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Derived functors of nonadditive functors
and homotopy theory

LAWRENCE BREEN
ROMAN MIKHAILOV

The main purpose of this paper is to extend our knowledge of the derived functors of
certain basic nonadditive functors. The discussion takes place over the integers, and
includes a functorial description of the derived functors of certain Lie functors, as well
as that of the main cubical functors. We also present a functorial approach to the study
of the homotopy groups of spheres and of Moore spaces M (A, n), based on the Curtis
spectral sequence and the decomposition of Lie functors as iterates of simpler functors
such as the symmetric or exterior algebra functors. As an illustration, we retrieve
in a purely algebraic manner the 3—torsion components of the homotopy groups of
the 2—sphere in low degrees, and give a unified presentation of the homotopy groups
;i (M (A, n)) for small values of both i and n.

18G55, 18G10; 54E30, 55Q40

1 Introduction

A great number of methods for computing the homotopy or the homology of a topo-
logical space begin with a mod p reduction, and this has proved to be very efficient
even though one then has to deal with an extension problem when reverting to integer
coefficients. However, such methods are not well-suited when one considers spaces
which are of an algebraic nature, such a Eilenberg—Mac Lane spaces. That a purely
functorial approach is possible in such a case was already apparent in the classical paper
of S Eilenberg and S Mac Lane [22], in which they explicitly compute the integral
homology of Eilenberg—Mac Lane spaces in low degrees. Their results are expressed in
terms of what they called the “new and quite bizarre functors” €2(IT) and R(IT). These
functors became more intelligible with the advent of the Dold—Puppe theory of derived
functors of nonadditive functors [20], as they could then be interpreted as the left-
derived functors of the second exterior power functor and of the second divided power
functor respectively. Higher analogues of these new functors subsequently appeared in
related contexts in a number a places, particularly in the PhD theses of Mac Lane’s
students, R Hamsher [28] and G Decker [17]. However, this line of research was not
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vigorously pursued, though one should mention in this context the works of H Baues [2]
and of the first author [10], as well as the unpublished preprint of A K Bousfield [8].

In the present text, we compute in this functorial spirit certain unstable homotopy
groups of Moore spaces M (A,n) and in particular of the corresponding spheres
S" = M(Z,n). This approach to the computation of the homotopy groups of spheres
is of particular interest, since much more structure is revealed when these homotopy
groups are described as special values at the group A = Z of appropriate functors.
Our method is in some sense quite classical, since it relies on D Kan’s construction
of the loop group GK of a connected simplicial set K and on E Curtis’ spectral
sequence determined by the lower central series filtration of GK . The initial terms in
this spectral sequence were described by Curtis in [15] in terms of the derived functors
of the Lie functors ¥". He showed in addition that these Lie functors are endowed
with a natural filtration, whose associated graded components are built up from more
familiar functors.

It follows from this description that a key ingredient in such an approach must be a good
understanding of the derived functors of the functor £”. We are able to achieve this in
low degrees, where this is made possible by the fact that this Curtis decomposition of
the Lie functors reduces this problem to the computation of derived functors of iterates
of certain elementary functors (particularly the degree r symmetric functor SP”, and
the related r—th exterior algebra and r—th divided power functors A” and I',). In
order to deal with such iterates, we require a composite functor spectral sequence along
the lines of the standard Grothendieck composite functor spectral sequence described
for example in Weibel [47], but now for a pair of composable nonadditive functors.
Such a nonadditive composite functor spectral sequence has been discussed by D Blanc
and C Stover [6], but we give here a formulation of its initial terms which is better
suited to our computational objectives. In fact this spectral sequence degenerates in
our context at EZ, and may rather be thought of, for the functors which we consider,
as a symmetrization of the Kiinneth formula and its higher analogues a la Mac Lane
[34; 35]. It allows us to go beyond the computation of the derived functors of iterates
of A? considered in this context by the second author and I B Passi in [40].

In our quest for the explicit values of the Dold—Puppe derived functors of the Lie algebra
functors " for certain values of r, we deal with a number of questions of independent
interest. First of all, starting from the description of the derived functors of SP” and A"
given by F Jean (a student of the first author) in his thesis [30], we obtain a complete
description of these derived functors (as well as those of the divided power functor I';)
for r = 2, by a method different from that of H Baues and T Pirashvili in [5]. We
then go on to give a similarly complete and functorial description of the corresponding
derived functors of SP3 , A3 and I'3, and we deduce from this a functorial description
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of the derived functors L; 3 (A, n) for all i and n. We also compute certain derived
functors of the quartic composite functors A2A2 and A?T,, and deduce from these
certain values of the derived functors L;$*(A4,n).

We were led, in our quest for the derived functors of $4, to an analogue for Lie
functors of the décalage morphisms. The latter are maps determined by the existence
of Koszul complexes, and which relate to each other the derived functors of SP”, A"
and T',. Just as A” may be viewed as a superanalogue! of SP”, we need to introduce
a superanalogue &} of the Lie functor £”. It turns out that this must not be the naive
graded commutative version of the Lie functor, in which certain signs are changed in
the relations defining it. Instead, it is necessary to introduce in its definition, following
D Leibowitz in her unpublished thesis [33], an additional divided square operation
with respect to the Lie superbracket of odd degree elements. While there no longer
exist décalage isomorphisms between the Lie and super-Lie functors, there do exist
(in Bousfield’s terminology) canonical pension maps between them, which we call the
semi-décalage morphisms. These give us a refined description of the derived functors
of certain super-Lie functors.

We rely at some point on the knowledge of the homology of the complex C"(A4)
associated to an abelian group A. This is the dual of the de Rham complex first
introduced in the present context by V Franjou, J Lannes and L Schwartz in [24]. We
refer to Mikhailov [39] for an explicit calculation of the values of the homology groups
HyC"(A) for all n, as announced by Jean in [30], as well as for a description of all the
homology groups H;C™(A) when n < 8. The occurrence of 4—torsion in H;C8(A)
and that of a Lie functor term in H;C®(A), suggests that there is no simple functorial
description of these groups for a general 7.

In Section 11, we use these tools in order to achieve our goal of computing algebraically
certain homotopy groups of n—spheres and Moore spaces M (A, n). The task at hand
is twofold. First of all, as we have said, one must compute the initial terms of the Curtis
spectral sequence, and for this we rely on our knowledge of the derived functors of
certain Lie functors and their superanalogues. The second part consists in understanding
certain differentials in the spectral sequence. We rely here upon various methods, some
based on the functoriality of our construction and on the fact that the differentials are
therefore natural transformations rather then mere group homomorphisms. Others are
more classical in spirit (the suspension of a Moore space, the comparison of a Moore
space with the corresponding Eilenberg—Mac Lane space, and so forth). We have at
times in this final section made use of known results concerning the homotopy of

IWe prefer to call this the superanalogue, rather than the graded analogue as is more customary, since
all our functors are graded.
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Moore spaces for specific groups A, whenever this allowed us to progress with our
own investigations. It is quite striking to observe how far one can go in the description
of these homotopy groups, with only the knowledge of derived functors of quadratic
and cubical functors as the basic input.

