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Algebraic laminations for free products and arational trees

VINCENT GUIRARDEL
CAMILLE HORBEZ

This work is the first step towards a description of the Gromov boundary of the free
factor graph of a free product, with applications to subgroup classification for outer
automorphisms.

We extend the theory of algebraic laminations dual to trees, as developed by Coulbois,
Hilion, Lustig and Reynolds, to the context of free products; this also gives us an
opportunity to give a unified account of this theory. We first show that any R —tree with
dense orbits in the boundary of the corresponding outer space can be reconstructed
as a quotient of the boundary of the group by its dual lamination. We then describe
the dual lamination in terms of a band complex on compact R—trees (generalizing
Coulbois, Hilion and Lustig’s compact heart), and we analyze this band complex
using versions of the Rips machine and of the Rauzy—Veech induction. An important
output of the theory is that the above map from the boundary of the group to the
R —tree is 2-to-1 almost everywhere.

A key point for our intended application is a unique duality result for arational trees.
It says that if two trees have a leaf in common in their dual laminations, and if one of
the trees is arational and relatively free, then they are equivariantly homeomorphic.

This statement is an analogue of a result in the free group saying that if two trees are
dual to a common current and one of the trees is free arational, then the two trees are
equivariantly homeomorphic. However, we notice that in the setting of free products,
the continuity of the pairing between trees and currents fails. For this reason, in all
this paper, we work with laminations rather than with currents.
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Introduction

In analogy to curve complexes used to study mapping class groups of surfaces, the
free factor graph of a free group Fy has recently turned to be fruitful in the study of
Out(Fy). It is Gromov hyperbolic, as was proved by Bestvina and Feighn [2], and the
action of an automorphism of Fj is loxodromic if and only if it is fully irreducible. Its
Gromov boundary was described by Bestvina and Reynolds [6] and Hamenstidt [27]
as the set of equivalence classes of arational trees.

Our goal in the present paper and its sequel [24] is to extend this description of the
boundary of the free factor graph to the context of free products, with a view towards
obtaining classification results for subgroups of their automorphism groups.

In the case of free groups, this description of the Gromov boundary relies on the theory
of dual laminations developed by Coulbois, Hilion, Lustig and Reynolds, which is used
to establish a crucial unique duality result between arational trees and geodesic currents.
The main goal of the present paper is to extend the theory of laminations to the context
of free products, and state a unique duality result for arational trees in this context.
However, geodesic currents are not well-adapted to free products, because there cannot
be any natural continuous intersection pairing between R—trees and currents in this
broader context. To bypass this difficulty, the duality statement will be phrased purely
in terms of dual laminations.
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Free products Consider a free product G = G *- - - * G * F, where all groups G;
are countable and Fy is a free group. A subgroup of G is called peripheral if it is
conjugate into some G;; we denote by F the finite collection of all conjugacy classes
of the groups G;. In this context, one considers actions on trees relative to F, or
(G, F)-trees: these are trees with an action of G in which every G; fixes a point. The
Bass—Serre tree Rg of the graph of groups decomposition

tq

Gl GQ G3 Gk

tN

(where one replaces the free product with Fy above by N successive HNN extensions
over the trivial group) is part of an outer space O generalizing Culler and Vogtmann’s
outer space [15], see Guirardel and Levitt [25]. This outer space O is the space of
all G —equivariant isometry classes of Grushko trees of G relative to F, ie minimal
isometric G —actions on simplicial metric trees with trivial edge stabilizers and whose
nontrivial vertex stabilizers are precisely the groups whose conjugacy class is in F.

For example, the free product above can be an absolute Grushko decomposition of a
finitely generated group G (in which case the G; are freely indecomposable and not
cyclic), but other cases are important: for example, in the case where G = Fy and F
is a system of free factors, this relative outer space O is often more suitable to study
subgroups of Out(Fy ) stabilizing F.

Boundaries and laminations Laminations for free groups were first introduced as
an analogue of geodesic laminations on hyperbolic surfaces by Bestvina, Feighn and
Handel, who constructed in [3] the attractive and repulsive laminations of a fully
irreducible automorphism with a view towards proving the Tits alternative for Out(Fy )
in [4; 5]. A comprehensive study of laminations in free groups was made by Coulbois,
Hilion and Lustig in [10; 11; 12].

A geodesic lamination on a hyperbolic surface can be lifted to its universal cover H?,
and each leaf can be identified with its pair of endpoints in the circle at infinity. By
analogy, an algebraic leaf in the free group Fy is defined as a pair of distinct points
in its Gromov boundary, ie an element of 32 Fy := (0Fy x Fy) \ A, where A is the
diagonal. If one identifies Fy with the fundamental group of a graph I', such a leaf
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can be represented by a bi-infinite line in the universal cover . A lamination in Fy
is a closed Fy —invariant subset of 9> Fy which is flip-invariant (ie invariant under
the involution («, w) — (w, «)). Laminations are related to geodesic currents on Fy
(introduced by Bonahon [7]; see also Kapovich [32; 33]); a current is a Radon measure
on 0% Fy and its support is a lamination.

In the case of a free product (G, F), the Bass—Serre tree R of the splitting depicted
above plays the role of T'. Since Ry is not locally compact (unless all G; are finite),
the Gromov boundary doo R is not compact, but can be naturally compactified into
0Ry 1= oo Ro U Voo (Rg), where Vo (Rp) is the set of vertices of infinite valence
in Ro. The topology on Ry U dR is the topology generated by open half-trees (the
observers’ topology).

Given any other tree R in the outer space O, there is an equivariant quasi-isometry
between Ry and R which allows one to identify canonically dR with dRg. This allows
one to define d(G, F) without reference to a particular tree.

In this context, we define an algebraic leaf as a pair of distinct points in d(G, F). Given
any R € O, it corresponds to a nondegenerate line segment in R (either finite, semi-
infinite or bi-infinite) with endpoints in dR. For example, every nonperipheral element
g € G determines an algebraic leaf (g7, g7°°), defined as the endpoints of the axis
of g in R. One then defines a lamination as a closed, G —invariant, flip-invariant subset
of

3%(G, F) := (0(G, F) x (G, F)) \ A,

where A is the diagonal.

Theory of dual laminations An overwhelming theme in the study of Out(Fy) or,
more generally, outer automorphisms of free products is to analyze these groups through
their actions on spaces of R—trees. There is a particularly nice duality between R—trees
and laminations. In the context of free groups, the theory of dual laminations was
developed by Coulbois, Hilion and Lustig [10; 11; 12; 9; 13; 8] and Coulbois, Hilion
and Reynolds [14], building on the Levitt—Lustig map introduced in [39]. A major part
of the work of the present paper, required by our intended applications, is to carry this
theory to the context of free products. This gives us the opportunity to make a unified
account of these results while putting them in a more general context.

Let T be an R—tree in the compactified outer space O, ie endowed with a very small
(G, F)—action; see Horbez [30]. The dual lamination L?(T) is defined by first looking
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at the closure of all algebraic leaves of the form (g=>°, g7>°), where g € G is a
nonperipheral element whose translation length in 7 is at most ¢, and then taking
the intersection over all ¢ > 0 (see Definition 4.2). One easily checks that the dual
lamination of T  is empty if and only if T is a Grushko tree (ie lies in O, as opposed
to 00 := 0\ 0).

From now on, we will make the additional assumption that 7 € O is an R—tree on
which the G —action has dense orbits. In this case, there is a well-defined Levitt—Lustig
continuous surjective map Q: d(G, F) — T, where T = T U 35T is the metric
completion of T together with its Gromov boundary, endowed with the observers’
topology, which makes it compact (see Proposition 6.2, generalizing [39]). The map Q
is the unique continuous extension of any G —equivariant map Ro — T that is linear
on edges. One then shows that fibres of @ correspond to the dual lamination of T
(Proposition 6.10, or [11; 9]): an algebraic leaf (a,®) lies in L?(T) if and only if
Q(a) = Q(w). This implies in particular that L?(T') completely determines T up to
equivariant homeomorphism as the quotient

T ~3(G,F)/L*(T)

(see Corollary 6.11, or [11; 9] for Fy ).

Band complexes The somewhat abstract algebraic lamination L?(T') can also be
realized as a very concrete geometric object.

Given a tree R € O (or a Cayley graph of the free group associated to a chosen basis
in [13]), one constructs a foliated band complex ¥ (T, R), whose bands are of the
form K, x e, where e is an edge of R and K, is a compact subtree of 7, and are
foliated by {x} x e (see Section 7.1 for precise definitions). The compact trees K,
coincide essentially with the compact heart introduced in [13] in the free group case
(to be more precise, the compact heart is the union of the trees K, over all edges e in
the Cayley graph joining 1, to the chosen basis). The projections K, — e extend
to a natural map pg: X(T, R) — R, and the inclusions K, € T extend to a map
pr: (T, R) — T. Every leaf £ of X(T, R) has a natural structure of a graph, and this
graph naturally embeds in R under the projection X (7, R) — R (in particular L is a
tree). Outside this introduction, leaves of X (T, R) are called complete (T, R)—leaves
to avoid confusion with algebraic leaves. Then one essentially! recovers T as the space

LT\ T consists only of terminal points of T and the space of leaves of (T, R) is equivariantly
isometric to a G —invariant tree sandwiched between 7" and 7.
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of leaves of X (T, R): the fibres of the map % (7T, R) — T are precisely the leaves of
(T, R).

The algebraic lamination L?(7') dual to 7 is then readable from the leaves of X (7, R)
in the following way (Lemma 7.9). If @ # w € 0o R, then (o, w) is an algebraic leaf
in L2(T) if and only if there is a geometric leaf £ in X (7, R) whose projection to R
contains the bi-infinite line joining o to w. Assume now that o € Vo (R) is a vertex
with infinite stabilizer G, and that @ lies in the Gromov boundary doc R. Then (o, ®)
lies in L2(T) if and only if the geometric leaf £ of X(7, R) containing the unique
point of 3 (7, R) fixed by G is such that pr(L) contains the semi-infinite line of R
joining & to w. If both o and w belong to Vo (R), then (o, w) lies in L2(T) if and
only if the points of (7, R) fixed by G, and G, belong to the same leaf of (7, R).

It is important to have in mind that the trees K, used to construct the band complex
3 (T, R) are compact R—trees (for the metric topology), but they may have infinitely
many branch points (those may be dense in K. ). This is unlike in Rips theory (see
Bestvina and Feighn [1], Gaboriau, Levitt and Paulin [19; 18] and Guirardel [23]),
where one works with band complexes whose bands are of the form K x e, where
K is an interval or more generally a finite tree (ie the convex hull of finitely many
points). Although more complicated, the more general band complexes introduced
by Coulbois, Hilion and Lustig and used in the present paper have the advantage that
one recovers T (plus some extra terminal points) as the space of leaves, and not a
geometric approximation of T as in Levitt and Paulin [40].

We provide an alternative useful description of X (7, R): it can be identified with a
subset of the product T x R, and more precisely with the core of T x R as introduced
by Guirardel [22] (see Proposition 7.26). With this description, the natural maps to T
and to R are just the two projections.

Preimages of @ An important result that we will need is that almost every leaf in
3 (T, R) has at most two ends, or, equivalently, that the map Q: d(G, F) — T is 2-to-1
almost everywhere.

Theorem 1 (see Theorem 8.1 and Proposition 8.2, generalizing [8]) Let T € O be a
tree with dense orbits. Then the following equivalent statements hold:

e For all but finitely many orbits of points x € T, 0! ({x}) contains at most two
points.

e There are only finitely many orbits of leaves in X (T, R) with at least three ends.
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In fact, Coulbois and Hilion prove more in [8] in the context of free groups: they
define an index (called the Q—index) that counts the number of orbits of extra ends of
leaves, and show that this index is bounded by 2N — 2, where N is the rank of the
free group F . We will not need such a refinement for our intended applications.

The main tool to prove Theorem 1 is the pruning process, an extension of a process
of the Rips machine. It takes as input the band complex X (7, R), and produces a
new band complex X’ C (T, R) by removing all terminal segments in all leaves.
From X, one can construct a new tree R’ € O such that X/ = X (T, R’). Iterating this
process yields a sequence of nested band complexes whose intersection is the union
of bi-infinite lines contained in leaves of X (7, R), thus corresponding to algebraic
leaves in L2(T). If this process stops in finite time, we say that the band complex
is of quadratic type? in reference to quadratic systems of generalized equations in
Makanin’s algorithm. Controlling the complexity of the band complexes produced by
the pruning process is the main tool to prove Theorem 1 above.

Reconstructing the lamination of an arational tree from a single leaf One says
that a nonsimplicial R—tree T € 00 is arational if every proper relative free factor
of G acts freely and discretely on T (a proper relative free factor A is a nonperipheral
factor of a free product decomposition G = A * B with A, B # {1} whose Bass—Serre
tree is relative to ). Every orbit in an arational tree is dense; see Horbez [28]. We say
that T is relatively free if every point stabilizer is peripheral. Arational trees which are
not relatively free are very special as they are essentially dual to arational laminations
on 2-orbifolds; see Reynolds [44] and Horbez [28], and our Definition 11.2.

An important result of this paper says that one can reconstruct the full dual lamination
L?(T) of arelatively free arational tree T from a single leaf [ € L?(T) (see [14] in
the free group case).

The dual lamination of any tree 7 € O with dense G—orbits satisfies additional
properties. First, since L2(T) coincides with the fibres of the map Q, it is transitively
closed:

(@, B).(B.y)eL = (a,y)el ifa#y.
Moreover, for any vertex v € Voo (R) with stabilizer G,
(a,ga)eL, g€ Gy, = (a,v) €L

2Section 4.3 of [8] uses the terminology pseudosurface and [14, Definition 3.2] the terminology surface
ype.
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because Q(«) is the unique fixed point of G in 7, and so is v. When v is a vertex
with finite but nontrivial stabilizer G, , the above property does not make sense since
v ¢ Voo (R). In all cases, it can be reformulated as

(¢, ga)e L, (B.hB)e L, g.heGy, a#p = (a,B) € L.

We thus say that a lamination L is peritransitively closed (see Definition 12.1) if it is
transitively closed and closed under the latter operation (recall also that a lamination
is required to be G —invariant, flip-invariant and topologically closed in 9%(G, F) by
definition). As just noted, for any tree 7' with dense orbits, the dual lamination of T is
peritransitively closed (Lemma 12.3).

For simplicity, we state the following theorem in the case where T is relatively free
action; see Theorem 12.5 for a full statement.

Theorem 2 (Theorem 12.5; see [14] in Fx) Let T € O be arational and relatively
free and let lg € L?(T') be an algebraic leaf. Then L?(T) is the smallest peritransitively
closed lamination containing [.

The proof of this theorem relies on the analysis of the band complex associated to 7.
In particular, in the case where the pruning process described above stops, we use a
second process, reminiscent of Rauzy—Veech induction and introduced in [14], called
the splitting process.

A unique duality statement for relatively free arational trees In the sequel of this
paper [24], we describe the boundary of the free factor graph of (G, F) in terms
of arational trees, thus extending [6; 27]. An important tool used by Bestvina and
Reynolds and Hamenstédt in their proofs is a unique duality result, stated in terms of
the pairing between currents and trees introduced by Kapovich and Lustig [34]. This
pairing is a continuous map that associates a nonnegative number to a tree in O and a
current. Their unique duality statement is the following, in which 7/ &~ T means that
T' and T are equivariantly homeomorphic (for the observers’ topology):

Theorem 3 (Bestvina and Reynolds [6] and Hamenstédt [27]) Let T and T' be two
very small Fy —trees, with T free and arational. Assume that there exists a current
n # 0 such that (T,n) =0=(T",n).

Then T' is arational and T' ~ T.
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In the context of free products (including G = Fy with F # &), there is no natural
continuous pairing between O and relative currents (see below). This is why we need
the following substitute that avoids mentioning currents:

Theorem 3’ (see Theorem 13.1) Let T € 00 be a relatively free arational tree, and
T’ € O be any tree.

Assume that there exists a leaf o € L?(T) that is also contained in L*(T").

Then T' is arational and T' ~ T.

In fact, a similar result is already a main step of Bestvina and Reynolds’ and Hamen-
stiadt’s proofs of Theorem 3 in the case of free groups. Indeed, a result by Kapovich—
Lustig shows that for free groups, one has (7T, n) = 0 if and only if the support of the
current 7 is contained in the lamination L2?(T') dual to T [34]. Theorem 3 follows
from this result together with Theorem 3.

Let us sketch the proof of Theorem 3’ from Theorem 2, saying that L2(7) is the
peritransitive closure of any of its leaves. One first shows that 7’ has dense orbits,
so that L2(T") is peritransitively closed and contains the peritransitive closure of /.
By Theorem 2, one gets that L2(T’) D L?(T). Since T is the quotient of d(G, F)
by L?(T) and similarly for T', this means that there is a continuous equivariant map
p: T — T’ such that Qr’ = po Qr (where OQr and Qp/ are the Levitt—Lustig
maps from d(G, F) to T and T/, respectively). If p is not a homeomorphism, then
an argument from [6] shows that there are uncountably many points x € T’ with
#p~1({x}) >3, s0 #Q},l ({x}) = 3 since Qr is surjective. This contradicts Theorem 1,
which says that Q7 is 2-to-1 almost everywhere.

Limits in the free factor graph A convenient definition of the graph of free factors is
the following: its vertex set is the set of nontrivial actions of (G, F) on simplicial trees
with trivial edge stabilizers, and two trees are joined by an edge if they are compatible or
there exists a nonperipheral element of G fixing a point in both trees.> The following re-
sult analyzes a sequence of pairs of trees 7, and 7, joined by an edge of the second type.

Theorem4 Let (T,)neN, (T))neN € ON be sequences of trees such that forall n € N,
there exists a nonperipheral element g, € G that is elliptic in both T,, and T, .

If (Ty)nen, (T))nen € ON converge respectively to T and T’ in O, and if T is
relatively free and arational, then so is T', and T' ~ T.

3 A discussion of the equivalence, up to quasi-isometry, of various standard definitions of the free factor
graph can be found in [24].
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This result is the basis of a Kobayashi-type argument showing that arational trees are
indeed at infinity of the free factor graph, in the sense that any sequence of trees in O
converging to an arational tree in O has unbounded image in the free factor graph. We
keep this argument for [24].

To prove Theorem 4 in the context of the free group [6; 27], one makes the following
argument. The current 7g, associated to g, is dual to 7, and T, (ie the pairings
(Tn.ng,) = llgnllT and (T, ng,) = ||gnll7’ vanish). The continuity of the pairing
together with the compactness of the space of projective currents implies that 7 and 7"’
are dual to a common current. If T is arational, one can then use the unique duality
statement to deduce T ~ T".

To make this argument work without reference to currents, consider (o, w,) =
(g,%°, g7>), which lies in L2(T,) N L2(T,). By cocompactness, one can assume that
(o, wpy) converge to some algebraic leaf (o, ), and apply the following substitute to
the continuity of the pairing. It involves the one-sided lamination L' (T) C 000(G, F)
dual to T'; this is defined as the set of points £ € do (G, F) such that for any equivariant
map f: Rp — T and any ray p € T converging to &, f(p) is bounded (see [11] or
Definition 4.6).

Proposition 5 (see Proposition 4.23) Let (Ty)neN € ON be a sequence that con-
vergesto T € O. Forall ne N, let (an, w,) € L?(Ty), and assume that ((cty, @n))neN
converges to some (a, w) € 0*(G, F).

If T has dense orbits, then (a, w) € L*(T).
Without assuming that T has dense orbits we get that («, w) € (L1(T) U Vo (G, F))?.

Returning to the proof of Theorem 4, assuming moreover that 7’ has dense orbits,
we get that L2(T') and L?(T’) share a common leaf, and one concludes the proof of
Theorem 4 using the unique duality statement (Theorem 3').

When T’ does not have dense orbits the argument is more involved. First, arationality
of T can be used to show that either « or @ (say «) belongs to dso(G, F), so
o € LY(T)N LY(T'). Now, to any element £ € 0o (G, F), we associate a limit
set A’(§) € 9%(G, F), by taking all limits of translates of a ray joining a basepoint
to £ in R, and one proves that £ € L1(T’) implies A%(§) € L*(T’) (see [11]
or Proposition 4.19). This additional argument yields a common leaf in A%(§) C
L?(T) N L?(T’). Theorem 3’ then enables us to conclude that 7" is arational, and
T'~T.
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Simple leaves and unique duality statement for all arational trees To state a ver-
sion of Theorems 3" and 4 that work for all arational trees (and not only those with
a relatively free action), one can work with simple leaves instead of considering all
leaves in the dual lamination L?(7"). These are defined in the following way: First, we
say that an element g € G is simple (relatively to F) if g is contained in some proper
(G, F)—free factor. There is a way to characterize simplicity of an element g € G
in terms of a Whitehead graph associated to g and to a Grushko tree R, analogous
to classical work of Whitehead [45] for free groups (see Proposition 5.1). We then
say that an algebraic leaf is simple if it is a limit of leaves of the form (g, >, g, )
with g, simple. This allows one to state the following version of Theorem 3’ (see
Corollary 13.3 for the corresponding version of Theorem 4).

Theorem 3" (see Theorem 13.1) Let T € 9O be an arational tree, and T' € O be
any tree.

Assume that there exists a simple leaf Iy € L?(T') that is also contained in L*(T").
Then T’ is arational and T' ~ T.

The trouble with currents We define a current as a Radon measure on 0%(G, F)
which is invariant under the flip and the action of G (see also Gupta [26] for relative

currents in the free group). The space of currents, which we denote by Curr, is still
projectively compact, but the pairing (7, ng) = ||g||7 does not extend continuously.

Theorem 6 (see Proposition 3.1) Assume that F contains an infinite group, and that
(G, F) is not of the form G = G1 * G,.
Then there does not exist any continuous pairing

(-,-): OxCurr = R
such that for all T € O and all nonperipheral g € G, one has (T, ng) = | g|T-
Remark 0.1 There is a natural way of defining (T, n) for any simplicial tree 7 € O
with trivial edge stabilizer and any current 1 in such a way that (7, n) always coincides

with ||g||7. The argument shows that this definition is not continuous, and even that
the set of pairs (7, n) such that (7T, n) = 0 is not closed (see Section 3).

Here is an example showing this phenomenon:
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7Y 9

(A, Cbn) (B)
T Tn

Figure 1: An example showing the impossibility to extend continuously the
natural intersection pairing in the relative setting.

S
e
a

Example 0.2 Let G = A* B x C with B an infinite group, F ={A4, B,C},and T
be the Bass—Serre tree of this splitting (with all edge lengths set to be equal to 1).
Let b, € B be a sequence of distinct elements, and T, be the Bass—Serre tree of the
splitting G = (A, b,Ch; ') % B, and g, = abych;!. Then g, is elliptic in T, so
lgnllT, =0, but ||gnll7,,, =4. Moreover, T, and 7, (the rational current associated
to g, see Section 3 for a definition) are convergent sequences in O and in the space
of currents, respectively. This prevents the existence of a continuous extension (see
Section 3 for details).

Organization of the paper

In Section 1, we give background and notation regarding free products, and we define
a boundary for (G, F) in Section 2. In Section 3, we prove that the natural pairing
between trees and currents does not admit a continuous extension to the boundary in
general. Algebraic laminations are introduced in Section 4, where Proposition 5 is
proven. In Section 5, we characterize simple elements of G in terms of Whitehead
graphs, and use this to study algebraic leaves that are obtained as limits of axes of
simple elements; this is important when passing from the versions of our results for
relatively free arational trees to the case of arational trees that are not relatively free. In
Section 6, we introduce the map Q for trees with dense orbits, and establish its basic
properties. Band complexes are defined in Section 7, where it is established that they
coincide with the core introduced in [22]. This section also contains a few technical
statements specific to the case of free products, which give finiteness results for the
band complexes we work with, in spite of the lack of local compactness. The pruning
process is introduced in Section 8, where we prove that there are only finitely many
orbits of points in T whose Q-preimage contains at least three points (Theorem 1).
The splitting process is introduced in Section 9, and we then prove in Section 10 that
iterating the two processes eventually separate all leaves in the case where 7 is mixing.
Basic facts about arational trees are provided in Section 11. We then analyze the dual
lamination of an arational tree in Section 12, and establish Theorem 2. The proof of
the unique duality theorem, and of Theorem 4, is completed in Section 13.
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1 Background and notation

Let G1,...,Gg be a finite collection of countable groups, let F be a free group
of rank N, and let G := Gy *--- % G * Fy. A subgroup of G is peripheral if it
is conjugate into one of the groups G;, and nonperipheral otherwise. We denote
by F the collection of all conjugacy classes of maximal peripheral subgroups of G,
ie F ={[G1],...,[Gr]}, where [G;] denotes the conjugacy class of G;. The Kurosh
rank of (G, F) is defined as tkx (G, F) :=k + N.

The outer space of a free product and its closure Recall thata G-actionon atree T
(either a simplicial tree or an R—tree) is minimal if T does not contain any proper
G —invariant subtree. It is relatively free if all point stabilizers in 7" are (trivial or)
peripheral. A Grushko tree is a simplicial metric tree S, equipped with a minimal,
simplicial, relatively free isometric G —action, such that every peripheral subgroup of G
fixes a unique point in S. The unprojectivized outer space O, introduced in [25], is the
space of all G—equivariant isometry classes of Grushko trees. The space O embeds
into the space of all G—equivariant isometry classes of minimal isometric G —actions
on R-trees, equipped with the equivariant Gromov—Hausdorff topology introduced
in [42]. The closure O was identified in [30] with the space of very small trees, ie those
trees in which arc stabilizers are either trivial or cyclic, root-closed and nonperipheral,
and tripod stabilizers are trivial.

By [38] (see [30, Theorem 4.16] for free products), every tree T € O decomposes in a
unique way as a graph of actions (in the sense of [38]) whose vertices correspond to
orbits of connected components of the closure of the set of branch points and inversion
points (ie points with stabilizer of order 2). Two vertices are joined by an edge if
there are connected components in the corresponding orbits which are adjacent in 7.
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This decomposition of 7" as a graph of actions is called the Levitt decomposition
of T. In particular, vertex groups of this decomposition act with dense orbits on the
corresponding subtree (which may be reduced to a point). The Bass—Serre tree of the
underlying graph of groups is very small (it can be trivial).

All maps f: S — T with S a simplicial G-tree and T either a simplicial G —tree or
an R—-tree will be assumed to be piecewise linear: each edge can be subdivided into
finitely many arcs on which the map is linear, ie sends the arc to a geodesic segment
with constant speed. In the case where T is simplicial, this is equivalent to saying that
one can subdivide S and T so that f maps each edge to an edge or to a point, linearly.
We make the following easy observation:

Lemmal.l Let S€Oand T € O,andlet f,g: S — T be G—equivariant maps.
Then there exists C > 0 such that for all x € S, one has dr(f(x), g(x)) <C. a

Subgroups of a free product A (G, F)-free splitting is a minimal, simplicial G —tree
with trivial edge stabilizers in which all peripheral subgroups are elliptic. A (G, F)—free
factor is a subgroup of G that occurs as the stabilizer of a point in some (G, F)—free
splitting.

Let H C G be a subgroup. By considering the minimal subtree for the H —action on a
Grushko tree, one gets that H splits as a free product

H = (xjerHi) * F,

where each H; is peripheral and F is a free group (notice that I can be infinite and
that F' can be infinitely generated). We say that H has finite Kurosh rank if I is finite
and F is finitely generated. We then denote by F|g the collection of all maximal
peripheral subgroups of H (ie the H —conjugates of the H;).

2 Boundaries for (G, F)

Boundary of a Grushko tree and boundary of (G, F) Given a Grushko (G, F)-
tree R, we denote by doo R the Gromov boundary of R and by Vs (R) the collection of
vertices of R of infinite valence, and we let OR := 0o RUVo (R). We let R:=RUJxR.
This is a compact space when equipped with the observers’ topology, which is the
topology generated by the set of directions in R; see [9, Proposition 1.13]. Recall that a
direction based at a point @ in atree T is a connected component of T \ {a}. Thus, by
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definition, a sequence of points x, € R converges to X for the observers’ topology if
for every a € R\ {x}, the point x, lies in the connected component of R \ {a} that
contains x for all n large enough. For example, if xoo € Voo (R) is a vertex of infinite
valence, and (x,),en € RY is a sequence of points that belong to pairwise distinct
directions based at x, then (x,),eN converges to X« for the observers’ topology.
Note that if X € do R, then X, converges to xo for the observers’ topology if and
only if it does for the usual topology on R U doc R (coming from hyperbolicity of R).
If x € R is a point with finite valence, then one can find a finite set of directions
in R whose intersection is an open neighbourhood of x in R which only contains
points of finite valence. This shows that R\ dR is open in R. Therefore 3R C R is
a closed subset of R, hence it is compact. We also let 2R := dR x dR \ A, where
A :={(x,x) | x € R} is the diagonal subset, and we equip 3*R with the topology
inherited from the product topology on dR x dR.

Lemma 2.1 Let R and R’ be two Grushko (G, F)—trees. Then any G —equivariant
piecewise linear map f: R — R’ is continuous for the observers’ topology.

Recall that in this paper, all maps between two Grushko (G, F)—trees are assumed to
be piecewise linear on edges.

Proof It suffices to prove that the f—preimage of any direction d C R’ is a finite
union of finite intersections of directions in R. Denote by m € R’ the basepoint of d .
Up to subdividing R and R’, we can assume that f sends each edge to either an
edge or a vertex, and that m is a vertex. Let e be the open edge of R’ adjacent to m
contained in d. Then f~!(e) is a union of open edges in R. This union is finite,
for otherwise f~!(e) would contain infinitely many edges in the same orbit, and e
would have nontrivial (infinite) stabilizer. Each connected component of f~1(d) is a
connected component of R\ f~1({m}) whose terminal edges are in f~!(e). Since
f~1(e) is a finite union of edges, f~!(d) has finitely many connected components,
and each of these is a finite intersection of directions. m|

Lemma 2.2 Let R and R’ be two Grushko (G, F)—trees. Then any G —equivariant
map f: R — R’ has a unique continuous extension f: R — R’. Moreover, the
map h = ]?|8R is a homeomorphism 0R — 0R’ that does not depend on f, and
h(0soR) = oo R' and h(Vio(R)) = Voo (R').

