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Uniform exponential growth for CAT(0) square complexes

ADITI KAR
MICHAH SAGEEV

We start the inquiry into proving uniform exponential growth in the context of groups
acting on CAT(0) cube complexes. We address free group actions on CAT(0) square
complexes and prove a more general statement. This says that if F is a finite
collection of hyperbolic automorphisms of a CAT(0) square complex X, then either
there exists a pair of words of length at most 10 in F* which freely generate a free
semigroup, or all elements of F stabilize a flat (of dimension 1 or 2 in X'). Asa
corollary, we obtain a lower bound for the growth constant, 10\/5 , which is uniform
not just for a given group acting freely on a given CAT(0) cube complex, but for all
groups which are not virtually abelian and have a free action on a CAT(0) square
complex.
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1 Introduction

Given a group G and a finite generating set S, we let C(G, S) denote the Cayley
graph of G relative to S. The length of an element g € G with respect to the word
metric relative to S is denoted by |g|s and we let B(S, n) denote the ball of radius »
in C(G,S). The exponential growth rate of G relative to S is defined to be the
following limit (which always exists):

w(G,S) = lim |B(S,n)|"/".
n—>o0
The exponential growth rate of G is then given by
w(G) = inf{w(G, S) | finite generating sets S'}.

The group G is said to have exponential growth if w(G, S) > 1 for some and therefore
for all finite generating sets S. Moreover, G is said to have uniform exponential growth
if w(G) > 1. See de la Harpe [9] for details.

Gromov asked if every group of exponential growth is also of uniform exponential
growth. The first example of a group with exponential growth which is not of uniform
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exponential growth was constructed by Wilson [15]. Wilson’s group and future counter-
examples were finitely generated. Whether Gromov’s question has an affirmative
answer for finitely presented groups remains open.

Uniform exponential growth is known to hold for groups with virtually free quotients,
hyperbolic groups, soluble groups, linear groups in characteristic zero and groups acting
on trees in the sense of Bass—Serre theory (see [9]). Uniform exponential growth is
typically established by constructing free semigroups; see Alperin and Noskov [1].

Lemma Let G be a group. Suppose there exists a constant C > 0 such that
for any finite generating set S of G, one can find two elements u,v € G with
max{|u|s, |v|s} < C that freely generate a free semigroup. Then w(G) > /2.

This method and variations of it often allow one to establish “uniform uniform exponen-
tial growth”. Bucher and de la Harpe considered actions on trees and showed in [10]
that the constant in the above lemma is v/2 for nondegenerate amalgams and HNN
extensions. Mangahas [12] proved that finitely generated subgroups of the mapping
class group Mod(S) of a surface S which are not virtually abelian have uniform
exponential growth with minimal growth rate bounded below by a constant depending
exclusively on the surface S. Breuillard [2, Main Theorem] established a different sort
of uniformity for linear groups: for every d € N there is N(d) € N such that if K
is any field and F a finite symmetric subset of GLy(K) containing 1, either FN(@)
contains two elements which freely generate a nonabelian free group, or the group
generated by F is virtually solvable. We refer the reader to Button [5] for further
examples.

In this paper we start the inquiry into proving uniform exponential growth in the context
of groups acting on CAT(0) cube complexes. We address free group actions on CAT(0)
square complexes. We do this by proving a more general statement about groups
generated by hyperbolic elements.

Theorem 1 Let F be a finite collection of hyperbolic automorphisms of a CAT(0)
square complex. Then either

(1) there exists a pair of words of length at most 10 in F which freely generate a
free semigroup, or

(2) there exists a flat (of dimension 1 or 2) in X stabilized by all elements of F.

Algebraic & Geometric Topology, Volume 19 (2019)



Uniform exponential growth for CAT(0) square complexes 1231

As a corollary, we obtain a “uniform uniform” type result, which says that there is a
uniform lower bound for growth, not just for a given group, but for all groups acting
freely on any CAT(0) square complex.

Corollary 2 Let G be a finitely generated group acting freely on a CAT(0) square
complex. Then either w(G) > 'V/2 or G is virtually abelian.

We expect that a similar result will hold for all dimensions, in that for a finitely generated
group G acting freely on a CAT(0) cube complex of dimension n, G will be virtually
abelian or w(G) > wgy > 1 where, wo will depend only on the dimension », and not
on the group or the complex.
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2 Hyperplanes and group elements

We review some relevant basic facts regarding hyperplanes and halfspaces. See for
example [6] or [13] for more details. We let X be a CAT(0) square complex. We use
f, kK to denote halfspaces, A, i to denote the corresponding hyperplanes and £*, £*
to denote the complementary halfspaces.