In this final section we proceed in logical order, beginning with the homotopy groups
of S? and M(A,2) and then moving on to M (A,n) for increasing values of n. For
A =7, some of our results follow in the stable range from the six author paper Bousfield
et al [9] where a more efficient spectral sequence is considered, which however depends
on the choice of a fixed prime p (see also Curtis [16]). As an illustration of our
methods, we begin by explaining how one may obtain in this way the known values
of the 3—torsion of ;(S?), for values of i up to 14. To have gone further, so as to
retrieve the classical results of H Toda [46] up to i = 22, would have obliged us to delve
further into the analysis of the spectral sequence. We also recover, and reinterpret, some
results of Baues and his collaborators [2; 21; 3]. In particular, we obtain by our methods
the results of Baues and Buth [3] concerning 7;(M(A4,2)) for i = 4, and give an
improved description of the unpublished results of Dreckmann for i = 5 [21] (see also
Baues and Goerss [4], and the recent Mikhailov and Wu [41]). Specializing to the case
A =7/ p, we obtain further information about the groups 7; (M (Z/ p,2)) whenever
the prime p is odd. By suspending these calculations, this gives us in particular a fully
functorial description of the graded components associated to a natural filtration of the
group mg(M (A, 3)) which appears to be new. As a consequence of these computations,
we can recover the value of w5(M(Z/3,2)), a significant case of the extension by
Neisendorfer [42] to the prime p = 3 of Cohen, Moore and Neisendorfer’s study [12]
of the homotopy of Moore spaces (this value had in fact already been obtained by
Leibowitz in [33]).

As a final example, we examine the low degree homotopy groups of M (Z/3,5) since
this allows us to exhibit in a simple context some of the techniques on which we relied
throughout this section. In fact, the reader may wish to begin with this case, before
going on to the more delicate unstable computations which precede it.

As will be apparent from this description of our paper, a number of our results in
homotopy theory have already appeared in one form or another in the literature, where
they are proved by very diverse methods. Our aim here is to show that these can all be
obtained by a uniform method, based solely on functorial techniques from homological
and homotopical algebra with integer coefficients. We expect that such an approach
to these questions will not only allow one to compute specific additional homotopy
groups, but more importantly will shed some new light upon their global structure.
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2 Derived functors

2.1 Graded functors

Let Ab be the category of abelian groups and A an object of Ab. For any chain
complex C;, we will henceforth denote by C|[n] the chain complex defined by

Cln); := Cij—, forall i.

In particular, the chain complex A[n] is concentrated in degree #. In addition to the
graded tensor power functor ® := @, >, ®”", the symmetric power functor SP :=
B,.>0 SP", and the exterior power functor A := &, >, A" (the quotient of ® 4 by
the ideal generated by elements x ® x for all x € 4), we will consider over Z the
following somewhat less well-known functors:

Divided power functors (See Roby [44].) 'y = ®n20 ['y: Ab — Ab. The graded
algebra '« (A) is generated by symbols y;(x) of degree i > 0 satisfying the following
relations for all x, y € 4:

D) yolx)=1

2) nx)=x

® neom = ("7 renw

@ & +y) =D @), n=1

s+t=n
(5) vn(=x)=(=D"yn(x), n= 1.

In particular, the canonical map 4 >~ I';(A) is an isomorphism. The degree 2 compo-
nent I',(A) of I'x(A) is the Whitehead functor I'(A). It is universal for homogenous
quadratic maps from A into abelian groups. The following additional relations in T« (A4)
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are consequences of the previous ones:
vr(nx)=n"y,(x), nez

ryr(x) = xyr—1(x)
x" =rly.(x)

yr(x)y" =x"yr(p).
In addition, a direct computations implies that
Tr(Z/n) =~ Z/n(r,n*),
where the extended gcd (r, n®) is defined by (r, n°°) := lim ;0 (1, n'™).
Lie functors &£: Ab — Ab (See Curtis [14].) The tensor algebra ®(A4) := P, (R" A)

on a Z-module A is endowed with a Z-Lie algebra structure, for which the bracket
operation is defined by

[a, b]:=a®@b—-—b®a, a,be®(A).
One defines n—fold brackets inductively by setting
2-1) l[at,...,an]:=la1,...,an—1], anl.

We will denote ® 4, viewed as a Z-Lie algebra, by ®@(4)¢. Let £(A4) = B,>1 L (A)
be the sub-Lie ring of ®(A4)“¢ generated by A. Its degree 2 and 3 components are
generated by the expressions

(2-2) a®b—bR®a and a®bRc—bRaRc+cRaR®b—cRbRa

where a,b,c € A. £(A) is called the free Lie ring generated by the abelian group A.
It is universal for homomorphisms from A4 to Z-Lie algebras. The grading of ®(A4)
determines a grading on ¥(A), so that we obtain a family of endofunctors on the
category of abelian groups:

$':Ab—>Ab, i >1.
In particular,
(2-3) $(Z)=0

for all i > 1. For any free group F and i > 1, one has the natural Magnus—Witt
isomorphism (see Magnus [36] and Witt [49])

(2-4) Vi(F)/vit1(F) = L (Fy),

where y; (F) is the i —th term in the lower central series of F.
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Schur functors We will also consider the Schur functors

JELY" E": Ab— Ab, n>2

defined by
J"(A) =ker{A ® SP""1(4) — SP"(4)}, n>2,
(2-5) Y™(A) =ker{fA ® A" 1(4) —> A"(A)}, n>2,
E"(A) =ker{A®T,_1(A) — Tp(A)}, n>2.
In particular,
(2-6) J?(A) = E*(A) ~ A%*4 and Y?(A4) ~T,(A)

whenever A is free. The functors Y"(A) are the Z—forms of the Schur functors Sy (V')
associated to the partition A = (2, 1...,1) of the set (n) (see Fulton and Harris [26,
Exercise 6.11] and Fulton [25, Chapter 8 (19)]). The functors J"(A4) and E"(A) are
two distinct Z—forms of the Schur functors S,, associated to the partition = (n—1, 1)
of (n), which is the conjugate of the partition A.

The functors J” and their derived functors were considered by E Curtis [15] and
J Schlesinger [45]. Just as the quotient of a Lie ring & by the ideal generated by
all brackets is an abelian Lie ring, one can consider the metabelian Lie rings. These
are the quotients of & by the ideal generated by brackets of the form [[ ],[]]. The
following proposition asserts that the functors J”, restricted to free abelian groups A4,
are metabelian Lie functors:

Proposition 2.1 (Schlesinger) [45] Let A be a free abelian group and n > 2. The
4—term sequence

Q7)) 0= LA NLEL2(A) - $(A) 25 4 ®SP"1(4) 2 SP"(4) — 0

is exact, where ry, is the multiplication, and the map p,, is defined by

Dni[my,....mpl=>my @ my---my —my® myms---my, where mj € AV j.
The projection
(2-8) $HA) —= J"(A)

of $™(A) onto its image in A ® SP"~! A will also be denoted p,,, so that if we set

JMA) := $"(A) N L2L2(A),
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the sequence (2-7) splits into a pair of short exact sequences:

(2-9) 0 — J7(A) — L(A) = J"(4) — 0
(2-10) 0 — J"(4) — 4 @ SP"! — SP"(4) — 0.

In particular,
(2-11) F2(A) ~ A*(A) and L3(A) ~ J3(A)

since J" (A) is trivial forn = 2, 3.

There is a natural transformation
Z[A] —> Tu(A)

which sends [a] to y,(a). The algebra structure on I'x(A) determines for each n a
natural transformation
SP*(A) —> Ty (A).