Proof Let f: R — R’ be an equivariant map. By Lemma 2.1, f is continuous for
the observers’ topology. By [16, Corollary 1.5], the map f induces a quasi-isometry
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between R and R’, hence extends to a continuous map f : RUJsoR — R'U0ds R’ for
the usual topology. Since the usual topology on R U doc R agrees with the observers’
topology at each point of do R, it follows that f is continuous for the observers’
topology. Moreover, if f1, fo: R — R’ are two equivariant maps, then they are at
bounded distance from one another (Lemma 1.1), so they induce the same map between
the Gromov boundaries of R and R’. Since they also agree on Vi (R), ﬁ and f;
restrict to the same continuous map & = fl lar: OR — OR’. Taking any equivariant map
#': R — R yields an inverse for f. O

The identifications between the boundaries of all (G, F7)-Grushko trees given by
Lemma 2.2 allow us to define the space d(G, F) as dR, without reference to a particular
Grushko tree R. Similarly, if x € R is any point with trivial stabilizer, the embedding
g+ g.x of G into R gives a compact topology on G U d(G, F). This topology does
not depend on the choice of x or R because for any x’ € R” with trivial stabilizer, there
exists a G —equivariant map f: R — R’ sending x to x’. In plain words, we say that a
sequence of elements g, € G converges to w € d(G, F) if for some (equivalently any)
Xx € R with trivial stabilizer, g,.x converges to w € dR (for the observers’ topology
on RUOJR).

Similarly, there are well-defined subspaces 0o00(G, F), Voo(G, F) € 9(G, F), and
since h: R — OR’ also gives a natural identification between 92 R and 9% R/, there is
a well-defined space 0%(G, F).

Algebraic leaves Elements in 9%(G, F) are called algebraic leaves. Given a Grushko
(G, F)-tree R and an algebraic leaf (a, ) € 0%(G, F), we denote by [, w]g the line
segment in R joining the points in dR corresponding to & and w: this might be a line,
a semiline or a segment (depending on whether & and @ belong to do(G, F) or to
Voo (G, F)), but it is not reduced to a point. This is the geometric representation of
the algebraic leaf in R (note that it completely determines the unordered pair {&, w}).
More generally, given a point a € R and a point w € dR, we denote by [a, w]r the
line segment in R joining a to w (this can be reduced to a point if w € Vo (R) and
a = w). The following fact is obvious:

Lemma 2.3 Let («,w) € 0>(G,F), and R a Grushko tree. Let a; € R\ {a} and
b; € R\ {w} be two sequences of points converging to o and w, respectively. Assume
that (;, ;) € 3*(G, F) is such that [a;, b;] C [ot;, wi]R.

Then («;, w;) converges to (&, ®). a
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Being carried by a subgroup Let A C G be a nonperipheral subgroup whose Kurosh
rank is finite, and R be a Grushko (G, F)—tree. Let R4 C R be the minimal A—invariant
subtree, which is in particular a Grushko (A, F|4)-tree. The inclusion R4 C R induces
a natural continuous embedding of d(A4, F|4) into d(G, F), and one checks that it does
not depend on the choice of R. In the particular case where A is cyclic, this means that
any nonperipheral element g € G determines a pair of points (g, g7>) € 32(G, F).

Definition 2.4 (being carried by a subgroup) Given £ € 0 (G, F) and a subgroup
A C G of finite Kurosh rank, we say that £ is carried by A if some translate of &
belongs to doo (A, Fl4).

Similarly, we say that a subset L C 9%(G, F) is carried by A if every algebraic leaf
(o, w) € L has a translate contained in 0%(A4, F|4).

Lemma 2.5 Let A C G be a subgroup of finite Kurosh rank. The set of algebraic
leaves in 3*(G, F) carried by A is closed.

Proof Fix a Grushko (G, F)-tree R. Let R4 C R be the minimal A—invariant
subtree. Let (o, w) be a limit of leaves (o;,w;) carried by A. Let g; be such that
gi-(ai,w;) € 3*(A, Fla). In particular, g;.[a;, wi]r € Ra.

Fix anedge e C [, w]g . Forall i large enough, we have e C [o;, w;]r, hence gie C R4.
Since A has finite Kurosh rank, R4/A is compact, so, up to taking a subsequence, we
can assume that g;e lies in a constant A—orbit of edges in R4. This means that there
exists a; € A such that a; g; e does not depend on i, and therefore neither does g:=a; g; .
Since g (a;, w;) € 9%(A, Fla), we have a; gi (o, w;) = g(a;, w;) € 3*(A, Fl4). Hence
g.(a,w) € 3%(A, F|y) is carried by A4 and so is (o, ®). =

3 Currents and intersection pairing

We now define a notion of geodesic currents for free products. In the case of free
groups, these were defined in [7], and further studied in [32; 33]. We mention that
another approach to relative currents in the case where G is a free group has recently
been proposed by Gupta in [26]. We denote by i: 9%(G, F) — 9%(G, F) the involution
defined by i(x,w) = (w,a). A geodesic current on (G, F) is a G—invariant and
i —invariant Radon measure v on 9%(G,F) (ie v gives finite measure to compact
subsets of 9%(G, F)). The space Curr of geodesic currents on (G, F) is equipped with
the weak topology: a sequence (Vu)neN € CurtN converges to a current v € Curr if
v, (S x S’) converges to v(S x S’) for all disjoint clopen subsets S, S’ € 9%(G, F).
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Every nonperipheral element g € G determines a current

Ng = D Ohg—oo,g+oo) + Sp(gtoo g0y,
heG/lg)

where for (o, w) € 0%(G, F), d(a,w) denotes the Dirac mass at (a, ®).

Alternatively, one can define 7, as follows: Given a Grushko (G, F)-tree R and
an oriented edge path J C R, consider the cylinder Cyl, € d?R consisting of all
(o, w) € 3% R such that J is contained in [0, w]g and oriented towards . Let Ag € R
be the axis of g, and D C A, a fundamental domain. Then 7ng (Cyl) is the number of
h € G such that h.J € Ag (with no requirement about orientation) and the first edge
of h.J lies in D. Notice that if J denotes the segment J with the opposite orientation,
then 7¢(Cyly) = ng(Cyly). Note also that the values of ng on the cylinders of this
form completely determine 7g .

Similarly, if o, w € Vo (G, F) are two distinct points of infinite valence, one can define

a current

New = Y _ Shiaw) + Shiw.a)
heG

so that 14,4 (Cyl;) is the number of & € G such that h.J C [o, w]g (Without require-
ment about orientation).

Given T € O and any current 7, there is a naturally defined pairing given by

() (T.my=Y_le) | .

Cyl,

where the sum is taken on a set of representatives of orbits of edges of 7. One can
check that (T, ng) = |lgll7 and (T, Ne,w) = d7(Va, Vo) (Where vy and v, are the
points in 7 fixed by the peripheral subgroups corresponding to o, w € Voo (G, F).

In contrast to [34], where the existence of a continuous pairing on cvy x Curr was
established in the case where G is a free group, the following proposition suggests that
geodesic currents are not so well-adapted to the study of free products.

Proposition 3.1 Assume that F contains an infinite group and that either tkg (G, F) >
3 orelse tkr (G, F) > 1. Then there does not exist any continuous map

i: OxCurr— R

such that for all T € O and all nonperipheral g € G, one has (T, ng) = ||gl|T-
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B
[ 4 \ g ® 0 Q 0
A B C (A, Cbr) (B) B (tbg)
T Tk S Sk

Figure 2: Examples showing the impossibility to extend continuously the
natural intersection pairing in the relative setting.

Remark 3.2 The definition of the pairing (*) makes sense for any simplicial trees 7'
with trivial edge stabilizers. Any continuous extension of the pairing must satisfy this
formula for such a tree T (this amounts to letting /(e) go to 0 for some edges of a tree
in O). The argument above then shows that with this extended definition of the pairing,
the set of pairs (7, 7n) € O x Curr(G, F) such that (T, n) = 0 is not even closed.

Proof Assume by contradiction that i: O x Curr — R is such a continuous map.
Since the translation length functions are continuous on O and O is dense on O, one
necessarily has (7, ng) = ||g| 7 for all nonperipheral elements g € G and all T € O.
We will prove the proposition by exhibiting a sequence of trees T; € O having a
well-defined limit 7 in O, and a sequence of nonperipheral elements gz € G such
that ng, have a well-defined limit 7 in the space of (nonprojective) currents, and such
that ||gx|l7, = 0 while || gx+1| 7, is a constant m > 0 independent of k. Then one
should simultaneously have (7, n) =0 and (7, n) = m, a contradiction.

Assume first that rkg (G, F) > 3 so that G can be written as G = A* B*C relative to F,
with B € F infinite and A, C # {1}. Let (bg)ren be a sequence of distinct elements
of B, ae A\{l}, ce C\{l} and let g := abkcblzl. Take for T} the Bass—Serre tree
of the graph-of-groups decomposition of G represented in Figure 2, where all edges
have length 1. Hence (Tg. 7g,) = gkllze = 0 and (T ngy ) = Iges1lln, = 4.
Moreover, T converges to T as k — oco. Let R be a Grushko (G, F)—tree, and let
B € Vo (R) be the point fixed by B. Then g, converges to 1g 4,8 + 1ng,c8 (the proof
of this fact is left as an exercise for the reader).

If rks (G, F) > 1 and tkg (G, F) =2, then G = B * (t) for some B € F infinite and
¢t nonperipheral. Let S and S be the trees showed in Figure 2, where the edges of Si
have length 1 and the edges of S have length 2. Then |[[tbg||s, =0, |[tbx41]s, =3 and
Sk converges to S. Note that S is a Grushko (G, F)-tree, and denote by 8 € Vo (S)
the vertex fixed by B. Then ny, converges to 1g ;4. a

Remark 3.3 If one works in F3 = {(a, b, ¢) without peripheral structure and considers
ordinary (ie absolute) currents in 9% F3 instead of 9%(F3,{(a), (b), (c)}), then the
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sequence of currents associated to gz = ab¥ch™* does not converge in the space of
(nonrelative) currents in F3. On the other hand, rescaling it by % yields a convergent

1 4 P 1 .
sequence, but z—7|[8k+1l7x = 37 has the same limit as £|[|gx|[7, = 0, so there is
no contradiction in this case.

4 Algebraic laminations

In the present section, we introduce algebraic laminations for free products, and we
define the algebraic lamination L2(7') dual to a very small tree 7 € O. We also define
the one-sided lamination L!(T") dual to T, and relate it to L2(7") in Section 4.7. All
these objects were introduced in [10; 11] in the context of free groups. In Section 4.8,
we prove that if (Tj)nen € ON is a sequence that converges to a tree T with dense
orbits, and if (o, w,) € L?(T,,) converges to (a, w) € 3%(G, F), then (a0, w) € L*(T).
Though this fails to hold in general when T is not assumed to have dense orbits,
Proposition 4.23 also provides a weaker (and crucial) statement valid for all trees 7 € O.

4.1 General definition
Recall that i: 9%(G, F) — 9%(G, F) is the involution defined by i (o, w) = (@, @).

Definition 4.1 (algebraic lamination) A (G, F)—algebraic lamination is a closed
G —invariant and i —invariant subset of 9%(G, F).

If L is any subset of 32(G, F), there is a smallest lamination containing L ; we call it
the lamination generated by L.

Given a Grushko tree R and a finite set E of edges of R, we denote by Cx € 0%(G, F)
the subspace made of all pairs (o, w) € 92(G, F) such that [or, w]g contains one of the
edges in E; this is a compact set. In particular, if E contains a representative of each
orbit of edges, then any nonempty lamination A has nonempty intersection with Cg,
and A =G.(ANCg).

4.2 Dual lamination of an R—tree

We will be mainly interested in algebraic laminations obtained by the following con-
struction. Let 7 € O. For all & > 0, we let L2(T) be the closure in 3*(G, F) of the
set of pairs (g7, g7°), where g runs among the set of all nonperipheral elements
with [[g]l7 <e.
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Definition 4.2 (algebraic lamination dual to a tree) The algebraic lamination dual to
the tree T is

LX(T):= (| LAT).

e>0

Lemma 4.3 Atree T € O is a Grushko (G, F)—tree if and only if its dual lamination
is empty.

Proof If T € O, then L2(T) = @ for every & > 0 smaller than the length of the
shortest edge of T, so L?(T) = @. Conversely, if 7 € 9O, then for all ¢ > 0, the
lamination Lg(T) is nonempty. Indeed, this is clear if T is not relatively free, and if
T is not simplicial, the finiteness of orbits of directions [30, Corollary 4.8] implies
the existence of elements of arbitrarily small translation length, so L2(T) # & for all
e> 0. Let E be a finite collection of edges of R that contains one representative in
every G—orbit of edges. Then Lg(T) N CEg is nonempty for every ¢ > 0. Since the
intersections Lg(T) N Cg form a decreasing collection of nonempty compact sets as
e goes to 0, we get that L2(T) # @. a

Lemmad.4 Let T €O isasimplicial (G, F)—tree. Then all algebraic leaves in L?(T)
are carried by a vertex stabilizer in T.

Proof Let (a,w) € L?(T). Let ¢ > 0 be smaller than the length of the shortest
edge of T. Since (o, w) € Lﬁ(T), we can find a sequence ((g,%°, g;7°°))nen that
converges to (&, w) in 3%(G, F), with ||g, |7 < e for all n € N. By definition of &,
all elements g, are contained in a vertex stabilizer of 7. Now let T be a Grushko tree
that collapses onto 7. Since the minimal subtrees in T of the vertex stabilizers of T
are pairwise disjoint, convergence of (g, >, g,;y>°) implies that all g, are contained
in the same vertex stabilizer G, of T. Therefore («, w) is carried by G,. a

If T € O does not have dense orbits, then its Levitt decomposition yields a nontrivial
action on a simplicial tree S, with a 1-Lipschitz collapse map T — S.

Corollary 4.5 Let T € O. Then every algebraic leaf in L?(T') is carried by a vertex
group of the Levitt decomposition of T.

Proof Let S be the Levitt decomposition of 7'. Since there is a 1-Lipschitz collapse
map T — S, we have L?(T) € L?(S). It then follows from Lemma 4.4 that all leaves
in L2(T) are contained in a vertex group of S. o
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4.3 One-sided dual laminations

We now introduce the one-sided lamination L'(T') dual to a tree T € O; see Section 5
of [11] in the context of free groups. The relation between L!(T') and L?(T) will be
discussed in Section 4.7 below.

Definition 4.6 (one-sided dual lamination) Given T € O, we define the one-sided
lamination L1(T) C 050(G, F) as the set of points £ € doo(G, F) such that for every
Grushko tree R, every xo € R and every G —equivariant map f: R — T, the image
f([x0,&]Rr) is a bounded subset of 7.

Note that ¢ is assumed in the above definition to be at infinity, not in Voo (G, F). Also
note that the condition in the above definition depends neither on the choice of the
Grushko tree R, nor on the choice of the basepoint xq, nor on the choice of the map f
(see Lemma 1.1). The following lemma is the analogue of Lemma 4.4 for the one-sided
lamination L1(T):

Lemma 4.7 Let S € O be a simplicial tree, and let £ € L'(S). Then & is carried by
a vertex stabilizer of S.

Proof One can find a Grushko (G, F)—tree R and an equivariant map f: R — S
sending edges to edges. Indeed, starting from any Grushko (G, F)—tree R, and from an
equivariant map sending vertices to vertices, one can subdivide R so that f sends each
edge to an edge or a vertex. If some edge e is collapsed to a vertex, then subdividing e
and sending its midpoint to a distinct vertex allows one to assume that f sends edges
to edges.

Since f([xo,&]r) is bounded, there exists a vertex v € S such that f~1(v) N [xo, ]
is infinite. Since f~!(v) consists only of vertices, and there are only finitely many
orbits of them, there is sequence of points x, € [xo,£]g N f ! (v) converging to &
lying in the same orbit, say x, = h,x1. In particular, denoting by G, the stabilizer
of v, we have hy, € Gy, and £ is carried by G, . |

As in the previous section, we deduce the following statement:

Corollary 4.8 Let T € O, and let £ € L'(T). Then £ is carried by a vertex group of
the Levitt decomposition of T. a
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4.4 Limit set of a point in d.,(G, F)

The following notion will be useful for relating the laminations L!(T) and L?(T)
associated toatree T € O.

Definition 4.9 (limit set) Given £ € do0(G, F), the limit set of £ is the algebraic
lamination A?(£§) € 0%(G, F) defined as follows: we have (a,w) € A%() if up to
exchanging the roles of « and w, there exists a sequence (g,)neny € GY converging
to « such that g,.£ converges to w as n — oo.

Remark 4.10 If one fixes a Grushko tree R and a basepoint xg, we have (o, w) €
A?(£) if and only if [or, w]g can be obtained as a limit of translates of the ray [xq, £] .
An easy example is that if £ is an endpoint of a nonperipheral element g € G, then
A?(§) is equal to the lamination made of all translates of (g~>°, g+°).

Lemma 4.11 Forall £ € 000(G, F), the limit set A%(£) is nonempty.

Proof Let [xo,£]r be aray in a Grushko (G, F)-tree R based at a point xo with
trivial stabilizer, and let e, be a sequence of edges going to infinity in this ray, and
oriented towards £. Up to passing to a subsequence, we can assume that e, = gne for
some fixed edge e of R. Up to passing to a further subsequence, g, xo converges to
some « € IR, and g, £ to some w € IR, and & # w because they are separated by
the edge e. a

Lemma 4.12 Let (w,w’) € 0*(G, F), with o € 000(G, F).

Then A%(w) is contained in the lamination generated by (w, @’).

Proof Let (a, B) be aleafin A%(w). Let R be a Grushko tree, and choose a basepoint
Xo in [@, '] g. By definition of A?(w) there exists g, € G such that g,.xo — o and

gn.w — B.

We claim that g,0’ — a. Let I, = gn.[x0,w]g N[, B]r. If « (resp. B) lies in
Voo (G, F), then for n large enough, g,.[xo, w]r contains « (resp. B) together with
an edge ey (resp. e),) incident on « (resp. fB), and not contained in [o, B]g. If
(resp. B) lies in doo(G, F), then we take the convention that e, (resp. e),) is empty.
We then let I, := I, Ue, U e),. As gn.[x0, w]r contains T, and the edges e, and e,
we have I, C gp.[x0,w]R. Since [xg,w]r C [0, w]r, we deduce that g,.[w, ']

contains I, so gn(w’, w) converges to («, ). a
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Lemma 4.13 Let £ € 000(G, F), and let A C G be a subgroup of finite Kurosh rank.

If £ is carried by A, then A*(£) is carried by A.

Proof Let a € 000(G, F) be such that (e, £) is carried by A. By Lemma 4.12, A?(§)
is contained in the lamination L generated by («, £). By Lemma 2.5, every leaf of L
is carried by A, hence so is A%(£). o

The following lemma gives a converse to Lemma 4.13 in the case where A C G is a
nonperipheral cyclic subgroup:

Lemma 4.14 Let A C G be a nonperipheral cyclic subgroup, and let £ € 056(G, F)
be a point that is not carried by A. Then A?(£) contains a leaf that is not carried by A.

Proof Fix a Grushko (G, F)—tree R whose edges have length 1. Let a be a generator
of A, let L be the axis of a in R and let / be its translation length.

We claim that if |gL N L|> ] for some g € G, then gL = L. Indeed, if |gLNL|>1,

then one of the elements gag~'a or gag~'a™! (depending on the relative orientations
of the axes of @ and gag™!) fixes a nondegenerate arc in gL N L. Since R has trivial

arc stabilizers, we deduce that gag™! = a*!,s0 gL = L.

Fix xo € R, and write [xo, £]g as a union of intervals /; of length [ 4+ 2, which
are unions of edges and such that |I; N [; 41| >+ 1 for all i € N. We claim that
for infinitely many i, the interval I; is not contained in any translate of L. Indeed,
otherwise, there exists ig such that for all i > iy, there exists g; € G such that [; is
contained in g; L. Since |I; N 1;41]| >, we get that g; L = g;+1 L. Thus, a subray of
[x0,&]Rr is contained in g;, L, contradicting that £ is not carried by A.

So consider iy — oo such that for all k, the interval /;, is not contained in any translate
of L. By cocompactness, and up to passing to a subsequence, there exists iy € G such
that /g I;, contains a fixed edge e. Up to passing to a further subsequence, we can
thus assume that /i (xg, £) converges to (o, w) € A%(§). If « or w lies in Voo (G, F),
then (o, w) is clearly not carried by the cyclic group A. Otherwise, up to passing to
a further subsequence, we can assume that the segment J = hy I;, does not depend
on k. Since J C [o, w]Rg is not contained in any translate of L, we deduce that («, w)
is not carried by A. a
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4.5 Consequences of bounded backtracking

Given two G—trees T, T’ € O and a G—equivariant map f: T — T, one says that
C >0 is a bounded backtracking (BBT) constant for f, or that f isa C-BBT map, if
for any segment [x, y] € T and any z € [x, y], one has d7/(f(2),[f(x), f(¥)]) <C.
We define BBT( f) as the minimal BBT constant of f.

Lemma 4.15 Let R be a Grushko (G, F)—tree,let T € O and let f: R — T be a
C —-BBT map.

(1) Forevery g € G elliptic in T, we have diam(Fixr(g)) < 2C.

(2) Forall a € R and all w € OR, if f([a,w]Rr) is bounded, then there is a subray
[b, w]r C [a,w]r such that f([b, w]R) is contained in a ball of radius 3C.

(3) Forall (a,w) e L*(T), f([a,w]Rr) has diameter at most 20C.

Proof (1) Let u,v €T be fixed by g. We can assume that g is nonperipheral since
otherwise it has a unique fixed point in 7. Let %,V € R be preimages of u and v.
For any k € Z, we have f(g¥i) = f(il), and the definition of the BBT then implies
that diam( f([7Z, g¥&])) < C. Now choose k € Z such that I = [if, g¥7i] intersects
J = [v,gv]. Then f(I)N f(J) # @ and since both have diameter at most C, it
follows that dr(u,v) <2C.

(2) Let n:=supye[q,w]x 47 (f(a), f(x)), and let b € [a, w]R be a point that satisfies
dr(f(a), f(b)) >n—C. Fix y € [b,w]Rr, and denote by A, B,Y € T the f-images
of a, b and y. Let P be the projection of B on [A, Y], so PB < C because f is
C-BBT. Then BY =2PB+ AY —AB <2C +n—(n—C) <3C.

(3) By assertion (2), there is a segment / = [a,b] C [«, w]g such that the sets
X = f(la,a]r) and Y = f([b, w]r) both have diameter at most 6C. By defini-
tion of L2(T), there exists a sequence of nonperipheral elements g; € G such that
(g7, gl.+°°) converges to (o, w), and ||g;||l7 — 0. For i large enough, we have
I C Axisg(gi). Since BBT(f) < C, the image f(Axisg(g;)) is contained in the
C —neighbourhood of the characteristic set of g; in 7. Since f(Axisr(g;)) intersects
X and Y, we are done if g; is elliptic in T by assertion (1). We can therefore assume
that g; is hyperbolic in 7', and since ||g;| 7 tends to 0, there are infinitely many distinct
elements g;. Since there are only finitely many elements of G sending some edge of /
into /, we can assume that [ C[a, g;.a] forall i € N. Since f(Axisg(g;i)) is contained
in the C —neighbourhood of Axis7t(g;), we have dr(f(a), gi f(a)) < | gillT + 2C.

Algebraic & Geometric Topology, Volume 19 (2019)



2308 Vincent Guirardel and Camille Horbez

Thus, f(I) € f([a, gi.a]) has diameter at most ||g; |7 + 4C. Since I intersects both
[a,a]r and [b, w]R, the image f([o, w]R) has diameter at most || g;||7 + 16C. The
claim follows. a

4.6 A criterion for checking that an algebraic leaf is dual to a tree

The following lemma gives a criterion for checking that a pair (o, ) € 9%(G, F)
belongs to the dual lamination of a tree T € O:

Lemma4.16 Let T € O and let (o, w) € 3*(G, F).

Assume that there exists K > 0 such that for all ¢ > 0, there exists a Grushko
(G, F)—tree R; of covolume smaller than ¢, with a 1 -Lipschitz G —equivariant map
Jfet Re = T, such that fe([o, w]R,) has diameter at most Ke.

Then (o, w) € L*(T).

Remark 4.17 As follows from the proof, the condition that diam( f¢([or, w]R,)) < Ke
can be replaced by the a priori weaker assumption that there exist a, b € [o, w]g, and
asubset Yy € T of diameter at most K¢ such that both f.([a, «]g,) and f:([b, w]R,)
are contained in Y.

Proof We will prove that for every ¢ > 0, we have (o, w) € L%K n 4)5(T)' Consider
nonstationary sequences of vertices x;, y; € R, at distance at most ¢ from [o, w]g,
and converging to « and w, respectively (notice that one can take x;, y; € [o, ®]g,
if & and w belong to deoo(G, F)). Since R, has covolume at most &, there exists
an element g; € G such that [x;, y;] € Axisg,(g;) and dgr.(yi.gix;) < 2¢e. In
particular, the pairs (g; >, giJr ) converge to (@, ). Since f; is 1-Lipschitz, we
have dr(fe(yi), gi fe(xi)) <2&. On the other hand, since x; and y; lie at distance at
most ¢ from [o, ®]g, , using the fact that f, ([, w]r,) has diameter at most K& we get
that d (fe(xi), fe(¥i)) < (K +2)e. It follows that d (fe(xi), gi fe(xi)) < (K +4)e,

and hence ||g;||7 < (K + 4)¢e. Therefore (o, w) € L%K+4)5(T)‘ O

The existence of Grushko trees admitting 1-Lipschitz e-BBT maps towards 7' is
guaranteed in the case where T has dense orbits by the following lemma:

Lemma 4.18 For all T € O with dense orbits and all ¢ > 0, there exists a Grushko

(G, F)—tree R, with covolume at most ¢ and a 1-Lipschitz G —equivariant map
f: Re — T with BBT(f) <e.
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Proof Since T has dense orbits, arc stabilizers in T are trivial [30, Proposition 4.17].
By [30, Theorem 5.3], we can find a sequence of Grushko (G, F)-trees S, converging
nonprojectively to T, admitting 1-Lipschitz G —equivariant maps f,: S, — T, and
such that the covolumes of the trees S, converge to 0. By [3, Lemma 4.1] (see
[29, Proposition 3.12] for free products), we have BBT( f,) < vol(S,/G)Lip(fn) <&
for n large enough, which concludes the proof. a

4.7 From L(T) to L*(T)
Given T € O, the goal of the present section is to relate L'(T) to L%(T).
Proposition 4.19 Forall T € O and all £ € L'(T), one has A%(§) € L?(T).

Proof By Corollary 4.8, £ is carried by a vertex group A of the Levitt decomposition
of T, and A carries A?(§) by Lemma 4.13. This way, the proof reduces to the case
where T has dense orbits.

Let (o, w) € A%(£). Fix & > 0, and consider a Grushko (G, F)-tree R of covolume
at most ¢, with a 1-Lipschitz e-BBT G -equivariant map f.: R, — T (this exists in
view of Lemma 4.18). By Lemma 4.15(2), there exists a geodesic ray y = [xo, §]g,
in R, such that f(y) has diameter at most 6¢ in 7. Without loss of generality, we
can assume xg has trivial stabilizer.

Let (gn)neN € GN be a sequence of elements such that g,xo — « and g,¢ — w.
Let [xo, x,] € y be an initial segment such that g,.x, converges to w. For each n,
consider i, € G whose axis has a fundamental domain D, containing [xg, X], and
such that | Dy \ [xo, Xn]| < 2vol(Rs/G) < 2¢. Then g,.(h,;>, h;7>) converges to
(o, w) in 0%(G, F). In addition, ||h,| T < 2¢e+ 6¢, so (o, w) € L%s(T). Since this
holds for every e, we have A2(§) € L?(T). a

Remark 4.20 1In [11, Section 5], Coulbois, Hilion and Lustig actually prove that in
the context of free groups (with F = &), if T is a tree with dense Fy —orbits, then
L?(T) = A*>(L'(T)). Proposition 4.19 above only shows one inclusion. Though we
believe that equality still holds in the context of free products, we will not prove the
reverse inclusion, as we will not need it in the sequel of the present paper.

Corollary 421 Let T,T' € O.
(1) If LN(T)NLYT')# @, then L2(T)NL*(T') # @.

(2) If LY(T)N LY (T’) contains a point carried by a nonperipheral subgroup A € G
of finite Kurosh rank, then L?(T) N L?(T') contains a leaf that is carried by A.
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(3) If LY(T)N LY(T’) contains a point £ that is not carried by some nonperipheral
cyclic subgroup A € G, then L*>(T) N L*(T") contains a leaf that is not carried
by A.

Proof If £ € L'(T)N LY (T'), then Proposition 4.19 implies that L2(T) N L?(T') 2
A?(£), which is nonempty by Lemma 4.11. The second assertion then follows from
Lemma 4.13, and the last follows from Lemma 4.14. O

4.8 Varying the tree

We now study the behaviour of the lamination L?(T) as T varies in ©. Our main
result is Proposition 4.23, which says in particular that if 7,, converges to a tree T € O
with dense orbits and if (ay,,wy,) € L?(T,) converges to (a,w) € 3*(G,F), then
(o, ) € L?(T). Here, the condition that T has dense orbits is crucial, as shown by
Remark 4.24 below. However, Proposition 4.23 also provides a statement that is valid
for all trees in O; this is our substitute for the lack of continuity of Kapovich and
Lustig’s intersection form in the context of free products.

Given trees Ty, T € O, and equivariant maps f,: R — T, and f: R — T that are
linear on edges of R, we say that f, converges to f if T, converges to T and
for every point v € R, f,(v) converges to f(v). By definition of the equivariant
Gromov—Hausdorff topology, this means that for all g € G, dr,(fn(v), gfn(v)) con-
verges to dr(f(v),gf(v)), and this implies that dr, (f»(x), fn(y)) converges to
dr(f(x), f(y)) for all x,y € R. Note that this implies that Lip( f;) converges to
Lip(f): this follows from the fact that if {e; = [v}, v%], el = [v,i, v,%]} is a finite
set of representatives of the G —orbits of edges in R, then we have

dr (f(}), f(v}))

icllky  dr(v},v?)

Lip(f) =

(and we have the similar expressions for Lip( f)). Also note that if T;, converges to T,
then for every Grushko (G, F)-tree R and every f: R — T linear on edges, there
exist maps fn: R — T, converging to f: these are defined by mapping a finite set
{v1,..., v} of representatives of the G —orbits of vertices in R to approximations of
f(vi) in T,, and extending equivariantly on vertices and linearly on edges.

Lemma 4.22 Let R be a Grushko (G, F)—tree,let T € O, and let f,: R — T, be a
sequence of maps converging to f: R— T for some T, € O converging to T. Consider
a sequence of algebraic leaves (a,, wy) € 3*(G, F) converging to (a, w) € 3*(G, F).

