8«: Ph(X, QYY) —
Ph(X, F) is surjective.

Algebraic & Geometric Topology, Volume 19 (2019)



354 Kouyemon Iriye, Daisuke Kishimoto and Takahiro Matsushita

Proof Put L, = Ker{j.: [ZX", F] - [ZX", B]}. By the exactness of the sequence
[EX", F]L5 [2X”, B] 45 [2X", Y],
we have an exact sequence of inverse systems of groups
1 > {L,} > {[ZX", F]} > {K,} —> 1.
Then, by Lemma 2.1, we get an exact sequence of pointed sets
lim' L, — lim!'[SX", F] - lim' K,, — .
< < <
Thus, lim! K,, = * if and only if the map lim! L, — lim'[S X", F] is surjective.
< < <~

Next we put M, = Ker{§«: [EX", QY] — [Z X", F]}. Similarly to the above, from
the exact sequence of groups

[(EX", QY] (2x, F] 252X, ),
we get an exact sequence of inverse systems of groups
1 > {M,} > {[ZX",QY]} > {L,} — 1.

Thus, by Lemma 2.1, we have that l(iLnl[EX”, QY] — l(iLn1 L, is surjective. Then
lim!' K, = * if and only if the composite lim' [ X", QY] — lim! L, — lim![Z X", F]
Pa— <~ Pa— <~

is surjective. By Proposition 2.2, this composite is identified with §: Ph(X, QY) —
Ph(X, F). Thus, the proof is completed. o

As we have given a rational homotopy condition for the triviality of Ph(X X, ¢) in
Proposition 4.6, we expect to find a rational homotopy condition for the relative
triviality of Ph(X X, ¢). McGibbon and Roitberg [10] gave a necessary and sufficient
rational homotopy condition which guarantees that every phantom map X — Y is
null-homotopic, and we are motivated by their result to consider a rational homotopy
condition for the relative triviality of Ph(X.X, ¢). We first recall the result of Roitberg
and Touhey [12].

Theorem 5.6 [12] For Y € F, there is an isomorphism of pointed sets

(4) Ph(X.Y) = [[ H"(X:mup1 (V) ® Z/2)/[X. QY]

n>1

which is natural with respect to X and Y, where 7 is the profinite completion of the
integer ring 7. and Y is the profinite completion of a space Y in the sense of Sullivan.
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Remark Although more conditions on Y are assumed in [12], we may replace Y
with its universal cover by Proposition 2.2, so that the conditions reduce to that ¥ € F.

Next we apply Theorem 5.6 to the induced map between absolute phantom maps. For
amap g: V — W, we put

g@)=n=>2|g«: (V)@ Q — 7, (W) ® Q is not surjective}.

Lemma 5.7 Givenamap g: V — W for V,W e F, suppose that H,_1(X;Q) =0
forn € g(g). Then g«: Ph(X, V) — Ph(X, W) is surjective.

Proof Since the isomorphism of Theorem 5.6 is natural with respect to Y, the lemma
immediately follows from the fact that Z /7 is a Q—vector space. |

Put
q(@) ={n>2| ¢x: 1y (B) @ Q — m,(Y) ® Q is not injective}.

Now we give a rational homotopy condition for the relative triviality of Ph(Z X, ¢).

Theorem 5.8 Let B,Y € F. If H,_;(X:Q) =0 for n € q(¢), then Ph(Z X, ¢) is
relatively trivial.

Proof Let F be the homotopy fiber of ¢: B— Y and §: QY — F be the correspond-
ing connecting map. By the homotopy exact sequence, 71,(2Y) ® Q — 1, (F) ® Q
is surjective if and only if ¢«: 7,(B) @ Q — 7, (Y) ® Q is injective for n > 2. Then
we have ¢(¢) = ¢(8). Thus, the proof is completed by Corollary 5.4 and Lemmas 5.5
and 5.7. a

We give three corollaries of this theorem.

Corollary 5.9 Let B,Y € F. If ¢4: 1y (B)® Q — 7, (Y) ® Q is injective forn > 2,
then Ph(X X, ¢) is relatively trivial.

For a space A4, we put
q(A) ={n=2| mx(4) ® Q # 0}.