We let Aut(X') denote the collection of cubical, inversion-free automorphisms of X.
(An inversion is an isometry of X that preserves a hyperplane and inverts the corre-
sponding halfspaces.) If G is an action on X which contains inversions, then we may
subdivide X so that there are no inversions.

In a CAT(0) cube complex of dimension 7, any collection of n+ 1 hyperplanes contains
a disjoint pair. In particular, in the case of our 2—dimensional complex, if g € Aut(X)
and 4 is a hyperplane, then the triple {ﬁ, ngi, gzﬁ} contains a pair that is either disjoint
or equal. Thus, either gzﬁ = f, or one of the pairs {fAi ngi} or {ﬁ gzﬁ} is a disjoint
pair.

Given a hyperplane fin X and g € Aut(X) a hyperbolic 1sometry of X, we say that
g skewers i if for some choice of halfspace £ associated to ﬁ we have g2/ C £ (note

that this includes the case g4 C #). This property is equivalent to saying that any axis
for g intersects £ in a single point.
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We say that a hyperbolic isometry g € Aut(X) is parallel to A if any axis for g is a
bounded distance from A , and a hyperbolic isometry is peripheral to £ if it neither
skewers 4 nor is parallel to £. In this case, any axis lies in a halfspace A bounded by
the hyperplane £ and is not contained in any neighborhood of A Tt follows that either
gh* C hor g2h* C k.

Definition 3 Given a hyperbolic isometry g € Aut(X'), we define the skewer set of g,
denoted by sk(g), as the collection of all hyperplanes skewered by g. We define a
disjoint skewer set for g as a collection of disjoint hyperplanes in sk(g) which is
invariant under g2.

If g is parallel to a hyperplane i , then any hyperplane in sk(g) intersects f. Since
there are no intersecting triples of hyperplanes in X, this means that no two hyperplanes
in sk(g) intersect. Furthermore, any two translates of % under (g) are parallel to g
and hence cross every hyperplane in sk(g). Again, by the 2—dimensionality of X, this
means that the two translates of 4 under (g) are disjoint. We record this observation,
since we will make use of it.

Observation 4 If g is parallel to i, then all the hyperplanes in sk(g) are disjoint and
two distinct hyperplanes in the orbit of f under (g) are disjoint.

Lemma 5 Let g be a hyperbolic automorphism of X ; then sk(g) is a union of finitely
many disjoint skewer sets.

Proof Consider 4 € sk(g). If gﬁﬂ h=o,welet P = {g”(ft) | n € Z}. Otherwise,
since X is 2—dimensional, we have gzﬁﬂ = &. We then set P = {gz”(ﬁ) |neZ}
and P, = {g2”+lfi\| n € Z}. Thus, Py and P, break up the orbit of £ under (g) into
two disjoint skewer sets. Since there are finitely many orbits of hyperplanes in sk(g)
under the action of (g), this breaks up sk(g) into finitely many disjoint skewer sets. O

Example 6 Let X denote the Euclidean plane, squared in the usual way by unit
squares. Let g be an integer translation in the vertical direction. Then the skewer set
of g is the collection of horizontal hyperplanes and the number of disjoint skewer sets
depends on the translation length of g.

Example 7 Again, let X denote the Euclidean plane. Let g be a glide reflection
along the diagonal axis, g(x, ¥) = (¥ + 1, x + 1). Then the skewer set of g is a union
of four disjoint skewer sets, each invariant under g2.
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3 The parallel subset of an element

Given a hyperbolic g € Aut(X), we describe combinatorially a certain invariant
subcomplex associated to g which consists of all the lines parallel to axes in G. (This
subcomplex is discussed also in [11] and is slightly different than the minimal set of G,
as described in [3] or [7].)

We consider the following partition of hyperplanes H of X. Let
7T[|| ()= {fAi| A intersects every hyperplane in sk(g)}, Hp (g)= ’}A{—(sk(g)U”;'f[" (2)).

Since the elements of Hp (g) are peripheral to g, it follows that for each hyperplane
heil p(g), there exists a well-defined halfspace £ containing all the axes of g. Recall
that the collection of cubes intersecting a hyperplane £ has a product structure fix [0, 1].
We let N(E) =hx (0,1). For a halfspace £ we let R(A) = f— N(E).

We define
Y, = N R(f).

Lg€h and hefip(g)

The subspace Y, is a (g)—invariant convex subcomplex of X, and as Y, contains the
axes of g, it is nonempty.

