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Solvable Lie flows of codimension 3

NAOKI KATO

In Appendix E of Riemannian foliations [Progress in Mathematics 73, Birkhiuser,
Boston (1988)], E Ghys proved that any Lie g—flow is homogeneous if g is a nilpotent
Lie algebra. In the case where g is solvable, we expect any Lie g—flow to be homoge-
neous. In this paper, we study this problem in the case where g is a 3—dimensional
solvable Lie algebra.

57R30; 53C12, 22E25

1 Introduction

Throughout this paper, we suppose that all manifolds are connected, smooth and
orientable and all foliations are smooth and transversely orientable. In this paper, flows
mean orientable 1—dimensional foliations.

Lie foliations were first defined by E Fedida [4]. A classical example of a Lie foliation
is a homogeneous one. Through the results of several authors, it is recognized that the
class of homogeneous Lie foliations is a large class in the class of Lie foliations, though
of course these classes do not coincide. Therefore deciding which Lie foliations belong
to the class of homogeneous Lie foliations is an important problem in Lie foliation
theory.

P Caron and Y Carriere [2] proved that any Lie R?—flow without closed orbits is
diffeomorphic to a linear flow on the (¢+1)—dimensional torus, which is homoge-
neous. Carriere [3] proved that any Lie a(2)—flow is homogeneous. S Matsumoto and
N Tsuchiya [13] proved that any Lie a(2)-foliation of a 4—dimensional manifold or
its double covering is homogeneous.

In the case where g is semisimple, M Llabrés and A Reventés constructed an example
of Lie sl;(R)—flow which is not homogeneous [12, Example 5.3].

In the case where g is nilpotent, E Ghys [7] proved that any Lie g—flow is homogeneous.
In the case where g is solvable, we conjecture that any Lie g—flow is homogeneous.

In this paper, we study this problem in the case where g is a 3—dimensional solvable
Lie algebra.
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IfaLie g—flow F on M has a closed orbit, then any orbit is closed and M is an oriented
S1-bundle. In this case, the base space is diffeomorphic to a homogeneous space I'\G
and hence g is unimodular. The total space M is, in general, not diffeomorphic to a
homogeneous space. However, in the case where g is of type (R) or g is 3—dimensional,
we can prove that the total space is a homogeneous space. More precisely, we obtain
the following theorem.

Theorem A Let g be a solvable Lie algebra and F be a Lie g—flow on a closed
manifold M . Suppose that F has a closed orbit.

(i) If g is of type (R) and unimodular, then F is diffeomorphic to the flow in
Example 3.1.

(i1) If the dimension of g is three and g is isomorphic to gg, then F is diffeomorphic
to the flow in Example 3.1.

In particular, if g is a 3—dimensional solvable Lie algebra and F has a closed orbit,
then F is diffeomorphic to the flow in Example 3.1.

In the case where F has no closed orbits, we obtain the following theorem.

Theorem B Let g be a 3—dimensional solvable Lie algebra and F be a Lie g—flow
on a closed manifold. Suppose that F has no closed orbits.

() If g is isomorphic to either R* or n(3), then F is diffeomorphic to the flow in
Example 3.1.
(i) If g is isomorphic to a(3), then F is isomorphic to the flow in Example 3.3.
(iii) If g is isomorphic to g’z‘, then F is isomorphic to the flow in Example 3.4.

(iv) If g is isomorphic to gé’ and h # 0, then F is isomorphic to the flow in
Example 3.5.

(v) If g is isomorphic to gg , then F is isomorphic to the flow in Example 3.6.

Since (see Llabrés and Reventds [12]) there does not exist a Lie g;—flow on a closed
manifold, we have the following corollary.

Corollary 1.1 For any 3—dimensional solvable Lie algebra g, any Lie g—flow on a
closed manifold is homogeneous.
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The contents of this paper are the following: Section 2 is devoted to recalling some
basic definitions and properties of Lie foliations and Lie algebras. In Section 2A, we
recall some basic definitions of Lie algebras. In Section 2B, we recall the classification
of 3—dimensional solvable Lie algebras. In Section 2C, we recall the definition and
some properties of Lie foliations. In Section 3, we construct some important examples
of Lie g—flows, which are models of codimension-3 solvable Lie g—flows. In Section 4,
we prove Theorem A. In Section 5, we construct a diffeomorphism between Lie flows
without closed orbits according to the construction of Ghys [7]. In Section 6, by using
the diffeomorphism constructed in Section 5, we prove Theorem B.

2 Preliminaries

2A Solvable Lie groups and solvable Lie algebras

Let g be a g—dimensional real Lie algebra. The descending central series of g is
defined inductively by

C’9=g and CFg=[g,C*g].
Similarly the derived series of g is defined inductively by
D°%g=g and DFg=[D¥'g Dk g

A Lie algebra g is nilpotent if there exists an integer k such that CX¥g = {0}, and a
connected Lie group G is nilpotent if the Lie algebra of G is nilpotent. Similarly a Lie
algebra g is solvable if there exists an integer k£ such that Dk g = {0}, and a connected
Lie group G is solvable if the Lie algebra of G is solvable.

Let H and G be Lie groups, and let ®: H — Aut(G) be a homomorphism. Then
we can construct a new Lie group H x¢ G, which is called the semidirect product of
H and G with respect to @, as follows. The semidirect product H ¢ G is the direct
product of the sets H and G endowed with the group structure via

(h1,81) - (ha,g2) = (hy-ha, g1-P(h1)(g2)).

The Lie group H is naturally a subgroup of H x¢ G, and G is naturally a normal
subgroup of H x¢ G .

Let g be a Lie algebra and ad: g — gl(g) be the adjoint representation of g.

Definition 2.1 A solvable Lie algebra g is said to be of type (R) if all the eigenvalues
of ad(X) € gl(g) are real for any X € g. A simply connected solvable Lie group is
said to be of type (R) if the Lie algebra of G is of type (R).
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It is well known that simply connected solvable Lie groups of type (R) have similar
properties of simply connected nilpotent Lie groups; see [9].