If diam( f,, [y, wp]R)) < K for all n € N, then diam( f([o, w]R)) < K.
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Proof Let I C [a,w]r be a compact segment. Then for all n € N sufficiently large,
the segment / is contained in [&,,w,|g. Therefore, the diameter of f, (/) is at
most K. This implies that the diameter of f (/) is at most K. As this is true for any
subsegment / C [o, w]|Rr, the diameter of f (o, w]R) is at most K. a

Proposition 4.23 Let T € O and let (T,),en € O be a sequence that converges
to T. Consider a sequence of algebraic leaves (an, wn) € L*(T,) converging to
(o, w) € 3*(G, F).

Then (o, w) € (LY(T) U Vo (G, F))2.
If in addition T has dense orbits, then («, w) € L*(T).

Remark 4.24 However, if 7" does not have dense orbits, then / may fail to belong
to L2(T). It may even happen that a sequence of trees T, in 0O converges to a
Grushko tree T (as in the examples from the proof of Proposition 3.1), in which case
L*(T,) # @ while L*(T) = .

Proof Let R be a Grushko (G, F)-tree. Let f: R — T be a G-equivariant
map, and let f,: R — T, be G—equivariant maps that converge to f. Let C :=
vol(R/G) - Lip(f), so that f is C-BBT. Since Lip( f,) converges to Lip(f), the
map fy is 2C -BBT for n large enough. Since (otn, wn) € L2(Ty), Lemma 4.15 implies
that diam( fy, ([otn, wn]R)) <40C. By Lemma 4.22, we have diam( f ([, w]R)) <40C,
50 (o, w) € (LY(T) U Voo (G, F))2.

In the case where T is further assumed to have dense orbits, then for all € > 0,
Lemma 4.18 provides a Grushko (G, F)-tree R, of covolume smaller than & witha 1-
Lipschitz G —equivariant map fz: R, — T. The argument from the previous paragraph

then shows that f¢([o, w]g,) has diameter at most 40¢. Lemma 4.16 implies that
(o, w) € L*(T). a

The following corollary will be crucial for proving the version of our unique duality
statement for arational trees given in Corollary 13.2 below:

Corollary 4.25 Let (T;)neN, (T)))neN € ON be two sequences of trees that converge
to T and T’, respectively.

Assume that L2(T,) N L*(T,) # @ for every n € N. Assume moreover that T has
dense orbits and that for all v # v’ € Voo(G, F), the group (G, Gy) is not elliptic
inT.

Then LY (T)N LY(T") # @, and hence L*>(T)N L*(T') # @.
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Proof Forall n € N, let (ay, wn) € L2(T,) N L*(T})), and let (¢, w) € 3*(G, F) be
a limit of translates of (o, @y, ). Since T has dense orbits, Proposition 4.23 implies
that (o, w) € L2(T), and that o, @ € L1 (T") U Vo (G, F). The hypothesis made on T
means that L2(T) does not contain any leaf with both endpoints in Ve (G, F), so up
to exchanging the roles of @ and w, we can assume that @ € doo(G, F). Then w €
LY(T)NLY(T"), showing that L' (T)NL(T’)# @. The fact that L2(T)NL*(T') # @
then follows from Corollary 4.21. a

We will also need the following variation on Proposition 4.23:

Proposition 4.26 Let T € O be a tree with dense orbits and let (Ty)pen € ON be
a sequence that converges to T. Let (gn)nen € GY be a sequence of nonperipheral
elements such that | gy ||, convergesto 0. Let (a,w) € 3*(G, F) be an accumulation
point of (g,%, ;).

Then (a, w) € L*(T).

Proof Fix ¢ > 0. By Lemma 4.18, there exists a tree R € O of covolume at most &
which admits a 1-Lipschitz equivariant map f.: R — T. Let f;,: R —> T, be a
sequence of maps converging to f . Since Lip( f;;) converges to Lip(f), the map f,
is 2e—BBT for n large enough.

Assume first that & and @ both lie in oo (G, F). Let I, := Axisgr(gn) N[, ®]r. The
endpoints of I, converge to o and .

If ||gn||g is bounded, then for n and n’ large enough, the axes of g, and g,  have an
overlap that is large compared to their translation length, so the commutator [g;, gx’]
fixes an edge in R, hence is trivial. In this case, for n large enough g, is a power of
some fixed element /4, and 4 is elliptic in 7. Then (¢, w) are the endpoints of the axis
of &, and the result is clear.

If ||gnllg is unbounded, one can choose a fundamental domain J, of the axis of g,
whose endpoints converge to « and w. Since f, is 2e-BBT and |/ g, ||, tends to
zero, fn(J,) has diameter at most 5¢ for n large enough. In particular, for any fixed
interval J C [, w]Rg, fn(J) has diameter at most 5¢ for n large enough. Since f,
converges to f, it follows that f(J) has diameter at most 5¢. As this is true for every
subsegment J C [, w]g, we deduce that f([o, w]) has diameter at most 5¢. As this
is true for every & > 0, Lemma 4.16 ensures that (o, w) € L%(T).
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If @ or w lies in Vo (G, F), the argument is similar. If both « and w lie in Vo (G, F),
then either g, is eventually constant and the result is clear, or ||g,||gr > d(a, w) for
n large enough. In all cases, one then finds a fundamental domain J, for the axis
of g, containing larger and larger segments J, C [, w]gr (with a € J, or w € Jy, if
o € Voo (G, F) or w € Voo (G, F)), and one concludes as above. a

5 Simple elements and simple leaves

The goal of the present section is to introduce the notions of simple elements of (G, F)
and simple leaves of an algebraic lamination, and prove an analogue of Corollary 4.25
for those.

5.1 Simple elements

An element g € G is simple (relative to F) if it is nonperipheral and contained in a
proper free factor of (G, F). The goal of the present section is to give a criterion for
characterizing simple elements in terms of so-called Whitehead graphs, which were
first introduced in [45] in the context of free groups.

Let S be a Grushko tree. Let v be a vertex in the quotient graph S/G. Let v be the
lift of v in §; we denote its stabilizer by G,. Let E;, be the set of oriented edges
of §/G with origin v. For each e € E,,, we fix a lift € in S originating at v. Let
g € G be a nonperipheral element. The Whitehead graph Whg(g, v) is the labeled
graph with vertex set E,, two directions corresponding to oriented edges e; and e;
being joined by an edge labeled by an element /& € G, if the axis of g in S crosses
a turn in the G —orbit of (€7, he>). Notice that there may be several edges joining a
given pair of vertices if the labels are distinct; the labels on Whg (g, v) depend on the
choice of the lifts of the edges in E,.

Given a connected subgraph A € Whg (g, v) and a point x € A, we define the mono-
dromy Mon(A4, x) of A based at x as the subgroup of G, made of those elements which
label closed loops in A based at x. Connectedness of A implies that the conjugacy
class of Mon(A4, x) is independent of x, so we denote it by Mon(A4).

We note that the conjugacy class Mon(A4) does not depend on the choice of the lifts
of the edges in E,. Indeed, if one changes the choices of lifts &; of e; to €] = g;e;
(with g; € Gy), then the label & of each edge Whg (g, v) joining e; to e; is changed
to gihgj_l.
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Moreover, if 7 is a maximal subtree of Whg (g, v), then one can change the choices
of lifts of the edges adjacent to v so that each edge in t has trivial label. If A is a
connected subgraph of Whg (g, v) with trivial monodromy, one can therefore choose
the lifts of the edges adjacent to v so that all edges in A have trivial label.

A vertex x € Whg (g, v) is an admissible cutpoint if there exists a decomposition of
the form Whg(g,v) = AU B, where A is a connected subgraph of Whg (g, v) with
Mon(A) = {1}, with AN B = {x}. We say that Whg (g, v) has an admissible cut if it
either has an admissible cutpoint, or is a disjoint union Whg(g,v) = A U B, where A4
is a connected subgraph with Mon(4) = {1}.

We aim to prove the following characterization of simple elements:

Proposition 5.1 A nonperipheral element g € G is simple if and only if for every
Grushko tree S, there exists a vertex v € S/G such that Whg (g, v) has an admissible
cut.

We will start by proving the following lemma:

Lemma 5.2 Let S be a Grushko tree and let g € G be a nonperipheral element. The
following conditions are equivalent:

(i) There exists a vertex v € S/G such that Whg (g, v) has an admissible cut.

(i) There exist a vertex U € S and two sets A and B of edges originating at v such
that
o ANhA=o forall he G, \ {1},
e Bis G, —invariant,

(Gy.A) U B contains all edges originating at ¥,

e AN B contains at most one edge,

e if {e,e'} is a turn in the axis of g in S, then there exists h € G such that
hie e’y C A orhie, e’} C B.

(iii) There exists a Grushko tree S" and a noninjective cellular map (ie sending edge
to edge or vertex) from S’ to S such that || g|ls = |lg]ls -

Remark 5.3 In (iii), in the situation where there is a cellular morphism f: S’ — S
(which is a map sending edges to edges), the conclusion says that g is legal for the
train-track structure defined by f. Notice here that the Grushko trees S and S’ can
have vertices of valence 2. When f is a collapse map, the conclusion says that the
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axis of g in S’ does not contain any collapsed edge. In all cases, the tree S’ has more
orbits of edges than S, but ||g||s’ = |lglls-

Proof We first prove that (i) <= (ii). Assume that (i) holds, and consider a decom-
position Whg(g,v) = AU B, where A is connected and has trivial monodromy, and
AN B contains at most one point. Let A be a set consisting of exactly one lift of each
edge corresponding to a vertex of the subgraph A € Whg (g, v), where these lifts are
chosen so that all labels of edges in A are trivial. Let B be the full preimage of B
in S. Then, for these choices of lifts, assertion (ii) holds.

Conversely, let A and B be as in (i), and 4 and B their images in S/G. The
construction of the Whitehead graph requires to choose lifts of the edges in £, and we
make sure that the lifts of the edges in A are chosen in A. We view A and B as induced
subgraphs of Whg(g,v). It is clear that A U B contains all vertices of Whg(g, v)
and that A N B contains at most one vertex. The last hypothesis from (ii) ensures that
every edge in Whg (g, v) is contained either in A or in B, and that all edges in A have
trivial label. The subgraph A might fail to be connected; however, up to replacing A
by one of its connected components Ao and replacing B by B U (A4 \ Ap), we get a
decomposition of Whg (g, v) as in the definition of an admissible cut, showing that
assertion (i) holds.

We now prove that (iii) = (ii). Let f: S” — S be a noninjective cellular map. Since
any such map is a composition of collapses and folds, up to changing S’ we can assume
that f: S” — S is a fold or a collapse. We first consider the case where f is the fold

Figure 3: (ii) <= (iii) in the case of a fold.
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defined by a pair of edges €1, ¢, € S’ with the same origin (see Figure 3). Since S has
trivial edge stabilizers, the edges €; and &, are not in the same orbit. Since S and S’
have the same vertex stabilizers, the noncommon endpoints v; and v, of €7 and e,
are not in the same G —orbit, and either ¥; or v, has trivial stabilizer. By symmetry,
we assume that G5, = {1}. Let e := f(e1) = f(e2), and v := f(V1) = f(v2). We
then have G = Gy, .

We define A’ as the set of edges of S’ incident on 7, and B’ as the set of edges
incident on T,. Then A’Nh.A" = & for every h € Gy \ {1}, while B is Gy—invariant.
Let A:= f(A') and B := f(B’), and note that AN B = {&}. Therefore A and B
satisfy the first four assertions from (ii). Since g is legal, any turn in the axis of g
in S is the image under f of a turn in the axis of g in S’. It follows that the last
requirement from (ii) is also satisfied.

We now assume that there exists a Grushko tree S’, and a collapse map f: S’ — S,
with ||g|ls’ = |lglls (see Figure 4). Let & be an edge in S’ that is collapsed to a point

o
L7
~ ; collapse :
1% E/ _— > g
¥y

R S

Figure 4: (ii) <= (iii) in the case of a collapse.
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by f,andlet ¥; and Uy be the extremities of €. Again, since S and S’ have the same
vertex stabilizers, the vertices v7 and v, belong to distinct G —orbits, and either v;
or U, (say v1) has trivial stabilizer.

Let A" (resp. B') be the set of edges of S’ which are incident on ¥; (resp. 7 ) and
not in the G—orbit of &. Let A:= f(A’) and let B := f(B’). Note that AN B = &,
and that B is G,—invariant. Since ||g||s’ = ||g||s, the axis of g in S’ does not cross
any edge in the G —orbit of € (ii) follows.

We prove that (ii) => (iii). We first assume that ANB = {€} is nonempty (see Figure 3).

Consider
y = (( 11 h.;f) UE)/N,
heGy

where ~ is the equivalence relation identifying the endpoint of /.¢ in h.A with its copy
in B. There is a natural noninjective cellular map from Y to the star of v. This is a
(bounded) tree with an action of Gy, and one defines S’ by replacing equivariantly the
star of ¥ in S by Y. Since each vertex at distance 1 from v has a unique preimage in Y,
there is a natural way to attach back the edges of S to Y, thus defining a G —tree S’,
with a noninjective map S’ — S induced by the map above. Let / be the axis of g
in S. Our assumption on g implies that every turn of / lifts to S’. The lift I’ of [ in S’
is therefore the axis of g in S’, and it embeds isometrically in S’ so || g|ls = |lglls -

We now assume that AN B = & (see Figure 4). We view A and B as subtrees of S
and we denote by T (resp. T) the copy of ¥ in A (resp. B). Let Y be the set obtained

(1)

by attaching an edge ¢ from vp to v4 and extending by equivariance. Then there

from

is a natural collapse map from Y to the star of v in S. As above, there is a natural
way to attach back the edges of S to Y, which defines the desired tree S’. Since
AN B = @, the axis of g lifts to S’ and does not cross any of the newly added edges,

so [|glls = llglls- o

Proof of Proposition 5.1 We first assume that g € G is simple, ie there exists a
(G, F)—free splitting G = A x B with g € A. Let S be a Grushko tree, and let Sy
be the minimal A—invariant subtree of S, which is a Grushko (A4, F|4)—tree. Let Sp
be a Grushko (B, F|p)-tree, and let R be a Grushko (G, F)-tree obtained from the
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splitting A x B by blowing up A (resp. B) into S4 (resp. Sp). Then, up to rescaling
and subdividing the edges of S, there exists a cellular map f: R — S, which is the
identity when restricted to Sy4; in particular, ||g||s = ||gl|r. If f is an isometry, then
the axis of g misses some orbit of edges, hence Whg(g, v) has an isolated vertex.
If f is not injective, the existence of a vertex v € §/G such that Whg (g, v) has an
admissible cut thus follows from Lemma 5.2.

Conversely, assume that for every Grushko (G, F)-tree S, there exists a vertex ve S/ G
such that Whg (g, v) has an admissible cut. Let S be a Grushko tree with all edges of
length 1. An iterative application of Lemma 5.2 shows that we can find a sequence of
Grushko trees (S;);en with all edges of length 1, and with vol(S; /G) =vol(S/G)+i,
such that | g||s; = ||g|ls for all i € N. Define a natural edge of S; as a connected
component of the complement of the set of branch points in S;/G. Since there is a
bound on the number of natural edges in S; /G, for all sufficiently large i € N one
of the natural edges e of S; has length greater than ||g|s. This implies that the axis
of g in S; does not cross any edge in the orbit of e, and therefore g is elliptic in the
(G, F)—free splitting obtained from S; by collapsing all natural edges outside of the
orbit of e to points. Therefore g is simple. a

5.2 Simple algebraic leaves

An algebraic leaf is simple if it is the limit of a sequence of pairs (g}, >, g;7>°) where
for all n € N, g, is a simple element.

Lemma 5.4 Let g € G which is not simple. Then g+ is not the endpoint of any
simple leaf.

Remark 5.5 This lemma implies that an element g € G is simple if and only if the
leaf (g7°, g7) is simple.

Proof Let (g,)nen € G be a sequence of elements such that (g,%°, g;7°°) converges
to (a, gT°°) for some o € 9(G,F). We aim to show that g, is nonsimple for all
sufficiently large n € N.

By Proposition 5.1, there exists a Grushko tree S such that for all vertices v € S/G,
the Whitehead graph Whg(g, v) has no admissible cut. Notice that every compact
]

subset K of the axis of g in S has a translate g?°K that is contained in [o, g7%]g,

so for n large enough, g"°K C [g,;%°, g7>]s. This implies that for n large enough
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and for each vertex v € §/G, the Whitehead graph of g, at v contains the Whitehead
graph of g at v, with the same labels. In particular, for all vertices v € S/G, the
Whitehead graph Whg (g, v) has no admissible cut. Proposition 5.1 then implies that
gn 1is nonsimple. O

Lemma 5.6 Let (o', w) be a simple leaf, with w € 0o0(G, F).

Then any leaf in A*(w) is simple.

Proof Let L be the lamination generated by (w, @’), which consists of simple leaves.
By Lemma 4.12, A%2(w) C L. a

Given T € O, we denote by Lszimple(T) the sublamination made of all simple leaves in
L?(T) (this set is closed).

Corollary 5.7 Let T,T' € © and let (Ty)nen. (T))nen € ON be two sequences of
trees that converge to T and T’, respectively. Assume moreover that T has dense
orbits and that for all v # v’ € Voo (G, F), the group (G, Gy) is not elliptic in T.

If L2

simple

(T,)N L2 (T)) # @ foreveryn € N, then L2 (T)NL2 (T #@.

simple simple simple

Proof Consider [, € Lszimple(Tn) N Lszimple(T,;), and let | = (a,w) € 3*(G, F) be
an algebraic leaf obtained as a limit of translates of /,,. Then [ is simple and by
Proposition 4.23 we have [ € L?(T) and a,w € L'(T") U Vo (G, F). As in the proof
of Corollary 4.25, the hypothesis on T tells us that, up to exchanging o and w, we
can assume ® € doo(G, F). In particular, w € L'(T) N L(T"). By Proposition 4.19,
A*(w) € L*>(T)N L*(T'). By Lemma 5.6, A*(w) is simple. Since it is nonempty
(Lemma 4.11), this concludes the proof. a

We finish this section by mentioning the following fact:

Proposition 5.8 For every tree T € 00O, one has Lszimple(T) # .

Proof We first assume that T has dense orbits. Let (T;),en € ON be a sequence
that converges to 7. Then vol(7,/G) converges to 0. In particular, we can find
a sequence of nonperipheral simple elements g, such that | g,| 1, converges to 0.
Proposition 4.26 ensures that every accumulation point of (g, >, g,;7°°) in 9%(G, F)
is a simple leaf in L2(T).
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We now assume that 7" does not have dense orbits. If 7" has a simplicial edge with
nontrivial stabilizer, then this stabilizer is simple and nonperipheral, so the conclusion
follows. If all simplicial edges in T have trivial stabilizer, the conclusion follows from
Corollary 4.5. a

6 The Levitt-Lustig map Q for trees with dense orbits

In all this section, 7 € O is a tree with dense orbits. We denote by 7 the metric
completion of T, and by doo7T the Gromov boundary of 7. In this section, we first
extend the Levitt-Lustig map Q: 3(G,F) — T U 3T (see [39]) to the context of
free products. This map identifies the two endpoints of every algebraic leaf in L2(T')
and maps them to T (and not to do,T), so it induces a map Q?: L?(T) — T, which
is continuous for the metric topology on T (this extends [9, Proposition 8.3]). In
Section 6.2, we show that Q is continuous for the observers’ topology (see [9] in
the case of a free group). In Section 6.3, we prove that the dual lamination L?(T')
coincides with the fibres of Q (this extends [11, Proposition 8.5]), which implies that
T UdsoT can be identified with the quotient (G, F)/L*(T).

6.1 Definition of the maps Q and Q2

Lemma 4.15 can be used to extend the Levitt-Lustig map Q (see [39]) to the context
of free products; this is the content of Proposition 6.2 below. We will first need the
following lemma:

Lemma 6.1 Consider T € O, two Grushko trees Ry and R», and fi:Ri —> T
and f>: Ry — T two G —equivariant maps. Then there exists a G —equivariant map
g: Ry — Ry such that for all x € Ry, one has dr(f10g(x), f2(x)) <2BBT(f1).

In particular, for all w € d(G, F), there exist a; € R; and ap € Ry such that
fi1([a1,w]R,) is contained in the 2 BBT( f1)—neighbourhood of f>([a2,w]Rr,).

Proof The last assertion in the lemma follows from the first by choosing a; and a»
such that [a1, w]r, € g([az,w]r,). We now prove the first assertion.

Fix C < BBT(f1), and subdivide the edges of R, so that the f,—image of each
edge of R, has diameter at most C. Let g: R, — R; be any G —equivariant map
that is linear on edges, that sends any vertex with nontrivial stabilizer to its fix point
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in Ri, and sends any other vertex v, € R, to an fj—preimage of f2(v2). Then
f10g and f> coincide on the vertices of R,. If x is contained in an edge [u, v]
in Ry, then g(x) € [g(u), g(v)], so fi1(g(x)) lies at distance at most BBT( f1) from
[f1(gm)), fi(g(w))] = [f2(u), f2(v)]. Since the diameter of f>([u, v]) is at most C,
we get dr(f2(x), f1(g(x))) < BBT(f1) + C <2BBT(f1). o

Proposition 6.2 Let T € O be a tree with dense orbits. There exists a unique G —
equivariant map Q: 3(G,F) — T U dooT such that the following holds: For every
¢ > 0, and every Grushko tree R, admitting an e~BBT map f.: R, — T and for all
w € 0d(G, F),

(i) if w € Voo(G, F), then Q(w) = fo(w);

(i) if @ € 00o(G, F) and f¢l[xy,0] . 1s unbounded (for some basepoint xo € R;),
then Q(w) € dooT and fe|[xg,w], converges to Q(w);

(iii) if w € 00o(G, F) and f8|[x0,w]Rg is bounded (for some basepoint xg € R;),
then Q(w) € T, and there exists yo € [xo,w]|r, such that f([yo,®]r,)
B10:(Q(w)).

Remark 6.3 An important point is that the point Q(w) does not depend on the map f.

Proof We follow Levitt and Lustig [39, Proposition 3.1]. Uniqueness of the map Q
is obvious (using the fact that there exist Grushko trees with 1-Lipschitz e—~BBT maps
towards T for arbitrary small values of ¢; see Lemma 4.18). We fix a Grushko tree R,
an equivariant map f: R — T and a basepoint a € R. Fix w € d(G, F).

If w € Voo (G, F), then we define Q(w) as the unique point in 7" which is fixed by the
stabilizer of w. This definition clearly satisfies (i) for every map f;.

Assume now that w € 0o0(G, F), and that f([a,®]Rr) is unbounded. We have
BBT(f) <00, 50 f|[4,0]z cOnverges to a point in doo T, which we define as Q(w).
It then easily follows from Lemma 6.1 that for any G —equivariant map f’: R — T
from another Grushko tree to 7 and any a’ € R/, the restriction f”|[4/
to Q(w), showing that (ii) holds.

0] g/ converges

We now consider the case where f([a,®w]gr) is bounded. Then, given any equivariant
C-BBT map f’: R" — T from a Grushko tree R’ to T and any basepoint b € R/,
f'([b, w]g’) is bounded. Lemma 4.15(2) enables us to choose a point Qz/(w) € T' (de-
pending on f") such that there exists a’ € R’ such that f'([a’, w]r’) € B3c(Qf/(w)).
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We now claim that if fi: Ry — T and f>: R, — T are G—equivariant maps, then
dr (Qf, (w), Qf,(w)) < 5BBT(f1) + 3BBT(f2). Property (iii) follows from this
claim, by defining Q(w) as the limit of any sequence Qy, (w) (necessarily Cauchy)
with BBT( f;;) converging to 0.

We now prove the above claim. By the last statement in Lemma 6.1, there ex-
ist a1 € Ry and a; € Ry such that fi([a1,w]R,) is contained in the 2 BBT( f1)-
neighbourhood of f>([a2,w]r,). Since, by construction, f;([a;,w]g,;) is eventually
contained in the ball of radius 3BBT( f;) around Qf, (w) forall i € {1, 2}, we get that
dr (Qf,(w), Qf,(w)) <3BBT(f1) +3BBT(f2) +2BBT( f1). This proves our claim,
and finishes the proof of Proposition 6.2. O

The following lemma shows that leaves of L?(T) are contained in fibres of Q. A
converse inclusion will be proved in Proposition 6.10.

Lemma 6.4 For every algebraic leaf (o, w) € L*(T), we have Q() = Q(w) and this
point lies in T (not in 9o 7).

Proof ILet ¢ > 0 and let f: R, — T be an ¢—BBT map given by Lemma 4.18.
Lemma 4.15(3) shows that f([o, w]g,) has diameter at most 20¢. Proposition 6.2 thus
implies that Q(«) and Q(w) lie in T, and that one extremity of the line [, w]g is
eventually mapped in a ball of radius 10 centred at Q(«) and the other is eventually
mapped in a ball of radius 10e centred at Q(w). Hence d7(Q(a), Q(w)) < 40e. As
this is true for all ¢ > 0, we have Q(x) = Q(w). a

Definition 6.5 We define Q%: L2(T) — T by Q?*(a,w) := O(x) = Q(w).

Remark 6.6 The map Q2 is not surjective in general. This will be clearer later when
L?(T) will be identified with pairs of endpoints of leaves in a band complex: points
of T" whose leaves are one-ended are not in the image of Q2. Trees that are dual to a
Levitt-type system of isometries yield examples (see [17; 37]). On the other hand, the
image of Q2 is dense in T, because every orbit in T is dense.

The map Q2 has a strong continuity property. This is an adaptation of Proposition 8.3
of [11].

Proposition 6.7 The map Q%: L*>(T) — T is continuous for the metric topology
onT.
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Proof ILete>0andlet f: R, — T be an e-BBT map given by Lemma 4.18. Let
(o, w) € L2(T), and let (0, wn))nen € L2(T)N be a sequence converging to (o, ).
By Lemma4.15, f ([, w]R,) has diameter at most 20¢, and is therefore contained in the
30e-neighbourhood of Q(w) = Q*(«, w) by Proposition 6.2. Similarly, f([an, wn]R,)
in contained in the 30e—neighbourhood of Q?(ay,,w,) for all n. For all sufficiently
large n € N, one has [an, wxg, N [0, w]R, # D, s0 Q*(atn, wy) is at distance at
most 60e from Q% (u, w). a

6.2 Continuity of Q for the observers’ topology

Lemma 6.8 Let T € O be a tree with dense orbits.

Then, for all x € T, the orbit map G — T, g — gx, admits a unique continuous
extension G U d(G,F) — T UdsoT for the observers’ topology on T U doo T, and this
extension coincides with Q on (G, F).

Proof Since the observers’ topology on 7 U 007 is first countable, it is enough to
prove that for all x € T, if (gn)neN € GN isa sequence that converges to w € (G, F),
then (g,.X)nen converges to Q(w) (for the observers’ topology on T U 040 T).

We can assume without loss of generality that x € T. Indeed, assume that the result
has been proved for all x € T, and let x € T. Let (gn)nen € GY be a sequence
that converges to w. If (g,.x),en does not converge to Q(w), then there exists a
direction d in T containing Q(w), and such that g;.x ¢ d for infinitely many i. Let
d’ be another direction in T that is strictly contained in d and also contains Q(w).
Then, for every point x” € T' that is close enough to x, we have g;.x’ ¢ d’ for infinitely
many i . Therefore (g,.x"),en does not converge to Q(w), a contradiction.

We therefore let x € 7, and assume towards a contradiction that there exists a direction
d C T containing Q(w) and such that g;.x ¢ d forall i (up to passing to a subsequence).
We denote by u € T the basepoint of d .

We first distinguish the case where Q(w) € dooT. Let f: R — T be a 1-Lipschitz
map, with BBT constant C, and a € R be a preimage of x (this exists by minimality
because x € T'). The ray [a,w]g contains a subray [b, w]g such that f([b,w]r) Cd
and stays at distance at least 2C from u. Since g,.a converges to w, there exist
i,j € N such that [g;a, gja] N [b,w]r contains a point c. Since, by assumption,
gnx = f(gna) ¢ d forall n € N, f(c) is at distance at least 2C from [g;x, g;x],
contradicting that BBT(f) < C.

Algebraic & Geometric Topology, Volume 19 (2019)



2324 Vincent Guirardel and Camille Horbez

We now consider the case where Q(w) € T. Let & > 0 be such that the ball B,os(Q(w))
is contained in d. Let R, be a Grushko tree and f: R, — T a 1-Lipschitz map with
BBT(f) <e€. Let a € R, be such that f(a) = x.

Assume first that @ € 0o0(G, F). By definition of Q, there exists b € [a, w]gr, such
that f([b, w]Rr,) € B1o(Q(w)) € d. Since by hypothesis g;.a converges to w, there
exist i and j such that the segment [g;.a, gj.a]r, contains a point ¢ in [b, w]g, .
Since BBT(f) < e, we have dr(f(c),[gi.x,gj.x]) < e, but since g;.x,g;.x ¢ d
and f(c) € d, we get that dr(f(c),u) <e,so ds(u, Q(w)) < lle, contradicting our
choice of €.

If w € Voo(Rg), we can find i and j such that w € [g;.a, gj.a]gr, . Since BBT(f) <e,
we get dr(f(w),u) < e, so dr(Q(w),u) < ¢ because f(w) = Q(w). This is a
contradiction. O

Corollary 6.9 If K C T is compact for the metric topology, if (gi)ien € GY is a
sequence of elements converging to w € 3(G, F), and if x € T is such that gl._l.x ek
forall i € N, then Q(w) = x.

Proof Up to a subsequence, we can assume that gl._1 .x converges to y € K. This
means that d7(x, g;y) tends to 0, which implies that g;y converges to x in the
observers’ topology. By Lemma 6.8, we have Q(w) = x. a

6.3 The map Q and L*(T)

We have already seen in Lemma 6.4 that the endpoints of every algebraic leaf in L2(T')
have the same image under Q. The following lemma (see [11, Proposition 8.5] for free
groups) proves the converse:

Proposition 6.10 Let T € O be a tree with dense orbits.
Then for o, w € 3(G, F), one has Q(a) = Q(w) ifand only if @ =w or (&, w) € L*(T).

Proof In view of Lemma 6.4, we only need to prove that if & # @ have the same
image under Q, then («, ) € L*(T).

