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Epimorphisms between 2-bridge knot groups
and their crossing numbers

MASAAKI SUZUKI

Suppose that there exists an epimorphism from the knot group of a 2-bridge knot K
onto that of another knot K’. We study the relationship between their crossing
numbers ¢(K) and ¢(K’). More specifically, it is shown that ¢(K) is greater than
or equal to 3¢(K’), and we estimate how many knot groups a 2-bridge knot group
maps onto. Moreover, we formulate the generating function which determines the
number of 2-bridge knot groups admitting epimorphisms onto the knot group of a
given 2-bridge knot.

57M25; 5TM27

1 Introduction

Let K be a knot and G(K) the knot group, namely, the fundamental group of the
exterior of K in S3. We denote by ¢(K) the crossing number of K. Recently, many
authors have studied epimorphisms between knot groups. One of the main goals of
their papers was Simon’s conjecture: every knot group maps onto at most finitely many
knot groups. For example, Boileau, Boyer, Reid and Wang [4] showed that Simon’s
conjecture is true for 2-bridge knots. Finally, Agol and Liu [2] proved that Simon’s
conjecture holds for all knots.

In Kitano and Suzuki [12] and Horie, Kitano, Matsumoto and Suzuki [10], the existence
and nonexistence of a meridional epimorphism between knot groups of prime knots
with up to 11 crossings are determined completely. We say that a homomorphism
from G(K) to G(K') is meridional if a meridian of G(K) is sent to a meridian of
G(K'); see also Cha and Suzuki [7]. This result raises the following question: if
there exists an epimorphism from G(K) onto G(K’), then is ¢(K) greater than or
equal to ¢(K’)? This question is also mentioned in Kitano and Suzuki [13]. If the
answer is affirmative, then we obtain another proof for Simon’s conjecture. This paper
gives a partial affirmative answer for this question. That is to say, if there exists an
epimorphism from the knot group of a 2-bridge knot K onto that of another knot K,
then ¢(K) is greater than or equal to 3¢(K’).
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In order to prove this result, we make use of the Ohtsuki—Riley—Sakuma construc-
tion [18]; these authors established a systematic construction of epimorphisms between
2-bridge knot groups. Additionally, Garrabrant, Hoste and Shanahan [9] gave necessary
and sufficient conditions for any set of 2-bridge knots to have an upper bound with
respect to the Ohtsuki—Riley—Sakuma construction. Conversely, it is shown that all
epimorphisms between 2-bridge knot groups arise from the Ohtsuki—Riley—Sakuma
construction, as a consequence of Agol’s result announced in [1]. Aimi, Lee and
Sakuma [3] give another proof for this result.

In this paper, we consider the crossing numbers of 2-bridge knots whose knot groups
admit epimorphisms onto a 2-bridge knot group. By using this result, we estimate
how many knot groups a 2-bridge knot group maps onto. Furthermore, we formulate
the generating function which determines the number of 2-bridge knots K admitting
epimorphisms from G(K) onto the knot group of a given 2-bridge knot.

Throughout this paper, we do not distinguish a knot from its mirror image, since their
knot groups are isomorphic and we discuss epimorphisms between knot groups. The
numberings of the knots with up to 10 and 11 crossings follow Rolfsen’s book [19]
and the web page KnotlInfo [6] by Cha and Livingston, respectively

2 2-bridge knot and continued fraction expansion

In this section, we recall some well-known results on 2-bridge knots. See [5; 17] in
detail, for example.

A 2-bridge knot corresponds to a rational number r = g/ p € Q; we denote the knot
by K(gq/p). Schubert classified 2-bridge knots as follows.

Theorem 2.1 (Schubert) Let K(q/p) and K(q'/p’) be 2—-bridge knots. These knots
are equivalent if and only if the following conditions hold:

() p=p.

(2) Either ¢ = +¢q' (mod p) or q¢’ = £1 (mod p).

By using this theorem, it is sufficient to consider r € Q N (0, 7). Note that K(0) is the
trivial link and that K (%) is the Hopf link. A rational number ¢/p € Q N (0, %) can
be expressed as a continued fraction expansion

9 _ _
—=lay,az,....am—1,am] = 1 )
a1+

(12+
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where a; > 0. Note that a rational number admits many continued fraction expansions.