2B C(lassification of 3—dimensional solvable Lie algebras

It is well known that 1-dimensional Lie algebras are isomorphic to R and that
2—dimensional Lie algebras are isomorphic to either R? or a(2), where

- {(,3)

is the Lie algebra of 4(2), which is the affine transformation group of the real line.

t,xeR}

Let V = (T, X, Y)r be a 3—dimensional vector space and consider the following Lie
brackets on V:

e R3 (abelian): [T, X]=[T,Y]=[X,Y]=0;

n(3) (Heisenberg): [T,Y]=X and [T,X]=[X,Y]=0;

e a(3) (affine): [T,X]=X and [T.Y]=[X,Y]=0;

e g1: [TWX]=X+Y, [T.Y]=Y and [X,Y]=0;

e gt [T.X]=X, [T.Y]=kY and [X.Y]=0 where k #0;

e gl [T.X]=Y, [T.Y]=-X+hY and [X.Y]=0 where h?<4.

Then any 3—dimensional solvable Lie algebra is isomorphic to one of the above Lie
algebras.

It is well known that n(3) is the Lie algebra of the 3—dimensional Heisenberg group

1
N3 =110
0

O =~

X
y
1

We will need an explicit description of simply connected Lie groups corresponding to
the Lie algebras a(3), 912‘ and gé’. These Lie groups are given by

el 0 x

AQ3) = 0 1lyl|lt,x,yeR},
001
(et 0 x

G§= 0 ekt yllt.x,yeRy,
0 0 1

G=° = 50(2) x R2,
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and
c(t)cos(p+1) —c(t)sint x
ng;éo = c(t)sint c(t)cos(p—t) y
0 0 1

t,x,yeR;,

where SO(2) x R2 is the universal covering of the group of rigid motions SO(2) x R?,
c(t) =(2/a)ePt, B =tanp = h/a, and o = V4 —h2; see [5].

Note that Gg is isomorphic to the semidirect product Rx,R?, where p: R — Aut(R?)
is given by
cost —sint
)= . .
pO) (smt cos t)

Note also that the Lie group G;”éo has another description

ePtcost —ePsint x
ePlsine  ePlcost y
0 0 1

GI70 = t,x,y€R,

where B =tan¢ = h/a and a = ~/4 — h?. In this paper, we will use this description.

Lie algebras g’z‘ and g’z‘/ are isomorphic if and only if kK = k’ or k = 1/k’ and
the Lie algebras gé‘ and gé’/ are isomorphic if and only if # = &’ or h = —h’. The Lie
algebra g’z‘ is unimodular if and only if & = —1. The Lie algebra 9’3‘ is unimodular
if and only if # = —1. The Lie algebra gé‘ is not of type (R) for any / and the other
3—dimensional solvable Lie algebras are of type (R).

2C Lie foliations

Let F be a codimension-¢ foliation of a closed manifold M and g be a g—dimensional
real Lie algebra. A g—valued 1-form w on M is said to be a Maurer—Cartan form
if w satisfies the equation dw + %[a), o] = 0 and nonsingular if wy: Txy M — g is
surjective for each x € M .

Definition 2.2 A codimension-g foliation F is a Lie g—foliation if there exists a
nonsingular g—valued Maurer—Cartan form w such that Ker(w) = TF.

Let F; and F, be foliations of M and M,, respectively. A smoothmap f: M; — M,
preserves foliations if f(L) € F, for every leaf L € F;. We denote such a map
by f:(Mi,F1) = (M,,F,). We call two foliations F; of M; and F, of M,
diffeomorphic if there exists a foliation preserving map f: (M1, F1) — (M, F3) such
that f: M; — M, is a diffeomorphism.
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In this paper, we call two Lie g—foliations F; and F, diffeomorphic if F; is diffeo-
morphic to F; as a foliation.

Fedida [4] proved that Lie g—foliations have a special property.

Theorem 2.3 [4] Let F be a codimension-q Lie g—foliation of a closed manifold M
and G be the simply connected Lie group of g. Let p: M — M be the universal
covering of M . Fix a Maurer—Cartan form w € A'(M; g) of F. Then there exists a
locally trivial fibration D: M — G and a homomorphism h: w1(M) — G such that
(1) D(a-X)=h(a)- D(X) forany o € w1 (M) and any X € M, and
(2) the lifted foliation F = x*F coincides with the fibers of the fibration D.

The fibration D is called the developing map, the homomorphism /4 is called the
holonomy homomorphism and the image of / is called the holonomy group of the Lie
g—foliation F with respect to the Maurer—Cartan form .

Conversely, if there exist D and /& which satisfy condition (1) above, then the set of
fibers of D defines a Lie g—foliation F of M such that the developing map is D and
the holonomy homomorphism is /.

Example 2.4 Let G be a simply connected Lie group and Ga simply connected Lie
group with a uniform lattice A. Suppose that there exists a short exact sequence

0—>K—>G2%G—o.
Then the map Dy defines a Lie g—foliation F¢ of the homogeneous space A\a .
We call Lie g—foliations constructed as in Example 2.4 homogeneous Lie g—foliations.

Definition 2.5 A Lie g—foliation F of a closed manifold M is homogeneous if F is
diffeomorphic to a homogeneous Lie g—foliation.

Let D: M — G be the developing map and 4: 7{(M) — G be the holonomy homo-
morphism of a Lie g—foliation F. Let T" = h(sr1(M)) be the holonomy group of F.
Since the developing map D is si—equivariant, the map D induces a fibration

D: M —T\G,

where T is the closure of T'. This fibration D is called the basic fibration, the
homogeneous space I'\G the basic manifold, and the dimension of T\G the basic
dimension of F.