Let us first prove that Q(«) = Q(w) cannot lie in doo7. Assume otherwise and fix a
Grushko tree R with amap f: R — T, and let a € R be a basepoint. Since the ray
[f(a), Q(w)]r is contained in f([a,a]r) andin f([a,w]R), there exist two sequences
Xn € [a,a]g and y, € [a,w]r converging to o and w, respectively, and such that
f(xn) = f(yn) converges to Q(w). This contradicts that BBT(f) < oco.
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Let R, be a Grushko tree of covolume smaller than ¢, with a 1-Lipschitz map
Jfe: Re — T with BBT(f¢) < ¢. By Proposition 6.2, there exist x, y € [o, w]g, such
that fe([x,o]r) and f:([y,w]Rr) are contained in Bjo.(Q(«)) (this also obviously
holds if & or w lies in Voo (R)). Lemma 4.16 (in the form provided by Remark 4.17)
then implies that (o, w) € L?(T). a

Proposition 6.10 says that L2(7") essentially coincides with the equivalence relation
on d(G, F) given by the fibres of Q: 3(G,F) — T U 0o T, the only difference be-
ing the diagonal A C d(G, F) x (G, F). Slightly abusing notation, we denote by
9(G, F)/L?*(T) the quotient of (G, F) by this equivalence relation. The map Q is
onto because its image is compact and every orbit of T U 07T is dense (this easily
follows from the fact that every orbit is dense in 7' for the metric topology). Being a
continuous map between compact spaces, the map Q induces a homeomorphism on
the quotient (this is [9, Corollary 2.6] in the context of free groups).

Corollary 6.11 The map induced by Q from d(G,F)/L*(T) to T U 05T is a
homeomorphism for the observers’ topology on T U 0o T. a

Corollary 6.12 There is no partition d(G, F) = AU B with A and B nonempty closed
subsets of (G, F) that are saturated under the equivalence relation given by L?(T).

Proof This follows from Corollary 6.11, together with the connectedness of 7' U 0o T
(for the observers’ topology). a

7 Band complexes

In this section, we construct band complexes generalizing those by Coulbois, Hilion
and Lustig [13] based on the compact heart they introduced. These are not simplicial
complexes in general, as bands are homeomorphic to K x [0, 1] for some compact
R-tree K (whose set of branch points might be dense).

In all this section, we fix 7 € O a tree with dense orbits, and R a Grushko tree.

7.1 Definitions

Compact trees Given a point u € R, we define L2(T) as the subspace of L?(T') made
of those pairs (&, w) € 0%(G, F) such that u € [a, w]g. We then let Q,, := Q%(L2(T)),
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and we let K,, be the convex hull in T of €,,. We also notice that when u € R belongs
to the interior of an edge e C R, the sets Li(T), Q, and K, only depend on e; we
will also denote them by L2(T), Q. and K, in this case. Notice that when u € R
lies in the interior of an edge or is a vertex of finite valence, the set L2(T') is compact.
Continuity of Q2 (Proposition 6.7) then implies that €, and K, are also compact
(for the metric topology on T') in this case. If u has infinite valence, since there
are finitely many G, —orbits of edges incident on u, it follows that €2, and K, are
G, —cocompact.

Lemma 7.1 Forevery u € R, the set €2, is nonempty.

Proof If u belongs to the interior of an edge, then the two connected components of
R\ {u} yield a partition of d(G, F) into two closed subsets. If Q, = &, then these
two sets are saturated for L2(7'), contradicting Corollary 6.12. The result also follows
when u is a vertex of R, because the set €2, is then the union of the sets 2, over all
edges e C R that are incident on u. |

The band complex

Definition 7.2 (the band complex X (T, R)) We let
Y(T,R):={(x,u) €T x R| x € Ky}.

When T and R are clear from the context, we will simply write X instead of X (7, R).
This is a closed G—invariant subset of T x R (for the metric topology). The diagonal
action of G on T x R induces a G-action on ¥. Denote by pr: ¥ — T and
PR: ¥ — R the projections, which are G —equivariant. We view X as a foliated
complex, where the leaves are the connected components of the fibres of pr (actually,
Proposition 7.24 below will say that these fibres are connected).

Here is an alternative description of X, illustrated in Figure 5. Given an edge e C R,
we let B, := K, x e C X, which we call a band of X. We also call K, x € an open
band. Given a point v € R, we let Ky := Ky x {v} € X, which we call a base tree
when v is a vertex. Then X is also the band complex obtained from

Sy:= |] Ky and B:= [] B.

veV(R) ecE(R)
as

L= (XyuB)/~,
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U3 Vo

U1

V4

Figure 5: A band complex.

where, for each edge e = [u, v] of R, we identify K, x {v} C B, = K, X [u, v] with
the corresponding subset of /C;, (and similarly for u).

The space X is the generalization of the universal covering of the band complex
considered by [13] in the case of the free group, where R is a rose. Since in this case
R has a unique orbit of vertices, there is a single base tree K, up to the group action,
and this tree is compact since R is locally finite. This compact tree K, is Coulbois,
Hilion and Lustig’s compact heart [13]. In the present section (see Proposition 7.26
below), we will see that this set also coincides with the core of T x R, as introduced
by the first author in [22].

Special vertices We make the following observation:

Lemma 7.3 Forevery v € Voo(R), there exists a unique point in KC,, which is fixed
by Gy.

Proof Let x € Q,. By G—equivariance of QZ, for all g € G, we have gx € Q. As
Ky is convex, this implies that the unique point of 7" fixed by G, belongs to K;,. O
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When v € Vo (R), we denote by vy the unique point in K, fixed by G, , which we
call a special vertex of IC,, (if Gy is finite, then Ky has no special vertex). Sometimes,
a point in Voo (R) is viewed as a point in the boundary dR and is denoted by w instead
of v; we then use the notation wy, for the corresponding special vertex. The special
vertices of X are exactly the points of ¥ whose isotropy group is infinite.

Leaves of the band complex and the set £ To make the distinction between alge-
braic leaves (ie elements of 3%(G, F)) and leaves of X explicit, the latter will be called
complete X—leaves. Given x € X, we denote by L the complete X —leaf containing x.
Note that the restriction of the projection pg to Ly is injective, so each complete
Y —leaf is a tree. Any segment contained in a complete ¥ —leaf will be called a X—leaf
segment. If x and y are in the same complete X-leaf £, we denote by [x, y]. the
unique X-leaf segment joining them. A bi-infinite X—leaf segment / is called a X —leaf
line. By extension, we also call a ¥ —leaf line any leaf segment [ joining two special
vertices in X, or a simply infinite leaf segment whose basepoint is a special vertex.
In particular, a ¥ -leaf line has two well-defined endpoints in d(G, F): these are the
endpoints of pr(!). Similarly, we define a X —leaf semiline as an oriented, semi-infinite
leaf segment, or a finite leaf segment whose extremity is a special vertex. A X—leaf
semiline has a well-defined extremity in d(G, F), and a basepoint in X.

The following set will be of particular importance in later sections in the study of the

band complex X:

Definition 7.4 (the set 2) We denote by 2 C X the union of all X-leaf lines (whose
endpoints, by definition, can belong to either Voo (G, F) or to doo(G, F)).

7.2 Simple connectedness

Lemma 7.5 Let f: X — Y be a continuous surjective map between compact, metriz-
able, finite-dimensional, locally contractible spaces. Assume that forall y € Y, f~1(y)
is contractible.

Then f is a homotopy equivalence.
Proof By [31, Theorem V.7.1], the spaces X and Y are absolute neighbourhood

retracts. Then f is a cell-like map, so by Haver’s theorem (see [41, Theorem 7.1.6] or
[36, Theorem, page 511]), f is a homotopy equivalence. a
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Lemma 7.6 The space X is simply connected. Moreover, for all compact subtrees
K g C R, there exists a compact subtree K% C T such that for every compact subtree
Kt containing K9, the space ¥ N (Kg x K1) is simply connected.

Proof We first explain how to deduce simple connectedness from the second assertion.
We first show that X is connected. If not, let C; and C, be two distinct connected
components of ¥. Let Kgr be a compact subtree of R that intersects both pr(Cy)
and pr(C,). Then for every compact subtree K7 C T, the space X N (K7 x Kg) is
disconnected, a contradiction. This shows that 3 is connected. Moreover, if y: S LN
is any loop, then y(S!) is contained in ¥ N (K7 x Kg) for some compact subtrees
Kt €T and Kg C R, so the second assertion implies that X is simply connected.

We now prove the second assertion. Let Kg € R be a compact subtree. By Lemma 7.1,
we can find a compact subtree K% C T such that pr(= N (K% x KR)) = Kg; notice
then that every compact subtree K7 C T that contains K % also satisfies this property.
We will apply Lemma 7.5 to the compact set C := XN (K7 x Kg) and the continuous
surjective map pr: C — Kg. The space Kg is compact, metrizable, finite-dimensional
and locally contractible, being a compact subtree of R. The space C is metrizable and
finite-dimensional, being a subspace of a product of two trees. It is compact because
K7 and K g are compact, and X is a closed subspace of T x R. Point preimages of pg
are compact subtrees of T, hence contractible, so we only need to show that C is locally
contractible. If x € C is such that pg(x) is contained in the interior of an edge e
of R, then x has a neighbourhood homeomorphic to K, x é. If pr(x) is a vertex
v € R, then for some neighbourhood V' of v in R, p;l (V) retracts by deformation
onto p;l ({v}). It follows that C is locally contractible, which concludes the proof. O

Remark 7.7 Since ¥ is connected, it follows that p7(X) is a connected subspace
of T. In particular, by minimality of T, we have T C p7(X). One can show that pr
is never surjective on T ; indeed, the complete metric space T would be covered by
countably many compact trees K., and each of them has empty interior (in the metric
topology), contradicting the Baire property.

7.3 Comparing leaves of X with leaves of L2(T)

Lemma 7.8 Let [ be a ¥ —leaf semiline with extremity @ € 0oo(G, F). Then pr(l)=
{Q(w)}.

Similarly, if @ € Voo(G,F) and L4y is the complete X —leaf through the special
point wy,, then pr(Lyy) = {Q(®)}.
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Proof The second assertion is obvious by definition of Q on Vs (G, F). To prove
the first, let m be the midpoint of an edge e of R such that there exists a sequence of
elements g; € G converging to w, with g;.m € pr(l) forall i € N. Let x := pr(]).
Then for all i € N, we have (x, g;.m) € X, and hence (gl._l.x, m) € X. This implies
that gl._l.x lies in the compact subset K, € T for all i € N, so Q(w) = x by
Corollary 6.9. a

Lemma 7.9 A subset of T x R is a Y —leaf line if and only if it is of the form
{Q()} x [a, w] g with (o, w) € L*(T).

In particular, for all («,®) € 3*(G, F), one has («,w) € L?(T) if and only if there
exists a X —leaf line with endpoints & and w, and in this situation such a ¥ —leaf line is
unique.

Proof For all (a,w) € L?(T), we have Q(a) = Q(w) (Proposition 6.10), and it then
follows from the definition of X that {Q(x)} X [, w]r € E. Conversely, if ] C X
is a X -leaf line whose endpoints are o, w € d(G, F), then Lemma 7.8 shows that
Q(a) = Q(w), and hence (a,w) € L*(T). In this case, we have pr(l) = {Q(x)}
(Lemma 7.8), s0 [ ={Q(a)} x pr(l) = {Q(x)} X [, w]R. O

Corollary 7.10 For all u € R and all x € K,,, one has x € €2, if and only if there is
a X —leaf line that contains (x,u).

Proof If x € Q,, then there exists (a,w) € L2(T) such that x = Q(«r) = Q(w). This
means in particular that u € [, w]|Rg, so {x} X [&, w]r is a X —leaf line that contains
(x,u). Conversely, assume that / C ¥ is a X—leaf line that contains (x, u); then [ is
of the form {x} x [&, w]g for some (c, w) € L?(T) with Q(e) = x. Since u € pr(l),
we have (o, ) € L2(T), s0 x € 2. a

Remark 7.11 As a consequence of Corollary 7.10, the set 2 from Definition 7.4 is
also the union over all edges e of 2, x e. In particular, let B, = K, x ¢ be a band
of 3. Since K, is the convex hull of €2., every terminal point x € K, belongs to €2,
and therefore the X —leaf segment {x} x e is contained in 2.

7.4 Finiteness properties

When working in the context of free products, one new phenomenon arises that did not
occur in the context of free groups: in our case, the trees K, are no longer compact
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when v € Vo (R), and there are infinitely many bands attached to K, (there are finitely
many G —orbits of them, though, but for example there are infinitely many orbits of
pairs of bands attached to ). In the present section, we present some finiteness
results that will be key for extending the work in [9; 8; 14] to our context.

Lemma 7.12 For any vertex v € R and any point x € K, which is not a special vertex,
there is a neighbourhood V' of x in K, which intersects only finitely many bands.

Proof If K, has no special point (ie if G, is finite), then there are only finitely many
bands incident on Ky, so the lemma is trivial. Otherwise, denote by vy the special
point of K, and by d the distance from x to vy. If infinitely many bands intersect the
ball of radius %d around x in /Cy, then since there are only finitely many G, —orbits of
bands intersecting K, , we can assume that these bands are in the G, —orbit of a band B, .
Thus, there are infinitely many elements g; € G, such that d7(x, g; Ke) < %d . Thus
K, contains a point at distance less than %d from g~ lx, contradicting compactness
of K. for the metric topology. |

From Lemma 7.12, one immediately deduces the following facts:

Corollary 7.13 (i) If C € K, is a compact subset avoiding the special vertex
of ICy, then C intersects only finitely many bands.

(i) Any complete X —leaf £ C 3 is a locally finite tree, except at points x € L with
infinite stabilizer. O

Remark 7.14 However, the valence of points with trivial stabilizer in a given leaf
might a priori still be unbounded.

Corollary 7.15 For any vertex v € R and any point x € K, , there exists an open
neighbourhood V' of x in IC, such that every band which intersects V' contains x .

Proof If x is not a special point, then Corollary 7.15 follows from Lemma 7.12 by
possibly passing to a smaller neighbourhood of x. If x is a special point, then there
are only finitely many orbits of bands attached to K, that do not contain x, so there
is a lower bound d on the distance from x to a band that does not contain x. In this

case, we choose for V' an open ball centred at x of radius %d . a
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Corollary 7.16 Let x; € K, be a sequence converging to x € Iy, where x is not the
special vertex of K. Let l; be a ¥ —leaf semiline starting from Xx; .

Then there is a ¥ —leaf semiline | starting from x such that for each finite initial
subsegment I of I, there are infinitely many indices i such that pr(I) < pr(l;).

In particular, given any band B in X, if for every i the semiline [; starts with an edge
in B, then so does [. If for every i the semiline [; starts with an edge that is not in B,
then so does [ .

Remark 7.17 The corollary still holds with the same proof if x is a special point,
assuming that the initial edges of /; all lie in a common band B.

Remark 7.18 It may happen that the extremity of / is a special vertex of X even if
the extremity of every /; belongs to doo(G, F).

Proof By Lemma 7.12, up to extracting a subsequence, we can assume that the first
edges [x;, yi] of [; lie in a common band Bj. Let y be the limit of y;. If y is a
special point, we can take / = [x, y] and we are done. If not, one can apply the same
argument to the sequence y;: up to extracting a further subsequence, we can assume
that the second edges [y;, z;] of /; lie in a common band Bs. Iterating this argument
proves the corollary. |

Lemma 7.19 Let x € Ky and let ¢ C Ly be a connected component of Ly \ {x}.
Denote by B the band that contains the initial edge of c. If c is finite, then x is not
extremal in B N Ky, and there exists an open ball U around x in K, such that for all
x" € U, the unique connected component cyxs of Ly \ {x'} that intersects B is finite,

and pRr(cy) € pr(c).

Remark 7.20 In particular, if £ is finite, then there exists a neighbourhood U of x
such that Ly is finite for all x’ € U, and pr(Lyx’) € pr(Lx). Indeed, consider
a neighbourhood V' of x in Xy such that every band intersecting V' contains x
(Corollary 7.15). Applying Lemma 7.19 for each of the finitely many bands containing x
proves our claim. Using this lemma, we will actually prove in Proposition 7.22 below
that no complete X —leaf is finite.

Proof Since c is finite, it contains no special point, so ¢ does not contain any X-leaf
semiline. Notice also that x is not extremal in B N I’ : otherwise, denoting by e

Algebraic & Geometric Topology, Volume 19 (2019)



Algebraic laminations for free products and arational trees 2333

the pg-image of the initial edge of ¢, we would have pr(x) € Q,, and ¢ would be
infinite.

If there is a sequence of points x; converging to x with ¢y, infinite, then one can
find X—leaf semilines /; starting at x; whose first edges are contained in the band B.
Corollary 7.16 then implies that ¢ contains a X —leaf semiline, a contradiction.

If pr(cx;) € pr(c) for some sequence x; converging to x, then, up to extracting
a subsequence, we can assume that there exists a X—leaf segment (x, y] € ¢, and
Y —leaf segments (x;,z;] C cx,; that can be written (x;, z;] = (x;, y;] U [yi, z;] with
pr(xi, yi]) = pr([x, y]), with y; converging to y, and where [y;, z;] is an edge
of Ly, with pr([yi,zi]) € pr(Lx). Applying Corollary 7.15 at the point y, we get a
contradiction. O

Given v € Vo (R), there are only finitely many orbits of bands incident on £, . However,
the set of G, —orbits of pairs of bands incident on K, is infinite. Given a band B
incident on a base tree C,, we denote by B = B N K. The following lemma records
another finiteness result that will be useful later:

Lemma 7.21 For all v € V(R), there are finitely many G, —orbits of pairs of bands
(B, B’) incident on K, such that vy ¢ B U B’, and vy, does not separate B from B’.

There are also only finitely many G, —orbits of pairs of bands (B, B') incident on K,
with BN B’ # & and vy ¢ BN B

More generally, for ¢ > 0 small enough, there are only finitely many G, —orbits of pairs
of bands (B, B’) incident on K,, with vy ¢ BN B’ and d(B, B’) <s.

Proof The first assertion follows from finiteness of the number of G, —orbits of bands,
together with the observation that for all bands B and B’ that do not contain vy, there
is at most one g € Gy such that vy does not separate B from gB’.

The second assertion follows from the third.

To derive the third assertion from the first, let &9 > 0 be such that d(B,vy) > &g
for all bands B not containing vy. Such &g exists because there are only finitely
many G, —orbits of such bands. If B and B’ both avoid vy, then there is at most one
element g € G, such that d(B, gB’) < 2g¢. If B does not contains vy, consider p
the projection of vy on B and e; be such that only finitely many bands contain a point
at distance at most &1 from p (Lemma 7.12). Then there are only finitely many bands
containing vy, and at distance at most 1 from B. This proves the lemma. a
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7.5 Complete X -leaves are unbounded

Proposition 7.22 For all x € X, the complete X —leaf L contains a ¥ —leaf semiline
whose extremity lies in 000 (G, F) (in particular, £, is unbounded).

Remark 7.23 In particular, every point is contained in at least one band.

Proof It is easy to see that if £, contains two different special points, then it contains
a X—leaf line with both endpoints in doc (G, F). So assume that £, contains at most
one special point. Let v € R be such that x € IC,,. By Corollary 7.10, £, contains a
Y —leaf line if x € Q,, so we might as well assume that x ¢ .

We will first assume that £, does not contain any special point. Assume towards a
contradiction that £, contains no X-leaf semiline whose extremity lies in doo(G, F).
We are going to produce a partition d(G, F) = A U B contradicting Corollary 6.12.
Since L, is locally finite (Corollary 7.13) and does not contain any infinite ray by
hypothesis, Konig’s lemma [35] implies that £, is finite. By Remark 7.20, there exists
a neighbourhood U of x in K, such that for all x’ € U, the complete X —leaf £,/ is
finite, and pr(Ly’) € pr(Ly).

Denote by U C X the union of all complete X—leaves through a point in U. Its closure
is compact, and, up to choosing U small enough, we can assume that the closure of U
does not contain any special vertex of . We claim that ¥ \ U is disconnected.

Indeed, since x ¢ Q,, there exists a # b € Q, (in particular, a,b ¢ U) such that
x € [a, b]k, . Assume that there is a path y joining a to b avoiding U. Without loss
of generality, one can assume that y is a concatenation of segments contained in base
trees and of X—leaf segments contained in a band. Choose y of minimal combinatorial
length. If pg(y) is reduced to a point, y cannot avoid U, a contradiction. Since PR(Y)
is a loop, it thus has a backtracking point, and has a subpath of the form y;.y,.y3
with y; and y3 leaf segments in a band B, and y» in a base tree. This subpath can
be replaced by y; in the other base tree of B, thus shortening y (y; still avoids U
because one can choose it so that every leaf through a point in y) meets ). This
contradiction proves that X\ U is disconnected.

Write X\ U==x 4 U X p, adecomposition into two nonempty clopen sets. Consider
R4 = pr(Z4) and Rp = pr(Xp). Note that R4 U Rp contains R\ pr(Ly) and
that R4 N Rp is contained in the finite tree pr(Lyx). This implies that R4 \ pr(Lx)
and Rp \ pr(Ly) are unions of connected components of R\ pr(Ly) and that
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0oo R4 NdooRp = . Define A C dR as the union of doo Rq With pr(X4 N Vo (X))
(where Voo () denotes the set of special points of X), and B in a similar fashion.

The sets A and B are disjoint and partition dR. They are saturated under L2(T')
in view of Lemma 7.9, because there is no leaf of ¥ joining ¥4 to ¥p. To check
that A is closed, consider a sequence a, € A converging to ¢ € dR. In the case
where ¢ ¢ pr(Ly), for n large enough a, and c¢ are in the closure of the same
connected component of R\ pr(Lx), so ¢ € A. So assume that ¢ € pr(Lyx). Then
¢ is a vertex of R. For n large enough, the edge e, C R with origin ¢ and pointing
towards a, is not contained in the finite tree pr(Lx) = PR (17 ). It follows that the
bands Be, are contained in X 4. All these bands intersect infinitely many connected
components of K.\ {cx}. Since U intersects only one such component, ¢y, liesin X4,
so ¢ € A. We conclude that A is closed, and likewise so is B, which finishes the proof
of Proposition 7.22 when £, does not contain any special point.

We finally treat the case where £, contains exactly one special point vy. Assume
by contradiction that £, contains no X—leaf semiline whose extremity lies in doo R.
Being locally finite (Corollary 7.13), each connected component ¢ of Ly \ {vx} is
finite. Let B, be the unique band containing x and with nonempty intersection with c.
By Lemma 7.19, there is an open ball U, around vy in K, such that for all x’ € U,,
the connected component ¢’ of L that intersects B, is finite and pg(c’) € pr(c).
Since there are only finitely many G —orbits of components ¢, one can take U, = U
independent of ¢. By Corollary 7.15, there is a neighbourhood V' of vy in Ky such
that for all x” € V, any band containing x’ is one of the bands B.. It follows that for
all but countably many points x’ € U NV, the complete X—leaf £, is bounded and
contains no special point. This is a contradiction by the argument above. a

7.6 Fibres are connected
The following result says that fibres of pr: ¥ — T are connected:

Proposition 7.24 Forall x, x’ € X, we have pr(x) = pr(x’) ifand only if x and x’
are in the same complete X —leaf.

Proof The “if” statement is obvious. We let x, x’ € T be such that pr(x) = pr(x/),
and we aim to show that x and x’ are in the same complete X —leaf. Let [ (resp. I’)
be a X -leaf semiline joining x (resp. x’) to a point @ € doo R (resp. @’ € doo R); this
exists by Proposition 7.22. Then pr(l) = pr(l’).
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If = w’, then pr(/) and pr(l’) eventually coincide. Since pr(l) = pr(l’), l and I
eventually coincide, and x and x’ are in the same complete X —leaf.

If w # o', then Q(w) = Q(w’) by Lemma 7.8, so (w,’) € L?>(T). By Lemma 7.9,
there is a X—leaf line [” joining w to w’. Lemma 7.8 shows that pr(I”) = pr(l) =
pr(l"), so I” eventually coincides with [ at one of its ends and with [’ on its other
end. This implies that x and x’ are in the same complete X -leaf. a

Remark 7.25 Given any two points x,y € X, there exists a path y from x to y
which is a finite concatenation of segments contained in base trees and of leaf segments.
In fact, by Proposition 7.24, there always exists such a y whose projection to T has
no backtracking. In particular, this enables us to refine Lemma 7.6 and deduce that
for all compact subtrees Kz € R and K7 C T, the space ¥ N (K7 x Kg) is simply
connected when nonempty. Indeed, in the proof of that lemma, it is enough to show
that, letting C := X N (K7 x KR), the set pr(C) is a connected subset of Kg; this
follows from the above observation.

7.7 Comparison with the core

We now deduce from the connectedness of the fibres of pr that X is precisely the
core introduced in [22] by the first author (this was noticed beforehand by the first
author and Thierry Coulbois in the context of free groups in an informal discussion).
We briefly recall the definition of the core of the product of two G —trees T and 77,
and refer the reader to [22] for details. A quadrant in T x T’ is a product of two
directions § € T and 8’ C T". Fix a basepoint (xo,x;) € T x T'. A quadrant Q is
heavy if there exists an infinite sequence (g, )nen such that dr(xg, gnxo) — 400
and dr/(xg, gnxy) = +o0o and g,.xo € Q for all n € N. Otherwise it is light. The
core of T x T’ is then defined as the complement of the union of all light quadrants
in TxT’. When T € O is a tree with dense orbits, the core is also characterized as
the smallest nonempty G —invariant closed connected subset of 7' x T’ with connected
fibres (see [22, Théoréme principal]).

Proposition 7.26 As a subset of T x R, the set ¥ is precisely the core of T x R.

Proof Since ¥ is closed and connected, and since fibres of pr and pg are connected,
it follows from [22, Proposition 5.1] that ¥ contains the core C. Conversely, it is
enough to prove that for all ¥ € R, and all x € Q,,, we have (x,u) € C. Indeed, since
K, is the convex hull of €2,,, and since C has convex fibres, this will imply that 3 C C.
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Consider § a direction in 7' containing x, and § a direction in R containing u. Since
x € Qy, there exists («,w) € L2(T) such that x = Q(«) = Q(w) and u € [0, ®]g.
This implies that either @ or w, say w, lies in the closure of §’. Consider g; € G a
sequence of nonperipheral elements such that (g;*°, gi+ ) converges to (o, w). One
easily checks that we can choose g; hyperbolic in 7': apply [22, Lemme 1.3] with
I; = [a;, b;i] as in Lemma 2.3 (ie a; # o (resp. b; # w) converge to « (resp. w)) to
get a semigroup S’ of elements whose axes contain /; and such that (S’) = G, which
implies that some element of S’ is hyperbolic in 7. For i large enough, gl.Jr * lies in
the closure of §’. Moreover, by continuity of Q for the observers’ topology, Q(gl.Jr )
lies in the closure of § for some ig large enough. Since Q(g;g ©°) is the endpoint of the
axis of gj,, this is enough to conclude that the powers of g;, make the quadrant § x §’
heavy. Since this applies to any quadrant containing (x, u), it follows by definition of
the core that (x,u) €C. a

8 Pruning and preimages of Q

The main result of the present section is the following theorem, which is the main
theorem of [8] in the context of free groups. Its proof uses a pruning process on the
band complex X associated to 7 and to a Grushko tree R, which was introduced in [§]
for free groups.

Theorem 8.1 Let T € O be a tree with dense orbits. Then for all but finitely many
orbits of points x € T U do T, the set Q~1(x) contains at most two points.

We will deduce Theorem 8.1 from the following proposition:

Proposition 8.2 Let T € O be a tree with dense orbits, R be a Grushko tree and
3 = X(T, R) the associated band complex.

Then X has only finitely many orbits of complete ¥ —leaves with at least 3 ends.

Proof of Theorem 8.1 from Proposition 8.2 Let x € T U dsoT be such that Q71 (x)
contains three distinct points w1, wz, w3 € (G, F). By Proposition 6.10, for all
1 <i < j <3, wehave (w;,w;) € L?(T). By Lemma 7.9, there exists a complete
Y—leaf L; ; containing a X-leaf line joining w; to w; with pr(L; ;) = x. By
Proposition 7.24, L; ; = £ does not depend on i or j, so £ has at least 3 ends. Indeed,
this is clear if the three points w; belong to deo (G, F). If some w; lies in Vo (G, F),
then £ contains a special point, and £ has infinitely many ends. Proposition 8.2
concludes the proof. a
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8.1 The pruning process: elementary step

Let T € O be a tree with dense orbits, let R be a Grushko tree, and let ¥ := (T, R).
Starting from X, we define a new band complex X’ as follows, as in [8] in the case of
free groups. This construction is illustrated in Figure 6. For each complete ¥—leaf L,
let Term(£) be the union of all terminal edges [x, y), of £, where x is its terminal
vertex. Then £\ Term(£) is a subtree of £, and it is unbounded since £ is unbounded.
Let Y C X be the union over all complete X—leaves £ of Term(£), and let ¥’ = X\ V.
Every point in ) is contained in exactly one band by Remark 7.23.

Notice that ) is open in X: this is because if x € K, (for some vertex v € R) is
contained in a single band of X, then there exists a neighbourhood U of x in K, such
that every x” € U is contained in a single band (Corollary 7.15).

X b

Pr l
X |
R
Figure 6: Applying one step of the pruning process. All red leaf segments
are terminal in their complete X —leaf.

Rl
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Definition 8.3 We say that X’ = X\ Y is obtained by applying one step of the pruning
process to X.

Note that ) contains no special point because such a point has infinite valence in its
complete X—leaf. It follows that for any X—leaf line / C £, we have / N Term(£L) = @
and [ C X/ (regardless of whether its endpoints are in Voo (G, F) or in 000 (G, F)).

The set ¥/ is defined as a subspace of X. It has a natural structure of a band complex
where each ¥’-band is a maximal subset of a band K x [0, 1] of the form K’ x [0, 1]
with K’ € K closed and connected.

The goal of the present section is to show that the band complex X’ is of the form
(T, R’) for some Grushko tree R’. The motivation behind this alternative description
is that it will allow us to apply to X’ all the results concerning band complexes.

We let R := X'/~ where x ~ y whenever pr(x) = pgr(y) and x and y belong to
the same connected component of X' N p}l (pr(x)), and we denote by pg: X' — R’
the quotient map.

The set R’ has a structure of a graph whose vertices are the connected components of
E/V =Y N Xy, where Xy denotes the subset of ¥ which is the union of all base
trees Ky with v € V(R). Its edges correspond to X'—bands.