The hyperplanes intersecting Y, are the hyperplanes of sk(g) and 7TL|| (g). Since sk(g)
and 7T[|| (g) are transverse collections of hyperplanes, we obtain (by [6]) that Y, admits
a product structure Yy = Eg x Ty, where Eg is defined by the hyperplanes sk(g)
and T is defined by the hyperplanes in 7f[|| (g). Note that sk(g) does not contain any
disjoint facing triples of hyperplanes. As g does not skewer any hyperplane in 7’-\[” (2),
g fixes a vertex in T . Since Y is 2—dimensional, there are two possibilities:

() Eg =R and Ty is isomorphic to a tree.
(2) Eg is 2—dimensional and Ty is a point.
We call Y, the parallel set of g and Eg its Euclidean factor.
We need a further understanding of E in order to conclude that groups that stabilize

it have nice properties.

Lemma 8 Let Eg be the Euclidean factor of Yg . Then either Eg is a Euclidean plane
or Eg contains an Aut(Eg)—invariant line.
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Proof See [4] or [6] for a discussion of ultrafilters, intervals and medians, which are
used in the following argument. We claim first that E is an interval complex. That is,
there exist two ultrafilters & and B on H such that E ¢ = o, B] (where Eg denotes
the ultrafilter closure of Eg). To see this, choose a point on an axis £, for g and let
Rt and R~ be the two subrays of £ ¢ defined by p. Define two ultrafilters

oy ={heH| RT Nk isunbounded},
a— ={heH| R N hkisunbounded}.

Note that since {; intersects every hyperplane of Eg, oy and «— are ultrafilters.
Moreover, a4+ and a— make the opposite choices for each hyperplane, which is to say
a4 Na— = . It follows that for every other ultrafilter 8, we have that

med(@s, 0, B) = (@+ Na—) U (@s N ) U (a— N B) = B.
This means that Eg = [0+, a_], as claimed.

It follows, by [4, Theorem 1.16], that E¢ embeds isometrically in the standard squaring
of the Euclidean plane. We can thus assume that E is an isometrically embedded
subset of the standard squaring of the Euclidean plane. It follows that the hyperplanes
in E are either lines, rays or closed intervals. Since g € Aut(Ey) is a hyperbolic
element, we also have that there are finitely many orbits of hyperplanes under the action
of Aut(Eg) on Eg.

If all the hyperplanes are lines, then we obtain that Eg is itself a Euclidean plane
and we are done. If some hyperplane, say a horizontal one, is a ray, then we claim
that all the other horizontal hyperplanes are rays. For if some horizontal hyperplane
were a line, then by the fact that g is acting cofinitely on the hyperplanes, we would
obtain two horizontal line hyperplanes, separated by a horizontal ray hyperplane. This
would contradict the fact that Eg is isometrically embedded in the Euclidean plane.
By the same reasoning, there can be no closed interval horizontal hyperplanes, for we
would obtain two ray intervals a bounded Hausdorff distance apart in Eg separated by
a closed interval hyperplane. From this it follows that all the vertical hyperplanes are
rays as well and we have that Eg is a “staircase”, as in Figure 1.

In this “stairstep” case, the space of lines which coarsely contains the endpoints of the
hyperplanes is itself a ray R which is Aut(Eg)—invariant; hence, there is an Aut(Ey)
fixed point in R and hence an Aut(Eg)—invariant line in Eg.

If there exists a hyperplane in E, which is a closed interval, then by similar considera-
tions as above, we may conclude that all hyperplanes are closed intervals. Since (g)
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Figure 1: The case in which all hyperplanes in E, are rays. The endpoints
of the rays are invariant, and hence any line in E¢ a bounded distance from
all endpoints is Aut(E,)—invariant.

acts cocompactly on Eg, it follows that all lines in E are parallel and the space of
such lines is a compact interval /. Since the action of Aut(Eg) on / has a fixed point,
it then follows that there is an Aut(Eg)—invariant line. a

4 The ping pong lemma and hyperplane patterns that yield
free semigroups

We will use the following version of the ping pong lemma (see for example [8]):

Lemma 9 (semigroup ping pong) Suppose that a group G is acting on a set X and
U and V are disjoint subsets of X. If the elements a, b € G\{1} satisfy

e aqUUV)CU,

e H(UUV)CV,
then a and b freely generate a free subsemigroup in G.
Proof Let ¥ be the semigroup generated by ¢ and b in G. Observe that for any
g, heXCG,ag=ah or bg =>bh in X if and only if g =/ in X. Therefore, it is

enough to check that two words of the form ag and b/ cannot be equal in . But,
ag(UuV)ycU and bh(UUV)C V. Since UNV =3, ag # bh. O

4.1 On groups acting on trees

To warm up, and to record a few observations we use later on, we first explore what
happens for a pair of hyperbolic isometries acting on a tree. We include the proofs
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here because we will need these types of arguments. However, this is not new. See
for example [1]. Let T be a simplicial tree. Recall if an element g of Aut(7) is
hyperbolic then there is a unique geodesic £, (called the axis of g) which is invariant
under g, on which g induces a translation.