For example, we have 5—? =[3,-5,4,1,-2]=12,1,3,1, 5]. It is easy to see that the
following properties are satisfied. First, we can delete zeros in a continued fraction

expansion by using the equation

[Cl],az, <o ai—2,di—1, 0» di41,dj42, ... ’am]

=lay,az,...,ai—2,4i—1 +aj+1,qi+2, ..., am].
If we consider a 2-bridge knot, we may assume that ay, a, # *+1, since
[ar,az,...,am—1, X1l =ai,as,...,am—1 1]

and K([ay,az,...,am]) is equivalent to K([am, dym—1,...,a1]) up to mirror image.
Moreover, the euclidean algorithm allows us to take a continued fraction expansion
such that all @; in [ay,a,,...,an] are positive.

If a rational number r is expressed as [a1, a3, ..., an]| with a; > 0 and a1, an > 2,
then the continued fraction expansion is called standard. By the above arguments, we
can always take the standard continued fraction expansion of the rational number r for
a 2-bridge knot K(r). Furthermore, the standard continued fraction expansion gives us
the unique continued fraction expansion of the rational number which corresponds to a
2-bridge knot in the following sense. Let K(¢/p) and K(q'/p’) be 2-bridge knots.
Suppose that these rational numbers are written as the standard continued fraction
expansions ¢/p = [ay.as,....am) and ¢’/ p’ = [a}.a), ... a,,]. It is known that
K(q/p) and K(¢q'/p’) are equivalent up to mirror image if and only if

(ar.az,....am) = (ay.dy, ... d)y) O (A, drp_ys....d}).

Thistlethwaite [21], Kauffman [11] and Murasugi [15; 16] independently proved the
first Tait conjecture. Hence, we can determine the crossing number of a 2-bridge knot
by using the standard continued fraction expansion. Namely, the crossing number for
the standard continued fraction [ay, as, ..., dn,] is given by

c(K(lay,az,....amD) =) _ ai.

i=1
3 Epimorphisms between 2-bridge knot groups

We have the following remarkable result about epimorphisms between 2-bridge knot
groups: an epimorphism between 2-bridge knot groups is always meridional. Moreover,
the rational numbers for these 2—bridge knots have the following relationship.
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Theorem 3.1 (Ohtsuki, Riley and Sakuma [18], Agol [1], Aimi, Lee and Sakuma [3])
Let K(r), K(7) be 2—bridge knots, where r = [ay,a;,...,anm]. If there exists an
epimorphism ¢: G(K (7)) — G(K(r)), then ¢ is meridional and ¥ can be written as

(x) T =le1a,2c1,e2a7 ", 2¢2,83a,2¢5, 847", 2¢4, ... 200" ", 2¢2n, E2p114],
where a = (ay,as,...,am), a ! = (am,am—1,...,a1), &i = £1 (¢1 = 1), and
ci €7.

Remark If a rational number 7 is expressed in the form (), then we say that 7 has
an expansion of type 2n + 1 with respect to @ = (ay,az, ..., am).

(1) In this paper, we do not need to consider an expression of type 2n with respect
to a, since K([e1a,2cy,...,2¢on_1,82,a']) is a 2-bridge link.

(2) If ¢; =0 and ¢;-¢;41 = —1, then

7

£1 4. 1 +1 1
e 2¢i 1,60, g0 1a™ 20, 614007, L]

[..

+1 1
[...ei1a™",2¢;i_1,0,2¢i11.8i00a7 ", .. .]
[..

+1 1
Sgima>2(cimy +Cigr) giqaaT L]

It follows that 7 has type 2n — 1. Hence we do not deal with the case ¢; = 0,

gi-gi41 =—1.

Example 3.2 For example, we consider a 2-bridge knot K (%) The rational number
25—7 has continued fraction expansions

= =[52,2]=1[3,0,3,-2,3].

The second expression implies that the crossing number of K (%) is 9. The last
expression is of type 3 with respect to @ = (3). Therefore the knot group G (K (%))
admits an epimorphism onto the trefoil knot group G(31) = G(K (%)) = G(K([3])).
Similarly, we have

I =[9]=[3,0,3,0,3, 12=02,2,1,2,2]=[3,-2,3,-2,3]

It follows that there exist epimorphisms from G (K (%)) and G(K(12)) onto the trefoil

knot group.

