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On the augmentation quotients
of the IA-automorphism group of a free group

TAKAO SATOH

We study the augmentation quotients of the IA-automorphism group of a free group
and a free metabelian group. First, for any group G, we construct a lift of the k—th
Johnson homomorphism of the automorphism group of G to the k —th augmentation
quotient of the IA-automorphism group of G'. Then we study the images of these
homomorphisms for the case where G is a free group and a free metabelian group.
As a corollary, we detect a Z—free part in each of the augmentation quotients, which
can not be detected by the abelianization of the IA-automorphism group.

20F28; 16S34

1 Introduction

Let F, be a free group of rank n» > 2, and Aut F;, the automorphism group of Fj. Let
p: Aut F, — Aut H denote the natural homomorphism induced from the abelianization
F, — H . The kernel of p is called the [A-automorphism group of F, denoted by IA,,.
The subgroup IA; reflects much of the richness and complexity of the structure of
Aut F, and plays important roles in various studies of Aut F;,. Although the study of
the [A-automorphism group has a long history since its finitely many generators were
obtained by Magnus [13] in 1935, the combinatorial group structure of 1A, is still
quite complicated. For instance, no presentation for 1A, is known in general.

We have studied 1A, mainly using the Johnson filtration of Aut F;, so far. The Johnson
filtration is one of a descending central series

1A, = A, (1) D A,(2) D+

consisting of normal subgroups of Aut F;,, whose first term is 1A, . (For details, see
Section 2.3.) Each graded quotient gr¥(A,) := A,(k)/A,(k + 1) naturally has a
GL(n,Z)-module structure, and from it we can extract some valuable information
about IA,,. For example, gr!(A4,) is just the abelianization of IA, due to Cohen and
Pakianathan [6; 7], Farb [8] and Kawazumi [12]. Pettet [18] determined the image of
the cup product Ug: A2H!(1A,, Q) — H?*(1A,, Q) by using the GL(n, Q)—module
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structure of gr’(A,) ®z Qs. At the present stage, however, the structures of the graded
quotients gr¥ (A4,) are far from well-known.

On the other hand, compared with the Johnson filtration, the lower central series I'1a,, (k)
of IA, and its graded quotients Ly, (k) :=T'1a,,(k)/ T'1a,, (kK 4 1) are somewhat easier
to handle since we can obtain finitely many generators of Ly, (k) using the Magnus
generators of IA,. Since the Johnson filtration is central, I'ia, (k) C An(k) for any
k > 1. Andreadakis conjectured that I'ts, (k) = Au(k) for each k > 1 and showed
I'ia, (k) = Ay (k) for each k > 1. It is currently known that I'ts, (2) = A, (2) due to
Bachmuth [2], and that I'1a, (3) has at most finite index in 4,(3) due to Pettet [18].

In this paper, we consider the augmentation quotients of IA,. Let Z[G] be the integral
group ring of a group G, and A(G) the augmentation ideal of Z[G]. We denote by
0k(G):= AK(G)/A*+1(G) the k—th augmentation quotient of G . The augmentation
quotients Qk (IA,) of IA, seem to be closely related to the lower central series I'1a,, (k)
as follows. If Andreadakis’ conjecture is true, then each of the graded quotients Lia,, (k)
is free abelian. Using a work of Sandling and Tahara [20] (for details, see Section 4.1),
we obtain a conjecture for the Z—module structure of QK (IA,):

Conjecture 1 Forany k > 1,

k
0 (1A,) = ) Q) S (Lia, (i)

i=1

as a Z—module. Here the sum runs over all nonnegative integers day, . .., dy such that
Zf;l ia; =k, and S(M) means the symmetric tensor product of a Z—module M
such that S°(M) =1Z.

We see that this is true for kK = 1 and 2 from a general argument in group ring theory.
(For k =2, see (1) below.) For k > 3, however, it is still an open problem. In general,
one of the most standard methods to study the augmentation quotients Qk (IA,) is
to consider a natural surjective homomorphism 7;: OX(1A,) — Q% (IAZ) induced
from the abelianization 1A, — IA% of IA,. Furthermore, since IAZ is free abelian,
we have a natural isomorphism Ok (1AD) =~ Sk (L1a,,(1)). Hence, in the conjecture
above, we can detect S¥ (L1a,,(1)) in Qk (IA,) by the abelianization of 1A, .

Then we have a natural problem to consider: Determine the structure of the kernel
of mj.. More precisely, clarify the GL(n, Z)—module structure of Ker(sry). In order
to attack this problem, in this paper we construct and study a certain homomorphism
defined on Q% (IA,) whose restriction to Ker(ry) is nontrivial. For a group G, let
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ar =ag,g: Lo(k) — 0% (G) be a homomorphism defined by ¢ > o — 1. One of the
main purposes of the paper is to construct a GL(n, Z)—equivariant homomorphism

s OF(1A,) — Homgz(H, a1 (La(k + 1)),

where L, (k) is the k—th graded quotient of the lower central series of F},. Furthermore,
for the k—th Johnson homomorphism

;.0 Lia, (k) = Homgz(H, L, (k + 1))

defined by o — (x — x~1x%) (see Section 2.3 for details), we show that jy o g =
ap 4 © T, Where of is a natural homomorphism induced from o 4. Since g, f,, is
a GL(n, Z)—equivariant injective homomorphism for each k > 1, if we identify £, (k)
with its image oy (£, (k)), we obtain pg ooy = t;(. Hence, the homomorphism ity can
be considered as a lift of the Johnson homomorphism r,/c . In the following, we naturally
identify Homgz(H, L, (k + 1)) with H* ®z L,(k + 1) for H* := Homg(H,Z).