Proposition 10 If a and b are two hyperbolic automorphisms of a tree T, then one
of the following occurs:

e ¢ and b share the same axis.

o a*! and b*! freely generate a free semigroup.

Proof Suppose that £, # £; . First assume that £, N £} is nonempty and contains an
edge e =[p, q]. (See Figure 2.) Choose e so that ¢ is a point of bifurcation of £, and
{p. Let T, be the component of 7" —interior(e) containing g. After possibly replacing
a by a~! and/or b by b~!, we see that ae C T, and be C T,. Set U = aT, and
V =bT,. Then U and V satisfy the hypothesis of Lemma 9. We will generalize this
argument in our context.

Ly

Figure 2: The hyperbolic isometries a and b have unequal but overlapping axes.

The case when £, N {p = & calls for a different argument (see Figure 3). Consider
an edge e = [p, q] situated along the geodesic arc joining £, and {;. Let T}, be the
component of 7" —interior(e) containing p and 7, be the component of 7" —interior(e)
containing ¢. Suppose (without loss of generality) that £, C T}, and {; C T. Then,
letting U = |J,-0a"Tq and V = |J,,-b"Tp, we see that a(U U V) C U and
b(U U V) C V, as required. In fact, in this case, we can argue that ¢ and b generate a
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Figure 3: The hyperbolic isometries ¢ and b have disjoint axes.

free group by adjusting U and V to include all nonzero powers of a and b, but we
will not need this fact. Note that there is a singular case in which £, and £; intersect
in a single point. In this case, we simply use the intersecting vertex to separate 7" into
two subtrees, each containing a different axis, and proceed in the same manner. a

4.2 Back to CAT(0) cube complexes

The following lemma works in any dimension and so, just for the paragraph below, we
let X be an n—dimensional CAT(0) cube complex.

Lemma 11 Let g, g, € Aut(X) and suppose that there exists a haltspace i of X
such that gih C h and g1h C goh*. Then g1 and g, generate a free semigroup.

Proof This argument resembles the first case in the proof of Proposition 10. Set
U=gfandset V = g,A and apply Lemma 9. o

We call the triple {4, g1 4, g2h} a ping pong triple for g, and g,.

5 Main argument

Now, let X be a CAT(0) square complex.

Lemma 12 (all or nothing) Let a and b be hyperbolic isometries of X and let P
be a disjoint skewer set for a. Suppose that no pair of words of length at most 6 in a
and b generate a free semigroup; then either b skewers every hyperplane in P or b
does not skewer any hyperplane in P.
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Proof Recall that for any £ in sk(a), there exists an associated halfspace £ such that
a*h C k. If b skewers some element in P, but not all, we may also choose £ such that
f is skewered by b but a?f is not skewered by b. After replacing b possibly by h~!,
we may assume that 524 C /. Note that b, and hence b2, is peripheral to a?h.

Now, by the 2—dimensionality of X, either b2a*hNa*h =@ or b*a*hind*h= @.
We further have that 52a%A C b?f C k and b*a®h C b*h C k.

We thus have that either {f,a?f, b%a®k} or {k,a*k, b*a®f} is a ping pong triple of
halfspaces for the pairs {a?, b2a?} or {a?,b*a®}. See Figure 4. In either case, we
obtain words of length at most 6 freely generating a free semigroup, a contradiction. O

Ly
b%a*h

a’h

la

Figure 4: The element b skewering £ but not af

Proposition 13 (not skewering means parallel) Let @ and b be hyperbolic isometries
of X andlet P be a disjoint skewer set for a. Let £} be an axis for b. Suppose that b
does not skewer any element of P and that no pair of words of length no more than 10
freely generate a free semigroup. Then:

(1) The axis £y is parallel to every hyperplane feP.
(2) bP esk(a).
(3) b? stabilizes every hyperplane in P.