The previous papers [12] and [10] determined all the pairs of prime knots with up to 11
crossings which admit meridional epimorphisms between their knot groups. The results
in those works coincide with the above examples. Note that K(3) =91, K(5) = %.
and K(42) = 923.
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In general, even if [aq, ..., an] is the standard continued fraction expansion, and 7 is
of type 2n + 1 with respect to (ay, ..., am), this expansion of 7 may not be standard.
However, we can get the standard continued fraction expansion and then determine the
crossing number of K (7).

Theorem 3.3 Let [ay,...,anm] be the standard continued fraction expansion. Suppose
that a rational number ¥ has a continued fraction expansion of the form (x) of type
2n+1 withrespectto a = (ay, ..., am). Then the crossing number of K(7) is given by

2n
c(K(F) = 2n+Dlal+ ) _Qlei| =y (@) =¥ (),
i=1
where |a| = Y% | a; and

1 ifgj-c; <0, — 1 if ¢i-&; 0,
piy=q. oI E gy = T e
0 ife-¢c;=0, 0 ifci-gi41=0.
Note that
2n _
W@ + v @)

i=1
is the number of sign changes. To prepare for Theorem 3.3, we prove the following
lemma. Namely, negative integers in a continued fraction expansion can be changed
into positive integers.
Lemma 34 Letay,...,ax,by,...,b;,cq,...,cm beintegers. We have four cases:

(1) If | > 2, then

[al,...,Clk,—bl,—bz,...,—b[_l,—b],cl,...,(,’m]
=lay,....,ap_1,ar— 1, 1,by—1,by,....0;1_1,b;—1,1,c1 —1,¢2,...,Cm].

(2) Ifl =1 and by > 2, then

[a],...,ak,_bl,CI,...,Cm]

=lay,....,ax—1,ar — 1, 1,b1=2,1,¢c1 —1,¢2,...,Cm]
(3) Ifl > 2, then
lai,....ax,=b1,....=bj)=lay,....,ap_1,ax —1,1,b1 = 1,bs, ..., by].
(4) Ifl =1 and by > 2, then

[al’--"ak9_b1]=[a1’~--”ak—lvak_19lvbl_1]'

Algebraic & Geometric Topology, Volume 17 (2017)



2418 Masaaki Suzuki

Proof Recall the matrix representation of a continued fraction expansion (see for
instance [14]). For a continued fraction [xy, X3, ..., Xn|, we define p,q by

(1))

It is known that we have an equality

q
[‘xl’x27~-'a~xm]:_'
p

We will prove (1) by using the above matrix representation on both sides of the equation.
Let A, C be the matrices defined by

(a1 ap_1 1 _021.“ cm 1
=) (" 0) e=(F0) (T 0):

respectively, and define B by
g (B B2 _ by 1\ (bj—1 1
By1 B, 1 0 1 0/)°
The matrix representation of the left-hand side of (1) is
aq 1 Aj—1 1 aj 1 _bl 1 —bz 1
10 1 0 1 0 1 0 1 0
. —bj_1 1\ [(=b; 1\ [c1 1\ (¢ 1 fem 1
1 0 1 0/\10/\10 1 0
N T (—=D!Byy  (=D'T'By,)\ (—bicr +1 —by c
—by 1 J\=D"1 By (1) By, c1 1
agbi—1 ag) (D' By (=1)!B15)\ (bici—1 b
=4 I I ¢
by 1 J\(=1)"By1 (=1)" B2 c1 1
_ il g (kb =1 ak\ (B Bi2) (biei—1 by
= 1)A( by 1)(321 Bs; cg 1 ¢
=(_1)l aq 1 Aj—1 1 ak—l 1 11
10 1 0 1 0J\10O0
(b1 =1 1\ (b2 1\  (bj—y 1\ (by—11
I 0/J\10 1 0 1 0
) 1 I\ fc1—=1 1\ (e 1 cm 1
10 1 0/\10 1 0/)°