Historically, the study of the Johnson homomorphisms was originally begun in 1980
by D Johnson [10] who determined the abelianization of the Torelli subgroup of the
mapping class group of a surface in [11]. Now, there is a broad range of remarkable
results for the Johnson homomorphisms of the mapping class group. (For example,
see Hain [9] and Morita [14; 15; 16].) These works also inspired the study of the
Johnson homomorphisms of Aut Fy,. Using it, we can investigate the graded quotients
grk (An) and Lja, (k). Recently, good progress has been achieved by many authors,
for example, Cohen and Pakianathan [6; 7], Farb [8], Kawazumi [12], Morita [14; 15;
16] and Pettet [18]. In particular, in our previous work [23], we determined the cokernel
of the rational Johnson homomorphism f]’C’Q = r]/c ®idg for 2 <k <n-2.

The main theorem of the paper is:
Theorem 1 (See Theorem 4.4.) For 3 < k < n — 2, the GL(n,Z)—equivariant
homomorphism

i ® mi: QX (1An) > (H* ®z a1 (La(k + 1)) @ QX (IAR)
defined by o — (i (0), 7 (0)) is surjective.
Next, we consider the framework above for a free metabelian group. Let F,f‘/[ =
Fu/[[Fn, Ful, [Fn, Fr]] be a free metabelian group of rank 7. By the same argument

as the free group case, we can consider the [A-automorphism group IA,],W and the
Johnson homomorphism

Tt Lypn (k) = H* @7 L (ke + 1)
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of Aut F), M \where L, AM (k) is the k—th graded quotient of the lower central series
of IAM and EM (k) is "that of F, M 14 our previous work [22], we studied the Johnson
homomorphism of Aut F;¥ and determined its cokernel. In particular, we showed that
there appears only the Morita obstruction S¥ H in Coker(z; ) forany k > 2 and n > 4.
We remark that in [22], we determined the cokernel of the Johnson homomorphism tj,
which is defined on the graded quotient of the Johnson filtration of Aut F; ,fw . Observing
our proof, we verify that Coker(z; ) = Coker(ty).

Now, similarly to the free group case, we can also construct a GL(n, Z)—equivariant
homomorphism

i QF(IAM) — Homgz(H, a1 (LM (k + 1))

such that p ooy = oy 410 t,’(. The second purpose of the paper is to show:

Theorem 2 (See Theorem 5.3.) For k > 2 and n > 4, the GL(n, Z)—equivariant
homomorphism

1 ® mi: QFUAM) — (H* @z a5 11 (LY (k + 1)) @ SK(1AM)™)

defined by 0 +— (uy (o), mi (o)) is surjective.

In this paper, for an arbitrary group G, we construct a lift of the Johnson homomorphism
of the automorphism group of G to the augmentation quotients of G'. In order to do
this, in Section 2, after fixing notation and conventions, we recall the associated graded
Lie algebra of a group G, the Johnson homomorphism of the automorphism group of
G, and the associated graded ring of the integral group ring Z[G] of G. In Section 3,
we construct an Aut G/IA(G)—equivariant homomorphism pj which is considered as
a lift of the Johnson homomorphism. In Sections 4 and 5, we consider the case where
G is a free group and a free metabelian group respectively.

2 Preliminaries

2.1 Notation and conventions

Throughout the paper, we use the following notation and conventions. Let G be a
group and N a normal subgroup of G.

o The abelianization of G is denoted by G?°.

e The group Aut G of G acts on G from the right. For any 0 € AutG and x € G,
the action of o on x is denoted by x.
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e For an element g € G, we also denote the coset class of g by g € G/N if there
is no confusion.

e Forelements x and y of G, the commutator bracket [x, y] of x and y is defined

to be [x, y]:=xyx~1y~1.

2.2 Associated graded Lie algebra of a group

For a group G, we define the lower central series of G by the rule
I'e(l):=6G, Tglk):=[Tgk-1),G], k=2.

We denote by Lg (k) :=Tg(k)/ T'g(k + 1) the graded quotient of the lower central
series of G, and by Lg := @;>,Lc(k) the associated graded sum. The graded
sum L naturally has a graded Lie algebra structure induced from the commutator
bracket on G, and called the associated graded Lie algebra of G.

For any g1, ..., g: € G, acommutator of weight k type of

M- lgirs ginl gislo -1 giy ), i €{1,....1},

with all of its left brackets to the left of all the elements occurring is called a simple
k —fold commutator among the components g1, ..., g;, and we denote it by

[gi1s 8ins - -+ Qi)

for simplicity. In general, if G is generated by g1, ..., g;, then the graded quotient
Lg (k) is generated by the simple k—fold commutators

[gil’gi27~~'agik]7 151] §t9
as a Z—module.

Let pg: AutG — Aut G® be the natural homomorphism induced from the abelianiza-
tion of G. The kernel IA(G) of pg is called the IA-automorphism group of G. Then
the automorphism group Aut G' naturally acts on Lg (k) for each k > 1, and IA(G)
acts on it trivially. Hence the action of Aut G/IA(G) on Lg (k) is well-defined.

2.3 Johnson homomorphisms

For k& > 1, the action of AutG on each nilpotent quotient G/ I'g(k 4+ 1) induces a
homomorphism
AutG — Aut(G/ Tg(k + 1)).
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For k = 1, this homomorphism is just pg. We denote the kernel of the homomorphism
above by Ag (k). Then the groups Ag (k) define a descending central filtration

IAg =Ag(1) D Ag(2) D Ag(3) D ---.

(See Andreadakis [1] for details.) We call it the Johnson filtration of Aut G . For each
k > 1, the group Aut G acts on Ag (k) by conjugation, and it naturally induces an
action of Aut G/IA(G) on gr¥(Ag). The graded sum gr(Ag) := D1 gk (Ag) has
a graded Lie algebra structure induced from the commutator bracket on IA(G).

To study the Aut G/IA(G)—module structure of each graded quotient gr (Ag), we
define the Johnson homomorphisms of Aut G in the following way. For each £ > 1,
we consider a homomorphism Ag (k) — Homz(G®, Lg(k + 1)) defined by

o (g—>g g%, xeG.

Then the kernel of this homomorphism is just .Ag (kK +1). Hence it induces an injective
homomorphism

o = gk g (Ag) = Homz (G™, Lg(k + 1)).