Let F be the foliation of M defined by the fibers of the fibration D. By the definition
of D, we can see that any leaf F of F is saturated by F and the foliation F|f is
a minimal foliation of F. Moreover the basic fibration D: M — I'\G induces a
diffeomorphism from the leaf space M/F to T\G.
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3 Models of Lie flows

In this section, we construct some examples of homogeneous Lie flows which are
important examples in this paper.

Example 3.1 Let
1 -R—>G2%G 1

be a central exact sequence of Lie groups and A be a uniform lattice of G . Then the
surjective homomorphism Dy: G — G defines a Lie g—flow Fy on A\G.
The Lie g—flow construction in Example 3.1 is a special case of the construction of

homogeneous Lie g—flows.

In the case in which the dimension of g is three, by using the classification of
4—dimensional solvable Lie algebras (see [1]), we have more explicit descriptions
of G and Dy.

Example 3.2 Let g be a unimodular 3—dimensional solvable Lie algebra and G be
the simply connected Lie group with the Lie algebra g. Then any central extension

1 -R>G25 61
of G by R is given as follows:

(1) If g is abelian, then G is isomorphic to either R* = R x R3 or R x N(3). If G
is isomorphic to R*, then Dy: R* = R x R? — R? is given by the natural projection

Dy: (t,x,p,z) ~> (x,¥,2).
If G is isomorphic to R x N (3), then Dy: R x N(3) — R? is given by

t x s
Dy: | s, 1y —Alt],
01 y

~

(2) If g is isomorphic to n(3), then G is isomorphic to R x N(3) or to

S O =

where 4 € GL(3;R).

11 3% x
01 ¢

N@4) = 00 1 JZ} t,x,y,z€R
00 0 1
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If G is isomorphic to R x N(3), then Dy: R x N(3) — N(3) is given by the natural
projection. If G is isomorphic to N(4), then Dy: N(4) — N(3) is given by

1t 142

01 2; o 1 at+cz Y(abt? +cdz?) + (ad — 1)tz + p
Y110 1 bt +d: :

00 1 =z 0 0 )

00 0 1

where either

-G (0= e

(3) If g is isomorphic to g;l , then G is isomorphic to R x G I or the semidirect
product R xg N (3) with respect to the homomorphism ®: R — Aut(N(3)) defined
by

1t x 1 et x
D) (01 y]l—>[0 1 ey
001 0 0 1

If G is 1somorphlc to Rx Gy 1 then Dg: R x G, — G, is given by the natural
projection. If G is 1som0rph1c to Rx¢e N(3), then the homomorphlsm

Do: Rxg N(3) — G5!

1t x e 0 ¢
Do: |s,|01 y |0 ey
001 0 0 1

(4) If g is isomorphic to gg, then G is isomorphic to either R x Gg or the semidirect
product R xy N (3) with respect to the homomorphism W: R — Aut(N(3)) defined
by

is given by

1t x 1 tcoss—ysins x —tysin®s+ (% — y?)sin2s
01 yl—10 1 tsins 4 ycoss
001 0 0 1

If G is isomorphic to GO xR, then Dy: Rx GO — GO is given by the natural projection.
If G is isomorphic to R Xy NV (3), then the homomorphlsm

Do: Rxg N(3) = G = R, R?

1t x ;
Dy: (s, 01y )I—)(S( ))
001 Y

Algebraic & Geometric Topology, Volume 16 (2016)
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Define two classes of 4—dimensional solvable Lie groups 5§ and 5? by

e
kt
~k 0 e 0 y
G2 = 0 0 e Uthr t,x,y,zeR
0 O 0 1

and

ePtcost —ePlsint 0 x

_ Bt Bt
e’!sint 4eP'cost 0 y
G5 = 0 0 gt t,x,y,zeR ¢,
0 0 0 1

where k € R, 0 <h? <4, and d = e~ 2P € R. We construct homogeneous Lie g—flows
on the homogeneous spaces A\Gé‘ and A\Gé’.

Example 3.3 Let A be a uniform lattice of 53 Define a homomorphism

t

[

et 0 0
01 0
0 0e!
00 O

0
Do: G — A(3) by . 1
0

o O
— < =

X
y
z
1
Then Dg defines a homogeneous Lie a(2)—flow on A\a

Example 3.4 Assume that the Lie group 5’2‘ has a uniform lattice A. Define a
homomorphism Dy: G’zC — Gé‘ by

€ t
0 x
0 ekt 0 c
D(): 0 O e_(1+k)t z = 0 e ! y
1
0 0 0 1 00

Then Dy defines a homogeneous Lie glzc—ﬂow on A\a .

Example 3.5 We assume that 5;’ has a uniform lattice A. Define a homomorphism

Dy: G — G vy

ePlcost —ePlsint 0 x

eBlsint  ePlcost 0 y
0 0 d' z
0 0 0 1

ePtcost —ePlsinr x
— | ePsint ePrcost y
0 0 1

D()l

Then D, defines a homogeneous Lie g?¢0—ﬂow on A\aé’

Algebraic & Geometric Topology, Volume 16 (2016)
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Example 3.6 Let A be a uniform lattice of G xR. Let Dy: GJ x R — G be the
natural homomorphism. Then Dy defines a homogeneous Lie gg—ﬂow on A\Gg .

Remark We can extend the definition of 5;’ to the case when /& = 0. Then 52
coincides with SO(2) x R? x R, which is not simply connected. The homomorphism
Do: GY xR — G defined in Example 3.6 coincides with the lifted homomorphism
Dy: SO(2) x R? x R — SO(2) x R? defined in Example 3.5.

4 Proof of Theorem A

Let F be a Lie g—flow on a closed manifold M . Assume that F has a closed orbit.
Then any orbit of F is closed.

Let D: M — G be the developing map and /4: 71(M) — G be the holonomy homo-
morphism. Since any orbit of F is closed, the holonomy group I' is discrete in G and
the basic fibration D: M — T'\G is an oriented S!-bundle over the homogeneous
space '\G.