The last expression is (—l)l times the matrix representation of the right-hand side
of (1). Therefore the rational numbers on both sides of (1) coincide.
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Next, we examine the matrix representation of the left-hand side of (2):

a; 1 k-1 I\ (ar 1\ (=by 1\ (c1 1\ [c2 1 ~(em 1
10 1 0 10 1 0 10 10 1 0
— 4 —apbicy +ag +c1 —apby + 1 C
—b161+1 —bl

_ akblcl—ak—cl akbl—l
_( 1)A( blcl—l bl )C

_(_1) aq 1 Aj—1 1 ak—l 1 11 b1—21
N 10 1 0 1 0/J\10 1 0
11 ci—11 c 1 cm 1
10 1 0 10 1 0)°
The last expression is also (—1) times the matrix representation of the right-hand side
of (2). Hence these continued fraction expressions represent the same rational number.
A similar proof works for (3) and (4). a
Example 3.5 Suppose that the rational number % is expressed as [3,—5,4,1,-2].
The above arguments show that
[3,-5,4,1,-2]=[2,1,3,1,3,0,1,1]=[2,1,3,1,4,1] =2, 1, 3, 1, 5].

The last expression is the standard continued fraction expansion, and then the crossing
number of K(33) is

c(K(%)) =c(K(3,-5,4,1,-2])) = c(K(2,1,3,1,5])) = 12.

In Lemma 3.4, if all a;, b;, ¢; are positive, then the integers on the right-hand sides
of the equations are positive or zero. Hence, we can obtain the standard continued
fraction expansion and determine the crossing number of a 2-bridge knot.

Corollary 3.6 Let a;, b;,c; be positive integers. If | # 1 or by > 2, then we have

k / m
() c(K(lay,--- ag,—=by,....=bj,c1,....cm)) =D ai+ > bi+ Y ¢i—2,

i=1 i=1 i=1

k /
(2) c(K(ay,...,ak,—by,....,=bi)=> ai+ > bi—1.

i=1 i=1

Corollary 3.6 suggests how to determine the crossing number without using the explicit
standard continued fraction expansion. To be precise, it is sufficient to compute the
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sum of the absolute values in a continued fraction expansion and to count the number
of sign changes. In the above example, the signs of components in [3, —5,4, 1, —2] are
changed three times. Then the crossing number is

c(K(3.-5.4.1,-2]) =3[+ | = 5[+ 4|+ 1] +|-2| -3 = 12.

These arguments prove Theorem 3.3.

Proof of Theorem 3.3 The sum of the absolute values of components in 7 is

2n
Qn+Dlal+ > 2leil).

i=1
By Lemma 3.4, if the signs in a continued fraction expansion of 7 are changed k times,

then the crossing number of K(7) is decreased by & from the above value. The number
of sign changes in 7 is

2n
> W@ + i)
i=1

by definition. Since 7 is an expression of type 2n + 1 with respect to standard a, we
can apply Corollary 3.6. Therefore this completes the proof. a

We define ¢ to be 2|¢;| — ¥ (i) — ¥ (i). Then ¢ is not negative.
Proposition 3.7 Suppose that 7 is as above. Then ¢; > 0 for 1 <i <2n.

Proof If ¢; # 0, then 2|¢;[ = 2. On the other hand, ¥ (i) and ¥ (i) are 0 or 1, and
then we get ¢; > 0. If ¢; =0, then ¥ (i) = 0 and ¥ (i) = 0 by definition. Therefore
¢; = 0 in this case. O

4 Simon’s conjecture

Simon’s conjecture for 2-bridge knots is proved in [4], and for all knots in [2], as
mentioned in Section 1. In this section, we investigate how many knot groups a 2-bridge
knot group maps onto.

Let EK(n) be the maximal number of knots whose knot groups a 2-bridge knot group
with 7 crossings admits epimorphisms onto. Theorem 3.3 and Proposition 3.7 imply
the following, which is one of the main results in this paper. It gives us a rough estimate
of EK(n).
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Theorem 4.1 Let K(7) be a 2-bridge knot. If there exists an epimorphism from
G(K(7)) onto the knot group of another knot K, then

c(K(7)) = 3¢(K).

In particular, all the 2—bridge knots K with up to 8 crossings are minimal, that is to
say, if G(K) admits an epimorphism onto a knot group G(K'), then K’ is equivalent
to K or the trivial knot.