The homomorphism 7 is called the k£ —th Johnson homomorphism of AutG. It is
easily seen that each 1z is an Aut G/IA(G)—equivariant homomorphism. Since each
Johnson homomorphism 71 is injective, it is natural question to determine the image,
or equivalently, the cokernel of 7 in the study of the Aut G/IA(G)-module gr¥(Ag).

Here, we consider another descending filtration of IA(G). Let I'ip(g) (k) be the k—th
subgroup of the lower central series of IA(G). Then for each k > 1, I'ip(g) (k) is a
subgroup of Ag (k) since the Johnson filtration is a central filtration of IA(G). In
general, it is a natural question to ask whether I'is(g) (k) coincides with Ag (k) or not.
For the case where G is a free group Fj of rank n, it is conjectured that I'ip(f,) (k)
coincides with AF, (k) by Andreadakis.

Consider Lia) (k) :=T'1a(G)(k)/ T'ace)(k +1) foreach k > 1. Similarly to gr(Ag),
the graded sum L) := @Dr>; Lia(e) (k) has a graded Lie algebra structure in-
duced from the commutator bracket on IA(G). The restriction of the homomor-
phism Ag (k) = Homgz(G®, Lg(k +1)) to Ia(G) (k) also induces an Aut G/IA(G)-
equivariant homomorphism

7 =16 1 Lia) (k) > Homz(G™, L (k +1)).

In this paper, we also call r]/c the k& —th Johnson homomorphism of AutG'.

Algebraic & Geometric Topology, Volume 12 (2012)



On the augmentation quotients of the IA-automorphism group of a free group 1245

2.4 Associated graded ring of a group ring

For a group G, let Z[G] be a group ring of G over Z, and A(G) the augmentation
ideal of Z[G]. Namely, A(G) is the kernel of the augmentation map ¢ : Z[G] — Z

defined by
Zagg|—> Zag, ag € L.
geG geG

We denote by A*(G):= (A(G))¥ the k—times product of the augmentation ideal A(G)
in Z[G]. For each k > 1, set

0%(G) := AK(G)/AF (G,
er(Z[G)) == P 0% (6.

k=1

The quotients Qk (G) are called the augmentation quotients of G. The graded sum
gr(Z[G]) naturally has an associative graded ring structure induced from the product
in Z[G]. The ring gr(Z[G]) is called the associated graded ring of the group ring Z[G].

In general, one of the most standard methods to study Qk (G) is to consider a natural
surjective homomorphism 7y = mx g: Qk (G)—> Qk (G*) induced from the abelian-
ization G — G® . Furthermore, if G® is free abelian, we have an natural isomorphism
0k (G™) = Sk (G*) = Sk (L5 (1)) where S* means the k—th symmetric power. (See
Passi [17, Corollary 8.2].) In Section 4.2, we study the kernel of w3 for G = F,,. We
remark that for a group G and k > 1, Ker(zy) is generated by elements

1= (- wn—D (g —1D

as a Z—module for any g;,...,gx € G and o € & . Here G denotes the symmetric
group of degree k.

Here we consider a relation between gr(Z[G]) and Lg. For any g € I'g(k), it is well
known that an element g — 1 € Z[G] belongs to AX(G). Then a map I'g (k) — AK(G)
defined by g +— g — 1 induces a Z-linear map
ax = oyt Lo (k) — 0X(G)
and a Lie algebra homomorphism
G = @ak: Lg — gr(Z[G)),
k>1

where we consider gr(Z[G]) as a Lie algebra with a Lie bracket [x, y] := xy — yx
for any x, y € Z[G]. We remark that for any group G, aj,g: G® — Q1(G) is an
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isomorphism. Hence, so is 7. For k > 2, however, 7 is not injective in general. For
k =2,if G is a finitely generated, then we have a split exact sequence of Z—modules:

e 0 Lo =% 0%(6) 2% 0*(G™) — 0.
(For a proof, see [17, Corollary 8.13, Chapter VIII].) We denote by
a1 =0f g g Homz(G™, Lg(k + 1)) - Homg (G™, 0¥ 11 (G))

the natural homomorphism induced from o 1.

3 A lift of the Johnson homomorphisms to the augmentation
quotients

In this section, for a group G, we construct an Aut G/TA(G)-equivariant homomor-
phism 15 Q¥ (IA(G)) — Homgz (G, Qk+1(G)) such that

@) I © OkIAG) = U1, G © Tg-

3.1 Construction of uj

For any 0 € AutG and x € G, set 55 (x) := x~!x% € G. First, we recall an important
and useful lemma due to Andreadakis [1]:

Lemma3.1 Foranyk,!>1,0¢€ Ag(k) and x e Tg(l), we have s5(x) e T'g(k+1).

For the proof of Lemma 3.1, see [1]. From this lemma, we see that s5(x)—1 € Ak (G)
for any 0 € Ag (k) and x € I'g (/). We often use these facts without any quotation. In
order to define a lift of the Johnson homomorphism, we prepare some lemmas.

Lemma 3.2 Forany o, t € IA(G) and x, y € G, we have
(1) Sor(x) = 57(x) 56 (X)" = 5¢(x)50 ()57 (50 (x)).
(2) se(xy) = y_lsa(x)y So(¥) = [y_l,sg(x)]sa(x)sa(y).

Proof The equations follow from

Ser(0) =x 71X T = x7IxT (x T Ix9) T = x T I X0 (0T X 9) T (kT 9)T,

se(xy) =y IxTIx0y% = yTIxTIxy y 7O =
Lemma 3.3 Forany x € I'g(k) and o € IA(G), we have

X —x=s5(x)—1 (mod AFT2(G)).

Algebraic & Geometric Topology, Volume 12 (2012)



On the augmentation quotients of the IA-automorphism group of a free group 1247

Proof This is clear from
XT—x=x=-1)—(x—1)
= (X)) =D —(x—1)
=(x=De(x) =1+ (s0(x) = 1)

as 5o (x) — 1 € AKT1(G), and hence (x —1)(s5(x) — 1) € AK+2(G). |
Lemma 3.4 Forany a € A¥(G) and o € IA(G), we have a® —a € AKT1(G).