Corollary 5.10 Let B,Y € F. If H,—1(X;Q) =0 for n € ¢(F), then Ph(X X, ¢) is
relatively trivial, where F is the homotopy fiber of ¢: B — Y.

Proof By the homotopy exact sequence of the homotopy fibration F — ¥ %> B, we
see that ¢(¢) C ¢(F). Thus, the proof is done by Theorem 5.8. O
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Corollary 5.11 Let B,Y € F and F I B2 Y bea homotopy fibration such that
j is null-homotopic. Then Ph(X X, ¢) is relatively trivial.

We close this section with the following example:

Example 5.12 By definition, if Ph(Z.X, ¢) is trivial, then it is relatively trivial. Here
we give a space X and a map ¢ such that the converse of this implication does not
hold, that is, Ph(X X, ¢) is relatively trivial and is not trivial.

Let S3 — §47+3 2uy 1 P7 be the Hopf fibration. Since the fiber inclusion S3 — §47+3
is null-homotopic, Ph(XZ X, py) is relatively trivial by Corollary 5.11. By Corollary 4.8,
we also have that Ph(Z X, p,) is trivial if and only if Ph(X, S?) = %. Then, since
Ph(CP>, S3) # x by [6], we get that Ph(ZCP™®, p,) is not trivial. Thus, we have
obtained that Ph(ZCP°, p,) is relatively trivial and is not trivial.

6 Triviality of relative phantom maps out of a nonsuspension

In this section, we consider Problem 1.5. By Corollary 2.4, we have Ph(X, B,) = * for
all X, so the triviality and the relative triviality of phantom maps out of a suspension
to s,: B — B, are the same. The case of relative phantom maps out of a suspension
in Problem 1.5 has been studied in the previous sections. In particular, by Example 4.4,
Ph(XZ X, i) is trivial for the inclusion i,: RP" — RP®°. Thus, we consider relative
phantom maps out of a nonsuspension for Problem 1.5. When X is not a suspension,
the Puppe exact sequence associated with skeleta of X is not an exact sequence of
groups, so we cannot use Lemma 2.1, which has been fundamental in many places
above. Instead, we will use the following lemma:

Lemma 6.1 (cf[11, Lemma 1.1.5]) Let {f,}: {Gn} — {Hy} be a continuous map
between inverse systems of compact Hausdorff topological spaces. Then the map
lim f,: lim G,, — lim H, is surjective whenever each f,: G, — H, is so.

<~ <~ P m—

Let V be a finite complex and W be a torsion space, that is, ﬁn(W; Q) =0 for any n.
Then it is well known that the homotopy set [V, W] is finite. We generalize this fact in
two cases. The first case is the following:

Lemma 6.2 If B € F is nilpotent with finite | and a finite complex Z satisfies
H; (Z;Q) =0 for k € ¢q(B), then [Z, B] is finite.
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Proof Let
SIEL B+ 1) 25 Bk) 2L ... 22 B(0) = *

be a principal replacement of the Postnikov tower of B. Since Z is a finite complex,
we have [Z, B] = [Z, B(k)] for large k. Then it suffices to show that [Z, B(k)] is
finite for any k. We prove this by induction on k.

Each arrow ¢qj: B(k + 1) — B(k) is a principal fibration with fiber K(Ay,my) such
that Ay is an abelian group. Then we have an exact sequence of pointed sets

H™ (Z: Ay) — [Z, Bk)] =25 (7, Bk — 1),

Since qx_1: B(k) — B(k — 1) is principal, we have |(gx—1)3 ' (a)| < |H™(Z; Ay)|
for any a € [Z, B(k — 1)]. Moreover, by the assumption on X, H™x (Z; Ay) is finite
for any k. Then the proof is done by induction on k starting with [Z, B(0)] = * for
B(0) = . O

To consider the second case, we introduce:

Definition 6.3 We say that a space Z has torsion annihilators if it has the following
properties:
(1) m(Z) is an abelian group.
(2) For any given integers n and N, there is a self-map g: Z — Z such that
@) g+®Q: 1x(Z2)®Q — 74(Z) ® Q is an isomorphism, and

(b) foreach i <n,the map g«: m;(Z) — m;(Z) is multiplication by an integer
m; with N |m;.