Proof By [4, Corollary 1.3] and [20, Proposition 2.4], if G(K (7)) admits an epimor-
phism onto G(K), then K is also a 2-bridge knot or the trivial knot. In the case that
K is the trivial knot, the desired inequality obviously holds.

Next, we assume that K is a 2-bridge knot and that r is the corresponding rational

number. Take the standard continued fraction expansion [ay, ds, ..., dm] of r. Then ¥
has an expansion of type 2n + 1 with respect to @ = (ay,as,...,am). By Theorem 3.3,
we have

2n
c(K(F) = 2n+ Dlal+ ) _Qleil =¥ (i) =¥ (i)

i=1

2n
=Q@n+ 1K)+ &
i=1

> (2n+1)c(K) (by Proposition 3.7)
> 3c¢(K).

Furthermore, since a nontrivial knot has at least 3 crossings, all the 2-bridge knots
with up to 8 crossings are minimal. O

Remark The previous paper [12] shows that there are seven knots with less than
9 crossings whose knot groups admit epimorphisms onto the trefoil knot group. To
be precise, they are the 3-bridge knots 8s, 819, 815, 818, 819, 820, 821. So the
inequality of Theorem 4.1 does not hold for 3-bridge knots.

Ernst and Sumners [8] determined the number TK(n) of 2-bridge knots in terms of
the crossing number n > 3 as follows:

120=3 4 2(=8/2) if n =0 (mod 4),
100=3 4 2(1=3)/2) if n =1 (mod 4),
100=3) 4 20=8/2 1) ifn =2 (mod 4),
1003 4 20=3/2 4 1) ifn =3 (mod 4).

TK(n) =

Algebraic & Geometric Topology, Volume 17 (2017)
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Then we can estimate EK(#n) by using Theorem 4.1:

Ln/3]
EK(n) < ) TK(k).

k=3
These numbers are obtained as shown in the following table:

n ‘9—11 12-14 15-17 18-20 21-23 24-26 27-29 30-32 33-35 36-38 3941

sWk@| 1 2 4 7 14 26 50 95 186 362 714

In particular, we obtain that the knot groups of 2-bridge knots with 12, 13 or 14
crossings map onto at most two knot groups, which are the trefoil knot group G(31) and
the figure eight knot group G(4;1). On the other hand, Garrabrant, Hoste and Shanahan
studied an upper bound for a set of 2-bridge knots with respect to epimorphisms between
their knot groups. We recall their arguments more precisely. Let @ = (ay,da, ..., day)
be a vector such that

(1) each g; isin {-2,0,2},

(2) a; #0 and az, #0,
(3) ifa; =0, then a;—; =a;+1 = £2.

For such an a, we call [a1,ay, ..., asy,] an even standard continued fraction expansion.
If we consider a = (ay,as, ..., as,) up to the equivalence relations ¢ = +b and a =
+b~!, where ™! is b read backwards, then a 2-bridge knot can be expressed uniquely
as K([ay,as,...,azy,]) by using an even standard continued fraction expansion:

Proposition 4.2 (Garrabrant, Hoste and Shanahan [9]) Let [ay,as,...,d2,] and
[b1, by, ...,byy,] be even standard continued fraction expansions of the same length.
If a 2-bridge knot group admits epimorphisms onto G(K([ay,as3,...,d»y,])) and
G(K([b] , bz, P bzn])), then (Cll,az, ey Clzn) = (bl, bz, ey b2n)

For example, the trefoil is 3; = K([2, —2]) and the figure eight knot is 4; = K([2, 2]).
Since the lengths of these even standard continued fraction expansions are the same,
there does not exist a 2-bridge knot whose knot group admits epimorphisms onto
G(3;) and G(41) simultaneously, by Proposition 4.2. Similarly, a 2-bridge knot group
maps onto the knot group of at most one of {51, 55, 61, 65, 63}, since

51 =K(2,-2.2,-2]), 5,=K(2,-2,0,-2]).
6; = K([2,0,2,2]), 6,=K(2,2,-2,2]), 65=K(2,-2,-2,2)).