Proof Any element of A¥(G) can be written as a Z—linear combination of elements
types of

(xp =D (k=1

for x; € G. Hence it suffices to show the lemma for a = (x; — 1) --- (xx — 1). Then
we have

a® —a = (o (e 'x]) =D (O X)) = D = G = Do (e = 1),
={(x1 = DO X] =D+ (= D + (37 %] = D}
o { G = DO X = D+ G — D+ G 'xf = 1)
—(x1 = 1) (g = 1)
== (=)= =D (xg—=1)=0 (mod AK*(G)). o

For any x € G, consider a Z—linear homomorphism ¢,: Z[IA(G)] — A(G) defined
by 0 — sg(x) —1 for any o € IA(G).

Lemma 3.5 Forany k,l>1,x e€Tg(l), and 01, ...,0, € IA(G), we have

Ox((01=1) -+ (0% — 1)) = S0, Sy (- (55, (X)) -+ ) =1 (mod AFHT1(G)).

Proof We prove this lemma by the induction on k > 1. For k = 1, it is obvious by
the definition. Assume that k > 2. Write

@1 =1 (o1 =)= Y ag0 € Z[IA(G)]
o €IA(G)
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for a; € Z.. Then we have

¢x((o1 = 1)+ (Ok—1 — ) (0x — 1)),
= g(01 = 1)+ (k-1 = D)ok — (01 = 1)+ (0% — 1)),
=‘Px( Z dg 00} — Z aao')»
o €IA(G) o €IA(G)

= > ao{(So0;, (X) = 1) = (55 (x) = 1)},

o €IA(G)
= Y ol (¥)5a (0% — 1) = (50 (x) — D)}
o€IA(G)
= 37 {50, (x) = D)(sg ()7 = 1) + (56, () — 1)
oSIAG) + (55 (07 = 1) = (s0.(x) = D)}.

Here we see

> 065000~ D07 =1 = 6o, 0D T aolnn-1)

o€lA(G) o€IA(G)
=0 (mod A*TIH1(G))

since Sg, (x)—1¢€ A?(G) and ZGGIA(G) as(sg(x)—1) € ARH=1(G) by the inductive
hypothesis, and see

D to(s0, ()= 1) = (50, ()= 1) Y ag=0.

o €IA(G) o€lA(G)

On the other hand, by the inductive hypothesis, we have

D ol (x)7 = 1) = (s5(x) = 1)}

o €IA(G)

(T atnm-n) = X a0t

o€IA(G) o €IA(G)
= (Sop—y (- (56, (X)) =) = DTF = (S0, (- ++ (0, (x)) -+ ) = 1) +a’% —a
for some a € AK*/(G). Then, by Lemmas 3.3 and 3.4, we see this is congruent to

Sox (Sop_y (- (56, (x)) =) =1 (mod AFTTF1(G)).

This completes the proof of Lemma 3.5. a
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For each k > 1, since AK(IA(G)) is generated by elements types of

(01 =1 (o = 1)

for 0; € IA(G) as a Z—-module, by Lemma 3.5 we obtain:

Corollary 3.6 Forany k,!/ > 1 and x € T'g(/), we have
¢x(AFIA(G)) € A AAG)).

Remark 3.7 Forany x € I'g(/) a homomorphism Z[IA(G)]— Q¥ (IA(G)) defined
by a — @x(a) is a polynomial map of degree < k. (For details for polynomial maps,
see Passi [17], for example.)

Lemma 3.8 Forany k,/ > 1 and x,y € I'g(/), we have
S -+ (0 (¥)) ) = 5, (- (50, () ) = S, -+~ (5, (7)) ++) (mod T (k +21))
for any o1, ...,0;, € IA(G).

Proof We prove this lemma by the induction on k > 1. If £k = 1, it is trivial from the
part (2) of Lemma 3.2. Assume k > 2. By the inductive hypothesis, we see

Sop—1 (++ (o (X)) = ¢ Sgpe_y (+++ (S0, (X)) *Sope_y -+ (S0, (1))
for some ¢ € I'g(k + 2/ —1). Then, using the part (2) of Lemma 3.2 we have

Sor (Sop—y -+ (55, (x1))))
= S0y (¢ Sy -+ (501 (X)) *So— -+ (S, (1))
= [{So_1 (= (50, X))oy = (50, DN} s 865 ()]
“803.(€) = Soy (Sop—y -+ (S, (X)) * Sy (- (50, (1))
= Soy. (Soye—y (- (S0, (X)) +Soye_y (- -+ (801 (1))
=[S0 (- o W) ™ S0 (S (- (8, (¥))))]
“Soi (Soie—y (-++ (86, (%)) * So (Sae—y (- -+ (S0, (1))
= Soy. (Soye—y (+++ (S0, (X)) S0y (S -+ (55, (1))
modulo I'g(k + 21/). O

Lemma 3.9 Foranyk,!>1,x,yeTg(l), and a € A*(IA(G)), we have

Oxy(@) = ox(@) + (@)  (mod AFTTL(GY).
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Proof First, we consider the case where a = (01 —1) - - - (o), — 1) for some 0; € IA(G).
From Lemma 3.5 and Lemma 3.8, we see

Pxy (@) = 53 (S, (- (S0 (X)) ---)) — 1
= CSg3. (- (S0, (X)) ++) 85 (- (S0, (1)) - +) — 1
for some ¢ € I'g(k 4+ 2/). Hence we have
Pxy(a) = (¢ = 1) (855 -+ (S0, (X)) - ++) + 85 -+ (S0, (1) ---) — 1),
+ (¢ = 1) + (g5 ¢+ (S, (X)) ++) + S0 -+ (86, () -+ ) — 1)
= 8o3. (- (85, (X)) ++) 803 (- (56, (1)) ) — 1
= (805 -+ (86, (%)) -+ ) = D (S0 (- -+ (56, (¥)) -+ ) = 1)
+ (Soy (- (80, (X)) -+ +) = 1) + (855 (- -+ (55, (9)) -+ ) = 1)
= Sope (- (S0, (X)) -+ ) = 1) 4 (50 (- (55, (¥)) ---) — 1)
= @x(a) + ¢y(a)

modulo AKH+1(G).