Let g* be the dual of g, which is naturally identified with the set of left-invariant
1—-forms on G . Consider the inclusion map

i A\'g— A¥(T\G)

and the induced map
i H*(g) — Hjx("\G).

where H*(g) is the cohomology of the Lie algebra g, A*(I'\G) is the de Rham
complex of I'\G, and Hj(I'\G) is the de Rham cohomology of I'\G. We call
a k—form w € A¥(I'\G) algebraic if  is in (A¥(g)).

Let e(D) € HdzR(F\G) be the real Euler class of the S!-bundle D. We use the
following lemma, which is a special case of [12, Theorem 5.1].

Lemma 4.1 If e(D) is represented by an algebraic 2—form, then F is homogeneous.

Suppose the Euler class e(D) is represented by an algebraic 2—form «(8) € A2(I'\G).
Then there exists a homogeneous Lie g—flow (A\g , Fo) which is diffeomorphic
to (M, F). By the proof of [12, Theorem 5.1], the Lie algebra g of G coincides with
the central extension

0>R—>g—>g—0

of g by R with the Euler class —2[8] € H?(g). Hence G is a central extension of G
by R. Therefore we have the following proposition.

Algebraic & Geometric Topology, Volume 16 (2016)
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Proposition 4.2 If ¢(D) is represented by an algebraic 2—form, then F is diffeomor-
phic to the Lie g—flow in Example 3.1.

Proof of Theorem A First, we assume that g is a solvable Lie algebra of type (R).
Let e(D) € Hd2R(l"\G) be the real Euler class of the oriented S'-bundle.

Since g is of type (R), by Hattori [9, Theorem 4.1], the homomorphism
i H*(g) > Hx(T\G)

is an isomorphism. Therefore e(D) is represented by an algebraic 2—form. Hence, by
Proposition 4.2, F is diffeomorphic to the Lie g—flow in Example 3.1.

Next, we assume that g is isomorphic to gg. By the classification of uniform lattices
of Gg, the homogeneous space F\Gg is isomorphic to the mapping torus

T3 =T*xR/(x,t+ 1)~ (4x,1),

where A € SL(2;7Z) such that A? = [ for some p € Z. If A = I, then the mapping
torus Tj is the three-dimensional torus 7°3.

Define left-invariant 1-forms 67, 0y and fy on G§ = R x,R? by
Or =dt, Oy =cost-dx+sint-dy and 6y =—sint-dx +cost-dy.

Then the second cohomology H? (gg) of the Lie algebra gg is generated by the
cohomology class [Ox A 0y] = [dx A dy].

On the other hand, we have

Rl[dt Ndx]® R[dt Ady]|® R[dx Andy] ifA=1,

Rldx A dy] if A# 1.
Therefore if 4 # I, then HdzR(T j) is isomorphic to H? (gg) and the Euler class e(D)

is represented by an algebraic 2—form. Hence F is diffeomorphic to the Lie gg—ﬂow
in Example 3.1.

i = |

In the case where A = I, by the following lemma, there exists a diffeomorphism
f: T3 — T3 such that the pullback f*e(D) is represented by an algebraic 2—form.
Then the S!-bundle M is diffeomorphic to the S!'-bundle f*M , which is diffeo-
morphic to the Lie g—flow in Example 3.1. |

Lemma 4.3 For any [w]=aldt A dx]+ b[dt A dy] + c[dx ndy] € H*(T3;Z), there
exists an integer matrix A € SL(3;Z) C Diff(T?) such that A*[w] € Z[dx A dy].
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Proof By the Smith normal form, we can show that there exist an integer d and an
invertible 3 x 3 integer matrix B such that

a d
Blb]l=1]0
c 0

Therefore there exists 4 € SL(3;7Z) and an integer n such that A*[w] = n[dx A dy]
for some n € Z. O

5 A construction of a diffeomorphism of flows

Let F; and F, be Lie g—flows on closed manifolds M; and M, and let I'; and I',
be the holonomy groups of F; and F,, respectively. Suppose that 7, and 7, have no
closed orbits and I'; is conjugate to I'; in G.

By replacing the developing map Dj: M { = G and the holonomy homomorphism
hll JTI(MI) -G Offl by

g-D1:]\71—>G and g Vh g (M)~ G

for some g € G, we may assume that F; and F, have the same holonomy group I'. The
aim of this section is to construct a diffeomorphism between (M7, F;) and (M, F,)
according to Ghys’s method; see [7; 6; 14].

By results of Haefliger [8, Section 3], a Lie g—foliation of a closed manifold M is a clas-
sifying space for (G, I') if every leaf of F is contractible. Thus (M, F;) and (M5, F>)
are classifying spaces for (G, I"). By the uniqueness of classifying spaces, there exists
a homotopy equivalence f: M{ — M,, which we may assume is smooth, such that
f*F, = Fy. In general, this map f is not a diffeomorphism. However, by using the
averaging technique (see [7; 6]), we can modify f to a diffeomorphism from (M7, Fy)
to (M, F>).
Parametrize F; and F, by ¢{ and d)é, respectively. Then we can define a smooth
function

u: My xR —-R
by the equation

f(@5)) = @5/ (x),
The function u satisfies the cocycle condition
ulx,s+t)=u(x,t)+ u(¢i (x),s).

By this equation and by the compactness of M, we obtain the following lemma.

Algebraic & Geometric Topology, Volume 16 (2016)
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Lemma 5.1 There exists a constant C > 0 such that

0
Eu(x,t) <C

forany x e M andt € R.

Let 7y = Dy: My — 0 = I_“\G be the basic fibration of F;. Fix a fiber F;

of my: My — Q4. Let {(U;, g,-)}f.;l be a local trivialization of 1, where {U,-}f.;l

is an open covering of Q¢ and g;: nl_l (U;) = U; x F; is a diffeomorphism as fiber
bundles. Let {V7,..., Vi } be a refinement of {Uy, ..., U} such that the closure V;
is contained in U; foreachi =1,...,k.