In order to extend this argument, we consider the relationship between the length of an
even standard continued fraction expansion and the crossing number.
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Proposition 4.3 Let [ay,a,,...,a>,] be an even standard continued fraction expan-
sion. Then the crossing number ¢(K([ay,as, . ..,asy,])) satisfies the inequalities

2n+1<c(K(ay,az,...,az))) <4n.

Proof First of all, we delete zeros in (a1, a3, ...,dz,) as before:
[al’az’ e ,a2n] = [allﬂa;’ s ’a;n’]’
where a} € 27\ {0}. Let £ be the number of zeros in (a;,as, ...,d2,). Then we have

20 =2n—2n' and
2n
> (laj] —2) =2¢.

i=1
It follows that

2n’
ZWH =20 +4n" =2n+2n'.

i=1

By the same argument as in the proof of Theorem 3.3, we obtain

2n 2n
c(K(lar,az, ..., az)) = c(K(a}, dy. ... a5, D) = lajl =k =) lail =k,

i=1 i=1
where k is the number of sign changes in (a’1 al, ..., a/Zn/). Note that 0 <k <2n’—1.
(If all @; are positive or negative, then k = 0. If a;-a;_ , <0 forall i (0<i <2n'-1),
then kK = 2n’ —1.) Since |a;| <2, we have

2n
> lail—k <4n.

i=1

Moreover, we obtain

2n

> lajl—k =2n+20" —k

=1 >2n 421 — (20 — 1)

=2n+1.

This completes the proof. a
By Proposition 4.2, if two distinct 2-bridge knots K, K’ have even standard continued
fraction expansions of the same length, then there does not exist a 2-bridge knot

whose knot group maps onto G(K) and G(K’). Combined with Proposition 4.2 and
Proposition 4.3, we can estimate EK(z) more precisely.
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Theorem 4.4 The number EK(n) satisfies

EK(n) < L”?J.

Proof Let K be a 2-bridge knot with n crossings. If G(K) admits an epimorphism
onto G(K'), then the crossing number of K’ is at most [n/3], by Theorem 4.1. Let
[ai,as,...,az,] be the even standard continued fraction expansion of K’, namely
K' = K(ay,as,...,azn]). By Proposition 4.2, EK(n) is less than or equal to the num-
ber of the lengths of even standard continued fraction expansions. By Proposition 4.3,
we have

2m < |n/3] —1.

Hence we obtain

e = 311 |2 ;

For example, the knot group of a 2-bridge knot with 50 crossings maps onto at most

seven distinct knot groups. Actually, we can get the precise number EK (%) for n < 30
by computer program:

0 ifn=3,4,5,6,7,8,
EK(n) =11 ifn=9,10,11,12,13,14, 18, 19, 20, 24,
2 ifn=15,16,17,21,22,23, 25,26, 27, 28, 29, 30.

In particular, EK(n) is less than 3 for all #» < 30. On the other hand, it is easy to
see that G(K([45])) maps onto G(K([3])), G(K([5]), G(K([9])) and G(K([15])). It
follows that EK(45) > 4.

Problem Does there exist a 2-bridge knot with less than 45 crossings whose knot
group maps onto three (or four) distinct knot groups? In general, determine EK(#)
explicitly for all n > 31.

5 The generating function

As shown in Example 3.2, there exist three distinct 2-bridge knots with 9 crossings
whose knot groups admit epimorphisms onto the trefoil knot group. In this section,
we generalize this result. Namely, for a given 2-bridge knot K(r), we determine the
number of 2-bridge knots K(7) which admit epimorphisms ¢: G(K(7)) = G(K(r)),
in terms of ¢(K(7)).

Theorem 5.1 For a given rational number r , we take the standard continued fraction
expansion [ay,ds, .. .,am| of r and define the generating function f as follows:

Algebraic & Geometric Topology, Volume 17 (2017)
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(1) If (ay,as,...,am) # (am,...,as,ay), then

o 2n+k—1
f0r) = Z Z 22n( . )Z(Zn—i-l)c(K(r))-i-k.

n=1k=0

2) If (ay,az,...,am) = (am,...,dz,ay), then

oo o0
Sy =) gln ko) BrDe®NTE,

n=1k=0
where

k) p2n—t(2ntk=) for k odd,
gn, K) = _ _
22”_1(2”4}!‘ 1) +2”_1(”+,}§;§ 1) for k even.
Here (Z) = Wl—b)!‘ Then the number of 2-bridge knots K(¥) which admit epimor-
phisms ¢: G(K(¥)) — G(K(r)) is the coefficient of <&@ jn f(r).