For a general case, a € AK(IA(G)) is written as a Z-linear combination of elements
types of

(01 =1) (o = 1).

Therefore, using the argument above, we obtain the lemma for any « € A¥(IA(G)). O

Lemma 3.10 For any a € A¥(IA(G)), a map py(a): G — Ok+t1(G) defined by
X > @x(a) is a homomorphism.

Proof Tobegin with, we check that (i (@) is well-defined. Consider elements x, y € G
such that y = x¢ for some ¢ € I'g(2). Then by Lemma 3.9,
9y (@) = gxc(@) = gx(a) + pc(a)  (mod AFT2(G)).

On the other hand, by Corollary 3.6, we see ¢.(a) € A*+2(G). Hence py(a) =
¢x(a) € 0FF1(G).

To show g (@) is a homomorphism, take any x and y € G. Then by Lemma 3.9,

i (@)(xy) = oxy(a) = gx(a) + ¢y(a) = pr(a@)(x) + nr(@)(y)

modulo AKt2(G). a
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Now, we are ready to define a lift of the Johnson homomorphism r;c. Forany k > 1,
define a map

i: AF(IA(G)) — Homgz(G™, 0F1(G))
by at (x = px(a)).

Using Lemma 3.3, it is easy to check that the map py is a homomorphism. Furthermore
AT (IA(G)) is contained in Ker(uuy). Hence iy induces a homomorphism

0*(1A(G)) — Homz(G™, 0¥ +1(G)).

We also denote by u; this induced homomorphism, and call it the k—th Johnson
homomorphism of Z[IA(G)]. We see that the compatibility (2) follows by the definition
of 7, and pu.

3.2 Actions of Aut G

Next we consider actions of Aut G . Since IA(G) is a normal subgroup of Aut G, the
group Aut G acts on Z[IA(G)] from the right by

( Z aga)-r:: Z as(t o)

o€lIA(G) o€IA(G)

for any 7 € AutG. For each k > 1, since AR(IA(G)) is preserved by the action of
Aut G, the group Aut G also acts on each of the graded quotient Q¥ (IA(G)). Then
IA(G) acts on Q% (IA(G)) trivially. In fact, for any 7 € IA(G), we have
(c1—=1)(ox—1)-1=G"togr=1) - (ot = 1)

= oJor =) (77 oplog T — 1)

= {7 o]-Do1 =D+ o] =) + (01 = 1)}

A ok = Dok =D + ([t ox] = 1) + (ox — 1}

= (=1 (o —1)
modulo A¥T1(IA(G)) since [t7!,0;] € I'1a(G)(2) and [t71, 0i] — 1 € A2(IA(G)).
Since Q¥ (IA(G)) is generated by elements (o7 — 1) --- (ox — 1) for 0; € IA(G) as

a Z-module, we verify that the action of IA(G) on Q¥ (IA(G)) is trivial. Hence the
quotient group Aut G/IA(G) naturally acts on each of Q¥ (IA(G)) from the right.

Now, AutG naturally acts on Homgz(G®, Q¥t1(G)). Then it is easily seen that
the action of IA(G) on Homgz (G, Qk+1(G)) is trivial. Hence the quotient group
Aut G/TA(G) also acts on it. To show that u; is Aut G/IA(G)—equivariant, we
prepare:
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Lemma 3.11 Forany k > 1, and 0,071,...,0, € AutG, we have
(S0 (- (56, (X)) =) = S5-1540(** (So—15,6(x7)) = +*).

Proof We prove this lemma by the induction on k > 1. For k = 1, it is clear by
S, ()% = (x—lxm )’ = (xa)—lxma _ (xa)—l(xa)a_lala _ Sa—lala(xa)'
Assume k > 2. Using the inductive hypothesis, we obtain
(S0 -+ (50, (x)) -+))°
= ((So_y (50, () == DT Sy (- (5 (3)) -+-) %)
= (o -+ (5, () DTS {5y (- (50, (1)) =)} K

= o100 C o116 ) Mgt 10( (Sgmtga(x®)) -+ )} Ik°
= Sa—laka(' o (Sa—lala(xa)) ).

This completes the proof of Lemma 3.11. O

Proposition 3.12 For any k > 1, the Johnson homomorphism (i is an Aut G/IA(G) -
equivariant homomorphism.

Proof It is enough to show that uz(a®) = (ur(a))® for o € IA(G) and a =
(01 —1)--- (0 — 1) € QK(IA(G)). Then, for any x € G** we have

k(@) (x) = px (@~ o1o = 1) -+ (0~ ogo — 1) (x)
= Sa—laka(' .- (Sa—lala(x)) o ) — 1.

On the other hand, by Lemma 3.11,

(1 (@) () = (i (@) (X)) = (805 -+ (5, (7)) ---) = 1)°
= Sa—loka(' o (SU—IUIU(X)) . ) — 1.

for any x € G, O

3.3 Some properties of px

Here we observe some properties of . First, we consider the image of uz. In
general, [ is not surjective.

Lemma 3.13 For each k > 1, the image of | is contained in that of a,’: +1.G
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Proof Since Q¥ (IA(G)) is generated by (o — 1) --- (03 — 1) for o; € IA(G) as a
Z-module, it suffices to show g (a) € Im(a;H’G) fora=(o;—1)---(op —1). On
the other hand, using Lemma 3.1 recursively, we see that 54, (So;_, (- -+ (S5, (X)) --+))
belongs to I'g(k 4+ 1) for any x € G. Hence

Sor (Sope—y (- (56, (X)) - ++)) = 1 € Apy1,6(L (k + 1)). O

By this lemma, in the following, we write the k —th Johnson homomorphism as
e QX (IA(G)) — Homz (G, ag1,6(Lg (k + 1))

Next, we consider a calculation of g1 (a(r —1)) for a given a € Qk (IA(G)) and
T €TA(G). Let

a= Y ey @D (o 1)

.....

piri (@@ —10)X) = Y mey e tths1((or = 1)+ (0 — DT = 1))(x)

O1seees o €IA(G)

1]
3
2
Q
=
—~—
@
a
~~
o;
Q
~
)
—
A
2
—~
w
N
N
<
o
|
—
-

01,...,0 €EIA(G)
modulo AKt3(G). If we set X := Sop (- (85, (x)) --+) € Tg(k 4 1), then
Pi+1(a(t —1))(x)

= ) Moy XTI X1
o01,...,0% €EIA(G)

= Y ey X T DX =D+ (X =)+ (XT -1}

1l
3
2
5
=~
~
—~
>
Q
|
—_
~
|
—~
>
|
—_
~
-

= {r (@) (x)}° — g (@) (x)
modulo A¥*3(G). Hence we have

pir1 (@t = D)(x) = {u (@ ()} — g (@) (x) € Q¥ IAG)).