In addition, there are natural transformations:

(2-12) fu: SP™(A) S ®"4
ap---dpy = Zah@.“@ain
oeX,
(2-13) gn: AN (A) - Q"4
ayA---ANap — Z sign(o)a;, ®---®ai,
ogeX,
(2-14) hn: Th(A) - Q"4
Yr(aD) - yr(ap) > Y ai, ®--®a;,
(ila"'ain)
In these definitions of f, and g, we have set ij := o (), whereas the (i,...,i,) in

the definition of /1, range over the set of n—tuples of integers for which j occurs r;
times (1 < j <k). When 4 is free abelian, the induced morphism

Bt Tr(A) — (@A)

from I';,(A) to the group of tensors invariant under the action of the symmetric group is
an isomorphism for all » > 1. By the universal property of the algebra I'x(A), &, may
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also be characterized as the map determined by the divided power algebra structure
on ® (A), where the product in this algebra is defined by the shuffle product, and the
divided powers are characterized by the rule y,(a) :==a®---®a € ®" A forall a € A.

2.2 Derived functors

Let A be an abelian group, and F an endofunctor on the category of abelian groups.
Recall that for every n > 0 the derived functor of F in the sense of A Dold and
D Puppe [20] are defined by

Li;F(A,n) = ni(FKPy[n]), i>0

where Py — A is a projective resolution of A, and K is the Dold—Kan transform,
inverse to the Moore normalization functor

N: Simpl(Ab) — C(Ab)

from simplicial abelian groups to chain complexes (see for example Weibel [47, Defini-
tion 8.3.6]). We denote by LF(A, n) the object FK(Py[n]) in the homotopy category
of simplicial abelian groups determined by FK(P«[n]), so that

Ll’F(A,I’Z) = YT,'(LF(A,I’l)) .

We set LF(A) := LF(A,0) and L; F(A) := L;F(A,0) for all i > 0. When the func-
tor F' is additive, the L; F(A) are isomorphic by iterated suspension to L;4+, F(A4,n)
for all n, and coincide with the usual derived functors of F. As examples of these con-
structions, note that the simplicial models LF(L — M) of LFA and FK((L — M)[1])
of LF(A, 1) associated to the two-term flat resolution

(2-15) 0 L5 M- A0

of an abelian group A are respectively of the following form in low degrees:

90,01,02 30,01
(2-16) F(so(L) ®51(L) @ s150(M)) = F(L® so(M))—= F(M)
— <«

where the component F (M) is in degree zero, and
005005

03
F(so(L) ®51(L) @ 52(L)®
G0 5 150(M) @ 5250(M) @ 5251 (M) é FIEG DG

do

U

MMz

1,02

F(M)

where the component F(M) is in degree 1. It follows from the definition of homology
that L;Z(A,n) ~ H;(K(A,n); Z) for all n, where K(A, n) is an Eilenberg—MacLane
space associated to the abelian group A.
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Derived functors of ®”" (See Mac Lane [35].) For n > 1, and abelian groups
Ay, ..., A,, we define?

L L )
Tor;(Ayq,...,Ap) := H,-(Al ®---®An), i>0
L

where 4 ® B is the derived tensor product of the abelian groups A and B in the
derived category of abelian groups, as in Weibel [47, Section 10.6]. In particular,

Torg(Ay,...,Ay) >4 ®---® A, and Tor;(A{,...,4,)=0, i>n.
One sets
Tor(A;, Ay) :=Tor1 (A1, A;) and Tor[”](A) :=Tor,—1(A4,...,A) (n copies of A4).

While computations of such iterated Tor functors for specific abelian groups A are
elementary, an explicit functorial description of the multifunctors Tor; is more delicate.
The Kiinneth sequence

0 — Tor(Aq, A2) ® A3 — Tor1 (A1, A, A3) = Tor(A; ® A, A3) — 0,

is functorial and exact but only splits unnaturally, as discussed in Mac Lane [34; 35].
The Eilenberg—Zilber theorem determines natural isomorphisms

L;i ®" A~Torj(A,...,A) foralli>0.

The group Tor[”](A) is generated by n-linear expressions t; (a1, ...,da,). Here the a;
live in the subgroup ;A of elements @ of A for which ha = 0 (h > 0), subject to the
so-called slide relations

(2'18) Thk(al,...,aj,...,an):Th(kal,...,kaj_l,ai,ki_l,_],...,kan)

for all i, where hka; =0 for all j #i and ha; = 0. The associativity of the derived
tensor product functor implies that there are canonical isomorphisms

Tor"(A) ~ Tor(Tor11(A4), 4), n=>2.

The description of derived functors L; ®”" A for a general i follows from that of
Torl(A4). For every abelian group A, n>1, 1 <i <n—1, the group L; ®" (A4) is
by [35] the quotient

L ®" (A) ~ Tor *1(4) @ (" 771 (4))/Jace,

2In [34], Mac Lane uses the notation Trip(d;, Ay, A3) for the group Tor;(A;, Ay, A3) and
Tor(Aq,..., Ap) for Tor,—1(Aq, ..., An).
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where Jacg is the subgroup of generalized Jacobi-type relations, generated by the
expressions

i+2
Z(_l)krh(xla---aﬁ,...,Xi_l’_z)@_Xk ®xi+3 R ®Xxp
k=1

forall x;,...,x, € A.

Derived functors of SP” The natural transformation ®” — SP” induces a natural

epimorphism

(2-19) Tor”(4) — L, SP"*(A)

sending the generators t;(dq,...,da,) of Tor™(A4) to generators By(ay,...,ay) of
Sn(A):= L,_1SP"(A).

The kernel of this map is generated by the elements tj(a;, ..., a,) with a; = a; for
some i # j. It is shown by Jean in [30] that

(2-20) L;i SP"(A) ~ (L; SP'T1(4) ® SP"~+D(4))/Tacsp,
where Jacsp is the subgroup generated by elements of the form
i+2

D EDFBRCrr Rk Xig2) ® Xk Y1 Yni
k=1

with x; € A and y; € A for all i, j. The filtration of Z(A,n) by powers of the
augmentation ideal determine a filtration on the homology groups H,(K(A4,n);Z),
whose associated graded pieces are the L, SP*(A4,n) (see Breen [10]).

Derived functors of A" For any abelian group A and n > 1, we set
Q2n(A) == Ly—1 A"(A).
Consider the action of the symmetric group X, on Tor[”](A), defined by

otp(ay,...,ay) =sign(o) tp(ag(1y, - - - o))

where ha; = --- = ha, =0, a; € A, 0 € ¥,,. We denote this action by X¢. The
natural transformations g, induces functorial isomorphisms between 2,(A4) and the
>¢ —invariants in Tor”l(4) [10; 30, Theorem 2.3.3]:

Qn(A) ~ (Tor™(4)) 0.
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In particular,
(2-21) QuZ/ry~Z]r.

for all » > 0 and 2,(A) is the functor 2(A4) of Eilenberg—Mac Lane [22]. The
morphisms 75 which described the Tor functors now symmetrize to homomorphisms

(2-22) XZ: In(pA) = Qu(A)
for 4 > 1 and the group 22,(A) is generated by the elements
(2-23) ft (x1) %k 0 () 7= Ny (i (x1) -+ 735 (7))

with ix > 1 for all k£, and ) iy = n. These satisfy relations which may be thought
of, as in [10], as symmetrized versions of the slide relations (2-18). The following
description of the derived functors L; A"(A) is given in [30, Theorem 2.3.5]:

(2-24) LiA"(A) =~ (Q41(4) @ A"771(4))/Tacy .