The graph R’ also comes with a natural G-action. There exists a G —equivariant
map f: R’ — R sending vertex to vertex and edge to edge and making the following
diagram commute:

Y3

lme/ ll’R
,
R'—— R
The goal of the present section is to prove the following proposition:
Proposition 8.4 The graph R’ is a Grushko tree. In addition, ¥’ can be identified
with (T, R') in the following sense:

Denote by qr: ©(T, R') — R’ and q7: (T, R’) — T the two projections. There
exists a homeomorphism ®: ¥’ — (T, R’) that sends leaves to leaves and such that
PR =qr o ® and (pr)|s =qro®.

We first record the following observation, which will be crucial in the sequel:
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Lemma 8.5 Every X-leaf line | is contained in X/, pp/ restricts to an embedding
on [ and ppr/(l) isometrically embeds into R. i

Lemma 8.6 Each connected component Y of YNK, is contained in a single band By .

Proof Denote ), := Y NK,. Given a band B, the set of points ), N B is open in Ky :
indeed, for each y € Y, N B, there is a neighbourhood V), of y such that the only band
meeting V) is B (Corollary 7.15). In particular, V) C ), and since every point is
contained in at least one band, V), C B.

As B varies, the disjoint open sets ), N B cover Y. Connectedness of ¥ thus ensures
that Y € )V, N B for some band B. O

We now record some properties of the foliated complex X’. We say that a subset of an
R—tree is a finite subtree if its closure is the convex hull of a finite collection of points.

Lemma 8.7 For each vertex v in R, the set IC,, N} is a disjoint union of finite open
subtrees of K, and there are only finitely many G —orbits of them.

The pr —images of the endpoints of these subtrees are in T, notin T \ T.

Proof We already mentioned that ) is open in X. To prove that /C;, N} has finitely
many connected components up to the action of G, we will define a G, —equivariant
map

{connected components of 1, N Y} —{nonempty finite sets of bands incident on K, }

sending Y to a finite set of bands By, and prove that it is injective and only takes
finitely many values up to the G, —action.

Let vo € Ky \ YV, which we choose to be equal to the special vertex vy if Gy is infinite.
Given a connected component Y of K, 1), we define By as the set of bands incident
on K, that do not intersect Y, and do not intersect the connected component of 1y, \ Y
that contains vo (in other words Y separates vg from every band in By ). We claim
that By is nonempty. Indeed, consider z an extremal point of C; that is separated
from vg by Y. Since z is extremal in /Cy, it lies in 2 (see Remark 7.11) and, therefore,
there are at least two bands of X containing z. One of these bands misses Y, and thus
belongs to By .

Since no two bands in By are separated by vg, Lemma 7.21 implies that By is finite.
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Lemma 7.21 also implies that given a band B, there are only finitely many possibilities
for the sets By containing B. As there are finitely many orbits of bands, when Y
varies, the set By only takes finitely many values up to the action of Gy, .

We now check injectivity, ie if ¥ # Y/, then By # By . Up to exchanging the roles of
Y and Y’, we can assume that the segment [vg, ] joining vg to Y does not intersect Y.
Let x be an endpoint of ¥ distinct from y. Since Y is open in K, and endpoints
of Ky are not in ), this implies that x ¢ ), so By contains a band B containing x.
Since [vg, y] U [y, x] does not intersect Y’, we have B ¢ By, and hence By # By.
This proves injectivity, and concludes the proof of the fact that X, N} has only finitely
many Gy —orbits of connected components.

The above construction also shows that each connected component ¥ of K, N)Y is a
finite subtree of Ky, because all endpoints of ¥ coincide with the projection of vg to
either Y or to one of the finitely many bands in By . This concludes the proof of the
first assertion of the lemma.

It remains to check that for every endpoint x of Y, we have pr(x) € T. We will
assume that x is an endpoint of /C,, otherwise the conclusion is clear. Let By be the
band containing Y (Lemma 8.6). Then for any band B # By containing x, we have
B N Ky, = {x}. This means that B is a singleton: B >~ {x} x[0, 1]. If L, intersects
infinitely many singletons, then since there are only finitely many orbits of them, this
implies that the stabilizer of pr(x) is nontrivial, hence pr(x) € T. So we assume
that £ intersects only finitely many singletons. Since B is contained in €2, there is a
X —leaf line / containing B. Let [y1, y2],, be a maximal segment in /, containing B
and made of singletons. Denote by v{ and v, the vertices of R such that y; € Ky, .
Then Ky, and Ky, are not reduced to a point, and since fibres of pr are X-leaves
(Proposition 7.24), we have pr(ICy,) N pr(Ky,) = {pr(x)}. It follows that pr(x)
is not an endpoint of pr(Ky,) U pr(Ky,). Since it is not an endpoint in T, we have
pr(x)eT. a

Lemma 8.8 The inclusion ¥’ C ¥ is a homotopy equivalence. In particular, ¥’ is
simply connected.

Proof The second part of the lemma follows from the first by Lemma 7.6. Let Y be
a connected component of C, N). By Lemma 8.7, the set Y is a closed finite tree.
Let By be the unique band of X containing Y (Lemma 8.6), and identify Y x [0, 1]
with the corresponding subset of By, where Y is identified with ¥ x {0}. We have
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that Y x {1} is contained in X’. This is because every complete X —leaf is infinite by
Proposition 7.22, so for each terminal edge [x, x");, € Term(Ly), we have x’ ¢ ).
Thus, there is a deformation retraction of By to By \ (Y x [0, 1)) with support in
Y x [0, 1). Doing this for every Y, we get a deformation retraction from X to X/,
which proves the lemma. a

A boundary segment of the band B = K x[0, 1] is a leaf segment of the form {x}x ][0, 1]
with x a terminal point in K (note that each band may have infinitely many boundary
segments if K is not a finite tree).

Lemma 8.9 Every boundary segment of a band of %' is contained in 2.

Proof Consider a X—leaf segment [x, y];,. in a band B of X, which becomes a
boundary segment of the band B’ C B of ¥’. Let v € R be such that x € K,,. We
can assume that [x, y]. is not a boundary segment of B, otherwise we are done by
Remark 7.11. Then, up to exchanging the roles of x and y, there are leaf segments
[xi, vi] Ly, € B with x; € Ky, NY converging to x. Consider /; any X-leaf semiline
starting from x; (it exists by Proposition 7.22). Its initial segment [x;, y;] is contained
in B since x; is a terminal point in its leaf. By Corollary 7.16 (and Remark 7.17 if x
is the special vertex of Ky ), there exists a ¥ —leaf semiline / based at x with initial
segment [x, y]z, .

Since x ¢ ), there exists another band B, # B in X containing x. If x is either a special
vertex or an endpoint of B NKC,, then x € 2, so there is a X —leaf line [’ containing x.
Using the semiline / constructed above, it easily follows that [x, y].. € Q.

We now assume that x is not a special vertex, and that there are at least two directions
based at x in B, N K,. Since [x, y]z, is a boundary segment of B’, one of these
two directions intersects B’ trivially. Thus, there exists a sequence of points x; €
(B2\B")NK, converging to x. Let I/ be a X—leaf semiline starting from x;. We claim
that its initial segment [x], z;] I is not contained in B. Indeed, assuming otherwise,
then [x/, z;] 17 1s contained in B \ B’, so either x;] or z; is a terminal point of its leaf.
But xlf is not a terminal point of its leaf (xlf € B> N B), and neither is z; (it is contained
in the semiline ), a contradiction.

Since no /] starts with an edge in the band B, Corollary 7.16 implies that there exists a
Y. —leaf semiline starting from x which does not start with an edge in B. Then [ U’ is
a X-leaf line containing [x, y]. ., showing that [x, y]. C Q. a
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The following lemma proves the first assertion of Proposition 8.4:
Lemma 8.10 The graph R’ is a Grushko tree.

Proof Since ¥’ is connected, so is R’; we will first check that R’ is simply connected.
Let y be a cycle in R’. Then y can be lift to a loop ¥’ in ¥’ which is a concatenation
of leaf segments and of geodesic segments contained in the trees K,. Since X' is
simply connected (Lemma 8.8), the loop y’ can be filled by a disk. Projecting this disk
to R’ shows that y can be filled by a disk.

Recall the existence of a G —equivariant map f: R’ — R making the following diagram
commute:
Ye—X

J/PR’ lI’R
f

R —— R
Since each peripheral subgroup fixes a point in ¥/, it also does in R’. Since f maps
edge to edge and R has trivial edge stabilizers, so does R’. Since point stabilizers in R

are peripheral, so are point stabilizers in R’. Thus, it remains to prove that the action
of G on R’ is minimal.

By Lemma 8.7, the f—preimage of each edge e of R is a finite set of edges of R’
(corresponding to the connected components of the intersection of ¥’ with the band B,
of ¥ corresponding to e). Therefore G acts cocompactly on R’. Since every boundary
segment of a band of ¥’ lies in by Lemma 8.9, and since by definition € is a
union of X—leaf lines, no edge of R’ is terminal. This implies that R’ is minimal and
concludes the proof. a

Proof of Proposition 8.4 The fact that R’ is a Grushko tree has already been proved
in Lemma 8.10.

Define ®: ¥’ — T x R’ by sending x € %’ to (pr(x), pr/(x)). This continuous
equivariant map is injective because the fibres of pg/ embed into 7. We aim to show
that ®(X’) = X (T, R’); it will then be clear that ® sends any leaf of X’ to a leaf of
Y(T,R’), and that ppr =gr/ o ® and py = g7 o ®.

Let us first check that ®(X) € X (T, R’). We first claim that ®(Q2) C X (7, R’). Indeed,
let x € 2, and [ a ¥ -leaf line containing x, with endpoints «, w. Since (pg’)|; is
an isometric embedding (Lemma 8.5), we have (&, w) € L%,(T), where v’ := pr/(x).
This means by definition that (pr(x),v’) € (T, R’), and proves our claim.
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In general (ie if x is no longer assumed to belong to €2), there exist x1, x2 € 2 such that
PrR(x1) = pr(x2) = pr(x) and pr(x) € [pr(x1), pr(x2)]: indeed, the preimage
pz_e/l ({v’}) is the convex hull of points lying in boundary segments of ¥’—bands, and
such points belong to © by Lemma 8.9. Since fibres of gg: (T, R') — R’ are
convex, this implies that ®(x) € X(T, R’).

It remains to prove that X (7, R’) € ®(X’). In view of Proposition 7.26, it suffices to
check that ®(X’) is a closed connected subset of T x R’ with connected fibres. The
map gr: ®(X’) — R’ has closed fibres because ) is open, and q};,l (e) < qE,l (v) for
every edge e incident on v. It easily follows that ®(X’) is closed. Since ®(X’) is
connected, we are left with checking that it has connected fibres.

For y € T, the set p;l({y}) N X/ is connected (it is a leaf with its terminal edges
removed), hence coincides (if nonempty) with a complete ¥’—leaf which we denote
by £},. Then ®(X') N ({y} x R’) = ®(L}) is connected. And any point u’ € R’
corresponds by definition to a connected component K, of some K, N ¥/, so ®(X')N
(T x {u'}) = ®(Ky) is connected.

This shows that ® is a continuous, injective map onto X (7, R). That it is a homeo-
morphism is proved by checking that the map W: X (7, R’) — X’ defined by letting
W((x,v)) = (x, f(v)) (where f: R’ — R is the natural map) is an inverse of ®. 0O

8.2 The pruning process, and analysis of €2

The pruning process Starting from an R—tree with dense orbits 7" and a foliated band
complex (T, R) = X9, we define inductively for all i € N a foliated band complex
»@ .= (x=Dy c £6E=1 by applying one step of the pruning process to ¢~
Then we define R) as the Grushko tree associated to @) so that ) = (T, RU ))
by Proposition 8.4. It may happen that no leaf of @ has a terminal edge, in which
case X)) = 2@ for all j > 1i. In the rest of this section, we also consider this case
(many statements from Sections 8.2 and 8.3 are actually obvious in this case; the
analysis of this important case will be made in Section 8.4).

Note that an edge e in a X—leaf £ lies in X\ >@ if and only if one of the two
connected components of £\ é has depth at most i — 1 as a tree rooted at the endpoint
of e. Similarly, a vertex x of £ lies in ¥\ @ if and only if there is some edge e
incident on x such that the connected component of £\ é containing x has depth at
most i — 1.
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The set 2 is what is left when everything else is forgotten We now relate the
pruning process with the subset €2 of ¥ introduced in Definition 7.4.

Lemma 8.11 Wehave Q@ =),y > . Moreover, for any compact subset K C ¥\ 2,
there exists i € N such that K € ¥\ @

Proof Since TC*D js obtained from %) by removing an open set, the second
assertion follows from the first.

Lemma 8.5 implies that Q C ();cy =) ; we now prove the converse inclusion. Con-
sider x € X\ Q. Then x is not a special vertex, so Ly \ {x} has only finitely many
connected components (Corollary 7.13). Since there is no X-leaf line through x, there
is exactly one connected component co of £ \ {x} which is not a finite tree. Thus
Ly \ co has finite depth, so x € £\ =@ for some . o

Connectedness of the fibres of €2
Lemma 8.12 The restriction of pr to 2 has connected fibres.

Proof Let x,y € Q be such that pr(x) = pr(y). Let £ be the complete X—leaf
containing x and y. By definition of 2, there are X—leaf lines Iy, [, C £ containing
x and y, respectively. The segment [x, y], is then clearly contained in a X—leaf line
obtained by concatenating it with semilines of /, and /,,. This shows that [x, y]; € Q
and concludes the proof. a

Finiteness properties of the set  We will now use the pruning induction to show
finiteness properties of €2. The set €2 has a natural structure of a (usually disconnected)
band complex where each Q-band is a subset of B, = K, x ¢ of the form K’ x e
where K’ is a connected component of ..

Definition 8.13 (incidence graph) We define the incidence graph T of Q2 as T :=
Q/~, where x ~ y if and only if pr(x) = pr(y) and x and y belong to the same
connected component of € N ( p]_el (pr(x))).

This has a natural structure of a graph whose vertices are the connected components of
Qp := QN Xy, edges corresponding to 2—bands.

Note that the definition of Z is similar to the definition of R® from X . Since
ﬂi »@) = 2, the idea is that Z will be a limit of the Grushko trees RU ); this is made
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precise in Lemma 8.14 below. This will allow us to deduce finiteness properties of €2,
given in Corollaries 8.15 and 8.16.

In general 7 may be disconnected, and may have uncountably many vertices and edges.
Since points in €2 are contained in a X—leaf line, all vertices of Z have valence at
least 2. For all i € N, there is a natural G —equivariant map pfw): 7 — R® | sending
vertices to vertices and edges to edges: if C is a connected component of 2y, then
the map ppa): »@ — R sends C to a vertex, which we define as pfw)(C), and it
is defined on edges in a similar fashion. Notice that the maps pim fail to be injective
in general. However, we have the following result:

Lemma 8.14 Given any finite subgraph F C T, there exists i € N such that pim is
injective in restriction to F.

Given any finite subgraph F C T/G, there exists i € N such that the quotient map
ﬁlze(i): /G — R(i)/G is injective in restriction to F.

Proof The first part of the lemma is a consequence of Lemma 8.11: if C,C’ are two
distinct connected components of 2 N /C,, for some u € R, then the segment in Ky,
joining C to C’ contains a point in X \ €. Therefore this segment contains a point in
¥\ X for i large enough, showing that PR (C) # ppi (C1).

Assume that some connected component C of 2 N K, is not in the same orbit as
a component C" of Q N K,/. If u and u’ are not in the same orbit of R, then the
images of C and C’ under p_i(i) are not in the same orbit. So, up to changing C’ to a
translate, we can assume that C and C’ are two connected components of Q N K.
Since (G.C")N Ky, = G,,.C’, it suffices to prove that there is a finite set F C Ky, \ Qy
such that for all g € G, the sets C and gC’ are contained in distinct components of
Q, \ Gy.F. To prove this fact, denote by uyx the special vertex in K,,. If uy € C, then
one can take for F any point in the segment joining C to C’ that does not belong
to €. The case where uy € C’ is symmetric, so assume uy ¢ C U C’. Then there
is at most one g € G, such that the segment joining C to gC’ avoids uy. One can
then take F' = {a, b} where a (resp. b) is a point outside 2 on the segment joining
C to gC’ (resp. C to uy). O

Since R® is a tree for all i € N (and therefore R() does not contain any cycle), we
deduce as a consequence of Lemma 8.14 the following fact:

Corollary 8.15 The graph 7 is a forest. O
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Since there is a bound on the number of G —orbits of branch points and on directions
at these points in any Grushko tree, we also deduce from Lemma 8.14 the following
fact (this is [8, Corollary 3.7] in the context of free groups):

Corollary 8.16 There is a bound, only depending on kg (G, F), on the number of
G —orbits of branch vertices in Z and of G —orbits of directions at these vertices. O

8.3 Finiteness properties for €2,

We now want to control the number of orbits of nondegenerate segments contained
in Q. Let Qi € Q be the subset made of all points x € 2 for which there exists a
transverse nondegenerate interval I, C Q that contains x, with pr(Ix) = {pr(x)}.
It has a structure of a band complex where each Qj,—band is an 2-band K X e with
K not reduced to a point.

In this section, we prove that Qi,¢ has finitely many orbits of connected components,
and that there are at most finitely many orbits of leaves with at least 3 ends that are not
completely contained in such a connected component (Lemma 8.21).

Lemma 8.17 Let A be a connected component of 2. Then the restriction of pr to
A has connected fibres.

Proof Let x,y € A be such that pr(x) = pr(y). Let y: [0,L] — A be a path
joining x to y. We can assume that y is a finite concatenation of leaf segments and of
unit speed geodesic segments in 2y . Subdividing y, we can assume without loss of
generality that pr(y(¢)) # pr(x) forall ¢ € (0, 1). Then there exists & > 0 such that
for all t <&, we have proy(t) = proy(L —t). Since the restriction of p7 to € has
connected fibres (Lemma 8.12), this implies that y(z) and y(L —t) are in the same
Y —leaf, and the leaf segment /; joining them is also in 2. This implies that for all
t <e,wehave [; C Qjy thus /; € A, so [p is a path in p;l({pT(x)}) N A joining x
to y. This shows that fibres of p7 are connected. a

The following observation will turn out to be useful in the upcoming analysis:

Lemma 8.18 Given any nondegenerate interval I C Qi N Qy, there exists a non-
degenerate subsegment J C I contained in two distinct Qin—bands.

Proof Up to restricting to a smaller interval, we can assume that the closure of / does
not contain any special point and that there are only finitely many bands Bj, ..., By
of X that meet / (see Lemma 7.12). Foralli €{l,...,k}, welet F; be the intersection
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of I with the Q-bands contained in B;, and for i # j welet F; ; := F; N Fj. Then
the sets F; ; are closed, and since I C €2, for every point x € /, there exist two bands
B; and B; incident on I such that £, N2 has leaf segments contained in B; and B;,
so x € F; ;. This implies that the F; ; cover /. Therefore one of the sets F; ; has
nonempty interior. Any nondegenerate interval J C F; ; satisfies the conclusion of the
lemma. a

Let Zine € Z be the subgraph whose vertices are the connected components of i, N2y,
and whose edges correspond to $2j,—bands.

Lemma 8.19 The graph Z, has finitely many orbits of connected components.

Moreover, each connected component I of Ty is a tree, and the action on I of its
stabilizer Gy is minimal and is a Grushko (Gy, F|g,)—tree. Any peripheral group
intersecting Gy nontrivially is contained in Gy .

Proof Since Zi, is a subgraph of the forest Z (Corollary 8.15), each connected
component I of Zjy is a tree.

It follows from Lemma 8.18 that all vertices in Z;,; have valence at least 2. We claim
that every connected component of Z;, contains a branch point of Zjy, and is the
convex hull of its branch points. Otherwise, since Zjy; does not contain any valence 1
vertex, there is a semiline L in Zj,; containing no branch point of Zj. Let C be a
connected component of Qi Ny corresponding to an interior vertex v in L, and let
B1, By C Qi be the two 2;,¢—bands incident on C. Since there is no other 2;,.—band
incident on C, it follows from Lemma 8.18 that C = B N B,. This is true for every
component corresponding to a vertex of the semiline L, so for all x € C, the complete
Y -leaf £y contains a X—leaf semiline having the same projectionin R as L. As C is
not reduced to a point (by definition of £2j,¢), we obtain a contradiction to Lemma 7.8.
This proves our claim.

By Corollary 8.16, there are only finitely many orbits of branch points in Zi,. This
implies that Z;,; has only finitely many orbits of connected components, finitely many
orbits of vertices, and also finitely many orbits of edges because there are finitely many
orbits of directions at branch points in Z;,;. Thus, for each connected component [
of Ziy, its stabilizer G; acts cocompactly on /. Since I has no terminal point, this
implies that the action of Gy on I is minimal.

The map p%: 7 — R sends edges to edges and vertices to vertices. It follows that edge
stabilizers of I are trivial, and that vertex stabilizers are peripheral subgroups.
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We now claim that if G, is a peripheral subgroup of G that intersects Gy nontrivially,
then the unique vertex vy € X fixed by Gy lies in the connected component A of 2y
corresponding to /. This will imply in particular that all peripheral subgroups of Gy
are elliptic in /, so Gy is a Grushko (Gy, F|g,)—tree. To prove the claim, let 4 be a
nontrivial element in Gy N G, . Since pﬁ (1) is a connected h—invariant subset of R,
it contains its fix point v, so ANK, # &. Let x € K, NA. Then x,hx € A, and vy
belongs to the unique embedded segment of K, that joins x and hx. Since pr(A) is
connected, there exists y € A with p7(y) = pr(vy). Then pr(hy) = pr(vy), and
since fibres of (p7)|a are connected (Lemma 8.17), the leaf segment joining y to hy
is contained in A . Since vy is contained in this leaf segment, this proves our claim,
and finishes the proof of the lemma. a

Lemma 8.20 Every point x € Qi N Qy lies in at least two distinct 2iy—bands.

Proof Let x € Qi N2y, and let C be the component of i, N 2y, that contains x.
We can assume that x is not a special vertex since the result is clear in this case.
Assume towards a contradiction that x lies in at most one 2j,—band. Denote by /Cy
the base tree of X containing C. By Lemma 7.12 there exists a neighbourhood V,
of x in Ky that intersects only finitely many X-bands. Since two distinct 2;,;—bands
contained in a common Y —band cannot be in the same orbit, Lemma 8.19 shows that
there are only finitely many 2j,—bands that intersect V5. Denote these €2i,—bands by
By, ..., By with x ¢ By U---U B,,. Then there is a neighbourhood of x that meets at
most one 2i,—band, contradicting Lemma 8.18. a

Given a complete X—leaf £, we let Lo := LN Q. From Lemma 8.20, we will deduce
the following fact:

Lemma 8.21 There are only finitely many orbits of complete ¥ —leaves L with at least
3 ends such that Lg is not contained within a single connected component of Qiy.
Moreover if A and A’ are two distinct components of Qiy, then there is at most one
complete X —leaf that intersects both A and A’

Proof Recall that an edge e of the incidence graph Z of €2 corresponds to an £2—band.
We say that e is thin if this 2—band is reduced to a leaf segment, and thick otherwise.

Let £ be a complete ¥ —leaf as in the statement of the proposition. By definition of €2,
Lg also has at least 3 ends. Let £z be the image of Lg in Z under the natural map.
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Since this map is locally injective, hence injective, £z has at least 3 ends, and therefore
contains a branch point b of Z. Since Lg is not contained within a single connected
component of Qjy, its image L7 contains a thin edge e.

We claim that £z also contains a thin edge e’ adjacent to a branch point of Z. The
proposition follows from this claim because there are only finitely many orbits of such
edges ¢/, and, ¢’ being thin, it corresponds to a unique complete X —leaf.

To prove the claim, consider the path in £7 joining e to b. Then the last thin edge
on this path is adjacent to a branch point; this follows from the fact that if some thick
edge is incident on some vertex v € Z, then there must be another thick edge incident
of v in view of Lemma 8.20.

We now prove the last assertion from the lemma. Assume on the contrary that
pr(A) N pr(A’) contains more than one point. Then p7(A) N pr(A’) contains
a nondegenerate arc, which is in particular infinite modulo G. Therefore there are
leaves in infinitely many distinct orbits that meet both A and A’. Since any such leaf
has at least 3 ends, this contradicts the first assertion. O

Leaves within a connected component of 2,

Lemma 8.22 Let A be a connected component of Qin. Let Tp € T be the Gp —
minimal subtree, and let T be the closure of Tp in T (which is a completion of Tz ).

Then Tp € pr(A) C Ty and every G p —orbit is dense in T .

Proof Since A is connected, p7(A) is a G 5 —invariant subtree of T, so T € pr(A).

If pr(A) is not contained in T , then there is an arc I € p(A)\ Ta . Since branch
points of 7" are dense in every segment, and since there are only finitely many G —orbits
of directions at branch points, there exist small disjoint intervals J;,J, €[ and g € G
such that g.J1 = J,, preserving the orientation induced by /. In particular, g is
hyperbolic in 7, and its axis intersects /. It follows that pr(gA) N pr(A) contains
the arc J;, so there is more than one leaf that meets both A and gA,so gA = A by
Lemma 8.21. So g € G4 ; this contradicts the fact that / lies outside Th.

We now prove that every G p —orbit is dense in Tz . If not, then 75 contains an arc /
that does not contain any branch point of 75 . As above, branch points of 7" are dense
in I, and the same argument as above provides a hyperbolic element g € G5 such that
gl N1 is nondegenerate, a contradiction. a
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Lemma 8.23 Let A be a connected component of Q.. Let Rp be the connected
component of Ty, corresponding to A, and T the G o —minimal subtree.

Then A = X(TA, Rp).

Proof Consider the product map ® = (p7,7): A — Th X Rp (where 7: A — Rp
is the natural projection), and let A’ := ®(A). The map ® is continuous and injective.

The fibres of 7 are connected by definition, and the fibres of (p7)|a are connected by
Lemma 8.17. Fibres of 7 being closed, one easily deduces that A’ is closed. Since A’
is connected, it follows from [22] that A’ contains the core C(TA X Rp).

Conversely, let (x,u) € A/, and let z € A be a preimage of (x,u). Let £, be
the complete ¥ —leaf through z. Then £, N A contains a bi-infinite line through z
(Lemma 8.20), and this line projects isometrically to R (in particular its endpoints
belong to (G, Flg, )). This shows that x € L2(Ry), hence (x,u) € Z(Ta, Rp).

We have thus proved that C(Ta x RA) € A’ € X(Ta, Rp). This concludes the proof
by Proposition 7.26 (which uses the fact that T has dense orbits). a

8.4 Band complexes of quadratic type and analysis of Q—preimages

In this subsection, we study connected components of Qj,,. We focus on such a
component A. We know that leaves of A have no terminal point (Lemma 8.20) and
Proposition 8.24 will show that A is of quadratic type in the sense below. In particular,
such a component has only finitely many orbits of leaves with at least 3 ends.

By Lemma 8.23, A = X(TA, Rp) is the band complex corresponding to the R—tree
G ~ T with respect to the Grushko tree Rp . We thus use generic notation and
study any band complex X (7, R) whose leaves have no terminal point. Note that,
equivalently, this assumption means that the pruning process does not affect (7, R).

Proposition 8.24 Let T € O be a tree, let R be a Grushko tree and let ¥ := (T, R).
Then the following statements are equivalent:

e The pruning process does not affect X.
e [eaves of the band complex ¥ have no terminal point.

e All but finitely many orbits of complete X —leaves are bi-infinite lines.

In this case, no nondegenerate interval in a base tree Ky is contained in 3 bands.
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Definition 8.25 (band complex of quadratic type) Given atree T € O and a Grushko
tree R, we say that the band complex ¥ = X (7, R) is of quadratic type if it satisfies
the equivalent assertions from Proposition 8.24.

Remark 8.26 The word guadratic is reminiscent of Makanin’s algorithm, where
quadratic generalized equations are those where each segment is contained in two
bands. In [8], the authors qualify these band complexes as pseudosurface, and of
surface type in [14]. We prefer the word quadratic to avoid any confusion, in particular
with measured foliations on surfaces.

A tree T € O with dense orbits is of quadratic type if there exists a Grushko tree R
such that X (7, R) is of quadratic type. We also say in this case that 7" is of quadratic
type with respect to R.

In particular, if for some Grushko tree R’, the pruning process applied to the band
complex X (T, R’) eventually halts, then T is of quadratic type (with respect to
some R").

Proof of Proposition 8.24 The equivalence between the first two assertions is clear
from the definition of the pruning process. The third assertion implies the second:
indeed, if some leaf of X has a terminal point, then there is a whole interval of points
that are terminal in their leaf, hence uncountably many leaves are not bi-infinite lines.
Thus, in order to prove the equivalence between the three assertions, we only need to
show that the second assertion of the proposition implies that there are only finitely
many orbits of leaves with at least 3 ends (Corollary 8.29).

The proof is similar to [8, Section 4] for free groups; it goes as follows. The main point
will be to prove that there is no nondegenerate interval / of ¥ contained in 3 bands.
To prove this, we are going to approximate X by a band complex 3¢ C ¥ whose bases
are finite trees (defined in the next paragraph). In the terminology of [19], the band
complex ¢ yields a finite system of isometries on a finite tree. If ¥ contains such
an interval, then the system of isometries will have an interval of comparable length
contained in the domain of at least 3 isometries. Since every point of ¥ lies in two
bands, in the approximation, the measure of the set of points in the domain of at most
one partial isometry will go to zero (Lemma 8.27). But a result by Gaboriau, Levitt and
Paulin [19] shows that in such a system of isometries (with independent generators),
the measure of the set of points in the domain of at least 3 partial isometries is bounded
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from above by the measure of the set of points in the domain of at most one partial
isometry. This will give a contradiction.

Given an R—-tree K and ¢ > 0, define K e as the set of all x € K such that x is
the midpoint of a segment of length 2¢ contained in K. Note that if K is a compact
R—tree, then for all £ > 0, K¢ is a finite tree. Indeed, otherwise, the tree K¢ would
contain infinitely many terminal points x, € K¢, By definition of K¢, there exists
yn € K at distance ¢ from x, such that [x,, y,] N KT = {x,}. The points y, are at
mutual distance at least 2¢ so the sequence (y5)neN has no converging subsequence
in the metric topology, contradicting the compactness of K. We define

> = JKfFcx.

ueRr

The set ¢ has the structure of a band complex whose base trees are the sets ICIS for
vertices v in R, and whose bands are of the form K;L‘E x e for e edge of R. Notice
that &€ > 0 can be chosen small enough so that IC,JSS = & for all u € R. We will always
assume that this holds in what follows.

Let v € R be a vertex. Let Ko C K, be a fundamental domain for the action of G,
on /Cy.