Proof The disjoint skewer set P decomposes as a finite union of (a?)—orbits. So,
the assumption that b does not skewer any hyperplane in P holds for each orbit. If
the conclusion of the proposition holds for each (a?)—orbit, then it holds for all of P.
Therefore, it suffices to prove the proposition for when P is a single (a?)—orbit: there
exists A € P such that ¢>A C £ and P = {a2kﬁ | k € Z). We set ¢ = a?. Since b
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does not skewer any hyperplane in P, we may assume that £, C AN ch*. (We are
using here that the action is without inversions, so that if £; C i for some hyperplane,
there is a parallel axis for b on either side of i .) We will now use our assumptions to
remove the possibility that b is peripheral to ki or ch.

First, suppose b is peripheral to both £ and ch. We claim that we can find a facing
triple of hyperplanes of the form {#, b*#, b' £} with |s|, |t]| < 4.

To see this, consider the six translates {b_zﬁ, b='h h,bh, b2k, b3ﬁ}. Construct the
intersection graph I' for these six hyperplanes: the vertices of I are the elements
of {b=2 A,b'h R bh,b2E, b3FAL}, and two vertices are joined by an edge if and only
if the respective hyperplanes cross. Since R(3,3) = 6, the graph ' possesses a
clique or an anticlique on three vertices. However, as in a CAT(0) square complex,
three distinct hyperplanes cannot pairwise intersect; the intersection graph I' must
have an anticlique T consisting of three hyperplanes. If 7" contains A , then we are
done; else, we take a suitable translate of 7. The highest exponents appear when
T = {b_zﬁ, bzﬁ, b3ﬁ}, and, in this case, we take »~27T as our chosen set of facing
triples.

We now have s and ¢ of absolute value at most 4, such that ﬁ bSh and b' f are disjoint
and form a facing triple. Translating by ¢, we get that ch, bk and cb'h form a
facing triple of hyperplanes. As b is also peripheral to ch , there exists 7 < 2 such that
bchnch = @. Now, cb*i* and cb’A* are both disjoint halfspaces that lie inside
the halfspace h"cA*. This implies that the two elements ch*c~ !5~ and ch’c~1H~"
(each of length < 10) freely generate a free semigroup, a contradiction.

Let us now assume that b is parallel to A but peripheral to ch. Tt follows from
Observation 4 that for any i € Z, b’ fi=For b'ANk= 2. First let us consider the case
that b2 = h. Note that since we are assuming that Aut(X') acts with no inversions,
we have that b24 = f. Now, since b is peripheral to ch, for k =1 or 2 we have that
b2kch N ch = @. We thus obtain a ping pong triple of halfspaces {#, ch, b*c#} for
the elements ¢ and 52K¢. From Lemma 11 we see that ¢ and b%*¢ freely generate a
free semigroup, a contradiction since these are words of length at most 6 in a and b.
(See Figure 5.)

We may thus assume that biNh=o and b*AiNk= . Only one of bk or b%h can
separate % and ch, for otherwise we would have b C b2f or b2h C h. So for some
€ =1 or 2, we can assume that b€ F does not separate % and ch. Note also that since
ch is peripheral to b, one cannot have bk C ch.
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bk ep

Ly

Figure 5: If b stabilizes /1, we obtain a ping pong triple of hyperplanes.

If cAN b€k = @, then we obtain a ping pong triple of halfspaces {cA*, £*, b€ A*} for
the words ¢~! and h€c™!. Since these are words of length at most 4 in @ and b, we
have a contradiction. (See Figure 6.)

beh
f ™
>

l\ ch
N

Ly

Figure 6: If chNb¢h =@ and bA does not separate % and ch, we obtain a
ping pong triple.

Thus, we assume that €4 N ch # & and refer to Figure 7. Since, by Observation 4,
any hyperplane in sk(b) intersects b€f, and we are assuming that behN ch #* O,
the 2—dimensionality of X implies that any hyperplane in sk(b) is disjoint from ch.
Moreover, by Observation 4, we have that for any hyperplane £ in sk(b), bk C k
for some choice of halfspace £ associated to E We may further choose £ such that
ch CkNbK*.
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Applying ¢~!, we see that £ C ¢~ 1k Ne~1hk*. Applying b€, we see that héc™! kC
b€#* C k. Thus, we have a ping pong triple of half spaces {c¢™1hk*, ¢ k*, bec™ 1 £*}
for the elements ¢~ 'h~!c and b€c~!'h~!c. So, by Lemma 9 we have that ¢~ b~ 1¢
and b€c~1h~ !¢ generate a free semigroup and these are words of length at most 7.

] ¢ c bk

b€k
T

ch

I

L
Figure 7: If chNbeh = &, we obtain a ping pong triple.

We may thus assume that b is parallel to both £ and ch. Assume that d (Lp, ﬁ) <
d(€p,ch). (There is no loss of generality here, for if d(£p,ch) < d(lp, k), we will
reverse the roles of £ and c# in the following argument.)