Here Jacy, is the subgroup generated by the expressions
J
h h h
D of (xn)xee ko) (k) ek 0 (5) @ Xk AYI A Ynia
k=1

for all &, with Z]];:l =i + 2. In particular, this implies that for any finite cyclic
group A

(2-25) L;A"(A)=0 for i#n—1.
Derived functors of I';, Not all is known about derived functors of the divided power

functors. For an abelian group A, the double décalage isomorphism (described in
(2-41) below) determines a composite isomorphism

L T5(A) ~ LsSP?(A4,2) ~ Hs(K(A,2),7)

so that L1T(A) is isomorphic to the functor R(A) of Eilenberg—Mac Lane [22,
Section 22], defined as
(Tor(4, A) @ I'2(24))/ S,

where S is the subgroup generated by elements
75 (x, x), x € pA, heN,
r2(x+1)=12(x) —r2(y) —2(x.y),  x,y€r4.

More generally, we set
Ru(A) := Ly—1Tn(A)
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sothat R,(A) = R(A), even though this is inconsistent with the notation in Decker [17].
The sequence

(2-26) 0 —> SP?>(4) —> I (A) — AQZ/2—0
is exact for any abelian group A, and derives to the short exact sequence
0— L SP?>(A) = L T,(A) — Tor(4,7Z/2) — 0.

Analogous short exact sequences were obtained by Jean in [30, Section 3.1] for the
functor I'5:
0— L SP3(4)— L T3(A)— (Tor(A,Z/2) @ ARZ/2)®Tor(A, Z/3) —0

2-27
27 0— L, SP*(A)— L,T'3(A)— Tor(A4,Z/2)® Tor(A,Z/2)—0

2.3 Koszul complexes

Let f: P— Q be a homomorphism of abelian groups. For n>1 and any k=0, ...,
n—1 consider the maps

ks ATH(P)@SPE1(0) — MK (P)@SP" ¥ ()
defined, for p; € P and g; € Q, by
K41 PIN A Pk+1Q®Gk42 """ qn

k+1
=Y (DT g A A D A A i1 ® L (D) k2 G -

i=1

The associated Koszul complex is defined by

(2-28) Kosy(f): 0—>A"(P)2 A" (P)®Q
L PRSP (0) B sPr(0) 0.
Dually, one defines maps

KL T (PYQ A1 (0) > TR (P)QA"*(0), k=0,....n—1

by setting

2-29) KTy (D) Ve (PR ®GI A Ak

k
= Y (D) Ve () Ve (PO ® S (P AGLA Ak -
j=1
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These maps determine a dual Koszul complex:

(2-30) Kos"(f): 0—>I‘n(P)K—n>I’,,_1(P)®QKn—_>1- = PQA"(Q) K—1>A”(Q) —0

The complexes Kos, (/) and Kos”( /) are the total degree n components of the Koszul
complexes A(P)QSP(Q) and I'(P)RA(Q) associated to a given homomorphism
f: P— Q. For a two-term flat resolution (2-15) of an abelian group A4, the complexes
Kos, (/) and Kos"( /) represent the derived category objects L SP”(A) and LA"(A)
respectively (see for example Kock [31]). In particular, when P is free abelian and f
is the identity map, both these complexes are acyclic.

L
For n>2, the derived category object L SP"~1(4)® A may be represented, for a
given 2—term flat resolution f: L — M of A, by the tensor product of Kos,(f) and
L — M , in other words as the total complex associated to the bicomplex:

A" L)QL — " —— LRSP" 2(M)® L — SP" {(M)® L

| | |

A" LY®M — - — LRSP" >(M)®M — SP" ' (M) M

L
The diagram LJ"(A)— L SP""1(A4)® A— L SP"(A) in the derived category may
therefore be represented by the following diagram of (horizontal) complexes:

Y'(L)—— " — LSP" (M) M JHM)

_LRSP"AH(M)®M
&SP (M)®L

|

An(L)( L®SPn—1(M)

(2-31) A" (L)®L— - — SP" (M) M

SP"(M)

The upper line

(2-32) Y™(L) LRSP" '\ (MYyM —= J"(M)

in this diagram is a Koszul complex for the functors J” and Y”. A similar dia-
gram, whose lower line is the dual Koszul complex (2-30) for n =3 is described in
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Appendix A. For Koszul complexes associated to more general Schur functors, see
Lascoux [32, Lemma 1.9.1] and Akin, Buchsbaum and Weyman [1].

2.4 Pensions and décalage

Consider the homomorphisms

i A"(A)®A"(B)— SP"(A® B),
vp: Tu(A)®SP"(B) — SP"(A® B)

as in Bousfield [7, 7.4] and Akin, Buchsbaum and Weyman [1]. These are characterized
as the unique homomorphisms for which the corresponding diagrams

A" (A)@A"(B) - SP"(A®B)  Tn(A)@SP"(B) —> SP"(A® B)
(2_33) gn®gn fn\ hn®fnl fn‘

(®"(A)B(®"(B) L &"(A®B)  (8"(4)R(E"(B) £ @"(AQB)

commute, where A, is defined by
An: (@1 ® - ®an)® (b1 Q-+ ®bp) > (a1 ®b1)®---®(an®by), ai€A, bi€B.
The map 1, is given by the formula

(2-34) (@1~ Aa) @B A Aby) > Y sign(©) (@1 ®bs(r)) -+ (an ®bon)

oeX,

and v, satisfies

(2-35) Vit Yu(@) @by by~ (a®by) -+ (a®by).
Formula (2-35) makes it clear that the composite arrow

(2-36) Z[A]®SP"(B) —> I'4(A)®SP"(B) —> SP"(AQ B)
is the obvious one.

The maps 1, and v, induce natural isomorphisms

L
LA"™(A,m)®@ A"(Z, 1)~ L SP" (4, m+1)

L
LTy(A, m)®SP(Z,2) ~ L SP" (A, m+2).
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These derived pairings determine for all # > 1, by adjunction with the volume element 7—
cyclein A™(Z, 1), = A" (Z") and the corresponding element in SP”(Z, 2) respectively,
a pair of functorial pension morphisms

(2-37) LA/ (A,n)[j]— LSP/(4,n+1)

(2-38) LT/ (A, n)[j]— LAY (A,n+1)

in the derived category. These maps induce isomorphisms on homotopy groups
(2-39) LiN (A,n)—=>Lit; SP/ (A, n+1)

(2-40) LiTj(A.n)—=>Liyj A (A, n+1).

(see Bousfield [8]). The inverses of the maps (2-39) and (2-40) are iterated boundary
maps arising from the exactness of the Koszul complexes (see Quillen [43] and Illusie
[29, 1 4.3.2]), and are known as décalage isomorphisms. By composition, the maps
(2-39) and (2-40) determine a family of double décalage isomorphism

(2-41) LiTj(A,n)~Liyy; SP/(4,n+2).

Similarly, the existence of Koszul sequences of type (2-32) determine for all j,n>0
décalage isomorphisms

(2-42) LY (A,n)~Lit;J (A, n+1)

between the derived functor of J/ and Y/ .

3 The de Rham complex and its dual

Let A be an abelian group. For n>1, let DZ(A) and C}'(A) be the complexes of
abelian groups defined by

D!(A)=SP (A)@ A" (4), 0<i<n,
CM'A) = A (A)RTy—i(A), 0<i<n,

where the differentials d?: D} (A4)— D' (A) and d;: C'(4)— C[L,(A) are

i
d' (b "'bi)®bi+1/\"'/\bn)=2(bl cobg b)) @by Abiyy A Aby
k=1

i
di(by A Abi@X) =D (=D)Fby A Abg A A @b X
k=1
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for any X €T',,—;(A). The complex D"(A) is the degree n component of the classical
de Rham complex, first introduced in the present context of polynomial functors
by Franjou, Lannes and Schwarz [24] and denoted 2, by Franjou [23]. The dual
complexes C"(A) were considered by Jean [30]. We will call them the dual de Rham
complexes.