Lemma 8.27 Assume that leaves of ¥ have no terminal point.

Let J; € Ky be the set of points x € ICZ:g that are contained in at most one X.¢ —band.
Then the Lebesgue measure of J; N Ko converges to 0 as € goes to 0.

Proof Let vy € ICy be the vertex fixed by G, if G, is nontrivial (ie the special

vertex if Gy is infinite), and vy € KCy an arbitrary basepoint otherwise. Without loss
of generality, we take for K¢ a union of closures of components of &y, \ {vs}.

Let B be the collection of all bands of X that meet /C; ; for each band B € B, we let
B:=BNK,.

We claim that if ¢ is small enough, the following holds. Let x € ¥ N K, be a point
that is a terminal vertex in £, N X¢. Then x lies either in the bridge [vy, BT¢] for
some band B such that vy € B\ B¢, or in the bridge [B'¢, B’T#] for some bands
B, B’ € B satisfying BN B’ # & and vy, ¢ B.

This claim implies the lemma. Indeed, any such bridge is an interval of length at
most 2e. Moreover, the number of bridges of the first kind contained in Ky is bounded
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by the number of G,—orbits of bands incident on K, : indeed, given a bridge [vy, BT¢]
contained in Ky, one has vx, ¢ B¢ so B¢ C Ky, and any two distinct bands such
that B¢ C K| are in distinct orbits.

To take care of bridges of the second kind, it suffices to observe that there are only
finitely many G,—orbits of pairs of bands B and B’ with BN B’ # @ and vy ¢ B
(Lemma 7.21).

We now prove the claim. By Lemma 7.21, there exists ¢ > 0 such that d(B, B’) > 2¢
as soon as BN B’ = &. Write x as the midpoint of a segment [a, b] C K, of length 2¢.
Since leaves of ¥ have no terminal point, a lies in two distinct bands, and since
x is terminal in £, N X%, at least one of these bands B is such that x ¢ ETg, and
in particular b ¢ B. Arguing symmetrically, we deduce that there exist two bands
B, B’ € B withae B\ B and b € B'\ B, and such that x ¢ B¢ U B’T¢. One easily
checks that this implies that BT¢ N B’ = & and x lies in the bridge [B¢, B'T¢].
Notice also that B N B’ # & in view of our choice of ¢. If vy ¢ B N B, then, up to
exchanging the roles of B and B’, we see that x lies in a bridge of the second kind. If
vy € BN B, the fact that [vs, BT U [vs, B'T¢] contains [BT¢, B’T¢] shows that x in
a bridge of the first kind. a

We denote by X3 the subset of ¥ made of points that belong to at least 3 distinct
bands of 2.

Lemma 8.28 Assume that no leaf of ¥ has a terminal point.

Then for every vertex v € R, the set X3 N K, contains no nondegenerate interval.

Proof We construct from X¢ a system of partial isometries on

k= U xl) /o
veV(R)
which is a finite union of finite trees. We cannot do this directly because a band B
of ¥¢ may fail to inject in the quotient by G if BN gB # & for some peripheral
g € G. This happens only if B contains a special point of ¥. For this reason, we
subdivide each band B of X¢ containing a special vertex v along the leaf segment [/,
of B containing v. The band B contains at most two special vertices (one at each end),
and B \ [, has finitely many connected components because B being a band of ¢, it
is a product of a finite tree by [0, 1]. Denote by B’ the set of subdivided bands in X¢,
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and by B1,..., B, some representatives of the G —orbits of these bands, with a chosen
orientation (ie an identification with K x [0, 1] for some finite tree K). Now each B
embeds under the quotient map to ¥¢/G, and determines a partial isometry ¢; of K?.
We claim that this finite system of isometries on K? has independent generators, in
&1
i
the partial isometries and their inverses that is defined and restricts to the identity on

the sense of [19, Section 5], ie there exists no nontrivial reduced word ¢fr’ .. in

a nondegenerate interval. Indeed, consider a word w = ¢fr’ .. .¢f 11 and an interval
I C K¥? such that w restricts to the identity on /. Up to replacing I by a smaller
interval, we can assume that for all k < rLthe set (j)f kk e ¢fll (1) does not contain the
projection of a special vertex. Now let I C X¢ be a lift of 7, and let B’ € B’ be a
lift of the band labeled ¢7'. Then there exists a unique g1 € G such that I C g1 B".
By applying this fact finitely many times, we see that there is a unique way to lift the
word w to the holonomy of a sequence of bands in X joining T to some other lift gf.
The corresponding leaf segments do not backtrack in R, so g # 1. Since I and gf
have the same image in 7, this implies that g fixes an arc in 7, a contradiction since

T has trivial arc stabilizers [30, Proposition 4.17].

If X5 contained a nondegenerate interval, then by Lemma 8.27 we could choose ¢ > 0
small enough so that the measure of the set of points of K¢ contained in the domains
of at least 3 partial isometries is strictly greater than the measure of the set of points
contained in at most one such domain. This contradicts the fact that generators are
independent by [19, Proposition 6.1]. a

Corollary 8.29 Assume that no leaf of ¥ has a terminal point.

Then the set X3/ G is finite.

Proof It is enough to prove that for every vertex v € R, the set (X3 N K,)/Gy is
finite. Let vg be a point in K, , which we choose to be equal to the special vertex vy if
G, is infinite. We associate to every point x € K, N X3 the collection By of all bands
of X that contain x but do not contain vg. Lemma 8.28 shows that there is always
one band in By that does not meet the interval [vg, X), so x is the projection of vy to
the intersection of all bands in B, (in particular the collection B, determines x ). In
addition, the set By only takes finitely many values modulo G, as x varies in C, N X3.
This implies that (K, N X3)/ Gy is finite. o

As explained above, Proposition 8.24 immediately follows from Corollary 8.29. The
last sentence in Proposition 8.24 is proved in Lemma 8.28.
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8.5 Finiteness of 3—ended leaves: end of the proof

Proof of Proposition 8.2 In view of Lemma 8.21, it is enough to bound the number
of orbits of X —leaves with at least 3 ends such that Lg is contained in Qjy. By
Lemma 8.19, Qi has only finitely many orbits of connected components. Let A be
one of these connected components. By Lemma 8.23, we have A = X(Ta, Rp) for
some Grushko G p —tree Rp, and Lemma 8.20 and Proposition 8.24 imply that this
band complex is of quadratic type. This concludes the proof since a band complex of
quadratic type has finitely many orbits of leaves with at least 3 ends by definition. O

9 Splitting

We now define another inductive process, the splitting induction, that is useful for
studying trees of quadratic type; this generalization of the Rauzy—Veech induction was
introduced in [14, Section 4] in the context of free groups. Our main motivation for
this is Corollary 10.3 from the next section, which states in particular that if 7 € O is a
mixing tree, then we can build a sequence of Grushko trees R 50 that the diameters
of the base trees of X (7, R®) converge to 0; this will be key when analyzing the
lamination dual to an arational tree. Throughout the present section, we let T be a
tree with dense orbits of quadratic type with respect to some Grushko tree R (see
Definition 8.25), and we let X := (7, R). We would first like to make the following
observation, which will be used repeatedly over the section:

Lemma 9.1 Let T be a tree with dense orbits of quadratic type with respect to a
Grushko tree R, and let ¥ := (T, R). Let d be a connected component of Iy \ {x},
where x is a point in some base tree KC,,. Then there exists a neighbourhood U of x
in K, such that d N U meets exactly two bands of X, and d NU is contained in these
two bands.

Proof Let U be an open neighbourhood of x in K, such that every band of X
that meets U contains x; this exists by Corollary 7.15. If U N'd meets three bands
B1, B> and B3 of X, then each band B; contains a nondegenerate segment of the
form [x, yi]x, with y; € U Nd. The intersection of the three segments [x, y;] is a
nondegenerate segment contained in U N d and meeting three bands, contradicting
the fact that X is of quadratic type. Therefore U N d meets at most two bands B;
and B;. Since every point in U Nd is contained in two bands, this implies that U Nd
is contained in both By and B;. O
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9.1 Splitting germs

Given a vertex v € R, a splitting germ in I, (see Figure 7) is a germ of segment n C
which can be represented by a segment [x, y)x, contained in a band B¢ and such that
x is an endpoint of the base Bg but not of I, (here B¢ denotes the intersection of By
with the base tree ICy,). We call x the basepoint of the germ 7.

By

Figure 7: A splitting germ 7.

Remark 9.2 If ¥ is of quadratic type, then x is a branch point in its leaf (ie it
is contained in at least 3 bands). Indeed, since x is not terminal in K, , there is a
direction i’ # 1 in K. Since X is of quadratic type, there are two bands B; and B,
containing 7/, and these bands are distinct from Bg because x is terminal in By.

9.1.1 Existence of splitting germs Our goal is now to prove the existence of splitting
germs in trees of quadratic type.

Proposition 9.3 Let T € O be a tree with dense orbits of quadratic type with respect
to R. Then ¥ contains a splitting germ.

The idea of the proof of Proposition 9.3 is the following. If ¥ contained no splitting
germ, then the set UveV( R) 0K, made of points that are terminal in their base tree
would be invariant under holonomy of leaves in %. The key point will be to show that
if € > 0 is chosen small enough, then the set of terminal points in the approximating
trees ICIS (defined as in Section 8.4) is also invariant under holonomy. Since the trees
ICE‘9 contain only finitely many orbits of terminal points, invariance under the holonomy
thus implies that the pr—images of these points have nontrivial stabilizer. As ¢ > 0
can take uncountably many values, this yields a contradiction.
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Figure 8: A singular point x.

Given a vertex v € R, a point x € Ky, is singular if there exists a band B incident
on K, and a nondegenerate segment / = [x, x']c, € Ky such that BN = {x}. Notice
in particular that basepoints of splitting germs are singular. Also note that an extremal
point x € K, is singular only if there is a band B with B N K, = {x}. An example of
a singular point which is not of either of the above two forms is depicted in Figure 8.

Lemma 9.4 Under the hypotheses of Proposition 9.3, there are only finitely many
orbits of singular points in X.

Proof Let v € R be a vertex, and let vy € I, be a basepoint, which we choose to be
the special point of K, if Gy is infinite. Let K € K, be a connected component of

Ko\ {vo}.

We claim that for every singular point x € K, there exists a band By incident on /,
such that x is the projection of vg onto B, . The lemma follows from this claim since
there are only finitely many orbits of connected components in Ky, \ {vo}, and for such
a component K, there are finitely many bands incident on K that do not contain vy,
and clearly By # By if x # y are two different singular points in K.

We now prove our claim; this is illustrated in Figure 9. Since x is singular, there
exists a band B incident on K, and a nondegenerate interval I = [x, x’]x, such that
I N B ={x}. If the projection of vg onto B is x, we are done, so we assume otherwise.
Then B N [vg, x]x, is nondegenerate, and / N [vg, X]x, = {x}. Let U be an open
neighbourhood of x such that every band that meets U contains x (this exists by
Corollary 7.15). Since no point in X is a terminal vertex in its complete ¥ —leaf, the
intersection I N U is covered by two distinct bands B; and B; (and these bands
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B,

Figure 9: Existence of the band B, such that x is the projection of vy onto By.

contain x). Moreover, since / N B = {x}, By and B are distinct from B. If both B;
and B, met a nondegenerate subsegment of [vg, x]x, , then this subsegment would
meet the three bands B, B, and B, contradicting the fact that X is of quadratic type.
Therefore, one of the two bands By or B satisfies our claim. O

Proof of Proposition 9.3 Assume towards a contradiction that there is no splitting
germ in X. This means that for every vertex v € R, and every base of band B C Iy,
every endpoint of B is an endpoint of Ky (this does not imply B = K, as there can
be branch points of /C;, which are not branch points in B). Without loss of generality,
we can assume that no base of band of ¥ is reduced to a point and in particular that
extremal points of base trees I, are not singular.

Let v € R be a vertex. By Lemma 9.4, there are finitely many G,—orbits of singular
points in /C;, and these points are nonextremal in the bands that contain them because
there is no splitting germ in X by assumption. Since every point x is contained in
finitely many bands modulo Gx (Lemma 7.12), there exists g9 > 0 such that for every
singular point x, and every band B containing x, we have x € B0 (recall that
x € BT% means that x is the midpoint of a segment of length 2¢ contained in B).
Let 0 < ¢ < gg be chosen small enough so that the distance between any two singular
points in X is strictly greater than 2¢.

We claim that for every point m € ICIS, and every band B that contains m, we have
m e ETE . Indeed, if m is singular, this follows from the definition of g¢g. Otherwise,
the fact that T is of quadratic type implies that there are exactly two bands B # B’
that contain m. Since m € Kze, there exists a segment [a, b]x, of length 2¢ whose
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midpoint is m. If [a, b]x, does not contain any singular point, then both B and B’
cover the interval [a, D]k, , so m € BT¢ N B’T¢ and we are done. Otherwise, by our
choice of ¢ > 0, the interval [a, b]x, contains a unique singular point x, and without
loss of generality, we can assume that x € [a,m]c,. We have [x,b]x, € BN B,
otherwise one of the intersections B N [a, b, or B’ N|a, b]x, would have a terminal
point x” # x, and x’ would be a second singular point in [a, ]k, . By definition of &,
there exist subsegments J C B and J' C B’ of length 2¢¢ and whose midpoint is x.
Then [b, x]x, UJ C B, showing that m € B¢, and similarly m € B’"®. This proves
our claim.

We now fix & small enough so that the above claim holds for every vertex v € R, and
we prove that the family of subsets }°, indexed by v, is invariant under the holonomy
of X. Indeed, let x € IC:ES for some vertex v in R, and consider a band B containing x,
joining I, to some K. Let [x, y]., be the X—leaf segment of B through x. We
denote by B, and B, the two bases of B. Since the claim holds, B, contains a
segment of length 2¢ centred at x, hence y € B}, and y € ICZ,S. This proves the
desired invariance under holonomy.

Now let BIC;ES be the set of endpoints of IC,EE. Since BICZ‘8 / Gy, is finite for every vertex
u € R,sois (UveR 8ICZ8)/G. Since IC];‘9 \ 8ICZS =Ugse IC;ﬂs/, the set |, cr 8/Cl£
is invariant under holonomy, ie for all x € 8/@;8, and all vertices v € R such that £,
intersects Ky, we have L N K, C 8IC:E£. Since Ly is infinite (Proposition 7.22), and
(Uve R BIC:ES) /G is finite, this implies that the stabilizer of Ly is infinite, and so is the
stabilizer of pr(x). Since this holds for every small enough & > 0, we get uncountably
many points in 7" with infinite stabilizer. Since by [30, Corollary 4.5] there are only
finitely many orbits of points with nontrivial stabilizer, we get a contradiction. |

9.1.2 Degenerate splitting germs Let v € R be a vertex, and let 1 be a splitting
germ, based at a point x € K,,. We say that the splitting germ 7 is degenerate if x is
extremal in the two bands containing 71 (see Figure 10 for a degenerate splitting germ;
the splitting germ in Figure 7 is nondegenerate).

Lemma 9.5 If ¥ contains a degenerate splitting germ, then T is compatible with a
(G, F)—free splitting.

Proof This is illustrated in Figure 10. Assume that there is a degenerate splitting germ
n € Ky based at a point x € K, for some vertex v € R. Since x is a local cut point

Algebraic & Geometric Topology, Volume 19 (2019)



Algebraic laminations for free products and arational trees 2361

Y Y;

By Y Y,

Figure 10: A degenerate splitting germ 7, and the corresponding (G, F)—free
splitting S.

of ¥ and X is simply connected, x is a global cut point. Let (Y;);c; be the family
made of the closures of the connected components of ¥\ G.x. We define a bipartite
simplicial graph S having one vertex for each Y; and one vertex for each point in G.x,
where Y; is joined by an edge to g.x whenever g.x € Y;. Our goal is to show that
some collapse of S is a (G, F)—free splitting compatible with 7.

Since each point in G.x is a global cut point, S is a tree. Some edges of S may have
nontrivial stabilizer (this happens only if x is the special vertex of /C, ), but the edge e
joining x to the component Y; containing 7 has trivial stabilizer because 7 is terminal
in Y; N K, and the stabilizer of e fixes n. Let S’ be the tree obtained from S by
collapsing every edge outside G.e. Then S’ is a free splitting of G, and peripheral
subgroups are elliptic so it is a (G, F)—free splitting. Since S’ has a single orbit of
edges and no terminal point, the action of G is minimal.

In order to complete the proof of the lemma, we are thus left checking that S’ is
compatible with 7. We first observe that if i # j, then p7(Y;) N pr(Y;) contains at
most one point.

We now assign a subtree 7, € T for each vertex u € S as follows: if u corresponds to
the component Y;, we define T, = pr(Y;) € T'; if u corresponds to g.x, we define
T, = {pr(g.x)}. Then for all vertices u # u’ in S, the intersection T, N Ty, contains
at most one point. The following lemma thus completes the proof. a

Lemma 9.6 Let S be a simplicial (G, F)-tree. For each vertex u € S, let T,, C T be
a subtree, with Tg, = gT,, for all g € G. Assume that for all u # u', the intersection
T, N T, contains at most one point, and is nonempty if u is a neighbour of u’.

Then S is compatible with T.
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Proof Let T be the R—tree obtained from the disjoint union of the vertex trees 73, and
of the edges of S, glued as follows: if e = [u, u'] is an edge of S, we let {x.} =T, NTy,
and we glue the endpoints of e to the copies of x, in T;, and T/, respectively.

Clearly, there is a collapse map from T to S. Moreover, let 7’ be the tree obtained
from T by collapsing all the edges coming from S. The inclusion maps 7;, € T induce
amap f: T’ — T which is isometric in restriction to each T,,. Since T, N Ty is
reduced to a point for each u # v/, this implies that f is an isometry. By minimality,
f is onto, and T is a common refinement of S and 7. a

9.2 The splitting process

From now on, we assume that 7" is not compatible with any (G, F)-free splitting and
we define a splitting procedure on the band complex 3.

Let n be a nondegenerate splitting germ based at some point x € Ky ; recall that this
means that one of the two bands By containing 7, is such that x is an endpoint of
Bo N Ky, but x is not an endpoint of B N X, where B is the other band containing 7.
Note that By and B are uniquely defined by these conditions, and we say that B is the
band split by n. We define the splitting leaf segment o as B N Ly, ie the leaf segment
of B starting from Xx.

Notice that since there are only finitely many orbits of singular points (Lemma 9.4)
and finitely many orbits of directions at each of these points, there are only finitely
many orbits of splitting germs. Since each germ splits a unique band, and since band
stabilizers are trivial, this implies that for each band B, there are only finitely many
germs that split B. Similarly, for each vertex v of R, there are only finitely many
Gy —orbits of splitting germs contained in £y .

> > | B
x >
oy '
B B*(n) | B(n) B,
splitting along oy, two facing germs 7 and n’

Figure 11: The splitting process.
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9.2.1 A band complex Z} defined by splitting Given a G —invariant collection I’
of splitting germs, we now explain how to define a new band complex X by cutting
the bands of ¥ split by germs n € I' along the corresponding splitting leaf segments
(see Figure 11). To define this operation, we will need to make the assumption that
I' has no pair of facing splitting germs in the following sense: there is no pair of
splitting germs 1, n’ € ' contained in the two opposite bases of some band and such
that n and 7’ have the same image in 7. We will then prove, using the fact that T
is not compatible with any (G, F)—free splitting, that the collection I},,x made of all
splitting germs of X contains no pair of facing splitting germs (Lemma 9.9 below).
This will allow us to cut all bands in 3 simultaneously, and we will say that the band
complex ¥ := E/Fmax is obtained from X by applying one step of the splitting process.
To manage the details of the construction around points with nontrivial stabilizer, and
with all splitting germs simultaneously, we make this construction more formal, and
proceed in several stages. The whole construction is illustrated in Figure 12.

From now on, we let I' be a G —invariant collection of splitting germs that contains
no pair of facing splitting germs. Each germ n € I yields a partition of each base
tree Cy in the following way. Let x; be the basepoint of 7. If 1 is contained in Ky,
we write K, = Iy (1) U K5 (1), where Ky (1) denotes the connected component of
KCy \ {xy} containing 7 (this is an open subtree of Ky), and K (1) = Ky \ Ky(n) is
its complement (a closed subtree, containing the basepoint x; ). If 7 is not contained
in ICy, we associate the trivial partition. Similarly, if 7 splits the band B, we have a
partition B = B(n) U B*(n) where B(n) is the connected component of B \ o, whose
closure contains a representative of 1, and B*(n) = B \ B(n). If n does not split B,
then we associate the trivial partition.

Let I1(Cy) (resp. IT1(B)) be the partition of K, (resp. of B) induced by all partitions
associated to all germs in I'. As an intersection of convex sets, each set of the
partition IT(XC,) is a subtree. Similarly, each set in I1(B) is the product of a subtree
of a base of B by an interval. Consider first

e (L)L)
Kell(Ky), veV(R) CeIl(B), B band ner

where K and C denote the closures of K and C in ¥, and where for each splitting
germ n € I', Sy is a triangle (ay, by, cy). The triangle S; comes with an affine map
hs,: Sy — oy, sending [ay, by] to x; and ¢y to the other endpoint of oy,.
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Figure 12: X, the partitions, X, and X'

For each n € T, let B be the band split by 7, and let C;, € II(B) be the unique subset
whose closure contains the germ 7, and C,;" € [1(B) the unique subset containing the
splitting segment o0, (note that C ,;" may be reduced to a leaf segment, but not Cy,). The
sets Cy and C,;‘ are disjoint, and Cy N C,;" = oy. The following observation follows

from our assumption that I" has no facing germs:

Observation The ordered pair (Cy, (_7,;‘ ) uniquely determines 1.

Indeed, o5, can be recovered as o, = Cp N E,;"; denote by Ky, and Ky, the two base
trees intersecting C,, and by x; the point of intersection of K, with o0y ; since x; is
a terminal point of K, N C,, there are only two possibilities left for 7, being either
based at x; or x, (and contained in C,). Since there is no pair of facing splitting

germs, this leaves only one possibility for 7.

Algebraic & Geometric Topology, Volume 19 (2019)



Algebraic laminations for free products and arational trees 2365

We now define ¥, from X; by making the following identifications. For each n € T,
we glue the segment [ay, c;] of S; to the copy of o in 5,,, in such a way that x; is
identified with a,. Similarly, we glue the segment [b;, c;] of S; to the copy of oy
in 5,’;, identifying x; with b;. The third side [ay, b,] of S, will remain a free face,
ie it will not be glued to anything else. After this gluing operation, each band B of ¥
has been replaced by a union of bands C and triangles S n» and this union is homotopy
equivalent to B (via the natural map that is the identity on each band C and restricts
to hs, on each triangle Sy ). Finally, for each band B of X incident on K, and each
C e I1(B), the intersection C N K, is contained in a unique set K € I[1(K,) and we
identify the copy of C N, in C to the corresponding subset of K. We denote by X,
the obtained complex. Let 4: ¥, — X be the map that restricts to the inclusion map on
each K with K € TI(K,) and on each C with C € TI(B), and which restricts to & Sy
on each triangle Sy.

Lemma 9.7 The space X is simply connected.

Proof We first claim that 4 has contractible fibres. Indeed, for every x € X, either
e h~!(x) is a point; or
e Xx belongs to the interior of a splitting leaf segment ¢ on a band B; then,
denoting by C, € I1(B) the subset of the partition of B that contains x, and
by {x;}ies the other copies of x in X, (in the closures of other subsets of the
partition TI(B)), the preimage ~A~!(x) is a cone with centre x over the points x;

(indeed, the above observation implies that for each i € I there is a unique
triangle S, that contains both x and x;); or

e X is a basepoint of a splitting germ in some K, ; then, denoting by K, € I1(Ky)
the subset of the partition that contains x, and by {x;} the other copies of x
in X, (in the closures of other subsets of the partition I1(K,)), the preimage
h~1(x) is a cone with centre x over the points Xx; .

Consider two finite trees K7 € T and Kg € R, and let C := = N (KT x KR).
Let C, = h~1(C ). Then C and C, are metrizable, finite-dimensional and locally
contractible, and C is compact. If C is compact, then Lemma 7.5 applies and says
that / is a homotopy equivalence between C, and C. If C, is not compact, then
C contains a special point v, and h~!(v) consists of a compact set together with
infinitely many hanging segments of the form [ay,, by;), with b, identified with v
and [ay,, by,;) open in C, (notice that it is important here to have assumed that K7 is
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a finite subtree and not just a compact subtree). We define C;, C C, as the complement
of all those hanging segments, a compact set. Since h|c§ still has contractible fibres,
h induces a homotopy equivalence between C; and C. Since C is simply connected
by Lemma 7.6, so are C; and C.

Let now y: S! — 3, be a loop. Then one can homotope y so that pr ohoy(S1)
is a finite subtree of T, and pg o hoy(S!) is a finite subtree of R. In particular,
hoy(S') is contained in a simply connected compact set C as above, and y(S!) is
contained in C» = h~1(C). Since C, is simply connected, this concludes the proof of
Lemma 9.7. a

We then define the deformation retract X3 C X, by collapsing the free edge [ay, by] of
each triangle Sy onto its two other edges [a;, c¢,]U[by, cy]. In particular, X3 is simply
connected. Notice also that for each leaf / € X, the preimage A~!(/) is connected,
and sois A~ 1(/)N 23.

The space 33 has a structure of a band complex in which the base trees are the images
of K for K € TI(K,) and the bands are the images of C for C € IT(B). It may happen
that some base tree K is reduced to a point {x}. This happens exactly when every
germ of segment at x in K, is a splitting germ. We claim that there is no band joining
two base trees reduced to a point. Indeed, let C = [x, y] be such a singleton in X,,
and B the band of X such that C € T1(B). Let n be a germ in B containing x. The
germ 7’ at y facing 7 is not a splitting germ, so the base tree containing y in X3 is
not reduced to a point.

We finally define X} € X3 by removing all base trees K reduced to a point and on
which only one singleton is incident, together with the corresponding singletons (recall
that I stands for our initial collection of splitting germs). Notice from the construction
that no point of X1, is terminal in its complete X}.—leaf.

9.2.2 The space X[, is isomorphic to some X (T, R.) We denote by ir: X — X
the restriction of 4 to E/F. We then let n7 = pr o hr: E’F — T and g =
PROhr: X — R. We define R := X[./~, where x ~ y if mg(x) = 7r(y) and x
and y are in the same connected component of 7z~ ({wg(x)}). This has a natural
structure of a graph, whose vertices are the connected components of XN rY(V(R)).
We denote by pr: ¥ — R the quotient map. The map hr yields a natural G—
equivariant map fr: R — R, which sends vertices to vertices and edges to edges. By
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construction, the following diagrams commute:

s s 5 ——

by
lPR/ ll’R l
, Jr

R — R T

Lemma 9.8 The graph Ry, is a Grushko tree. In addition, we have X1, = X(T, R[.).

Proof We first observe that the graph R[. is simply connected, hence a tree: this
follows from the simple connectedness of X7, by a proof similar to the proof of
Lemma 8.10. Since fT maps vertices to vertices and edges to edges, edge stabilizers
of R} are trivial and point stabilizers are peripheral. Since peripheral groups of (G, F)
fix a point in X, they also fix a point in RT.. Since the fr—preimage of any edge
in R is a finite union of edges in R[., the quotient graph R[./G is compact, so to
prove minimality of R[., it is enough to check that R[. has no terminal vertex. If a
base tree K of X[ is not reduced to a point, consider any germ 7 in K, and view it as
a germ in some }C, € X¥. Then 7 is contained in two distinct bands of ¥ which yield
two bands in X7, containing 7. If on the other hand K = {x}, then because it has not
been removed when defining E/F from X3, there are at least two singletons in X3
incident on K, which both belong to X7.. This proves that R[. is a Grushko tree.

We now prove that X, coincides with X (7', R[). As noted above, for each complete
Y-leaf [ C X, the preimage h_l(l) is connected, which implies that fibres of w7
are connected. Fibres of pgs are connected by construction, so the image of X1 in
T x RT- under (7, pr) is a closed connected subset with connected fibres, hence
contains the core C(T x R/ ), which is equal to X (T, R}) by Proposition 7.26.

Conversely, let (x,u) € T x R}, be a point in the image of £}, and let z € £} be a
preimage of (x,u). Let £, be the complete X.—leaf through z in X1.. Since no point
of X1 is terminal in its complete X1.—leaf, it follows that £, contains a bi-infinite
line / through z, and this line isometrically embeds in R} ; we denote its endpoints by
o and . Its image in R under f{. is [@, @]R, and this is also the image of Ar(/) € X
under pg. It follows that Q(a) = Q(w) = x, so x € Q. Therefore (x,u) € (T, Ry).
This completes the proof of the lemma. |

9.2.3 Splitting all germs at once We recall that [},,x denotes the collection of all
splitting germs in X.
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Lemma 9.9 The collection Iy, contains no pair of facing splitting germs.

Proof Assume towards a contradiction that there are two facing splitting germs 7
and 7’ inaband B of X. Then ' ¢ G.n: indeed, if n’ = gn, then g would stabilize B
because B is the unique band split by 1 and is also the unique band split by 7. Hence
we would have g = 1 and 1 = 7/, a contradiction. Thus the collection T := G.5
contains no pair of facing germs, so X, is well-defined. In view of Lemma 9.8, we
have X, = X(7, Rr). Now it is easy to see that 1’ is a degenerate splitting germ
in X.. By Lemma 9.5, this implies that 7" is compatible with a (G, F)—free splitting,
contrary to our hypothesis. a

Definition 9.10 We say that the band complex X' := E. is obtained from ¥ by
applying one step of the splitting process.

Notice that the complex X’ obtained from this construction is again of quadratic type,
and it does not contain any degenerate splitting germ because ¥’ = X (7, R’) for some
Grushko (G, F)-tree R/, and T is not compatible with any (G, F)—free splitting.
Therefore, we can iterate the construction to obtain a sequence of band complexes LN
where 20 .= 5 and, for each i € N, the band complex >+ s obtained from @)
by applying one step of the splitting process. We denote by /5): @ ¥ and by
Jr): R — R the corresponding maps.