As before, we first consider what happens if £ is not stabilized by 52. Here we obtain
that ﬁ, bk and b2 f are disjoint. We cannot have that bhi=chor b2h= cﬁ, for then we
would obtain that ¢~ 1h% or ¢~ 1524 is an inversion of £. Thus, we have that bh C ch*
and b2i C ch*. We now proceed as in the case in which ch is peripheral to b to
produce a ping pong triple of halfspaces {cA*, £*, b€ A*} for the words ¢~ ! and héc~!.
(The configuration is the same as in Figure 6 except that here ch is parallel to £5.)

So assume b24 = 4. Again, as above, if b2 did not also stabilize cft, we would obtain
a small ping pong triple. Thus, 52 stabilizes ch as well. Since b2 stabilizes ¢/ (and
the action is inversion-free), we have an axis for 52 in cA N c?A*. We can now carry
out all the above arguments, replacing £ and ch with ¢/ and c2h , to conclude that b?
stabilizes ¢2/. Proceeding in this way we see that b is parallel to every hyperplane
of P and that b*P = P.

We are left to show that 5P C sk(a). We now argue as in the proof of Lemma 12
using the pair bab~! and a. The pairs {ba?b~!, a?ba?b~'} and {ba®b~ ', a*ba’b~'}
made of words of length at most 8 in @ and b may freely generate free semigroups. But
we have assumed that there are no such free semigroups. Hence, in our current case,

Algebraic & Geometric Topology, Volume 19 (2019)



1242 Aditi Kar and Michah Sageev

Lemma 12 implies that a skewers every hyperplane in & P or none of the hyperplanes
in b P. In the former case, we get b P C sk(a), as required. So suppose that a does not
skewer any hyperplane in b P. Note that bk must be disjoint from fi and cf because £y
is parallel to all three. Similarly, beh is disjoint from % and cf. Since Ly CANCh*,
we have either bA* C AN ch* or beh C AN ch*, depending on which of f or ¢/ is
closer to {5 . In either case, we then get a small ping pong triple, a contradiction. O

If a and b are elements such that there exists a disjoint skewer set P for a as in
Proposition 13, then we say that b is subparallel to a.

Corollary 14 Given hyperbolic isometries a and b such that no words of length at
most 10 generate a free semigroup of rank 2, b is subparallel to a if and only if

sk(a) —sk(b) # @.

Proof If b is subparallel to a, then, by definition, there exists a disjoint skewer set
for a such that b is parallel to all the hyperlanes in P. Thus, P C sk(a) — sk(b).
Conversely, if there exists fe sk(a) —sk(b), then by Lemma 12, the entire disjoint
parallel set P for a containing # is not skewered by b. Then, by Proposition 13, b is
subparallel to a. a

From this corollary, we see that there are three possibilities for two hyperbolic elements
a and b such that words of length at most 10 do not freely generate a free semigroup:

(D sk(a) = sk(b).
(II) b is subparallel to a and «a is subparallel to b.
(II) b is subparallel to ¢ and «a is not subparallel to b (or the same with the roles of

a and b reversed).

We claim that in each of these cases, we can find an invariant line or flat for (a, b).

Proposition 15 Let a and b be hyperbolic isometries such that no words in a and b
of length at most 10 freely generate a free semigroup; then there exists a Euclidean
subcomplex of X invariant under (a, b).

Proof We analyze the three cases above. Suppose we are in case I, so that sk(a) =
sk(b). Then we consider Y =Y, =Y, = E x T. If T is trivial (ie a single point),
then we have that both @ and b leave E invariant, as required. Otherwise we have that
Y = R x T, where a and b both act by vertical translation. We consider the action
of a and b on T. Both a and b have nonempty fixed point sets, which we denote by

Algebraic & Geometric Topology, Volume 19 (2019)



Uniform exponential growth for CAT(0) square complexes 1243

F, and F}. If F,N Fp # @, then, choosing p € F, N Fp we have that both ¢ and b
stabilize the line Rx {p} CRx T.

So suppose that F, N F, = &. As in [14], we have that ab is hyperbolic in its action
on T, stabilizing a line £ which intersects both F,; and Fp. We claim that a stabilizes £.
For, otherwise, consider the line a£. This is stabilized by the element u = a(ab)a™!.
If al # £, then we obtain that (ab)*! and u™! freely generate a free semigroup by
Proposition 10, contradicting our assumption. Similarly, we see that b stabilizes £ as
well. Thus, (a, b) stabilizes the flat R x £ C R x T, as required.