For example, S” v RP* is a space which has torsion annihilators but is not nilpotent.

Lemma 6.4 If B € F has torsion annihilators and a finite complex Z satisfies
H; (Z;Q) =0 for k € q(B), then [Z, B] is finite.

Proof Since Z is a finite complex, we have [Z, B] = [Z, B] for large n. Then it
suffices to show that [Z, By] is finite for any n. To see this, we prove by induction
that there is a self-map g: B — B such that g is an isomorphism in rational homotopy
groups and (g,)«: [Z, By,]—[Z, B,] is the constant map. When B = *, this condition
is satisfied.
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Suppose that [Z, B,_1] is finite and there is a self-map A: B — B such that / is
an isomorphism in rational homotopy groups and (4;)«: [Z, Bi] — [Z, B;] is the
constant map for i < n. By the naturality of Postnikov towers, we have the homotopy
commutative diagram:

K(n(B).n) — By —22 B,y

b e e

K(n(B),n) — By~ By
Then any map f: Z — By, satisfies py,ohyo f ~hy,_10pyo f ~%,s0 hyo f has alift
e: Z — K(m,(B),n), up to homotopy. By the assumption on Z, there is an integer N
such that N - H"(Z; 7w, (B)) =0, so Ne = 0. Since B has torsion annihilators, there
is a self-map £: B — B such that £ is an isomorphism in rational homotopy groups
and the map £.: 7,(B) — m,(B) is the multiplication by an integer M with N | M.
Then we see that £,, 0 i, 0 f ~ % for any f €[Z, B,]. Let F be the homotopy fiber
of £,,0hy. Then F is a torsion space and [Z, F] — [Z, B,] is surjective. Since Z is
a finite complex, [Z, F] is a finite set, so [Z, By] too is a finite set. This completes the
proof. a

Now we give our answer to Problem 1.5.

Theorem 6.5 Let s,: B — B, be the n' Postnikov section, and suppose that B € F
is nilpotent or has torsion annihilators. If Hy (X ; Q) =0 for k € q(B), then Ph(X, s,)
is trivial for any n.

Proof Consider a map between the inverse systems of pointed sets {[X k B} —
{[X*, B,]} induced by the Postnikov section s,: B — B,. There is a commutative
diagram

[X, B] —=2 s lim[ X, B]
<

(sn)*J( l(sn)*

TBn .. k
Ph(X, sp) — lim(s,)«[X™, B]

where the horizontal arrows are surjective by (1) and Proposition 3.2. Since [X k. By~
[X, By] for k > n, the map mp,: [X, By] — li(_m[Xk, By] is injective. Then, since
Ph(X,s,) is a subset of [X, B,] and the lower m g, is the restriction of 7p : [X, By] —
lim[X k. B,], the lower mp, isinjective, soitis bijective. Then it follows that Ph(X, s5,)
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is trivial if and only if the right (s,)+ is surjective. Thus, we shall show that the right
(sn)« 1s surjective.

Note that the map (s,)«: [X*, B] = (sx)«[X*, B] is surjective for any k and that, by
Lemmas 6.2 and 6.4, [X*, B] is a finite set for any k. It follows from Lemma 6.1 that
the right (s5,)x is surjective, as desired. This completes the proof. O

Finally, we deal with the case that ¢ is the inclusion i,: RP"” — RP*°. Since RP” is
nilpotent for an odd 7, Theorem 6.5 implies the following corollary:

Corollary 6.6 If Hy,y1(X;Q) =0 then Ph(X,iz;,41) is trivial.

We finally show that Corollary 6.6 is optimal by giving an example of a space X
such that H,(X; Q) # 0 and there is a nontrivial relative phantom map from X to
in: RP" — RP. We will use the following simple lemma:

Lemma 6.7 Let Z/2 act on S" by the antipodal map. For every odd integer k , there
isaZ/2-map f: S" — S" of degree k .