9.3 Clean band complexes

The goal of the present section is to show that, up to replacing = by @ (ie splitting
for long enough), we can ensure that 3 satisfies a few additional properties. These will
only be used in Section 12.4. Consider a splitting germ 79 in X, B; the band split
by 1o, and 1, the germ facing ng in By. For i > 1, one can then define inductively
Bi 1 as the band containing 7; and distinct from B;, and ;41 as the germ facing »;
in B;y1 (see Figure 13). Then for each i > 1, n; becomes a splitting germ in DION
We say that n; is a virtual splitting germ of level i . The X —leaf semiline defined by
the concatenation of the leaf segments joining the basepoints of ng, n1,...,7; ...
called the splitting semiline at ng. The following lemma easily follows:

Lemma 9.11 Let [y, y']x, be a segment and iy be such that n;, is contained in
(y.y'). Then for all i > iy, and for any preimages y and y’ of y and y’ in >
PR (F) # prir (7). o
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Figure 13: Virtual splitting germs, and a segment [y, y’] that gets separated
in X . The direction 4 shows that X is not clean.

Definition 9.12 (liftable leaves) A X-leaf segment [x, y]|y is liftable if forall i e N,
there exists a ) —leaf segment [x;, y;] € =@ that maps isometrically to [x, y]x under
the natural map from =@ to . Otherwise [x, y]x is unliftable.

An algebraic leaf («,w) € L?(T) is liftable (in the splitting process) if [o, 0]y is
liftable.

Remark 9.13 Consider an algebraic leaf (o, w) € L2(T). If [o, w]; lifts to =@, then
its lift is necessarily [o, ®]xa), so (o, w) is liftable if and only if [, w]x) embeds
isometrically under hs@): ) — X,

Definition 9.14 (clean band complexes) Let T be a tree of quadratic type, not
compatible with any free splitting, let R be a Grushko tree, and let X := X (T, R).

We say that X is clean if the following two conditions hold:

o Forall i, ©® has the same number of orbits of splitting germs and splitting
semilines as X. In particular, if a leaf segment of ¥ meets no splitting semiline,
it is liftable.

e For every splitting semiline o and every x € o, every transverse direction at x
can be pushed to infinity along o in the following sense: for all y € o, there
exists a transverse direction py at y in X such that pr(uy) = pr(p).

In Figure 13, the band complex X on the left is not clean since the red direction p
cannot be pushed to infinity along the splitting semiline. The goal of the present section
is to prove the following fact:
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Proposition 9.15 There exists i € N such that @ s clean.
We will start with the following lemma:

Lemma 9.16 Let T be a tree of quadratic type with respect to R.
Let x € Ky be a nonspecial point. Then the valence of x in Iy is finite.

If x is a special point, then the number of Gy —orbits of directions at x in K, is finite.

Remark 9.17 The conclusion is obvious if p7(x) has finite valence in T, ie if p7(x)
has finite stabilizer.

Proof Let x € Ky, and let £ be the complete ¥ —leaf that contains x. We define
a germ at a point y € L to be a germ of direction based at y in the base tree K,
containing y. If d is such a germ, we define its diameter as the diameter of the
connected component of K, \ {y} containing d . Let D be the set of all germs at all
points in £. We equip D with a graph structure, by putting an edge between two germs
d and d’ whenever they are contained in a common band. Then two germs belong
to the same connected component of D if and only if they have the same p7—image.
Since X is of quadratic type, using Lemma 9.1 we see that each connected component
of D is a line. Since there are finitely many orbits of directions in 7', there are finitely
many G —orbits of such lines.

If the lemma is false, then there exists a sequence of germs d; at x in X, whose
diameters decrease to 0: this follows from compactness of Iy, if v is not in Voo (R),
and from compactness of X, /G, in general. Since there are finitely many G ,—orbits
of lines in D, up to a subsequence, there exists a line A €D and (g;);eN € GEI such
that d; € g;.A forall i € N. In other words, g;° 1d; € A, and these germs have the
same image in 7. Their basepoints gi_lx are pairwise distinct: indeed, otherwise the
two corresponding germs gl._ldi and gj_ld ;7 would be contained in the same base tree,
and therefore be equal since they have the same p7—image; this would contradict the
fact that the diameters of these germs decrease to 0. Up to passing to a subsequence,
we can assume that the directions g; 1d; go monotonically to one end of the line A.

We are going to find a singular point “between” g;~ 1d; and g;- +11d,-+1 forall i € N;
this is illustrated in Figure 14. More precisely, let Bi,..., B, be the sequence
of bands corresponding to the segment joining g;” 1d; to g;- +11a’,-+1 in A, and let
X0 = gi_lx, X1yenn, Xp = gi__:lx be the points of £ in the bases of the bands B;.
Since diam(g; +11di+1) < diam(g;” 1d;), the holonomy of leaves cannot send the set of
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Figure 14: Finding a singular point z; “between” gl._ld,- and gl._+11dl~+1.
Here, Xj; = X1.

extremal points of g:~ ﬁldi+1 to the set of extremal points of g;~ 1d; ; therefore, there
exists a singular point z; and an index j; € [0,n] such that z; and xj; lie in the same
base tree of ¥ and 0 < dx(z;, xj;) < diam(gl._ldi).

We claim that the points y; := x;, belong to finitely many G,—orbits as i varies.
Indeed, they all belong to the convex hull # in £ of the G,—orbit of x. Since G,
coincides with a point stabilizer in 7, it has finite Kurosh rank [30], so H/G is
compact, which proves our claim.

Thus, up to passing to a subsequence, there exist yo € £ and h; € G, such that
vi =h;iyo. Let KCy;, be the base tree of £ containing yo. The points hl._lzi are singular
points in /Cy,, are distinct from yo and converge to yo. This contradicts that there are
only finitely G —orbits of singular points in K, by Lemma 9.4. O

We make the following definition:

Definition 9.18 Let £ be a complete X—leaf and G be its stabilizer. The core Cp
of the stabilizer of £ is the convex hull in £ of d(G., F|.).

For example, if G is isomorphic to Z and nonperipheral, then C will be a line (while
L may contain branch points). Notice on the other hand that if G, is peripheral, then
C. is at most a point. We take the convention that C. is empty if the leaf £ has trivial
stabilizer.

Algebraic & Geometric Topology, Volume 19 (2019)



2372 Vincent Guirardel and Camille Horbez

Proof of Proposition 9.15 We first observe that the number of orbits of splitting
germs cannot decrease along the splitting process. In addition, it is bounded: indeed,
the number of orbits of singular leaves, ie leaves that contain a singular point, is
nonincreasing, hence bounded, and the number of orbits of splitting germs is bounded
by the number of orbits of directions at points in 7" that are images of singular leaves.
By replacing ¥ by »@) with i € N large enough, we can therefore assume that the
number of orbits of splitting germs is stabilized. Then every splitting semiline of IS
comes from a splitting semiline of X. The first condition in Definition 9.14 is then
satisfied (to check the “in particular” statement, notice that if a leaf segment / does not
intersect any splitting semiline, then it lifts to >D | and the lift again does not intersect
any splitting semiline). Iterating this argument shows that I lifts to all @

We claim that every splitting semiline o has compact intersection with the core C. of
the stabilizer of the complete X—leaf £ that contains it. Otherwise, we can find x € o
and a sequence (g;)ieN € GIEI going to infinity such that g;.x € 0. Let 1; be the
virtual splitting germ at g;.x; then pr(n;) = pr(no) for all i € N. By Lemma 9.16,
up to passing to a subsequence, we can assume that n; = g;no, or 1; = g;a;ne with
a; € Gy if x is a special point. Since arc stabilizers in 7 are trivial, we have g; = 1
or g; = al._l , contradicting the fact that g; x goes to infinity in o.

We also observe that for all sufficiently large i € N, no splitting semiline in X
contains a special point. Indeed, each splitting semiline contains at most finitely many
special points because o NC, is compact. Notice that for all i € N, the splitting semiline
o cx® corresponding to ¢ projects via hxa): @ ¥ to the complement in o of
its initial segment of length 7 . Therefore, by choosing i € N large enough, o; contains
no special point. Since there are finitely many orbits of splitting semilines, there exists
i € N such that no splitting semiline in @ contains a special point.

Let o be a splitting semiline in X. For x € o, we let Dirg(x) be the set of directions
d in T such that there exists a transverse direction 1 at x with pr(n) = d . Notice
that Dirg (x) is finite for every x € X, which is not special by Lemma 9.16. We then
let Dirg (o) be the union of Dirg(x) over all x € 0. We first claim that Dirg (o) is
finite. Indeed, o only meets finitely many singular points, because all points of ¢ \ Cz
are in distinct orbits. Therefore, there exists a semiline o9 = [x¢, £] € ¢ such that
Dirg(x) does not depend on x for x € gg. Therefore Dirg(o) is the finite union of
all Diry(x) with x € ¢ \ 09 and of Dirxg (o).

In addition, Dirs,)(0;) € Dirs () (0;)) € Dirg (o). Thus, up to changing X to some
»U0) for i large enough, for all splitting semilines o and all 7 , Diryu)(0;) =Dirg(0).
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Now let d € Dirg(0). Then d € Dirg)(0;). So there is a representative p; C =@
based at a point x; € 07, and hx) (i) shows that o can be pushed to infinity along o .
Therefore, the second condition in Definition 9.14 is also satisfied, showing that »®
is clean. a

10 The case of mixing trees

A tree T € O is mixing if for all nondegenerate segments I, J C T, there exists a finite
collection g1, ..., gr of elements in G such that J C g/ U---U gz I. The following
lemma is due to Coulbois and Hilion [8, Proposition 5.14] for free groups. We consider
R a Grushko tree, and we carry all notation X, €2,... from Section 8.

Lemma 10.1 Let T € O be mixing.

Then either 2 N K, is totally disconnected for every vertex v € R or the pruning
process stops, and, in particular, T' is of quadratic type.

Proof Assume that there exists a nondegenerate interval / € € N /C, for some vertex
v € R, and let us prove that the pruning process halts after finitely many steps, which
implies that T is of quadratic type. Denote by (1) 5 £ 5 ... the subsets of =
given by the pruning process, and recall (Lemma 8.11) that Q = ("), »@ | Define a
G —invariant function ¢: ¥ — R4 U {400} by -

d(x):=d, (x, Ly NQ).

We claim that ¢ is bounded on X (in particular, ¢(x) < +oo for all x € ). This
will imply that the pruning process halts after finitely many steps since supsyi+1) ¢ =
(supsi) ¢) — 1 as long as T+ £ 50 apd sups) ¢ < +oo.

We first claim that for each vertex u € R, the map ¢ is bounded on any interval
J =la,b] € Ky, with pr(a) and p7(b) lyingin T (and not in T \ T'). Indeed, since
T is mixing, up to subdividing J into finitely many subintervals, we can assume that
there exists g € G such that pr(J) C pr(gl). Since fibres of pr are connected
(Proposition 7.24), for each point x € J, the distance in £, from x to £, N gl is
equal to dg(u, g.v). Since gl C 2, the restriction of ¢ to J is bounded.

By Lemma 8.7, the set ) (made of all points in X that are erased by applying one step
of the pruning process) is a finite union of orbits of open finite trees whose endpoints
arein T (and notin 7 \ T'). It follows that ¢ is bounded on ). This implies that ¢ is
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bounded on X: for any point x € X\ 2, there is a point y € Term(L,) C Y such that
¢(y) =de, (y, LxNQ) Zdr, (x, Ly N Q) = ¢(x). O

In the remainder of this section, we let T € O be a mixing tree that is not compatible
with any (G, F)—free splitting. Let R be a Grushko tree, let ¥ := 3 (7, R), and for
all i e N, let ©@ and RY) be the complex and the tree obtained by first iterating
the pruning process until it halts (this may never happen), then applying the splitting
process. Denote by /xi): »@ - % and PRG: @ — RO the corresponding maps.

Lemma 10.2 Let T € O be a mixing tree, and assume that T is not compatible
with any (G, F)—free splitting. Let v € R be a vertex, and let [y, y’] € K, be a
nondegenerate arc, with y,y’ € Q. Forall i € N, let y; (resp. y;) be a point in I
that maps to y (resp. y') under hy) .

Then there exists i € N such that ppai)(yi) # prir (V).

Proof If the pruning process does not stop, Lemma 10.1 shows that y and y’ belong to
different connected components of 2. The conclusion then follows from Lemma 8.14.
Therefore, we can assume that the pruning process stops and does not affect the segment
[v,y’]. Thus, we reduce to the case where X (7, R) is of quadratic type.

Let n be a splitting germ in X based at a point x € K, for some vertex u € R; this
exists by Proposition 9.3. Let [y1, y2] C [y, y’] be a nondegenerate subsegment with
y1 and y, distinct from y and y’. Since T is mixing, there exists a segment [, C Ky,
representing n and g € G such that pr(Ix) € pr(g.[y1,y2]). Since fibres of pr
are connected, we deduce that I X [u, g.v]gr € . We denote by x" € g.[y1, y2] the
unique point in Ix X {g.v} in the same X —leaf as x. There are two cases to consider,
illustrated in Figure 15.

Case 1 The splitting leaf segment o7, is contained in [x, x]., .

Since Iy x [u, g.v]gr € X, all the germs obtained from 1 by following the holonomy
along [x, x|z are virtual splitting germs, and Lemma 9.11 concludes.

Case 2 The splitting leaf segment o7, is not contained in [x, x|, .

Let x” be the point in the X -leaf segment (x, x|, thatis closest to x and nonextremal
in the base tree K~ that contains it (this exists as x’ is nonextremal in Kg.,). Then
the germ 1’ at x” with the same projection as 7 in T is a splitting germ in X, and
oy € [x”, x|z, . The conclusion then follows from the argument from the previous
paragraph. a
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Figure 15: The two cases in the proof of Lemma 10.2.

Corollary 10.3 Let T € O be a mixing tree that is not compatible with any (G, F)—
free splitting. Then the number

max diam(lCl(f ))
veV(R®)

converges to 0 as i goes to +00. a

11 Arational trees

11.1 Review

Definition Recall that a free factor H of (G, F) is a vertex stabilizer of a (G, F)—free
splitting, and that H 1is proper if H is nonperipheral (in particular nontrivial) and
H # G. We denote by Ty the H —minimal subtree of 7.

Definition 11.1 (arational tree) A tree T € O is arational if T € 9O and for every
proper (G, F)—free factor H C G, H ~, Ty is a Grushko (H, F|g)-tree.

We will denote by AT the subspace of @ made of arational trees. We mention that
every arational tree 7" has dense orbits, and is in fact mixing [44; 28].

Arational surface trees We now review the definition of a special class of arational
trees (see Figure 16). A geometric (G, F)—graph of groups is a graph of groups G
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Figure 16: A geometric (G, F)—graph of groups.

with fundamental group isomorphic to G, obtained in the following way. Let g > 0
and let ¥ be a compact, connected 2—orbifold of genus g with conical singularities,
with nonempty boundary. One of the vertex groups of G is the fundamental group of
the orbifold X, and the other vertex groups are the G;. To define edges, consider a
set B consisting of the whole set of conical singularities of O, together with a subset
of the set of boundary components. We view the elements of B as cyclic subgroups
of m1(X). To each cyclic group C € B we assign a peripheral subgroup G;. and
an embedding ¢c: C — G, (allowed to be onto). For each C € B, we put an
edge joining X to G, with edge group C and with monomorphisms given by the
inclusion and ¢¢ . Boundary components of X not in B have no edge attached. They
represent nonperipheral conjugacy classes; we say that they are unused. Note there
has to be at least one unused boundary component since, otherwise, 1 (G) is freely
indecomposable relative to the subgroups G; .

Definition 11.2 (arational surface tree) A tree T € O is an arational surface tree if
it splits as a graph of actions over a geometric (G, F)—graph of groups with a single
unused boundary curve, so that the action corresponding to the vertex associated to the
orbifold ¥ is dual to an arational measured foliation on X.

It was proved in [28, Section 4.1] that arational surface trees are indeed arational.
Conversely, every arational tree in O is either relatively free, or else is an arational
surface tree [44; 28]. Notice that any arational surface tree has (up to conjugacy) a
unique nonperipheral elliptic subgroup, which is cyclic and generated by the unused
boundary curve of the corresponding orbifold.
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11.2 Arational trees and alignment-preserving maps

A map T — T’ between two R—trees is alignment-preserving if it sends segments
to segments (in this case we say that 7’ is a collapse of T, or that T is a refinement
of T"). Notice that if T is a tree with dense G —orbits, then any collapse of 7 also has
dense G —orbits.

Lemma 11.3 Let T,T € O be such that there is an alignment-preserving map
T —T.
Then T € AT ifand only if T € AT.

Proof First assume that 7' ¢ AT. Then there exists a proper (G, F)—free factor A
such that T} is not a Grushko (A4, F|4)—tree. Then T4 (which is a collapse of Ty) is
not a Grushko (A, F|4)—tree either, so T ¢ AT.

Assume now that T € A7. Assume towards a contradiction that T ¢ A7. Then
there exists a proper (G, F)—free factor A such that 4 ~, T4 is not Grushko. Since
T € AT, the A-minimal subtree T4 is a Grushko (A4, F|4)—tree, and it maps onto T4.
Therefore we can find a proper (G, F)—free factor B C A such that Tp is reduced to
apoint x € T. Since B does not fix any point in 7, the subtree 7z ~!(x) is not reduced
to a point (and not equal to 7). Since gB N B = & for all g ¢ Stab(x), the tree T is
not mixing, a contradiction. Therefore T € AT. a

11.3 Arationality and dual laminations

Arational trees can also be characterized in terms of their dual laminations in the
following way:

Lemma 114 A tree T € 00(G, F) is arational if and only if no leaf of L*(T) is
carried by a proper (G, F)—free factor.

Proof If T is not arational, there is a proper (G, F)—free factor H C G such that Ty
is not a Grushko (H, Fg)-tree. Fix a Grushko (G, F)—tree R. Then the minimal H -
invariant subtree Ry is a Grushko (H, F|p)-tree. By Lemma 4.3, the dual lamination
of Ty is a nonempty subset of 32 R . Using the fact that the diagram

L*(Tg) — *(H. Fln)

L*(T) ——— 9%(G, F)
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commutes, we deduce that every leaf in L2(Tg) yields a leaf of L2(T) carried by the
proper (G, F)—free factor H. Conversely, assume that 7 is arational, and consider a
proper (G, F)—free factor H C G. Since the minimal H —invariant subtree Ty C T is a
Grushko tree, the natural map dRy — dTq is injective, and agrees with the restriction
of Q. It follows that Qlsg,, is injective, so by Lemma 6.4, L*(T)N3*Ry =2, ie
no algebraic leaf of T is carried by H. a

11.4 Action of Z—factors on arational trees

We recall that a Z—splitting of (G, F) is a minimal, simplicial (G, F)—tree in which
all peripheral subgroups are elliptic, and in which all edge stabilizers are either trivial,
or cyclic and nonperipheral. By analogy with free factors, we define a Z—factor of
(G, F) to be a subgroup of G that arises as a vertex stabilizer in some Z-splitting of
(G, F). Arationality of a tree T tells us that for every proper (G, F)—free factor A4,
the action A ~, T4 is simplicial, and we want to extend this to Z—factors.

Proposition 11.5 Let A € G be a proper Z—factor of (G,F),andlet T € AT.

Then A ~, T4 is simplicial.

Notice however that T4 might fail to be a Grushko (A4, F|4)—tree when T is an
arational surface tree, because there are Z—factors of (G, F) that contain the unused
boundary curve of T. Our proof of Proposition 11.5 relies on the following statement,
which does not use arationality, and whose proof is based on an argument of Reynolds
[43, Lemma 3.10]:

Proposition 11.6 Let T € O be a tree with trivial arc stabilizers. Let H € G be a
subgroup and H ~, S an action on a simplicial tree. Consider two distinct vertices
Va,Vp €S, and let A € Hy, and B C H,, be two subgroups of H fixing v, and vp,
respectively, and having finite Kurosh rank as subgroups of (G, F).

Assume that both A ~ T4 and B ~ Tg have dense orbits.
Then for all nondegenerate segments I C T4 N Tp and all edges e C [vg, vp], there

exists g € (AU B) N G, such that gI N I is nondegenerate.

Before proving Propositions 11.6 and 11.5, we start by mentioning a few consequences
of Proposition 11.6. In the case where edge stabilizers in S are cyclic or peripheral,
we deduce the following result:
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Corollary 11.7 Let T € O be a tree with trivial arc stabilizers. Let H < G be a
subgroup and H ~, S an action on a simplicial tree whose edge stabilizers are either
cyclic or peripheral (possibly trivial). Consider two distinct vertices vg, vy € S, and let
A C Hy, and B C H,, be two subgroups of H fixing v, and vy, and having finite
Kurosh rank in (G, F).

If both A ~ T4 and B ~, Tp have dense orbits, then T4 N T contains at most one
point.

Proof Assume by contradiction that there exists a nondegenerate interval ] C74N7Tp.
Consider an edge e C [vg, vp]s. Since G, is cyclic or peripheral, one can change I to
a subsegment such that for all g € G, \ {1}, the intersection g/ N I contains at most
one point. This contradicts Proposition 11.6. a

We mention two more corollaries of Proposition 11.6. A transverse family in a tree
T € O is a G—invariant collection of subtrees of 7" such that the intersection between
any two subtrees in the collection contains at most one point.

Corollary 11.8 Let T € O be a tree with trivial arc stabilizers, and G ~, S an action
on a simplicial tree whose edge stabilizers are either cyclic or peripheral (possibly
trivial). For each vertex v € S with stabilizer Gy, let T, C T be the minimal subtree
of Gy.

Then the collection of all T, such that Gy ~, Ty has dense orbits is a transverse family
of T.

Proof This is an immediate consequence of Corollary 11.7. The fact that G, has
finite Kurosh rank follows for instance from [23, Lemma 1.12]. O

Corollary 11.9 Let S and T be as in the above corollary, let v € S be a vertex and
let A C Gy be a (Gy, F|g,)—free factor. Assume that A ~, T4 has dense orbits.

Then the collection of all G —translates of T4 is a transverse family of T.

Proof If g € G\ Gy, then one can apply Proposition 11.6 to B = A8 and get that
T4 N gTy is at most a point. If g € G, \ A4, apply Proposition 11.6 to a free splitting
S’ of H = Gy in which A is a free factor to get that T4 N gT4 is at most a point. O

Proof of Proposition 11.6 Assume towards a contradiction that there exists a non-
degenerate segment I € T4 N Tp and an edge e C [vg,vp]| of S such that for all
g € (AU B) N G, the intersection g/ N I contains at most one point. Since T4 and
Tg have dense orbits, one can find finite subtrees K4 C T4 and Kg C T of volume
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strictly smaller than %|I | such that [ is covered by finitely many A-translates of K4,
and [/ is also covered by finitely many B—translates of Kp (this follows for instance
from Lemma 4.18, using the fact that A and B have finite Kurosh rank). Moreover, one
can assume that K4 and Kp and [ are pairwise disjoint. We now build a system of
partial isometries on K4 U Kp U [ in the following way. Subdivide / into finitely many
nonoverlapping subsegments /1, ..., I; such that forall i € {1,...,k}, there exists
aj € Awith a;I; C Kq. Foralli e{l,...,k}, let ¢; be the partial isometry from /;
to a; I; induced by a; . Similarly, we subdivide I into finitely many nonoverlapping
subsegments /1, ..., /] and get partial isometries ; from // toasubset b 17 < Kp for
some bj/. € B. The volume of K4 U Kp U [ is strictly smaller than 2|/ |, while the total
length of the bases of the partial isometries ¢; and v; equals 2|/|. Therefore, by [19,
Proposition 6.1], our system of partial isometries does not have independent generators;
this means that one can find a cyclically reduced word w on the partial isometries d)l.il
and wjil which fixes a nondegenerate segment of /. Since the segments /; do not
overlap, any maximal subword of w on the letters {¢1il, e, (,b;fl} has length 2 and
is of the form ¢i_1¢1' with j # i and al._laj € A\ {1} (a similar argument applies
for B). This implies that the element g € (A, B) represented by w is of the form
g=ujvius ... upvg with u; € A\ {1} and v; € B\ {1} forall i € {1,...,k} (except
possibly that u; =1 or vy = 1), and the u; and v; all map a nondegenerate segment
of I into I. In particular, we have u; € A\ G, and v; € B\ G, forall i € {1,...,k}.
A ping-pong argument in the tree S then shows that g # 1. On the other hand, since
the partial isometry defined by w fixes a nondegenerate segment in /, the element g
fixes an arc in 7, which contradicts that 7" has trivial arc stabilizers. O

Before proving Proposition 11.5, we recall some more terminology. A transverse
covering in a tree T is a transverse family made of nondegenerate subtrees such
that every segment in 7' can be covered by finitely many subtrees from the family.
The skeleton of a transverse covering is the bipartite simplicial tree whose vertices
are given by the collection of all nondegenerate trees Y in the family, together with
the collection of all points that belong to several distinct trees in the family, the
vertex vy (corresponding to a point x) being joined by an edge £,y to the vertex vy
(corresponding to a subtree Y ) whenever x € Y ; see [21]. If the G—action on T is
minimal, then the G —action on the skeleton of any transverse covering of T is always
minimal [21, Lemma 4.9].

Proof of Proposition 11.5 Up to enlarging A, we can assume that 4 = G, is the
full stabilizer of a vertex v in a Z—splitting S of (G, F). Assume by contradiction
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that A ~, T4 is not simplicial. By considering the Levitt decomposition of T4 as a
graph of actions with dense orbits (which has trivial edge stabilizers), we can find an
(A, Fq)—free factor B C A such that B ~, T has dense orbits, with T nontrivial.

By Corollary 11.9, the family {g7g}¢ecc is a transverse family, and hence it is a
transverse covering because 7' is mixing. Let U be the skeleton of this transverse
covering. Note that no edge ¢x,y in U has trivial stabilizer since otherwise minimality
of U would imply that B is contained in a proper (G, F)—free factor, contradicting
the arationality of 7.

Assume first that 7' is relatively free. Then we claim that each vertex vy is a terminal
vertex of U. Since U is minimal, this will imply that U is reduced to a point, ie
Tp =T and B = G, a contradiction. To prove the claim, let ex y and ey y’ be
two edges of U incident on vy, and assume without loss of generality that ¥ = Tp.
Let g € G be such that gY = Y’. Then, since edge stabilizers of U are nontrivial,
Gx N B and G, N B¢ are two nontrivial subgroups of the peripheral group Gy. In
particular, G intersects nontrivially A and A%. Since A = G, is a vertex stabilizer
in the Z—splitting S, it follows that g € A: indeed, the group G, fixes a vertex p € S,
and G, N A fixes the segment [p, v]s, so p = v since no nontrivial peripheral element
fixes an edge of S. Similarly, Gx N A€ being nontrivial shows that p = gv, so g fixes
v,ie g € A. Since B is an (A, F4)—free factor and g € A4, a similar argument now
implies that g € B. Since B preserves Y = Tp, we get Y' =Y and exy = &y,
which proves our claim.

If T is not relatively free, then it is an arational surface tree. The argument above applies
as soon as the stabilizer of the vertex vy € U is peripheral. If not, then G, = (b) isa
cyclic group corresponding to the special boundary component. Since edge stabilizers
of U are nontrivial, every edge ex y contains a power b¥ of b. Since U is minimal, this
implies that 5¥ is an edge stabilizer of a Z—splitting of G, and therefore b* is contained
in a proper (G, F)—free factor [30, Lemma 5.11], contradicting that 7T is arational. O

12 Reconstructing L2(T) from one leaf when T is arational

12.1 Peritransitive closure of a set of algebraic leaves

Definition 12.1 An algebraic lamination L C 0%(G, F) is said to be transitively closed
(also called diagonally closed in [14]) if for all «, B,y € (G, F),

ey (@.p), B.y)eL = (a,y)eLl if a#y.
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It is peripherally closed if for every peripheral group Gy, all g, g’ € G, \ {1} and all
a,a' €9(G, F),

2 (a,ga)e L, (¢,gdye L = (a,a')eL if a#a'.
Definition 12.2 (peritransitive closure) Given a subset X C 9%(G, F), we denote by

P(X) the smallest transitively closed and peripherally closed algebraic lamination that
contains X. We call it the peritransitive closure of X.

Lemma 12.3 Let T € O be a tree with dense orbits. Then L?(T) is peritransitively
closed.

Proof Since L2?(T) corresponds to the fibres of the map Q, it is transitively closed.

To prove that it is peripherally closed, consider (e, gor) € L2(T) and (o', g’a’) € L*(T)
with g, g’ € G,. Then g fixes Q(«a) = Q(g), and since g fixes no arc in T, Q(«) is
the unique fixed point x, of G, in T. The same argument also shows that Q(a’) = x,.
By Proposition 6.10, («, o) € L*(T) if a # o' O

Remark 12.4 If an algebraic lamination L is peritransitively closed, then

(¢,ga) e L forsome g€ G, \ {1} = (a,ha)elL forall heG,\{l},

as follows from (2) applied to &’ = ha and g’ = hgh™!. If G, is infinite, this implies
the following condition:

(2) (x,ga)e L forsome g€ G, \{l} = (a,v)€eL forall heGy\{l}

because L is closed and (¢, g;or) converges to (o, v) for any sequence of distinct
elements g; € Gy \ {1}. Conversely, if («,v) € L, then G—invariance of L implies
that (go, v) € L for all g € Gy, so if L is transitively closed, we have (o, ga) € L
for all g € Gy.

Therefore, if all the groups G; were infinite, we could replace (2) by (2)" in Definition
12.1. The reason for our more mysterious requirement (2) is that we also need to deal
with the case of finite peripheral groups.

12.2 Main result and strategy of the proof

The goal of the present section is to prove the following theorem, which allows us to
reconstruct the dual lamination of an arational tree from a single leaf:
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Theorem 12.5 Let T € AT and let lg € L?>(T) be a leaf that is not carried by any
subgroup of G that is elliptic in T. Then L>(T) = P(lo).

Note that the assumption on /o is empty if 7T is relatively free. On the other hand,
if T is not relatively free, then 7T is arational surface, and the assumption on [ is
saying that [ should not be a periodic leaf of the form (¢c~>°,¢T>) where ¢ € G is
represented by a loop in the free boundary curve of the underlying orbifold.

Start with a Grushko tree R all of whose edges have length 1. Consider the band
complexes ¥@ and the corresponding Grushko tree R @) obtained by applying the
pruning process on ¥ = X (R, T), followed by the splitting process if the pruning
process stops. Up to changing R to some RY  we may assume that either the pruning
process does not stop or that the band complex X is of quadratic type, and X is clean
for the splitting process (Definition 9.14 and Proposition 9.15).

Recall from Definition 9.12 that an algebraic leaf (o, w) € L?(T) is liftable (in the
splitting process) if the natural map £@ — ¥ sends [o, w]xa) bijectively to [o, w]x;
this definition also makes sense if the pruning process does not halt, in which case all
leaves of L?(T) are liftable. Let Iy € L2(T) be as in Theorem 12.5. Theorem 12.5
is a consequence of the following three lemmas (if the pruning process does not halt,
Lemmas 12.6 and 12.9 are automatic since every leaf is liftable):

Lemma 12.6 The lamination P(ly) contains a liftable leaf [; € L?(T) which is not
carried by any subgroup of G that is elliptic in T.