We now consider case II, where a and b are subparallel to one another. Note that
since an axis for a is parallel to a hyperplane (in sk(b)), then all the hyperplanes
in sk(a) are disjoint. Similarly all the hyperplanes in sk(b) are disjoint. Note also
every hyperplane in sk(a) crosses every hyperplane in sk(b), so that they determine a
flat £ =Y, NY};. Moreover, since b is parallel to one of the hyperplanes in sk(a), it is
parallel or peripheral to all hyperplanes in sk(a). But then Proposition 13 implies that
for all disjoint skewer sets P C sk(a), we have b P C sk(a). Thus, b sk(a) C sk(a).
By the same argument, we obtain b~ ! sk(a) C sk(a), so that b sk(a) = sk(a).

Similarly, we have that a sk(b) = sk(b). We thus have that (a, b) stabilizes the flat E.
Finally, we consider case III. In this case there exists a disjoint skewer set P for a, so
that b is parallel to P. However, since a is not subparallel to b, a also skewers every
element in sk(b). Since the hyperplanes in sk(b) all intersect the hyperplanes in P,
we have that sk(a) has crossing hyperplanes. It follows that the parallel set Y, for a is
of the form Y, = E x {point}. It is also easy to see that b stabilizes FE, so that {(a, b)
stabilizes E. O

We are now ready to prove Theorem 1, which we restate here for convenience:
Theorem 1 Let F be a finite collection of hyperbolic automorphisms of a CAT(0)
square complex. Then either

(1) there exists a pair of words of length at most 10 in F' which freely generate a
free semigroup, or

(2) there exists a flat (of dimension 1 or 2) in X stabilized by all elements of F.

Proof Consider F' = {s1,52,...,5,}. Each of the pairs {s;,s;} satisfy one of the
cases I, II or III, above.

If there exists a pair of type III, without loss of generality, assume that is the pair
{81,582}, with s, subparallel to s; and s; not subparallel to s, . In this case, the parallel
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set Y5, = E x {point}. In this case, for every other s;, we have that the pair {51, s;} is
either of type I or III. In either case, we obtain that s; stabilizes E and we are done.

So we suppose that no pair {s;, s;j} is of type III. Suppose, that there exists a pair,
say {s1,s2}, which is of type II. Let E be the flat in X on which (sq,s,) acts. For
any other s;, we have that the pairs {s, s;} and {s,, s;} are of type I or II. It cannot
be that both pairs are of type I since sk(sy) Nsk(sy) = &. Also, it cannot be that s;
is subparallel to both 51 and s5, for otherwise £5; would be parallel to hyperplanes
in sk(sq) and in sk(s,), but every hyperplane in sk(s{) crosses every hyperplane in
sk(sz) in a single point. Thus, a line cannot be parallel to a hyperplane in sk(s;) and a
hyperplane in sk(s;). It follows that, without loss of generality, s; is subparallel to s
and sk(s;) = sk(s;). It then follows that s; stabilizes E.

Finally, suppose that all the pairs {s;, s;} are of type I. Thus, sk(s;) = sk(s;) for all i
and j. Thus, G stabilizes Y = E xT = E;, x Ty, . If E contains squares, then 7T is
trivial and s; stabilizes FE, as required. So suppose that ¥ = R x T, and each s; acts
“vertically”. That is, s; acts by translation along R and has a fixed point in 7.

We now examine the action of G on 7. Let F; denote the fixed set of s;. If for each
pair i and j, F; N Fj # @, then by a standard result, X, = (7=, F; # @. Choose a
vertex p, € X,. Then H, = (s1,...,8,) acts on £, = R x p, by translations. Thus,
H,, stabilizes a flat in X.

So suppose that there exists a pair, say F7 and F,, such that F; N F, = &. In this
case, as in the proof of Proposition 15, there exist a line £ C T on which (s, s,) acts
as a dihedral group. As in the proof of Proposition 15, we also obtain that for every i,
s; stabilizes €. Thus, G stabilizes £, and therefore the flat R x £, as required. m|

Remark 16 The proof of the theorem shows that in case (1), there is a subset Fj
of F made of two or three elements and a pair of words of length < 10 in Fy which
generate the free semigroup of rank 2.

Corollary 2 now follows from the main theorem since when the action of a group is

free, stabilizing a flat implies the group is virtually abelian, by the Bieberbach theorem.