Since f is transverse to the flow F,, by replacing Vi, ..., V; with smaller ones if
necessary, for each i there exists a codimension-one open ball D; C F; such that

(1) N;:= gi_l(Vi x Dj) is transverse to Fq,
(2) f(N;) is transverse to F,, and
(3) the restriction f|n,: N; — f(N;) is a diffeomorphism.

Lemma 5.2 There exists Ty > 0 such that, forany i =1,...,k and any x € Jtl_l (17,-),
the orbit Oy, (x; (0, Ty)) := {$}(x) | 0 <t < Tp} intersects N;.

Proof Define a function r;: JTl_l (Ui) - R by
ri(x) =inf{t > 0| ¢{(x) € N;}.

Since F; is minimal on each fiber, the function r; is well-defined and upper semi-
continuous. Since 711_1 (Vi) is compact, for each i € {1, ...k}, there exists an upper
bound 7;. Then we should take Ty = max{7T4,..., T} + 1. a

For any x € N;, we define s;(x) € Z to be the number of times that the orbit
Op, (f(x); (=2C Ty — 68, 2C Ty + §)) intersects f(N;), where § is a small positive
number and C and Ty are the constants in Lemmas 5.1 and 5.2, respectively. By the
choice of Nj;, the function s: N; — Z is bounded.

For any x € N;, we consider the set
Ti(x) ={r € R| ¢{(x) € N; and |u(x,1)| <2CT +&}.

If ¢t and ¢’ satisfy u(x,t) = u(x,t’) and ¢i (x) and qﬁi/(x) are in N;, then we have

f@l(x) = f(d)i/(x)). Since f|; is a diffeomorphism, we have ¢ (x) = ¢i/(x).
Since F; has no closed orbits, this implies that ¢ = ¢’. Hence, if ¢ and ¢’ are distinct
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points of Tj(x), then u(x, ) # u(x,t"). Therefore the number of elements of 7j(x)
is less than s;(x) and hence bounded.

For an arbitrary point x € N;, we can take a sufficiently small connected neighbor-
hood A, of x in N; and a sufficiently large number ¢, > 0 such that z, is an upper
bound of T;(y) for any y € Ax. Then we have

lu(y,t)| >2CTy+ 68 >2CTy

ift>1ty, ye Ay and qbi (») € N;. Since the basic manifold Q; = T'\G is compact,
we can choose connected open subsets 4;,, ..., A,-ki of N; and large numbers 7;; such
that

(1) {mi(4i) |i=1,...,k, j=1,...,k;} is arefinement of {V1,..., Vi}, and
(2) t; is an upper bound of T;(y) for any y € 4;; .

Let to > max{t;; | = 1,...,k, j =1,...,k;} be an arbitrary number. Then, for
any x € A;;, we have
lu(x,t)| >2CTy

if £ > 19 and ¢} (x) € ;.

Lemma 5.3 For any i, one of the following holds:
(@) u(x,t) > CTy forany x € A;; andany t > tg.
(b) u(x,1) <—CTy forany x € A;; and any t > 1.
Proof Let x € A;; be an arbitrary point. Let fp = 59 <51 <2 <--- be the maximal

sequence such that ¢f’ (x) € N; for [ > 1. By Lemma 5.2, we obtain s;; —s; < T
for any / > 0. On the other hand, we have |u(x,s;)| > 2C Ty for any [ > 1.

Lemma 5.1 implies that
lu(x, s141) —u(x,s)| < C(s41 —s1) < CTo.

Hence we have either u(x,s;) > 2CTy for any / > 1 or u(x,s;) < —2CT, for
any [ > 1.

For any ¢ > t,, there exists / > 0 such that s; <7 <s;4;. By Lemma 5.1, we have
lu(x,s141) —u(x, )| < C(sp41 —1) < C(s141 —51) < CTh.

Therefore we have either u(x,¢) > C Ty forany ¢ >ty or u(x,t) <—C Ty forany ¢ > t,.
By the continuity of u, we have either u(x,7) > CTjy for any x € 4;; and any ¢ > o
or u(x,t) < —CTpy forany x € 4;; and any 7 > fg. o
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Let W;; = m1(4;;) and Ej; = nl_l(Wij).
Lemma 5.4 There exists tog such that, for each E; ;> one of the following holds:

(@) u(x,t)>0 forany x € Ej; andany t > 1.
(b) u(x,t) <0 forany x € E;; andanyt > 1.

Proof By Lemma 5.2, we have

S;.

J

= sup inf{r > 0| ¢{(x) € A;;} < o0

xekE;.
J

for any i;. Let
S=max{S;, |1 <i <k, 1<) =<k},
o =max{u(x,t) | xe M, 0=t < S},

o =max{—u(x,t) | xe M, 0=t <S5},
and
o = max{a4, a_}.

Take an integer n and a constant 7q satisfying
nCTy>a and 719> n(tyg+ S).

Fix i;. By Lemma 5.3, we have either u(y,¢) > CTy for any x € A;; and any 7 > 7
or u(x,t) < —CTy forany x € 4;; and any 7 > fg.

First, we suppose that u(x,?) > CTg for any x € A;; and any 7 > fo. Fix an arbitrary
point x € Ej; and any ¢ > 7o. Define a sequence 0 < vy <v; <--- < v, inductively
as follows: Let vy be the first arrival time of x to 4;; . Thus we have d);’l (x) € 4;;
and 0 <wvy; < S. For / > 1, let vy 4 be the first arrival time to 4;; of x after the
time v; + to. Thus we have ¢;)’+1 € Aj; and vy +1to <v4y v+l + S.

Since v; <8 and v;4+1 —v; <ty + S, we have
UnSS+(7’Z—1)(Z0+S)<‘L’0—t0§l—l0.