This formula is sometimes convenient for a calculation of the image of .
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4 Free group case

In this section, we mainly consider the case where G = F},. For simplicity, we often
omit the capital F' from the subscript Fj, if there is no confusion. For example, we
write Ly, Ln(k), IAy, ...for LF,, LF,(k), IA(Fy), ...respectively. Here, we study
the structure of graded quotients 0k (1A,) as a GL(n, Z)-module.

4.1 Preliminary results for G = F,

In this subsection, we recall some well-known properties of the IA-automorphism
group IA,, the graded Lie algebra £, and the graded ring gr(Z[Fy]). Let H := F®
be the abelianization of F}. The natural homomorphism p = pf,: Aut F,, — Aut H
induced from the abelianization of F,, — H is surjective. Throughout the paper, we
identify Aut H with the general linear group GL(#, Z) by fixing a basis of H induced
from the basis xy,...,x, of F,. Namely, we have GL(n,Z) =~ Aut F,/IA,.

Magnus [13] showed that for any n > 3, 1A, is finitely generated by automorphisms

Kij: x¢ — {xj_lxjxj " l
X; t#£i
for distinct 1 <i, j <n, and
xi[xj, x;] t=i,
Xy t 7é I
for distinct 1 <i, j, / <n and j <. Recently, Cohen and Pakianathan [6; 7], Farb [8]
and Kawazumi [12] independently showed

Kij[Z Xt = {

(3) IA® ~ H* Q7 A’H

as a GL(n, Z)—module. In particular, from their result, we see that IAi‘,b is a free abelian
group of rank n%(n — 1)/2 with basis the coset classes of the Magnus generators K; j
and K ijl-

It is classically known due to Magnus that the graded Lie algebra £, is isomorphic
to the free Lie algebra generated by H over Z. (See Reutenauer [19], for example,
for basic material concerning the free Lie algebra.) Each of the degree k part £, (k)
of £, is a free abelian group, which rank is given by Witt’s formula

@) ranky (L (K)) = 7 3l
d|k

where p is the Mobius function.
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We next consider an embedding of the free Lie algebra £,, into the graded sum gr(Z[ Fy]).
In general, it is known that the graded Lie algebra homomorphism af,,: £, — gr(Z[Fy])
induced from x +— x — 1 for any x € Fj, is a GL(n, Z)—equivariant injective homo-
morphism, and that gr(Z[F}]) is naturally isomorphic to the universal enveloping
algebra U(L,) of L,. (See [17, Theorem 6.2, Chapter VIII].) For simplicity, in the
following, we identify £, (k) with its image o (L, (k)) in Q¥ (Fy).

Here we observe a conjecture for the Z—module structure of Qk (IA,). For a group G
such that each of the graded quotients Lg (k) is a free abelian group for k£ > 1, Sandling
and Tahara [20] showed that as a Z—module,

k
k(@) = > R SU (L (i)

i=1

for each k > 1. Here Z runs over all nonnegative integers ay, ..., ay such that

k
Ziai:k,

i=1
and S%(Lg(i)) means the symmetric tensor product of Lg (i) of degree a such that
S%(Lg (i) =Z.
On the other hand, it is conjectured by Andreadakis that the lower central series
I'1a, (k) coincides with the Johnson filtration A, (k). He [1] showed that this is true
for n = 2. Since each of the graded quotient gr¥(A,) := A, (k)/ An(k + 1) of the
Johnson filtration A, (k) is free abelian, the Andreadakis’s conjecture let us conjecture:

Conjecture 4.1 For any k > 1,

k
0 (1A,) = ) Q) S (Lia, (i)

i=1
as a Z-module. Here the sum runs over all nonnegative integers a1, ..., a; such that

To study Qk (TA,), first, we consider the surjective homomorphism 7y : Qk (IA,) —
Qk (IAZ") induced from the abelianization of IA,, for k > 1. We remark that each of 7z
is an GL(n, Z)—equivariant surjective homomorphism, and that Qk (IADP) =~ Sk (1AD)
since IA is free abelian as mentioned before. For k = 1, mx: Q'(IA,) — Q' (IAZ)
is an isomorphism, and Q'(IA,) = IA® = H* ®7 A% H . In general, however, 7y, is
not injective for £ > 2, and seems to have a large kernel from the conjecture above.
In this paper, to investigate the GL(n, Z)—module structure of Ker(m;), we use the
Johnson homomorphism g .
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4.2 The image of wj |ker(zs)

Here we study the image of the Johnson homomorphism
i OF(IA,) — H* @z La(k + 1) C H* @7 QK1 (Fy)

restricted to the kernel of 7 for a sufficiently large n. Note that H* ®z L,(k + 1) =
H* @z ap+1(Ly(k + 1)) is generated by elements

X[ ®([Xiy, .. Xig 1= 1), 1=i,ij<n

as a Z—module. First we consider the case where k > 3.