References

[11 RC Alperin, G A Noskov, Uniform growth, actions on trees and GL;, , from “Compu-
tational and statistical group theory” (R Gilman, V Shpilrain, A G Myasnikov, editors),
Contemp. Math. 298, Amer. Math. Soc., Providence, RI (2002) 1-5 MR

Algebraic & Geometric Topology, Volume 19 (2019)


http://dx.doi.org/10.1090/conm/298/05110
http://msp.org/idx/mr/1929712

Uniform exponential growth for CAT(0) square complexes 1245

(2]
(3]

(4]

(5]

(6]

(7]

(8]
[9]

(10]

(11]

[12]

[13]

[14]

[15]

E Breuillard, A strong Tits alternative, preprint (2008) arXiv

M R Bridson, On the semisimplicity of polyhedral isometries, Proc. Amer. Math. Soc.
127 (1999) 2143-2146 MR

J Brodzki, SJ Campbell, E Guentner, G A Niblo, NJ Wright, Property A and
CAT(0) cube complexes, J. Funct. Anal. 256 (2009) 1408-1431 MR

J O Button, Non proper HNN extensions and uniform uniform exponential growth,
preprint (2009) arXiv

P-E Caprace, M Sageev, Rank rigidity for CAT(0) cube complexes, Geom. Funct. Anal.
21 (2011) 851-891 MR

T Fernos, M Forester, J Tao, Effective quasimorphisms on right-angled Artin groups,
preprint (2016) arXiv

P de la Harpe, Topics in geometric group theory, Univ. Chicago Press (2000) MR

P de la Harpe, Uniform growth in groups of exponential growth, Geom. Dedicata 95
(2002) 1-17 MR

P de la Harpe, M Bucher, Free products with amalgamation, and HNN-extensions
of uniformly exponential growth, Mat. Zametki 67 (2000) 811-815 MR In Russian;
translated in Math. Notes 67 (2000) 686—689

J Huang, K Jankiewicz, P Przytycki, Cocompactly cubulated 2—dimensional Artin
groups, Comment. Math. Helv. 91 (2016) 519-542 MR

J Mangahas, Uniform uniform exponential growth of subgroups of the mapping class
group, Geom. Funct. Anal. 19 (2010) 1468-1480 MR

M Sageev, CAT(0) cube complexes and groups, from “Geometric group theory” (M
Bestvina, M Sageev, K Vogtmann, editors), IAS/Park City Math. Ser. 21, Amer. Math.
Soc., Providence, RI (2014) 7-54 MR

J-P Serre, Arbres, amalgames, SL,, Astérisque 46, Soc. Mat. de France, Paris (1977)
MR

J S Wilson, On exponential growth and uniformly exponential growth for groups, Invent.
Math. 155 (2004) 287-303 MR

Department of Mathematics, Royal Holloway, University of London
Egham, United Kingdom

Department of Mathematics, Israel Institute of Technology
Haifa, Israel

aditi.kar@rhul.ac.uk, sageevm@technion.ac.il

Received: 21 August 2017 Revised: 18 June 2018

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


http://msp.org/idx/arx/0804.1395
http://dx.doi.org/10.1090/S0002-9939-99-05187-4
http://msp.org/idx/mr/1646316
http://dx.doi.org/10.1016/j.jfa.2008.10.018
http://dx.doi.org/10.1016/j.jfa.2008.10.018
http://msp.org/idx/mr/2490224
http://msp.org/idx/arx/0909.2841
http://dx.doi.org/10.1007/s00039-011-0126-7
http://msp.org/idx/mr/2827012
http://msp.org/idx/arx/1602.05637
http://msp.org/idx/mr/1786869
http://dx.doi.org/10.1023/A:1021273024728
http://msp.org/idx/mr/1950882
http://dx.doi.org/10.4213/mzm899
http://dx.doi.org/10.4213/mzm899
http://msp.org/idx/mr/1820635
https://doi.org/10.1007/BF02675621
http://dx.doi.org/10.4171/CMH/394
http://dx.doi.org/10.4171/CMH/394
http://msp.org/idx/mr/3541719
http://dx.doi.org/10.1007/s00039-009-0038-y
http://dx.doi.org/10.1007/s00039-009-0038-y
http://msp.org/idx/mr/2585580
http://msp.org/idx/mr/3329724
http://msp.org/idx/mr/0476875
http://dx.doi.org/10.1007/s00222-003-0321-8
http://msp.org/idx/mr/2031429
mailto:aditi.kar@rhul.ac.uk
mailto:sageevm@technion.ac.il
http://msp.org
http://msp.org




	1. Introduction
	2. Hyperplanes and group elements
	3. The parallel subset of an element
	4. The ping pong lemma and hyperplane patterns that yield free semigroups
	4.1. On groups acting on trees
	4.2. Back to CAT(0) cube complexes

	5. Main argument
	References