Since v;4+1 —v; > ¢y and t — v, > fp, we have

n—1
u(x,t) = u(x, v+ > (vyr1—vp) +t—vn)
=1

n—1

=u(x,v1) + IZ u(gy" (%), vpr —vp) +u(@)" (x). 1 —vn)
=1

>—o_+n—1)CTy+CTy

>—a+nCTy > 0.
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In the case where u(x,7) < —CTy for any x € A;; and any ¢ > fg, by the same
argument, we have

n—1
u(x,t) = u(x, v+ Y. (Ve —vy) —I—t—vn)

=1
n—1 v, v
=u(x,vy) + 20wy’ (X), v —vp) +uldy" (x). 1 — vp)
I=1
<Oé+—(l’l—1)CTO—CT()
<a—nCTy<O. a
Finally, we prove the following lemma.

Lemma 5.5 One of the following holds:
(@) u(x,t)>0 forany x € My and any t > 1.
(b) u(x,t) <0 forany x € M; and any t > 1.

Proof By the continuity of # and the connectedness of M, if there exists i; such
that u(x,¢) > 0 for any x € E;; and any 7 > 79, then u(x,7) > 0 for any x € M and
any ¢ > to. Similarly, if there exists i; such that u(x,7) <0 for any x € Ej; and
any t > 19, then u(x,t) <0 forany x € M and any ¢ > 1. O

We construct a diffeomorphism from (M1, F;) to (M3, F). Let T € R be a positive
constant such that T > 7. Define vy: My — R and fr: My — M, by

_ 1 d _ v(x)
o) =3 [ utende and S0 =000

By the equation
T
@) = [ @i, dr

T
=%/0 (et +1)—ulx. 0} dr.

we have
% fOT u(x,t+t)de

Jr(91(x) = ¢, (f ().

Therefore, for any x € M7, we have
d(1 [T 1
E(T/O u(x,t—i—r)dt) =T(u(x,t+T)—u(x,t))

= u(@} (), T).
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By Lemma 5.5, u(x, T') # 0 for any x € M. Therefore fr: My — M, is a local
diffeomorphism. Since M is closed, f7 is a covering map. Since f7 is homotopic
to f via

F: My x[0,1]— M, defined by F(x,7) = ¢5"®(f(x))
and f is a homotopy equivalence, the map f7 is a diffeomorphism.
Therefore we obtain the following theorem.
Theorem 5.6 [7] Let F; and F, be Lie g—flows on closed manifolds My and M>,

respectively. Suppose F; and F, have no closed orbits and the holonomy group of F
is conjugate to the holonomy group of 7, in G. Then F; and F, are diffeomorphic.

6 Proof of Theorem B

Let g be a 3—dimensional solvable Lie algebra and let F be a Lie g—flow on a closed
manifold M which has no closed orbits. Let I be the holonomy group of F. Since
F has no closed orbits, the holonomy homomorphism /: 71(M) — G is injective.
Hence the fundamental group 71 (M) is isomorphic to the holonomy group I'.

If the Lie algebra g is nilpotent, then the Lie algebra g is isomorphic to either R3
or n(3). By the theorem of Ghys [7, Section 2], (M, F) is diffeomorphic to a homo-
geneous Lie g—flow (A\G Fo), where Gisa simply connected nilpotent Lie group.
Since any 1-dimensional ideal of a nilpotent Lie algebra is contained in its center, the
kernel of the induced homomorphism

dDy: g — g
is contained in the center of g. Hence G is a central extension of G by R and F is
diffeomorphic to the Lie g—flow in Example 3.1.

We suppose that g is not nilpotent. First, we consider the case where g is isomorphic
to a(3).

6A a(3) case

Let F be a Lie a(3)—flow on a closed manifold M without closed orbits, and fix a
nonsingular a(3)-valued Maurer—Cartan form @ of F. The Lie algebra a(3) has the
explicit description

t 0 x
a(3) = 00 y]|t,x,yeR
000
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Then there exist nonsingular 1—forms wr, wy and wy on M such that

wTOa)X
w = 0 Oa)y
0 00

Since w is a Maurer—Cartan form, we have the following equations:
dor =0 and doy = %a)T Awy and dwy =0.

Therefore wr and wy are nonsingular closed 1—forms and

) _ [T wx
=5 )

is a nonsingular a(2)—valued Maurer—Cartan form of M . The nonsingular closed
1-form wr and the nonsingular Maurer—Cartan form o’ define two foliations G and F’
of M whose codimensions are one and two, respectively. Since @’ is a a(2)—valued
Maurer—Cartan form, the foliation 7’ is a Lie a(2)—foliation. By an observation of
Matsumoto and Tsuchiya [13, Section 7], we can see that the closed 1-form wr
is a rational form. Therefore each leaf of G is compact and the leaf space M/G is
diffeomorphic to S!.

Let 7: M — S' = M/G be the natural projection and fix a fiber N of 7. Since the
tangent bundle 7' F coincides with Ker(w) and Ker(w7) includes Ker(w), each orbit
of the Lie a(3)—flow F is tangent to the fibers of 7.

Let F|n be the foliation defined by the restriction of F to the fiber N .

Lemma 6.1 The fiber N is diffeomorphic to the 3—dimensional torus and the flow F |y
is diffeomorphic to a linear flow.

Proof The tangent bundle 7N coincides with Ker(wr|n). By the equation
doy = %a)T Nwy,
the 1-form wy|n on N is a nonsingular closed 1-form. Since T'F coincides with
Ker(w) = Ker(wr) N Ker(wyx) N Ker(wy),

T F|n coincides with Ker(wy |n) NKer(wy |n). Since the 1-forms wy |x and wy |y
are closed, the nonsingular R>—valued 1—form

N = (wXIN)
wy|n
is a Maurer—Cartan form. Hence the flow F|N is a Lie R>~flow on N. By the
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theorem of Caron and Carriere [2, Theorem 1], the manifold N is diffeomorphic to T 3
and the flow F|u is diffeomorphic to a linear flow. a

By Lemma 6.1, the manifold M is a T3-bundle over S!. Let F e Diff (T3) be
the monodromy map of the T3-bundle 7: M — S!. Fix generators «;, p and o3
of 71 (T3) ~ 7?3 and an element B of 71 (M) such that 74(B) € 71 (S') is a generator.
Then the induced map Fy: 71 (T3) — 71 (T?) defines an integer matrix A € SL(3;Z)
and the fundamental group 7; (M) is isomorphic to Z x4 Z3.