Proposition 4.2 For any k > 3 and n > k + 2, the homomorphism
/'Lk|Ker(nk): Ker(ﬂk) — H* Xz »Cn(k + 1)
is surjective.
Proof Forany xF®([x;,....,Xj,,]—1),since n>k+2, there exists some 1 < j <n
such that j # iy, ..., ix41.
Case 1 The case where iy, #i. Set
4o (Kijigyr — D(Kjie = 1) - (Kjis — D(Kjiyi, = 1) if j #1,
(Kjixyy — D(Kjiye = 1) - (Kjiy — D(Kjjyi, — 1) if j =1,
Then we have g (a) = xF ® ([xi,....,Xi,,,]—1). On the other hand, if we set
(Kjiyin — D(Kjiy — 1) - (Kji — D(Kijigypy — 1) if j #1,
(Kjiri = D (Kjiy = 1)+ (K, = D (Kgiegy = 1) i j =1,

then py(b) = 0. Hence we obtain ug(a —b) = x;7 ® ([xiy,...,Xi,,]— 1) for
a—>b e Ker(my).

Case 2 The case where i1 =i. Set
= (K" = D(Kji, = 1) -+ (Kjiy = D(Kjiyip — 1)
Then g (a’) = x} ® ([Xi;, .., Xi,,]—1). On the other hand, if we set
b= (Kjiyi, = D(Kjiy = 1) -+ (Kji = D(KG' = 1),
ui (b") = 0. Hence we obtain (@’ —b") = x] ® ([xi,.... X, ]—1) fora’ = b" €

Ker(7ry). This completes the proof of Proposition 4.2. a
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It seems to difficult to show above for 2 <n < k 4+ 2 since we can not take 1 < j <n
such that j #iy,...,ix4+ in general.

As a corollary to Proposition 4.2, we see the surjectivity of i of Z[IA(G)] for
the case where G is a certain quotient group of Fy,. Let C be a characteristic sub-
group of F, such that C C I',(2), and set G := F,/C. Then we have a natural
isomorphism G® =~ H . The natural projection ¢: F, — G induces homomorphisms
Qk(F,,) — Qk (G), also denoted by ¢. Since C is characteristic, ¢: F,, — G induces
a homomorphism ¢: Aut F, — Aut(G). Clearly, ¢(IA,) C IA(G). Furthermore, ¢
naturally induces homomorphisms Qk (I1A,) — Qk (IA(G)) which is also denoted

by 5

Corollary 4.3 With the notation above, for any k > 3 and n > k + 2, the homomor-
phism pg: Ker(mg 1a)) = H* ®z ax41(Lg(k + 1)) is surjective.

Proof It is clear from a commutative diagram
Ker(mg 1a,) s H* @z 1 (Lalk +1))
al lm®¢
m
Ker(mga6) —— H* ®zap41(Lak + 1),

where the first row and id ® ¢ are surjective. a

For example, if G is a free metabelian group G = F;, /[[5(2), ['5(2)], then the Johnson
homomorphism py: Ker(mg 1a6)) = H* ®z ag+1(Lg(k + 1)) is surjective for any
k>3 and n > k 4+ 2. In Section 5, we show that we can improve the condition k£ > 3
and n > k + 2 above for G = F,,/[T,(2), T (2)].

By Proposition 4.2 and Corollary 4.3, we have:

Theorem 4.4 Let C and G be as above. For k >3 and n> k42, an Aut(G)/1IA(G) -
equivariant homomorphism

1 ® me: QF(IA(G)) —> (H* ®z o 41,6(La (k +1))) D 0F 1AG)™)

defined by 0 — (i (0), 7 (0)) is surjective.

In particular, for C = {1}, and hence G = F}, we have a GL(n, Z)—equivariant
surjective homomorphism

i ® 1 QF(1A,) — (H* ®7 La(k + 1)) @ SKIALY)
fork>3andn>k+2.
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Finally, we consider the case where k = 2. Observing a split exact sequence (1), we
see that Ker(m3) = a3 1a(6)(L1a(G)(2)). Hence, from the compatibility (2), we see
that Im(u2 [ker(r>)) = @3 ¢ (Im(z3)). In [21], we showed that for any 7 > 2, Im(z}),
which is equal to Im(z;), satisfies an exact sequence

0— Im(t}) > H*®zLn(3) = SPH — 0

of GL(n,Z)—modules. Hence we see that:

Proposition 4.5 Forn > 2, Im({t2 |Ker(z,)) is @ GL(n, Z)—equivariant proper submod-
ule of H*®zw3(L,(3)), which rank is given by

1
gn(n + 1)(2n% —2n-3).
Here we remark that p, is surjective.
Lemma 4.6 For any n > 2, the map j1,: 0?(IA,) — H* ®z L, (3) is surjective.

Proof Take an element xl?" ® ([xi,. Xiy, Xiy]—1). We may assume i; #ip. If ij #1i
for 1 < j <3, we see that

pa(Kiiy — D) (Kiiyi, — 1) = x; ® ([xiy, Xip, Xi3] = 1).
If i3 =i and iy,i, # i, then
Mz((K,-_,-l1 = D(Kiyi, = 1)) = X7 ® ([xi, i, Xi] = 1).
If iy =i and i,i3 # i, then
pa((Kiiy — D)(Kiiy — 1)) = X7 ® ([, Xiy, Xi3] = 1).
If i =i and iy,i3 # i, then
2 ((Kiiy = DK — 1) = xF & ([xi,. xi, xi3] = ).
If iy =i3 =1, then
ra((Kizy = D(KG; = 1) = X7 ® ((xi, X1, x1] = 1).
If i, =i3 =1, then
ma (Kl = D(K; i — 1) = X7 @ ((xiy. xi. xi]— D).

Hence the generators of H* ®z L,(3) are contained in the image of ;. a
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5 Free metabelian case

In this section, we mainly consider the case where G = F,{” = F,/[Tn(2), Tn(2)].
For simplicity, we often omit the capital F from the subscript F, M if there is no
confusion. For example, we write LM, LM (k), IA ..., for L FM > .CFM(k),
IA(F, ’5\4 ), ..., respectively. Here, we study the structure of graded quotients ok (IAM )
as a GL(n, Z) —module.

5.1 Preliminary results for G = FM

In this subsection, we recall some properties of the IA-automorphism group IA,],VI and
the graded Lie algebras £,11V[ .