Proof We will count the number of 2-bridge knots with (2n+1)c(K(r))+k crossings
which correspond to rational numbers of the form (x). The crossing number ¢ (K (7))
is > i, a;. Compared with Theorem 3.3, we have

2n 2n
k=) =) 2al-vH)—¥0)

i=1 i=1
where ¢; > 0 by Proposition 3.7.

Suppose that ¢; = j (> 0). Then (e;a™',2¢;, &; 4 1aT!), which is a part of 7, has the
following possibilities:

(1) if j iseven and ¢; = 1, then
(eia™!. 261, 614107 = @5, joaTh) or (@ ~(j +2).a7);
(2) if j iseven and ¢; = —1, then
(eia™!. 26, 614107 ") = (—a*! —j.—aT!) or (—aF! j+2.~aT);
(3) if j isodd and ¢; =1, then
(eia™!. 261, 614107 ) = @5 j+1,-aT") or (@ ~(j +1),—a");
(4) if j is odd and ¢; = —1, then

(siai1,2ci,8i+1a¢1) = (—ail,j + l,aﬁ) or (—ail,—(j + 1),a3F1).
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Therefore (siail,Zci,£i+1a:F1) always has two possibilities. Besides, there are

(2"+kk_1) cases for (cy, ..., C2,), namely
(€1.C2, ... . Cap) = (k,0,...,0), (k—1,1,...,0), ..., (0,0,...,0,k).

Hence there are 22" (2”+kk ~!) 2-bridge knots with (21 + 1)c(K(r)) + k crossings,
and we get the generating function of (1).

In the case when (ay,...,am) = (@m,...,a;), we see

1

K([e1a,2¢1,e2a7 ", ..., 2¢an, e2n+1a)) = K([e2n4+1a, 2C2n, . .., 820", 2¢1, €14)).

It implies that if 7 is not symmetric, that is, if 7 is not in the form
[e1a,2cq, .. .,2cn,en+1ai1,2cn, ..., 21,814,

we counted the same knot twice. Then the number of knots is
1 2n<2n~|—k—1)_ n(n+k/2—1)) n<n+k/2—1)
> (2 k 20 k2 +20 k2
_1(2n+k—1 _1(n+k/2-1

_ n2n—1 n—1

=2 () (),
Notice that if k is odd, then ¥ must not be symmetric. As we saw in Section 2, if
the standard continued fraction expansions are not the same, then the 2-bridge knots
are not equivalent. We can get the standard fraction expansion of ¥ by Lemma 3.4. Tt
shows that these knots which are obtained by the Ohtsuki—Riley—Sakuma construction
are not equivalent. This completes the proof. a

Example 5.2 First, we apply Theorem 5.1 to the trefoil knot. The generating function
for the trefoil K(%) = K([3]) is
F(3)=3°2+4r"0+ 70" 481 1113 1241
+250" + 4816 +103¢'7 + 180¢'® + 3091 + 472120
+ 74312 4 1180122 +2045¢2% + 35841%% + 639112° + -+ .
Then the number of 2-bridge knots with 9 crossings whose knot groups admit epimor-

phisms onto the trefoil knot group is the coefficient of ¢°, which is 3. These 2-bridge
knots are 97, 9¢, 9,3, as shown in Example 3.2.

Similarly, as shown in [12], there are four distinct 2-bridge knots with 10 crossings
whose knot groups admit epimorphisms onto the trefoil knot group, namely 105, 109,
1035, 104¢; as shown in [10], there are seven distinct such 2-bridge knots with 11
CI'OSSiIlgS, namely 11611 17, 1161175 , 1161176, 1161203 , 116!235, 1161306 , 1161355 .
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Another example shows the generating function for 5, = K (%) = K(2,3)]):

F(Z) =4t 481 + 12077 + 161" 420017 + 2412°

+ 2871 + 32422 436127 + 401 + 6012° 4 112426
4212627 4376128 4-6206%° + 960130 4- - ..
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