Remark 12.7 It would actually be enough to just prove that P(lg) contains a liftable
leaf. Indeed, with a bit more work, one can show that a liftable leaf is never carried by a
subgroup of G that is elliptic in 7. This is automatic if 7 is relatively free. Otherwise,
T is arational surface, and in this case one can show that the leaves carried by the free
boundary component of the underlying orbifold are not liftable; roughly, this is because
the foliation on the orbifold contains half-leaves with one endpoint on the boundary,
and these will serve as splitting semilines in the splitting process. However, we will
not check the details of this claim, as this is not needed in the present paper.

Lemma 12.8 The lamination P(l1) contains all liftable leaves of L?(T)N0oo(G, F)?.

Lemma 12.9 Every leaf in L?(T) is in the peritransitive closure of the set of liftable
leaves in L?(T) N 300 (G, F)?.
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We will start by proving Lemma 12.8, and give the additional arguments needed in the
case where T is of quadratic type afterwards.

12.3 Proof of Lemma 12.8

We define the systole of a Grushko tree R as the smallest translation length in R
of a nonperipheral element of G. For all i € N, denote by R?) the Grushko tree
associated to the band complex %), and recall that there are natural G —equivariant
maps f;: ROtD — RO gsending vertices to vertices and edges to edges (but R\
usually has many vertices of valence 2). We set the lengths of the edges of the trees R
to 1, so that the map f; is 1-Lipschitz.

Lemma 12.10 The systole of RY converges to +00 as i goes to +00.

Proof Assume towards a contradiction that there exists M > 0 such that forall i € N,
the systole of R is bounded from above by M. Let ¥; C RY be the (nonempty)
set of all points in RY) that are moved by at most M by some nonperipheral element
of G. Note that f;(Y;41) C Y;. Since the number of orbits of edges of R® goes to
infinity, ¥; # RY) for i large enough.

We claim that the set #; of stabilizers of the connected components of Y; is a system
of nonperipheral free factors. Indeed, if z lies in a connected component Z of Y,
and if a nonperipheral element g € G satisfies dp)(z, gz) < M, then the axis of g is
contained in Z, showing that the stabilizer of Z is nonperipheral. By collapsing to
a point all the connected components of Y; in RY one gets a (G, F)—free splitting
RY in which each group in H; is a point stabilizer, which proves our claim. Since
fi(Yi+1) € Y;, the map f; induces a G—equivariant map RY*1D — R® in particular,
the collection of all point stabilizers of RUTD s a free factor system of (G, F) which
is contained in H; (ie every free factor that fixes a point in R (+1) is contained in a
free factor in #; ). Since there is a bound on the length of a decreasing chain of free
factor systems of (G, F), the free factor system 7; is independent of i for i large
enough. We denote by H this system of proper free factors.

Fix H € H, and consider Rg) C R the minimal H —invariant subtree. The number of
H —orbits of edges in Rg,) cannot tend to infinity, since otherwise, it would contain for
i large enough a segment of length > M with no branch point of R® contradicting
that RY) < ¥;. Since RY < fi(RUTY) for all i € N, this implies that for all i
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large enough, f; induces an isometry RgH) — Rg). It follows that there exists a
(nonperipheral) element 7 € H and [ < M such that for all i large enough, ||| gi) =1.

From the construction of the graph RY from the band complex »@ | this implies
that there exists a vertex v; in R(i), a point x; € Ky, C ® and a path in »®
from x; to hx; of the form o B ...y B, where each «; is a leaf segment in a band
of £@ and each f j is a segment contained in some Ky; € @ Tn particular, for
all i € N, we have ||h||r <ID;, where D; := max,cy (g diam(Ky). Since T is
mixing, Corollary 10.3 implies that D; converges to 0 as i goes to +oco. It follows
that ||2||7 = 0. Since & is nonperipheral and contained in the proper free factor H,
this contradicts that 7" is arational. a

Let R be a Grushko tree, let F € R be a bounded closed nonempty subtree such that
for all g € G, either gF = F or gF N F = &. These conditions imply that if gF = F,
then g is peripheral, and in addition the stabilizer G of F is either trivial or equal to
G, for some vertex v € R.

Although not formulated in these terms, our next lemma will show the connectivity of
some Whitehead graph of /1 around F. Let T € AT and let [; € L?(T) be a liftable
leaf that is not carried by any subgroup of G that is elliptic in 7. Let Ef be the set of
edges of R\ F incident on F. Let ~F be the smallest equivalence relation on E g
such that e ~f e’ whenever

3) eUe Cg.(ly)g forsome g€ G
or
4) e~pge and e ~p g'e’ forsome g,g' € G\ {1}

Remark 12.11 Given two edges e, e’ € Ef, we define a basic chain joining e to ¢’
as a sequence of edges e =e1, ..., e, =’ € Ep suchthat foreachi € {1,...,n—1},
there exists g; € G such that ¢; Ue;j+1 C g;.(I1)r. Given e € EF, a basic loop at e
is a basic chain for which e; = e and there exists g € Gr \ {1} such that e, = ge. We
claim that if e ~p ¢/, then either

e there is a basic chain of length < |Er/GF| joining e to €/, or

* there exist two basic loops, at e and ¢’, respectively, both of length <2|Er/GF|.

Indeed, assume first that in any basic chain starting from e, there is no pair of edges
e; # e; lying in the same G r—orbit. Then there is such a chain going from e to e’

Algebraic & Geometric Topology, Volume 19 (2019)



2386 Vincent Guirardel and Camille Horbez

(one can never apply (4)), and the first conclusion holds. Since the symmetric argument
holds for basic chains starting from e’, we can assume that there is a basic chain
e=ey,....e,...,e; and abasic chain ' = ¢/, ...,el’.,,...,e]/., and g, ¢’ € G\ {1}
such that e; = ge; and e}, = g’ejs. Choosing the shortest such chains, one can assume
J.J' <|EF/GF|+ 1. Now one can produce a basic loop e = ey, ..., e; = ge;,
gei—1,...,ge1 = ge of length j +i —1 joining e to ge. Arguing similarly for e’
shows that the second conclusion holds in this case.

Using the arationality of 7', we will now prove that the above equivalence relation is in
fact trivial.

Lemma 12.12 Forall e,e’ € Ep, we have e ~f €.

Proof By collapsing F (and its orbit) in R, we reduce to the case where F is a point v
(and the collapsed tree is still a Grushko tree), so from now on we assume that we are
in this case. We denote by E, the set of edges in R incident on v. Assume towards
a contradiction that the lemma fails. Let B C E, be the set of edges e € E, such
that there is a basic loop at e. By definition, all edges in B are equivalent, so we can
assume Ey \ B # . Let Ag C Ey \ B be an equivalence class, and A1 = E, \ Gy.Ap
(notice that B C A, but this inclusion might be strict). It follows from Remark 12.11
and the definition of B that any two edges in Ag are joined by a basic chain, and
therefore that no two edges in Ag are in the same G, —orbit (otherwise two such edges
would be joined by a basic loop). Thus, for any g € G, \ {1}, gAo and Ay have no
edge in common, whereas Ay is G,—invariant. By construction, any turn {e, e’} at v
crossed by a G-translate of /; is either contained in A orin g.Aq for some g € Gy .

Let Y be the tree (represented in Figure 17) obtained from (|_| 2€G, g.Ao) L A; by
attaching a new edge ge from vgq, to gvy, for all g € G,, where vy, and vy, denote
respectively the copies of v in Ag and A;. Collapsing the orbit of ¢ yields a natural
map from Y to the star of v in R. There is a natural way to attach back the edges
of R to Y, which yields a Grushko tree R’ that collapses onto R. In addition, every
G —translate of /; in R lifts to a bi-infinite line in R” which does not cross any edge in
the orbit of &. This contradicts the fact that /; is not carried by any proper (G, F)-free
factor (Lemma 11.4). a

Proof of Lemma 12.8 Let (¢, w) € L%(T) N (300 (G, F))? be a liftable leaf. We aim
to prove that (o, w) € P(l1). Notice however that we do not make any assumption
concerning the endpoints of /1 (they could either be both in do (G, F), or one of them
could belong to Vo (G, F)).
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Figure 17: Proof of the triviality of the equivalence relation ~f .

We realize (o, w) as a X—leaf line £, and let x € X be a point contained in £. Since
(a, ) is liftable, for all i € N the line £ naturally lifts to a ~® —leaf line £;, and
we have [o, ®]gi) = pra)(L£i). We let X; be the lift of x in £;, and x; := ppa) (X;).
Notice that if fra): RY — R is the map obtained by composing the successive maps
from R&+D to R®)  then Jri)(xj) =x¢ forall i e N.

Define a natural edge of R as a connected component in R of the complement
of the set of branch points together with G.x;. In particular, each natural edge is an
open segment. We denote by E; the set of natural edges in R®). Up to passing to a
subsequence, we can therefore assume that |E; /G| is constant, we denote it by r. We
denote by /\"1 <..- <AL the lengths of the orbits of natural edges. Let ro € {1,...,7}
be such that the sequence (Aio)ieN is bounded, while /\io 41 converges to +00 as
i goes to +o00 (we also allow for ro = 0 in case all lengths are unbounded). Notice
that ro < r because the number of G —orbits of edges in R® goes to +00 as i goes
to +o00. The r¢ first natural edges will be called short edges; the other natural edges
will be called long edges. Note that there is no claim that the maps RY) — R()
preserve the natural edges or the decomposition into short and long edges.

Let F; C R® be the union of all short edges containing x; in their closure (this is
a connected subtree of R®) ). Clearly, F; is a closed subtree such that for all g € G,
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gFiNF; =9 or gF; = F;. We claim that F; has bounded diameter. Since short edges
have bounded length, it suffices to prove that for i large enough, any segment J C F;
contains at most 2r natural edges, necessarily short (recall that r is the number of
orbits of natural edges). If not, J contains two natural edges e; and g;e; which are
in the same orbit as oriented edges, with the orientation induced by some orientation
of J. Thus g; is hyperbolic with bounded translation length; this is a contradiction for
i large enough since the systole of R® goes to infinity (Lemma 12.10).

Since F; has finite diameter, the stabilizer G, of F; is either trivial or peripheral. We
claim that G g, eventually does not depend on i. Let ig and M be such that for all
i >1ip, short edges and F; have diameter at most M, and every long edge has length
greater than M. We first note that for each i > ig, there is at most one vertex w € R®
with nontrivial stabilizer such that d(x;, w) < M. Indeed, such a vertex w cannot be
separated from x; by a long edge, so lies in F;. But F; contains at most one vertex
with nontrivial stabilizer since no hyperbolic element stabilizers F;. This proves the
uniqueness of w and that G, = G ;. Now consider i > io such that G, is nontrivial
(if there is no such i, the claim is obvious). Then GF, fixes some vertex v; € F;j, and
GF;, = Gy, . Since F; has diameter at most M, dgw (x;,v;) < M. For j <i, the
image of v; in RU) is a vertex w with stabilizer G F; , and at distance at most M
from x;. It follows that Gg;, = Gy = G F; and the claim follows.

We are now ready to prove that (o, ) € P(I1). Fix i > i, and let ¢; and e/ be the long
edges in [o, w] gw) incident on F; (these are well-defined because o, w € 050 (G, F) and
X; € [o, w]ga)). Let EF, be the set of (long) natural edges incident on F;, and consider
the equivalence relation ~f, on Ef, defined above using the leaf /1. Lemma 12.12
implies that ¢; ~F, e/. By Remark 12.11, either e¢; and e are joined by a basic chain
or there are two basic loops at e; and e;, respectively. Up to passing to a subsequence,
we can assume that the same case occurs for all i .

In the first case, for any given i € N, let Il-1 = (ozl.l,a)l.l), e ll.k = (alk,a)lk) be a
finite sequence of G —translates of /; corresponding to a basic chain provided by
Remark 12.11 (up to passing to a subsequence, we can assume that k is independent
of 7). This means that the semiline [x,-,ozil] RG) contains e;, [x,-,a)lk] R() contains e;
and, for all 1 < j <k —1, the semilines [x,-,a)l.j]R(i) and [x,-,ozl-jH]Ru) share a long
edge in E'f, (see Figure 18). Up to passing to a subsequence again, we can assume that
all aij and all a)l] converge in d(G, F) as i goes to +o00, and we denote the limits by ago
and a)éo Since (ll-l) r Mo, xi] g contain the long edge e;, and since the projection
map pﬂe: R® — R is isometric in restriction to both ll.1 and [o, w] gy (because these
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Figure 18: A basic chain of translates of /; .

two leaves are liftable), we deduce that (ll-l) R N [o, xo]g contains arbitrarily long
segments as i goes to +o0o. This implies that cxcl,o = . A similar argument shows
that a)é‘o = w, and a)éo = oeé:rl forall j € {1,...,k —1}. Up to deleting some of
these points, we can assume in addition that ozéo % a)éo forall j € {l,...,k}. Then
the leaves (ago, a)éo) are obtained as limits of G —translates of /1, and therefore they

all belong to P(/1). This implies that (o, ) € P(l1).
We now assume that for all 7, there are basic loops at both e; and e]. Let
@l oh, ... @ 0f and (@ oM, ... @F 0

be the two corresponding sequences of G —translates of /;. In particular, [x;, al-l] R
contains e; and [x,',a)lk]R(i) contains g;e; for some g; € G, \ {1}. Passing to a
subsequence we can take limits aéo and a)éo as above. As above, aéo
a)’o‘o = g.« if g; eventually coincides with some g € G, \ {1}, or w]go =v € Voo (R) if
g; takes infinitely many distinct values. Thus, (/) either contains a leaf of the form

= «, and either

(o, gar) with g € Gy \ {1} or the leaf (o, v), in which case it also contains all the leaves
(ga,v) for g € Gy, hence the leaf («, ga) for any g € Gy \ {1}. Arguing similarly
with the second basic loop, we get that (/1) contains a leaf of the form (w, g’w) for
some g’ € Gy \ {1}. By definition of the peritransitive closure, (o, w) € P(l1). a

12.4 Additional arguments for trees of quadratic type

We will now assume that 7" is of quadratic type with respect to a Grushko tree R, and
that ¥ = X (R, T) is clean. We aim to prove Lemmas 12.6 and 12.9 (we mention that
cleanness will actually only be used in the proof of Lemma 12.9).

Proof of Lemma 12.6 Given an algebraic leaf [ € L2(T'), denote by [ @ (resp. 1(?))
the X _leaf line (resp. X—leaf line) corresponding to /. We first prove the following
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By
B’ .
ICv z Z P A— e—
On B
$(4) »(i+1)

Figure 19: An unliftable leaf.

general claim. Given a leaf / € L2(T') which is not liftable, / is isolated in the following
sense: there exists i € N and a £() _Jeaf segment o C [ @) such that for any sequence
(It)ken of leaves in L2(T) converging to [ and any k large enough, the X —leaf
line [ lg) contains ¢ (in particular / ]g) is contained in the same complete > _Jeaf
as ). Indeed, since [ is not liftable, there exists i € N such that (see Figure 19)

e [ lifts isometrically to a X—leaf line / @ in @ and

e there is a splitting germ 7 based at some point x € ) such that [#) goes
through the band By in which 7 is terminal, followed by some band B’ with
degenerate intersection with 7.

Let 0 € By be the leaf segment containing x. For k large enough, / lg) also goes
through the bands Bg and B’ in @ _ Since By N B’ = {x}, this implies that o C l]g).
This proves the claim.

Now consider the algebraic leaf /o of the statement of the lemma, and denote by
o, w € d(G, F) the endpoints of /. We claim that, up to exchanging o and w, we
can assume that ao # « for all a € G\ {1} (equivalently, & € doo(G, F) and that
is not of the form ¢ for some nonperipheral element ¢ € G). Indeed, if a.a = «
and b.w = w for some a,b € G\ {1}, then (a, b) fixes the point z = Q(«) = Q(w)
in 7. If (a, b) is contained in a peripheral group G, then « = v = w, a contradiction.
If {a, b) is not peripheral, then T is not relatively free so T is arational surface and
G, = (c) is cyclic, so (o, w) = (¢, ¢T%) is carried by G. This contradicts our
hypothesis on /g, so the claim follows.

Now let gx.e be a sequence of oriented edges in ppa)(lp) converging to «, and let
Iy € L?(T) be a limit of a subsequence of g;llo. We claim that the leaf [y is liftable.
Indeed, assume towards a contradiction that it is not. The claim established in the first
-1 / @
0

paragraph of the proof then implies that there exists i such that g contains o
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for all k € N larger than some ko € N. Thus, g g,:ol is nonperipheral and fixes the
point z = pT(léi)) (= Q(a) = Q(w)). In particular, T is not relatively free, so as
above, G; = (c¢) for some ¢ nonperipheral. Thus, g g;ol = ¢’k and « is a limit of
Sk g;ol = a’/k , a contradiction. a

We now turn to the proof of Lemma 12.9, saying that any leaf in L?(7') lies in the
peritransitive closure of the set of liftable leaves. Since X —leaves that do not contain
a splitting semiline are automatically liftable, one only has to take care of leaves
containing a splitting semiline. Splitting semilines themselves lift, and in several ways.
The following lemma allows us to lift the concatenation of a splitting semiline with
another liftable segment:

Lemma 12.13 Assume that ¥ is clean. Let A be a X —leaf segment (either finite,
semi-infinite or bi-infinite) that lifts to A; in @ for some i € N. Let o be a splitting
semiline in ¥ whose intersection with A is reduced to one extremity of A.

Then there exists a lift 6; of o such that 7\,- Uo; isaliftof AUo.

Proof This is illustrated in Figure 20. Let x be the intersection point of o and A,
and let ¥ be its lift in A;. Let B be the unique band of ) that contains ¥ and a
nondegenerate leaf segment of Xl-. Let i1 be a direction transverse to B at X. Let
W be its projection in X. Since X is clean, the direction @ can be pushed to infinity
along o. There is a unique lift &; of o in @ starting from X, along which I can be
pushed to infinity. Then A UG isaliftof AUo. o

AN N

B B
R TP

X /’u/ '.’.

A 7.

y

<&
<

A 4
o;

)y »@

Figure 20: Lifting 0 UA to @
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Corollary 12.14 Assume that X is clean. Let £ be a complete ¥ —leaf. Then the
following holds:

(i) Let o =[y,&] and o' =[y’, &'] be two splitting semilines contained in L,
with § # &/, and let x € o and x’ € ¢’ be such that [x, x']|; is liftable. Then
[£, &) is liftable.

(i) Let I =[x, ], be a liftable leaf semiline contained in L, and ¢ = [y, €], be a
splitting semiline with x € o, with « # £. Then [, £ is liftable.

Proof We will only prove the first claim, the second being a reformulation of
Lemma 12.13. Up to changing [x, x’]; to a subsegment, we can assume that

[x,x]No={x} and [x,x]zNo’ ={x"}.

If x = x/, we can further change x so that [x, &], N[x, ], = {x}. Assume first that
x # x’. Lemma 12.13 applied to A =[x, x’]; and o, and to A and o”, yields the result.
If x = x’, we apply Lemma 12.13to A = ¢’ and o. O

We are now in position to complete our proof of Lemma 12.9.

Proof of Lemma 12.9 Let («,w) € L?(T). We aim to prove that (o, w) belongs
to the peritransitive closure of the set of all liftable leaves in L?(T) N 000 (G, F)?.
As mentioned above, we can assume that the complete X—leaf £ containing (o, w)
contains a splitting semiline.

Case1l We have a,w € 00(G, F).

Let £ be the unique complete X —leaf that admits & and w as some of its extremities. Let
G be the stabilizer of £, and let C. be the core of its stabilizer (see Definition 9.18).

Case 1.1 The intersection [o, ®]; NC, is compact.

We observe that the X —leaf line [o, w], is a finite concatenation of liftable leaf segments.
Indeed, if some subray [xg, w], does not intersect C., then either it eventually agrees
with a splitting semiline, or else it eventually misses every splitting semiline; this is
because there are only finitely many orbits of splitting semilines in 3, and therefore
there are only finitely many splitting semilines that intersect the connected component
of £\ C, that contains [xg, ®]..

As represented in Figure 21, we write [, ], as a finite concatenation

[, x1]z U[x1, x2] U+ U [xp, @],

Algebraic & Geometric Topology, Volume 19 (2019)



Algebraic laminations for free products and arational trees 2393

X1 X3 Xn

&1 &3 €n

Figure 21: In Case 1.1, the leaf (o, w) is in the transitive closure of the set
of red leaves, which are all liftable leaves in L2(T) N 000 (G, F)?.

where each segment in the decomposition is liftable. We can also assume that this
decomposition is minimal, ie none of the leaf segments [x;, x; 2] is liftable. Since X
is clean, this implies that each x; lies in a splitting semiline o; = [y;, & ] (represented in
green in the figure), with &; € doo (G, F). To simplify, assume first that all £; are distinct
and distinct from « and w. Corollary 12.14 shows that [, &1]., [E1, &)z, - . [En, @]
are liftable. Since o, w and all & belong to 00 (G, F), we conclude that (¢, ) is in
the transitive closure of liftable leaves in L2(T) N 000 (G, F)?, as required. If there
are repetitions, say for example o # &1 =&, # &,+1 = &i, # -+ # &, # o with
1 <iy <ip <--- < g, then we obtain a chain [o, &1]z. [&. &l - - .. [Eip . @] Of
liftable leaf lines. The case where o = £ or w = §, is similar and left to the reader.

Case 1.2 The intersection [o, w]; NC, is not compact.

The argument is illustrated in Figure 22. In particular, C, is nonempty and not reduced
to a point, so its stabilizer G~ is nontrivial and not peripheral. It follows that 7 is
not relatively free, hence 7' is an arational surface tree, therefore the stabilizer of £

w

g

Ce

wp =c"€

oy =

L

Figure 22: In Case 1.2, the green leaf («, w) is in the peritransitive closure
of the red leaves («;,, wy,), which are treated by Case 1.1.
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is a nonperipheral infinite cyclic group (c) (and (c) is conjugate to the fundamental
group of the free boundary curve of the underlying orbifold of 7"). In particular, C is
a c—invariant line. We can assume that [o, @], meets a splitting semiline o = [y, &],
otherwise [«, w], would be liftable because X is clean, and there is nothing to prove.
By Remark 9.2, £ contains a point of valence at least 3 (namely the origin of ), so £
is not a line. Since £ has no terminal point (Proposition 8.24), £ has anend & notin C..
We claim that there exist «;, converging to « and w, converging to w, corresponding
to endpoints of £, such that [y, w,]z N C, is compact. Indeed, if @ ¢ 0o0C, (as in
Figure 22), then &, = a works, and otherwise we can take o, = ¢*".£. By Case 1.1,
for all n € N the leaf [o,, ;] lies in the peritransitive closure of the set of liftable
leaves in L2(T) N 0o (G, F)?. Therefore, so does [a, o],.

Case 2 Either @ or w, say «, belongs to Voo (G, F).

Then @ € dx(G, F), for otherwise the subgroup of G generated by the stabilizers
of @ and w would be elliptic in T, contradicting arationality. Therefore, for all
g € Gy \ {1}, we have (w, gw) € L*(T) N 0s0(G, F)?, so it follows from the above
argument that (w, gw) is in the peritransitive closure of the set of liftable leaves in
L*(T) N doo(G, F)?. Since (o, w) is the limit of (g;w,w) for any infinite sequence
(gi)ieN € GOI?I , we deduce that (o, w) also belongs to this peritransitive closure. O

13 Unique biduality for arational trees

13.1 Main result

We will now establish our unique biduality result for arational trees. Given T, T’ € AT,
we write T ~ T if the trees 7 and 7" are homeomorphic when equipped with the
observers’ topology (where we recall that T=TuU 0ooT).

Theorem 13.1 Let 7,7’ € O. Assume that T € AT, and that L>(T) N L*(T') # @.
Additionally, if T is not relatively free, assume that L?(T)N L?(T") contains a leaf not
carried by (c), with ¢ a representative of the unique conjugacy class of nonperipheral
elliptic subgroups in T.

ThenT' € AT,and T ~ T".

Proof Let/ e L?(T)NL?(T’) be aleaf that is not carried by any subgroup of G that
is elliptic in 7. By Theorem 12.5, L?(T) is equal to the peritransitive closure of /.
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We first prove that 77 has dense orbits. Assume towards a contradiction that it does
not. Then the leaf [ is carried by a vertex group B of the Levitt decomposition
of T’ (Corollary 4.5). In particular, B is elliptic in a Z-splitting of (G, F). By
Proposition 11.5, the B —action on its minimal subtree Tp in T is simplicial. Lemma 4.4
applied to T then shows that / is carried by a subgroup of G that is elliptic in g,
hence in T ; this is a contradiction. Therefore, T’ has dense orbits.

By Lemma 12.3, L?(T") is peritransitively closed. This implies that L2(T) € L?(T").

We claim that there exists a surjective G —equivariant continuous map p: T — T that
makes the following diagram commute:

G, F) s T
\ !
where Q7 and Qg are the maps Q associated to 7 and 7’. Indeed, since T
and T’ have dense orbits, Corollary 6.11 shows that the map Q7 induces a homeo-
morphism from (G, F)/L*(T) to T, and the map Qr induces a homeomorphism

from (G, F)/L*(T’) to T'. In addition, since L2(T) € L%(T’), we get a map
p: T->T.

We finally check that p is a homeomorphism. Assume towards a contradiction that it
is not. Since 7T is mixing, by [6, Proposition 3.2] there are uncountably many points
x € T' such that |p~1(x)| > 3 (notice here that Bestvina and Reynolds are assuming
indecomposability of T in the statement of [6, Proposition 3.2], however their argument
only requires 7 to be mixing). Since Q7 is surjective, we have |QT, (x)| = 3 for all
these points x. This contradicts Theorem 8.1. a

Corollary 13.2 Let T, T’ € O, with T € AT relatively free. Let (Ty)nen, (T))neN €
ON be sequences that converge to T and T’ such that for all n € N, we have
LX(T)) N LX(T}) # .

Then T' € AT, and T ~ T'.
Proof Corollary 4.25 implies that L?(T) N L?(T’) # @. As T is assumed to be

relatively free, no element in L?(7T) N L?(T’) can be carried by a subgroup that is
elliptic in 7. Corollary 13.2 then follows from Theorem 13.1. a
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To remove the assumption that 7" is relatively free, we need a stronger assumption on
the dual laminations of 7,, and 7,,. Recall that an algebraic leaf is simple if it is a
limit of axes of simple elements (ie contained in a proper (G, F)—free factor), and that
Lfimple(T) denotes the set of simple leaves in L?(T) (see Section 5.2).

Corollary 13.3 Let .7’ € O, with T € AT. Let (Tp)nen. (T))nen € O be
sequences that converge to T and T' such that for all n € N, we have

Limpie(Tn) N LEie(T) # 2.

simple

Then T' € AT, and T ~ T".

Proof We can assume that 7" is arational surface since, otherwise, Corollary 13.2
applies. Let A = (c) < G be arepresentative of the unique conjugacy class of nonperiph-
eral elliptic subgroups in 7. Corollary 5.7 implies that Lszimple(T) N Lfimple(T/ ) # 2.
Since c is not a simple element because T is arational, Lemma 5.4 says that a simple

leaf cannot be carried by (c}. Corollary 13.3 then follows from Theorem 13.1. O

13.2 The equivalence class of an arational tree

We will finally use the above analysis to deduce information about the geometry of
the equivalence class of an arational tree. We recall that a map between two R—trees
is alignment-preserving if it sends segments to segments. Two trees 71, 7> € O are
compatible if there exists a tree To € O that admits G —equivariant alignment-preserving
maps onto both 77 and 75.

Corollary 13.4 Let T € AT, and let T' € O. The following assertions are equivalent:
(i) The compact trees T and T' are homeomorphic when equipped with the ob-
servers’ topology.
(ii) The trees T and T' are homeomorphic when equipped with the observers’
topology.

(iii) There exist G —equivariant alignment-preserving maps from T to T’ and from
T to T.

(iv) The trees T and T' have a common refinement in O.

(v) The trees T and T’ are both compatible with a common tree in O.

Proof Since T is the complement of endpoints of f, we have (i) = (ii). Since
every homeomorphism for the observers’ topology is alignment-preserving, we have
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(i) = (iii). The implications (iii) = (iv) and (iv) = (v) are obvious. We now prove
that (v) = (i). Let T"” be a tree which is compatible with both 7" and 7”, and let
To € 0O be a common refinement of T and T”. Then L?(Ty) € L*(T) N L*(T").
Since Ty belongs to dO, it follows from Proposition 5.8 that Lszimple(To) # . Since
the unique conjugacy class of nonperipheral cyclic subgroups that is elliptic in an
arational surface tree is always nonsimple, we can apply Theorem 13.1 to deduce that
T and T" are homeomorphic for the observers’ topology. The same argument also
shows that 7" and T’ are homeomorphic for the observers’ topology, and assertion (i)

follows. O

Given a tree T € 00O with dense orbits, a length measure on T is a collection of
finite Borel measures vy on all segments I € T such that for all J C I, we have
wyg=(ur)|s,andforall / €T andall g€ G, wehave gy =(g|r)«ptr. Theset M(T)
of projective classes of nonatomic length measures on 7 is a finite-dimensional simplex,
spanned by the set of ergodic measures on 7T'; this was proved in [20, Corollary 5.4]
in the context of free groups, however the proof adapts to our more general setting
because PO is known to be finite-dimensional by [30]. Any length measure y on T
determines a tree 7}, , obtained by making Hausdorff the pseudometric on 7" given by
d; (x,y)=pu([x,y]), and there exists a G—equivariant alignment-preserving map from
T to Ty,. Conversely, if T admits an alignment-preserving map onto a tree 7’ € 90,
then there exists a length measure p on 7' such that 7" = T},. The map that sends a
length measure u € M(T') to the projective length function of the tree 7}, is a linear
injection [20, Lemma 5.3], so the image of M(T) in dP QO is a simplex X(T) of the
same dimension. In view of Corollary 13.4, two trees T, T' € P AT are equivalent if
and only if there exist alignment-preserving maps from 7 to 7’ and from 7" to T, so
it follows that the equivalence class of 7T is the finite-dimensional simplex (7). We
sum up the above discussion in the following statement:

Proposition 13.5 Forall T € P AT, the set of projective classes of arational (G, F)—
trees that are equivalent to T is a finite-dimensional simplex. O
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