Set A = (a;j). Then we have
BaiB ' =aiVay el for j=1,2,3.

Since F has no closed orbits, the holonomy homomorphism /4: 1 (M) — I' is an iso-
morphism. Let IV be the abelian subgroup of " generated by A (1), h(az) and h(as).
Since 71(N) is a normal subgroup of 71 (M), I'’ is a normal subgroup of T.

Lemma 6.2 Let H be an abelian subgroup of A(3). Then H is contained in either

l_eto 0

y [,yGR

ef 0 1=¢
0 1
00 1

10 x
RE={[01 y]||x.yeR; or Hyyx) =
001

for some xg € R and ty # 0.

Proof Suppose that H is not contained in R?. Then there exists

e’ 0 xg
go=|0 1y|eH
0 01
such that 79 # 0. Let
e’ 0 x
g=|01yleH
0 01

be an arbitrary element. Since H is abelian, we have gog = ggo. Then we obtain the
equation
1—¢!

X =
1 —eo

XgQ. O
Lemma 6.3 The abelian subgroup T’ of T is contained in R?.
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Proof Suppose that I/ is not contained in R?. By Lemma 6.2, I is contained
in H;, x,) for some xo € R and 79 # 0. Since I ¢ R?, there exists

e

0
0
such that ¢ # 0.

Set
e’ 0 x
hB)=10 1y |e€A@).
0 01

Since I is normal in T", we have
h(ﬁ)gh(ﬂ)_l el'c Hzy,x0)-
Then we obtain the equation
(1—e"){(1—e)x’ — (1 —e")xo} = 0.

Since ¢ # 0, this equation implies that 4(f8) € Hy, ). Thus I' is contained in Hy, )
However, this contradicts the fact that the holonomy group I' is uniform in A(3).

Therefore T is contained in R2. |
Set
10 x; e 0 xo
hej))=101 y; fori =1,2,3 and hB)=10 1 yo
001 0 01

Since I' is uniform in A(3), we have ¢y # 0. Moreover, by conjugating in 4(3), we
may assume that xo = 0.

Lemma 6.4 A is conjugate to the matrix

e 0 0
0 e 0
0 0 1

Proof By the equation

.p—1 _ 4ij a2 asj
BaiB™ =a; o, oz,
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we have
10 etoxj 10 aljxl—i-azsz +Cl3jX3
01 yi |=101ayyi+azjys+azjys
00 1 00 1

Thus we have the equations

X1 X1 B 1
Ul x, | =€ | x, and A wl=1»»
X3 X3 V3 V3

Since I' is uniform in A4(3), we can show that

X1 B
x| #0 and 2| #0.
X3 V3
Therefore €%, 1 and e~ are the eigenvalues of 4. |

Define elements &; and B of Gz_ U by

100 x; e 0 0 0
~ 010 y ~ |01 0 yo
G=[oo1z| @ B={g 0en 0|

000 1 00 0 1

where
Z1
%)
Z3

is an elgenvector of A corresponding to the eigenvalue e’ . Let A be the subgroup
of G ! generated by @, @,, @3 and ,B Since

X1 Y1 1
X211, ) and V)
X3 Y3 Z3

are eigenvectors of A € SL(3;Z) correspondmg to the eigenvalues e, 1 and e %,

respectlvely, the subgroup A is discrete in G 1. Therefore A is a uniform lattice
of G L
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Define an submersion homomorphism Dy: 52_ I A(3) by

t
t

0
0

et 0
Dy: 101
00

—_ X

et 0 X
01 y
0 0e?tz
00 0 1

Then Dg defines a Lie a(3)-flow Fy on A\&; ! whose holonomy group coincides
with I'. Therefore, by Theorem 5.6, the Lie a(3)—flow F is diffeomorphic to Fy.
Hence F is diffeomorphic to the flow in Example 3.3.

6B g% case

We consider the case where g is isomorphic g’z‘ . In this case, the basic dimension of F
is one; see [5; 11]. Hence the manifold M is diffeomorphic to a T3-bundle over S!.

Let oy, oy, a3z and B be the same as defined in Section 6A. Then there exists an integer
matrix 4 = (a;;) € SL(3;Z) such that the fundamental group (M) is isomorphic
to Zixy Z3.

Let IV be the normal abelian subgroup of I' generated by A (a;), h(a,) and h(a3).

Lemma 6.5 Let H be an abelian subgroup of Gé‘ . Then H is contained in either

ot
et 0 1= x,

10 x 1—e’0
_ L,k

Rz = 01 Y or H(l’(),xO,y()) = 0 ekl ll_e—ekttoyo te R
001 0 0 1

for some x¢, yo € R and ty # 0.

Proof Suppose that H is not contained in R?. Then there exists

e’ 0 Xxp
go=|0 ek yoleH
0 0 1
such that 7y # 0. Let
el 0 x
g=|0 ¢ yleH
0 0 1

be an arbitrary element. Then ggo = gog implies the equations
(1—e)x=(1—-e")xy and (1—e)x=(1—-¢")yyp.

Since 79 # 0, these equations imply that g € Hz, x, o) - a
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Lemma 6.6 The normal abelian subgroup T of T is contained in R?.