Proof The case n = 1 is trivial, and for n > 1, take the (n—1)—fold suspension of
the Z/2-map on S1. o

Remark Lemma 6.7 implies that there is a mistake in the calculation of the homotopy
set [RP", RP"] for n even due to McGibbon [8]. It is calculated as follows. Consider
the homotopy cofibration sequence

gn—1 Pn=l ppn—1 In=l_ppn dn  gn
where p,_1 is the universal covering, 7,1 is the inclusion and ¢ is the pinch map to
the top cell. Then, for n —k > 0 and k > 0, there is an exact sequence of groups

k—i_117i1—lc—l)>’<

P
[ShFIRP*—1 RPY) & Pk (RPY)

(Ekqnfk)* (Ekinfkfl)*
—_— -

[SkRP"K RPY [SKRPRT RP).

Since 7, (RP") = Z{pn}, qi © pr = 1 + (=) +1 and [S¥RP"*=1 RP"] = %, we
inductively get

(SERPM RPN = Z %f n—k %s odd,

7Z/2 if n—k iseven,
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where in both cases, p, o »k gn—rk 1s a generator. We next consider the exact sequence
of pointed sets
[SRP ! Rp1) Enm) o rpmy Do, R RPY] 2L [RPP RPY
2 71 (RPT),
where 7, (RP") =0 and [RP"~!,RP"] = {*,i,_1}. Then, by the above calculation,
we have
(i:_l)_l (%) = {*, pnogn}.

On the other hand, by considering the action of the top cell, we see that

(0 ) Nin—1) ={haj—1 | j € L},

where hy, is the self-map of RP” which lifts to the degree m self-map of S” as in
Lemma 6.7. Thus, we obtain that

[RP",RP"] = {*, pnogn, haj—1 (j € Z)}.

For n > 2, let X(n) be the cofiber of the composite of maps
\/, §nH2p=3 2, gn T, ppn

where p ranges over all odd primes and o | gn+2p—3 is a generator a1 (p) of the homo-
topy group my42p—3(S™) = Z/ p (see [13]). By definition, we have H!(X(n);Z/2) =
7/2,and let f: X(n) — RP> be the generator of H'(X(n);Z/2).

Proposition 6.8 The map f: X(n) — RP is a nontrivial relative phantom map to
the inclusion i,: RP" — RP®°.

Proof Suppose that f is homotopic to amap g: X (n) — RP"™. Then, since g induces
an isomorphism in m;, g|grpn lifts to a degree k£ map of S” for some odd integer k.
By definition, the composite g|rpr o 7 o @1 (p) must be null-homotopic for any odd
prime p. Since «1(p) is a co- H—map [1], we have

glrpromoay(p) mokoay(p) = mo(kai(p)).

Then, since m4: 7x(S") — 7 (RP™) is an isomorphism for * > 2, we get that ka1 (p)
is null-homotopic. Thus, k is divisible by any odd prime, which is a contradiction
because k # 0 since k is odd. Therefore f does not lift to RP” through the inclusion
in: RP" — RP®, up to homotopy. So, if f is a relative phantom map, then it is
nontrivial.
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Fix an odd prime p. By Lemma 6.7, for any given odd integer k, there is a self-map
hi: RP"™ — RP" which lifts to a degree k self-map of S™. Let pq,..., pm be all the
odd primes less than or equal to p. Then, by the above observation, we see that the
map hy: RP" — RP" extends to a map hy: X (n) — X (n) and, by looking at 7y, we
have

Since
hp; omwoay(p) = mwo(piar(p))

as above, we see that the restriction of f ohp, o---0h,, to X(n)"T2P72 lifts to RP"
through i,, up to homotopy. Since the prime p can be arbitrary large, f is a relative
phantom map to the inclusion i,: RP" — RP®°. Therefore we obtain that f is a
nontrivial relative phantom map to i,: RP" — RP°°, completing the proof. a

Remark It follows from Corollary 6.6 that if H,,1(X; Q) =0 then Ph(X,is,4+1)
is trivial. On the other hand, H,,(X(2n); Q) = 0 but Ph(X,i,,) is nontrivial. In fact,
there is no k such that Hy (X; Q) = 0 implies that Ph(X, i,,) is trivial.

If such an integer k exists, k = n + 2p — 2 for some odd prime p by the rational
homology of X(2n). Let X’(n) be the subcomplex of X(n) after we delete the
n+2p—2—cell from X (n). Then the restriction f|x/(y): X’(n) = RP> is a nontrivial
relative phantom map to i, for the same reason.
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