We will now give a functorial description of certain homology groups of these complexes
C"(A).
Proposition 3.1 Let A be a free abelian.

(1) (Franjou [23]) For any prime number p, we have HyC?(A)=A®Z/p, and
H;C?(A)=0, forall i >0.

(2) Jean [30] There is a natural isomorphism
HyC"(A)= D Tuyp(ARZ/p).
pln, p prime
A proof of Proposition 3.1 (2) is given by one of us in Mikhailov [39].

The higher homology groups H;C"(A) are more complicated. Table 1 below, which is
a consequence of the main theorem in [39], gives a complete description of H;C"(A)
for n<7 and A free abelian.

n HyC"(A) H;C"(A) H,C"(A) H3C"(A)
8 T4 (ARZ/2) * * *
7 ARZ]T 0 0 0
[ (A®Z/3) A*(AR®Z/3) 3
6 AN (AQRZ/2 0
Br(ARZ/2) e ez  ASL/2)
5 ARZ/5 0 0 0
4| TH(ARZ/2) A2 (ARZ/2) 0 0
3 ARZ/3 0 0 0
2 ARZ/2 0 0 0
Table 1
For example, the isomorphism
(3-1) [ A ARZ/2)— H C*(A)

is defined, for representatives a,be A of a,b€ AQZ/2, by
f:a®br>a®ay,(b)—bQby,(a).
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3.1 Comparing the de Rham and Koszul complexes

For any free abelian group A, consider the following natural monomorphism of com-
plexes Kos,(A)——= C"(A):

AN A A" (A)®A — — ARSP""1(4) —= SP"(4)

G2 [ | |
A"(A) —— A" (A)RA4 — —— ABT,_1(4) —— T(4)

Let us denote the cokernel of this map by D"(A4). We set
W, (A) =coker{SP"(A) — T, (4)}
so that the complex D"(A) is
A"2(A) QW (A) —> A" 3 (A)@W3(A) =+ — AQ Wy_1(A) — Wiy (A).

Since the Koszul complex Kos,(A) is acyclic, it follows that

H;C"(A)~ H;D"(A) forall n>0.
Proposition 3.1 implies in particular that the sequence
(3-3) 0> ARARL/2— W3(A)—> ARZ/3—0

is exact (and splits naturally). For every n>2, m >0, we obtain the natural exact
sequence:

(3-4) 0— L SP"(A,m)— LTy(A, m)— LW, (A, m)—0

Passing to homotopy groups and applying the décalage isomorphisms (2-39), (2-40),
this yields the long exact sequence:
(3-5) ---—>L;SP"(A,m)—> Ly, SP"(A,m+2)— L;Wy(A, m)

— Li—l SpP” (A, m) — Li+2l’l SPn(A, m +2) — Li—l Wn(A, I’I’Z) —> e

Let X be a simplicial free abelian group and k> 1, n> 2 a pair of integers. If ;(X) =
0 for all i <k, then by Dold and Puppe [20, Satz 12.1]

fori<n when k=1,

3-6 i (SP*(X))=0
(3-6) i(SPE(X)) {fori<k+2n—2 when /> 1.

We will make use of exact sequence (3-5) and of the assertion (3-6) when we compute
certain derived functors of low degree polynomial functors.
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4 Derived functors of quadratic functors

For every abelian group A, the exactness of the sequence (2-26) implies that W, (A) >~
A®7Z/2. Since this functor is additive in A4, it follows immediately that
ARZ/2 i=m,
LiWy(A,m)~{Tor(A,Z/2) i=m+]1,
0 i#m, m+1,

for all m. Let us define a new functor A2(A4) by
(4-1) A2 (A):=A*(A)@Tor(4,7/2).

The long exact sequence (3-5), the connectivity result (3-6), and the décalage formulas
(2-39) and (2-40) produce the following complete description of the derived functors
of the second symmetric power functor SP?:

Proposition 4.1
SP?(A) i=0,n=0,
F2(A) i=1,n=0,
A%(A) i=2,n=1,

ARZ/2 i=n+2,n+4,... n+2[51],

]
Tor(A,Z/2) i=n+3,n+5,...,.n+2["5L]+1, i #2n,
42) L;SP*(A.m)= or(A,7Z/2) i=n+3,n+ n+2[%5=1+1, i #2n

'y (A4) i=2n, n#0 even,
A2(A) i=2n, n#1 odd,
R,(A) i=2n+1, n#0 even,
Q,(A4) i=2n+1, nodd,

0 for all otheri.

We will only sketch the proof of this computation in the present quadratic situation,
and will discuss the more elaborate case of cubical functors in the following section.
These quadratic results were also obtained in Baues and Pirashvili [5] by a different
method (see also Mikhailov and Passi [40, A.15]).

Proof The first two equations in the statement of Proposition 4.1 follow from the
definitions. By double décalage (2-41), there is an iterated isomorphism

[2(A)=LoT5(A,0)~ L, SP*(4,2)
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which determines the sixth equation in (4-2) for n =2. The general case of the sixth
equation then follows by induction when we consider the isomorphism L5, SP?(4, n) ~
Lyyto SP?(A4,n+2) from (3-5) for n even. Décalage also implies that
A?A~L,SP?(4,1)
and the sequence (3-4) then determines a short exact sequence
0— L, SP>(A,1)— L,T5(A, 1) —>Tor(A,Z/2) —0.

Consider the following diagram, in which the vertical arrows are the suspension maps:

0

LSP? A —— L 1I'2(A) ——Tor(A4,Z/2) — 0

| | |

0 — LySP*(4,1) — Ly (4,1) — Tor(4,Z/2) —= 0

The left-hand vertical arrow is trivial by Dold and Puppe [20, Korollar 6.6], since
all elements of L SP? 4 are in the image of the arrow (2-19) for n=2. The lower
sequence is therefore split since it is the pushout of the upper one by the trivial map,
and a diagram chase makes it clear that this splitting is functorial. This proves the
seventh equation in Proposition 4.1 for n =3 by the double décalage isomorphism

L,T5(A, 1)~ L SP?(4, 3).

The general case of the seventh equation now follows by induction since (3-4) and
décalage imply that

L; SP?(A,n)~L;Ty(A,n)~L; . 4SP*(A,n+2)
for all n. A similar discussion, in the next degree, shows that the eight and ninth
equations are also satisfied. The remaining fourth and fifth equations are proved by

considering once more the sequence (3-5), and observing that the functors L; SP?(A4, n)
vanish by [20] whenever i is sufficiently large. |

As a corollary, one finds that this computation (and even the inductive reasoning that
led to it) can be carried over by the décalage isomorphisms (2-39), (2-41) to the derived
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functors of A2 and I',. We simply state the result:

A?(A) i=0, n=0,
. n—1
A®L)2 i=n+1,n+3,....n+2[ 2 J+1,
i #2n,

Tor(A,Z/2) i=n+2,n+4,....n+2[%F],
@3 Lin*(Am= T2 F=2n, n odd,

AZ(A) i=2n, n#0 even,

R, (A4) i=2n+1, nodd,

Q,(A) i=2n+1, n even,

0 for all other i.

ARZ/2 i=nn+2,....n+2["5], n>0,

= n—1
Tor(A, Z/2) i=n+1,n+3,... ,n+2[5]+1,

n>0, i #2n,
I (A) i=2n, neven,
(4-4) L;Ty(A,n)= )\2(14) i=2n, nodd
R,(A) i=2n+1, n even,
Q,(A) i =2n+1, n odd,
0 for all other i.