To begin with, we have (FM)ab H , and hence Aut (FM)ab Aut(H) =GL(n,Z).
Since the surjective map pf,: Aut F, — GL(n, Z) factors through Aut F,{VI , a map
PEM: Aut F,{\’[ — GL(n, Z) is also surjective. So we can identify Aut F,f”/IA(F,fV[)
with GL(n,Z).

Let v,: Aut F,, — Aut F,f"l be the natural homomorphism induced from the action
of Aut F, on F,f” . Restricting v, to A, gives a homomorphism vy|ia,: 1A, — IA,];/[ .
Bachmuth and Mochizuki [4] showed that v, |1a, is surjective for n > 4. They also
showed that v3|1a, is not surjective and IA?’[ is not finitely generated [3]. Hence IA,]lM
is finitely generated for n > 4 by the (coset classes of) Magnus generators K;;j and Kjj;.
We remark that since Ker(v,|1a,) is contained in A, (3), we have isomorphisms

(IAM)® ~ A% ~ H* @4, A2H
as a GL(n, Z)—module.

The associated Lie algebra LM = @, LM (k) is called the free metabelian Lie
algebra generated by H or the Chen Lie algebra. It is also classically known due to
Chen [5] that each E,]l\’[ (k) is a GL(n, Z)—equivariant free abelian group of rank

rankz (LM (k)) = (k — 1)(”+k 2).

We remark that £, (k) = Efy(k) for 1 <k <3.

By the same argument as in Section 4.1, for each k > 2, we can detect Sk ((IAM )20) in
ok (IAM ) by the GL(n, Z)—equivariant surjective homomorphism 7™ A - Ok (IAM )—
Qk ((IAM )2) induced from the abelianization of IAM In order to investigate the
GL(n, Z)-module structure of Ker(yr ), we use the Johnson homomorphism .
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5.2 The image of p IKer(n;Y)

Here we study the image of the Johnson homomorphism
e QAN — H* @z 1 (L) (k + 1)

restricted to the kernel of 71,?4 for n > 4. First, in order to get a reasonable generators
of E,]y (k + 1), we consider some lemmas. Let &; be the symmetric group of degree /.
Then we have:

Lemma 5.1 Let/>2 and n>2. Forany element [x;,, Xiy, Xj, , ..., xj,] € LM (I +2)
and any A € Gy,

[Xiy, Xin, Xjps ooy Xjy] = [x,'l,xiz,xh(l) ... ,xj-w)].

Proof Since &; is generated by transpositions (m m + 1) for 1 <m <[ —1, it
suffices to prove the lemma for each A = (m m + 1). Now we have

[y s Xins Xjio oo Xt s X ]y X111
= X Xjgr ] (X5 Xin s X Xy ]
=X Xy X Xy Xy 1L X
= ([ s Xis Xjy oo s Xy ] xjm+1]v Xjm]

in E,]y (m + 3) by the Jacobi identity. Hence,
[Xi1s Xin s Xy o Xy ) = (X1 Xy X1 oo X Xjimgr> X -+ Xy |
= [Xiys Xings Xjo 1y -2 Xjriy |-
in LM (1 42). o

Similarly to H* ®z a4 (Ln(k + 1)), the Z-module H* @z oy (LM (k + 1)) is
generated by elements

* ..
X; Q@ ([xip,. .. X =1, 1=i, ij<n.
On the other hand, using Lemma 5.1, elements [x;,, Xi,, ..., Xj,,,] € LM (k + 1) is
rewritten as
[Xiy s Xigs Xig ooy Xip_ys Xiy Xiy oo o Xi]

in E,]y(k + 1) for some /, 3 <[/ <k + 2 such that i3,i4,...,i;_1 # i. Hence
H* Q7 )41 (E,]l\’[ (k 4+ 1)) is generated by elements

X7 ® ([Xiy s Xigs Xigs v Xig_ s Xiu Xiy oo, Xi]— 1)
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for some /, 3 </ <k + 2 such that i3,...,i;_y # i. Furthermore, without loss of
generality, we may assume i, 7 i in the generators above.
Proposition 5.2 For any k > 2 and n > 4, the homomorphism

1 |ker(eM): Ker(mp!) = H* @z 01 (LY (k + 1))

is surjective.

Proof Take a generator
Py
X; @ ([Xiy s Xigs Xigs ooy Xip_ys Xis Xiy oo, Xi] — 1)

of H* ®Zak+1(£,],”(k + 1)) forsome [, 3 </ <k +2 suchthat ip,...,ij_; #i as
mentioned above. Since n > 4, there exists some 1 < j <n such that j #i,i,i;.
First, consider an element

a:=(Kj' = D) (Kji— 1)+ (Kji — 1) € AFIH2qa)),
where (Kj; — 1) appears k —/ 4 1 times in the product. Then we see
P—143(@) = x; ® ([xj, X4, ..., xi| = 1),
where x; appears k —/ + 2 times among the component.

Next, set

b:

Kjijy_, —1 if j #ij_4,

Kl —1 if j =ij_q,

e I—4 1AM
¢ = (Kii/_z_l)(Kil'[_g,_1)"'(Kii3_1) €A (IAn )’

g | Kini =1 if i # iy,
| K, =1 ifi =i,

Then we have
pr(abed) = x7 & ([Xiy, Xigs Xigs -+ s Xiy_y» Xiv Xiy oo, Xi] — 1).
On the other hand, uy(dbac) = 0. Hence we have
pr(abed —dbac) = x7 @ ([Xiy, Xigs Xigs -+« s Xip_ys Xis Xiy oo, Xi]— ).

Therefore since abcd — dbac € Ker(nliw ), we conclude that px |ker(xM) is surjective.
This completes the proof of Proposition 5.2. a
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Then we have:

Theorem 5.3 For k > 2 and n > 4, a GL(n, Z)—equivariant homomorphism

e ® 7 QX AAY) — (H* @z a1 (L) (k + 1)) €D S¥(TAY)™)

defined by 0 — (i (0), 7 (0)) is surjective.
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