Proof Suppose that I'” is not contained in R?. By Lemma 6.5, there exist xq, yo € R
and 1o # 0 such that I'” is contained in H, x,,y,)- Since I ¢ R2, there exists

el 0 x
g=|0 ek yler’
0 0 1
such that 7 # 0.
Set )
e’ 0 X
hB)=1 0 ek y
0 0 1

Since I'” is a normal subgroup of I", we have

h(BYgh(B)™" € T" C Hzy,xg,v0)-

Thus we obtain the equations
(1—e"){(1—el)xo—(1—e")xo} =0 and (1—eX"){(1—e*")x'—(1—e*")xp} =0.

Since ¢ # 0, these equations imply that /(B) € H, x,.y,)- This contradicts the fact

that I" is uniform in Gé‘. Therefore we have that T’ is contained in RZ. O
Set
10 x; e 0 xo
h(aj)=10 1 yj and h(B)=| 0 ek y,
00 1 0 0 1

Since I' is uniform in Gé‘ , we have g # 0. Moreover, by conjugating in Gk, we may
assume that xo =0 and yg = 0.

By the same argument as the proof of Lemma 6.4, we can prove the following lemma.

Lemma 6.7 A € SL(3;Z) is conjugate to the matrix

elo 0 0
0 ekt 0
0 0 6(_ 1—k)tgy
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Define elements @; and ,3 of Eé‘ by

100 x; efo 0 0 0
~ 010 y ~ 0 ek 0 0
G=1go15]| ™ F=ly o Gthn o]
000 1 0 0 0 1
where
21
)
Z3

is an eigenvector of A correspondmg to the eigenvalue e’0. Let A be the subgroup
of Gk generated by &1, &>, &3 and ,3 Then A is a uniform lattice of Gk Since A
001n01des with I" via the homomorphism D: Gk — Gk defined in Example 3.4, the
Lie gz—ﬂow F is diffeomorphic to the Lie gz—ﬂow in Example 3.4.

6C gg;eo case

In the case in which g is isomorphic to gh#o the basic dimension of F is one;

see [5; 11]. Hence the manifold M is diffeomorphic to a T3-bundle over S! and
m1(M)=17Zx,473 for some A €SL(3;7Z).

By the same argument as in Section 6B, we can prove the following lemma.
Lemma 6.8 The normal subgroup I of T is contained in R?.

By Lemma 6.8, we have

10 x; ePlo costy —ePsingy xo
hej)=101 y; and ePlosingy P costy v
00 1 0 0 1

Since I' is uniform in Gg’, we have 79 # 0. By conjugating in G, we may assume
that xo =0 and yy = 0.

By the equation
R ayj azj asj
,305,,8 =a; o, oy,
we have

Ax = e’gto(cos tox —sintyy) and Ay = eﬂt"(sin foX 4+ costyy),
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where
X1 Y1
x=1\x; and y=1|
X3 V3

By an easy calculation, we can show that x % 0 and y # 0. Hence x +iy and x —i y
are eigenvectors corresponding to the eigenvalues eB+Dt0 and B0 respectively.

Let d’0 = e=2P% pe the other eigenvalue of A, and let

be an eigenvector of A4 corresponding to the eigenvalue d’. Let

1 O O xl eﬂt() COStO _eﬂto Sinlo O 0

[ ~ Bto gj Bto
& = 010 y and = ePlosinty  eP'0 costy (i 0
001 z 0 0 dh 0
000 1 0 0 0 1

be elements of 5§’ and A be the subgroup of 5? generated by @y, &,, &3 and ,g )
Then the subgroup A is a uniform lattice of Gg’

Since A coincides with I" via the homomorphism D: (~;§1 — Gé’ defined in Example 3.5,
the Lie gé’—ﬂow F 1is diffeomorphic to the Lie gé’—ﬂow in Example 3.5.

6D gg case

Suppose that g is isomorphic to gg. By [10, Corollaries 2.4 and 2.7] and the theorem
of Caron and Carriere [2, Theorem 1], the manifold M is diffeomorphic to the 4—
dimensional torus T4.

Fix generators oy, a5, o3 and g of (M) >~ Z* and set

h(ei) = (Zi, ()yc’)) € Gy =Rx,R%
l

Since I' is uniform in Gg, I is not contained in {0} x R%. Hence we may assume that

th #0.

Lemma 6.9 ¢; € 2n7Z, foreachi.
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Proof Suppose that there exists i such that #; & 27 7. We may assume that ¢t & 27 7.

Since T’ is abelian, we can show that I' is contained in H, where

— ] /
oo {(Z, (1 c.ost sint ) (x})) IER}
—sint 1—cost) \ )]

is a simply connected 1—dimensional closed subgroup of Gg and

X} _ 1 —cost; sinf ! X1
»] —sint; 1—cost )

Since I' is uniform in Gg , the homogeneous space H \Gg) is compact.

On the other hand, H \Gg) is homeomorphic to R?, since H is a simply connected
1—-dimensional closed subgroup of Gg). This is a contradiction. |
By Lemma 6.9, we have ; = 27 n;. Define a diffeomorphism F: G — R? by

t

()

y
Then F|p: I' — R3 is a homomorphism and F is F|r—equivariant, that is,
F(y-g)=Flr(y)- F(g)
forany y € I" and any g € Gg. Therefore the rank of the matrix

2wny 2mn, 2mwnsg 2mng

X1 X2 X3 X4

Y1 Y2 V3 Y4
is three.

We may assume that

2mn 2mn, 2mny
X1 ) X2 ) X3
» Y2 V3

are linearly independent. Consider the subgroup A of G xR =Rx,R*xR generated
by &1 , &2, &3 and (/)(\4, where

&i=(2nni,(xi),0) for i =1,2,3 and &42(2nn4,(x4),1).
i Va4
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Then A is a uniform lattice of Gg xR and A coincides with I' via the homomorphism
D: Gy xR — GY in Example 3.6. Therefore the Lie g3—flow is diffeomorphic to the
flow in Example 3.6.
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