5 The derived functors of certain cubical functors

It follows from (3-3) that

(5-1) W3(A)=(AQRARL/2)B(ARL/3),
and this derives to an isomorphism

(5-2) LW3(A):(A<§AQL§>Z/2)EB(A<I§>Z/3)

in the derived category, from which the values of L; W5(A4) follow immediately (con-
sistently with the two equations (2-27)). This implies that

ARZ/3 i=1,
ARARZ/2®Tor(A,Z/3) i=2,

(5-3) LiWs(A,1)=1{Tor (A, A,Z/2) i=3,
Tory(A, A, 7Z/2) i =4,
0 for all other 7,
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and for n>1,

ARZ/3 i=n,
Tor(A4,7Z/3) i=n+1,
AQRARZ/2 i=2n,
Tor1 (A, A,Z/2) i=2n+1,
Tory (A, A,Z./2) i=2n+2,

0 for all other i.

(5-4) L;W3(A,n)=

Consider the map
LSP*(A4,n)QZ[K(Z,2)]—> L SP*(4,n+2)

obtained from the pairing (2-36). The homology class y3(iz) € ['3(Z) ~ Hg(K(Z, 2))
determines by adjunction a family of pension maps

(5-5) €3: Li SP3(A,n)— Liy¢SP3(4,n+2),
which factor through the décalage isomorphisms (2-41):
L;SP3(A,n)— LiT'3(A,n)—> Li+¢ SP>(4,n+2).

These maps €3 are isomorphisms for i #n—1,n,n+1,n4+2,2n—1,2n,2n+1,2n+2.
In addition the sequence

(5-6) 0— Lypt2SP¥(A,n)— Layyg SP3(A,n+2)—Tory (A, A,Z/2)
— Loyt1 SP3(A,n)— Laypy7 SP (A, n+2)—Tor (4, A, 7/2)
— L, SP}(4,n) — Lyyt6SPP(A,n+2)—> AQARZ/2
— Lyy—1 SP3(A,n) = Layis SP3(A,n+2)
is exact by (3-5). Furthermore, for n>1,
Ly47SP3(A,n+2)~Tor(A4,Z/3)
Lpt6SP*(A,n+2)~AQZ/3

by (3-6). Finally, according to Bousfield [8, Corollary 4.3], the maps (5-5) are split in-
jections for all i >0 and all n» > 1. The long exact sequence (5-6) therefore decomposes
for each n> 1 into short exact sequences:

0— Lyy42 SP>(A,n)— Lyyts SPP (A, n+2)—Tory (A, A, 7./2) —0
0— Lops1 SP*(A,n)— Layuy7SP3(A,n42)—Tor (A, A,Z/2)—0
0— Ly, SPP(A,n) —LypieSP3(A,n42) —AQARZ/2—0
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and an isomorphism
L2n+5 SP3 (A, n —|—2) ~ LZn—l SP3 (A, l’l).

Example 5.1 Since the values taken by the derived functors of W3 in (5-3) and (5-4)
are distinct, we must consider the implications of (5-3) separately. Observe that exact
sequence (3-5) and the equations (5-3) imply that

Ly SP?(4,3)=Q;3(4),
LgSP3(A4,3)=AQARZ/2&Tor(4,Z/3),
L7SP}(A4,3)=A4AR7Z/3,

and that the groups L; SP>(4,3) for i =9, 10 live in the long exact sequence
(5-7) 0—L{A3(4)— L1oSP*(A4,3)—Tory(A4, A,7./2)

0
S A3A)E Lo SP3(A,3)—Tor (4, 4,7./2) 0.

The diagram
g3

A3(A4)C ®3(4)
| |
LySP (A, 1) — L3T5(A. 1) —2 1,07 (4, 1)

commutes, where the left-hand vertical arrow is the map (2-39), and the right-hand
one the corresponding obvious décalage map for tensor powers. It follows that the
composite map

A3 A~ Ly SP3(A, 1) —= L3T3(A. 1) —2= 1o SP3(4,3)

is injective so that the boundary map d in (5-7) is trivial. The complete description of
the L; SP*(4, 3) is therefore given by

Q3(4) i=11,

AQARZ/2®Tor(A, Z)3) i=8,
L;SP3(A,3)= | ABABL/28Tor(A. 2/3) i

ARZ/3 i=7,

0 i#£7.8,9,10,11,

and the exactness of the sequences
0— LiA3(A)—LoSP*(A4,3)—>Tory(A4,4,2/2)—0
0— A3(A)— Ly SP3(A4,3)—Tor (4, A,7/2)—0.
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The discussion in Example 5.1 also applies to the derived functors L; SP*(4, n) for
other values of n. Here is the complete description of these functors:

Theorem 5.2 Casel n>3 is odd.

ARZ/3 n+4<i<2n+2, i—n=0mod 4,
Tor(A,7Z/3) n+4<i<2n+2, i—n=1mod 4,
ARARZ/2 i=2n+2, n=1mod 4,

L SP*(A.m) = Tor(A,Z/3)PARARZ/2 i=2n+2, n=3 mod 4,
Tor{ (A4, A,7Z./2) 2n+3<i<3n-2, i—n=2mod 4,
ARZ/3®Tor (A, A,Z/2) 2n+3<i<3n—2,i—n=0 mod 4,
$23(4) i=3n+2,
0 for all otheri.

In addition, the following sequences are exact:

0—Tor(A,Z/3)®AQARZ/2— L SP3(A4,3)—Tor, (A, A, Z./2) —0,
2n+4<i<3n—1, i—n=1mod 4,

0> AQARZ/2— L; SP*(A,n)—Tory(A, A, Z/2)—0,
2n+3<i<3n—1,i—n=3 mod 4,

0— LiA3(A)— L3pq1 SP?(A,n)—Tory(A, A, 7Z)2) — 0,

0— A3(A4)— L3, SP3(4,n)—Tor (A, A,Z/2)—0.

CaseIl 7n>3 iseven.

ARZ/3 n+4<i<2n+2, i—n=0mod 4,

Tor(A,Z/3) n+4<i<2n+2, i—n=1mod 4,

ARARL/2 i=2n+2, n=0mod 4,

AQZL/3BARARL/2 i=2n+2, n=2mod 4,
L;SP*(A,n)= 1 Tor(4,Z/3)® Tor; (A, A,Z/2) 2n+3<i<3n—1, i—n=1mod 4,

Tory (A, A,7./2) 2n+3<i<3n—1, i—n=3 mod 4,

LiT'3(A) i=3n+1,

R53(A) i=3n+2,

0 for all otheri.
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In addition, the following sequences are exact:
0> AQZ/3BARARL/2— L; SP*(A,n)—Tory (A, A, Z/2)—0,
2n+4<i<3n-2, i—n=0mod 4,
0—>ARARZ/2— L; SP*(A,n)—Tory(A, A, 7/2)—0,
2n+4<i<3n-2, i—n=2 mod 4,
0—T'3(A)— L3, SP3(A,n)—Tor, (A, A, 7Z./2) —0.

The corresponding description of the derived functors of A® and I'; now follows from
the décalage isomorphisms (2-39) and (2-40).

6 Some derived functors of SP*

We will now make use of the computation of the homology of the dual de Rham
complex C*(A) in Proposition 3.1 in order to investigate some of the derived functors
of SP*. For A a free abelian group, let us now consider the following diagram with
exact rows and columns, which extends diagram (3-2) when n =4:

A*(A)— A3 (A)®@A4 — A2(A)®SP?(4) — A®SP?(4) — SP*(4)

|| || 1

AHA) = A (D) ®A —— A (A)®T2(4) A®T3(A) —— Ty (4)

| | |

A2(A)RARTZ)2 —= AR W3(A) — Wa(A)

By Proposition 3.1, this determines a functorial diagram of exact sequences:

SP2(A)RARZ/2

61 H DY A)— (A®W3(4))/im(h) — W4(4) —=T2(4AQZ/2)

|

ARARZ/3
The map (3-1) defines canonical isomorphisms
H{D*(A)~ H{C*(A)~A*(ARZ/2)~ L, SP*(AR7Z/2).
Let us define a map

8: A*2(AR®Z/2)—SP*(A)RARZ/2 (C(ARW;3(A))/im()))
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as follows, where a, b are representatives in 4 of the classes 7 and b€ AQZ/2:
§: anb>aa®@b—bb®a.
It follows from this discussion that diagram (6-1) induces a short exact sequence
SP2(A)RARZ/2
A2(AQRZ)2)

The filtration on I'4(A4) provided by this description of Wj4(A4) is consistent with that
in Jean [30, Proposition 3.1.2]. Together with long exact sequence (3-5), it allows one
to compute derived functors of the functor SP* by comparing them to those of I’y and
taking into account the double décalage. For example, one finds

BARARZL/3— Wa(A)— T2 (ARZ/2)— 0.

LoSP*(4,3)~ARZ/2,
LigSP*(A4,3)~AQARZ/3®AN*(ARZ/2)®Tor(A,Z/2),
LioSP*(4,4)~AR7Z/2,

L1 SP*(4,4) ~Tor(A,Z/2).

7 Lie and super-Lie functors
We will now consider the structure theory of Lie and super-Lie functors.

7.1 The third Lie functor

For any free abelian group A4, consider the Koszul resolution

(7-1) o—>A3(A)—>A2(A)®A1>A®SP2(A)—>SP3(A)—>0,

in which the map f is defined by
franb®@cr—a®bc—b®ac, a,b,ceA.

This map decomposes as

(7-2) A2 (A)®A — ARARA —> ARSP3(A)
where
(7-3) U: aNbQ@ct—>abRc—bRaRc+cRaRb—cRbRa

V:a®bQ®cr—a®be, a,b,ceA.
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Since the expressions u(aAb®c) generate $3(A), the long exact sequence (7-1)
decomposes as a pair of short exact sequences

(7-4) 0—>A3(A) > A2 (A)RA—F3(A)—0
(7-5) 0—£3(4) 5 A®SP?(4) — SP?(4) —0.

In particular the map

p3
P3(A) —==J3(4

76 (4) (4)
la,b,c]—— (a,b,c)

induced by the projection p3 (2-8) is an isomorphism.

Remark 7.1 (i) The sequences (7-4) and (7-5) both remain exact for an arbitrary

group A. This is due to the fact that (7-5) derives for any A to a long exact sequence
for which the arrow

m(AéLZ)LSPZ A)—L;SP* 4
is surjective (as follows from the presentation (2-20) of L sp? A).
(i) There is a natural isomorphism
(7-7) F3(A)~ E3}(A):=ker{[2(A)QA—T5(A4)}.

This is obtained from the following prolongation of part of diagram (3-2) for n=3:

L L L L
T(AQARZL)2)> 71 (AS ABZ/2) & Tor(A, Z/3)

P3IA)— SP?(A)®A SP3(4)
(7-8) l
E¥3A)——T2(4)®4 ['3(A) A®Z/3
ARARZ)?2 (ARARZ/2)BARL)3 —= AQZ/3

7.2 The Curtis decomposition

We will now consider higher Lie functors. Curtis gave in [14] a decomposition of
the functors £"(A) into functors SP”, J" and their iterates (see also Mikhailov and
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Passi [40]). For example, when A4 is a free abelian group we have the following
decompositions in low degrees:

(7-9) P A)=4

L2(A)=T*(A4)

£} (A)=T3(4)

FHA)=T>(JHA) DT A)

P(A) =T (DRI (A)® I (A)

PEA) =T} (JHA))B T (T3 (A)D(JHARJI*(A) BT (4)

LT (A)= (T3 (A)@SP*(J2(A) B (J* (A)® J*(A))
DI (T (A)R T (A))B T (AR (A)@J (A)

FHA) =TT A @I (T ()BT (A) T (4))
@I (AR} (A DI I (A)®(J*HA) QRSP (J2(A)))
BJ(A)RI*(A)B I3 (A)

We will refer to these descriptions of the Lie functors as their Curtis decompositions. It
should be understood that the splittings into direct sums displayed here are not functorial,
and that all that exists functorially are filtrations of the £"(A4), whose associated
graded components are the expressions displayed. As a matter of convenience, we
will nevertheless refer to these expressions as summands of the Lie functors. We have
already come across the cases n =2, 3 of these decompositions in Proposition 2.1).
The next two cases are the short exact sequences

(7-10) 0—>A2A2(A) > L4 B T4 U) >0
(7-11) 0A2(A) RT3} (A) = L5(A) B 75 4)—0,

where the left-hand arrows are respectively defined by

(anb)A(cAd)—la, b],[c, d]]
(anb)®(c,d,e)r[[a,b],[c,d,e]].

It is a general fact that the final term in the decomposition of £"(A) is always J"(A4),
the projection of $£"(A4) onto J"(A) being the map p, (2-8).
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7.3 Super-Lie functors

We will now define super-Lie functors

(7-12) £%: Ab—Ab, n>1.

Definition 7.2 (Leibowitz [33]) A graded Lie ring with squares (GLRS for short) is
a graded abelian group B=@D;2, B; with homomorphisms
(7-13) {.}: Bi®Bj—> Bij,
(7-14) (2. B, B,, fornodd
such that the following conditions are satisfied (for elements x € B;, y€ Bj, z€ By):
(7-15) (D) ey DY Xy =0
(2) {x,x}=0 fori even
(7-16) () EDFx S HED 2+ Dz X)L ) =0
4) {x,x,x}=0
(5) (ax)[z] =a®>xP for i odd, acZ
(6) (x+y)[2] =x[2]+y[2]+{x, y} for i =j odd
7-17) (7) {y,x[z]}z{y,x,x} for i odd.

For an abelian group A, define £5(A) to be the graded Lie ring with squares freely
generated by A in degree 1. It may be defined as a GLRS together with a homomorphism
of abelian groups /: A — %4(A) such that for every map f: A— B with B a GLRS,
there is a unique morphism of GLRS d: $3(A) — B such that f =do/. The abelian
group ¥5(A) is naturally graded by $5(A4) =@, ~; £"(A) and for any x € £5(A),
we set |x|=n whenever x € £ (A). The n—th graded piece £ (A) is called the n—th
super-Lie functor applied to A. In particular, there is a natural isomorphism

2(4) = £3(4)
y2(a)r>a
analogous to the first isomorphism (2-11).

For any free abelian group A, a natural monomorphism

Zn: Lh(A)—> ®"(A)
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is defined inductively on homogeneous elements by setting

{3, phe 21 () @2 (1) — (= DIz () @21 (%),

x[2]|—>2|x|(x)®2|x|(x).

7.4 The third super-Lie functor

We will now adapt the discussion of Section 7.1 to the context of the super-Lie functors.
The relations (7-16) and (7-17) imply that the group ££3 (A) can be identified with the
subgroup of A® A® A generated by the elements

(7-18) a®bRc+bRaQc—cRaRb—cRbRa, a,b,ceA,

which are the super analogues of the generators (2-2) of $3(A). Let us now show that
there is a natural isomorphism

(7-19) L3(A)~Y3(A)
fla. b}, c}—a®@bArc+b®anc, a,b,ceA.

Consider, for any free abelian group A, the Koszul resolution Kos>(A4) (2-30):

(7-20) 0> T3(A) 5Ty (A)@A4D AR AL(A)— A3 (4) -0,

where the maps j7 and i are defined by

f: y2(a)@br>a®anb, a,beA,
;. y3(a)—=y2(a)®a acA,
" \y2(@)b>y,(a)@b+ab®a a,be A.

The map f factors as

(7-21) NA)®A —> ARARA —> AQA2(A)

Y (@)R®b—>aR®aR®b—bRaa,
ca®bQc—a®bAe, a,b,ceA.

<

where

<

It follows that
u(ab®c)=4{{a,b},c}, a,b,ced

so that (7-20) decomposes as a pair of short exact sequences
(7-22) 0—T3(4) > T (A)®A— L3 (A)—0
0—>%3(A) > ARA*(A)— A3 (4)—0

Algebraic & Geometric Topology, Volume 11 (2011)



Derived functors of nonadditive functors and homotopy theory 357

similar to (7-4), (7-5). We see from the presentation (2-24) of L ;A3 A that these two
sequences remain exact when A is an arbitrary abelian group.

7.5 Higher super-Lie functors

There exists a decomposition of super-Lie functors analogous to the Curtis decom-
position of Lie functors, which we will now describe in low degrees. We begin by
defining inductively an extension of the Lie superbracket (7-13) to left-normalized
n—fold brackets, by setting

{ar,...,any={ay,...,an—1}, an}.
The relations (7-15), (7-16) and (7-17) imply that the group £} (A) is generated by
the elements {ay,...,a,} for all a; € A, together with elements b[?! for b e ENPIS‘ (A)

(whenever k odd and n=2k).

For all n>2 and abelian group A4, a natural epimorphism p,: £ (A4) —Y"(A4) is
defined by

(7-23) {ay,az,...,an}—>a1Q@asA---Aay+a,Qa; AazA---Ady

(7-24) p2 0.

Proposition 7.3 For any free abelian group A, the sequence of abelian groups
(7-25) 0 A2T5(4) 5 2HA) B A A? (4) = A*(A) =0

is exact, with j and py4 respectively defined by

(7-26) Jrva(a) Aya(az)—>{ar, az, a1, a2}
Da: {ay,az,az,a3}—>a1@ayAazAas+ar, Qay Aaz Nay.

The relations (7-15) and (7-16) imply that
{lay,az,ay, a2} =—{az,ay,az,a1}, ap,a2€A.
In addition
J: ala+b)=y2(a)=y2(b)) Aya(c)=>da.c.b.cy={b.c.a.c}.  a.b,ceA,

so that the map j is well-defined.

Remark 7.4 For an arbitrary abelian group A, the isomorphism (2-6) no longer holds,
and the exact sequence (7-25) is replaced by an exact sequence

(7-27) o—>A2Y2(A)i>§£;‘(A)—>A®A3(A)—>A4(A)—>o
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where j((a1®ai)N(ax®ay))={ayi,as,ay,a,}. The following long exact sequence
describes the relation between the functors I', and Y2 in this general case:

0— R (A)—Tor(A, A)— Q3(A) — T (A) > Y?(4)—0.

Let us define a functor Y” by the short exact sequence

(7-28) 0—>Yn(A)—>§£n(A) Pn Yn(A)—>O.
Sequence (7-27) asserts in particular that
(7-29) Y4(A)=A%Y2(A),

so we have the following superanalogue for n =4 of the short exact sequence (2-9):

(7-30) 0 —> A2Y2(4) FHA) —=Y*(A4) —0.

Similarly, the short exact sequence (7-28) for n =5, which is the superanalogue of
the decomposition (7-11) of $°(A), is described more precisely by the short exact
sequence

(7-31) 0 — Y3 (A) @y (4) —— F3(4) > Y5 (4) —= 0,
where the arrow 4 is defined by

h:{a,b,c}Q@y(d)—{a,b,c,d,d}.

Remark 7.5 One can show that there is a natural filtration on the term ?6, with
an associated graded component I, Y 3(4), so that 58? (A) can have some 4—torsion
whenever there is some 2—torsion in the group 4. In fact, this is a general phenomenon:
for all k> 1, there may be some 4—torsion in $;‘k+2(A) whenever A is a 2—torsion
group, whereas there will only be 2—torsion in all other components of the super-Lie
algebra ¥£5(A4).

7.6 Relations between Lie and super-Lie functors

Let A be a free abelian group and consider, for # > 2, the natural monomorphisms
Cn: $M(A)— ®" A,
Zn: $H(A)—> Q" A.
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For n=3 we have by (7-3), (7-18), for a,b,c€ A:
c3:fa,b,cl—a®bR@c—bRaR@c—cRaRb+cRbRa
zz:{a,b,c}—>a®@bQ@c+bRa@c—cRaRb—cRbRa.

For any pair of free abelian groups A and B, and n > 2, we define a pair of morphisms

(7-32) xn: L5(A)QA"(B)—<L"(A® B)

(7-33) Tnt L (A)RA"(B)— L1 (AR B)

foray,...,ap€A and by,...,b,€ B, by

Xn:{ar, ..., an} @by A+ -Aby—> Z sign(o)[a1 ®bg,, ..., an®bg,]
oeEX,

Xn:lai,...,an]@biA---ADy+— Z sign(o){a; ®bg,,...,an®bg, } .

oeEX,

For this definition of y, to be complete, we also need the following rule for y,
whenever n =2k with k odd:

{ay,... ,ak}[2]®b1 A--Aby
- Z [a1 ®bo,. ... ax®bo, ) [a1 ®boy .- ., ax ®boy,]]-

o€Ay,

Theorem 7.6 Let A and B be free abelian groups. The following diagrams with
arrows defined by (7-32), (7-33), (2-14) are commutative:

LHABANB) L (AR B)  L(A)DAT(B) - (AR B)
(7_34) LG ®gn lcn Lcn ®gn lzn
(®"A)®(®"B) N Q" (A® B) (®"4)®(®"B) N Q" (A® B)

Proof Let us begin by considering the first diagram (7-34) for n =2. The commuta-
tivity of diagram

T (A)®AL(B) —2—> A2(AQB)
¢22®g2 ¢02

(ARA)R(BRB) —2> (AR B)®(AR B)

can be checked directly: for any aq, € 4, by, b, € B:

A20(22®82)(Y2(a1)®b1 Aby) =cr0x2(v2(ar) @by Aby)
=(a1®b1)® (a1 ®b2)—(a1®b2)R (a1 ®Dby).
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By induction on n, we find that
Zn®gn({ar, ..., any @by A---Aby)
= Z sign(o) zplay, ..., an} @b, @ by,

oex,
= Z sign(o) zp—1{ay, ....ap—1}®a, @b, ®---Qby,
oex,
+(_1)n Z Sign(o')an@)zn—l{al,---,an—1}®bal®"'®ban .
oeEX,

Hence

Ano(zn®gn)(ay, ..., an} @by A---Aby)

n

= Z An—1 ( Z Sign(ﬂ» J)zn—1iay, ... ,an—1}®b01 ®-- '®ba,,_1) ® (an ®bj)
j=1 N={01,-..,0n—1}
e{l,....j,...,n}

+(=D" > (an®bj)

j=1
®An—1 ( Z sign(j, n) Zp—1iai.... ’al’l—l}®b0’1 - '®ban1)

N={01..-,0n—1}

e{1,....j,...,n}

n
= Z ( Z sign(1, J) (Cn—l[al ®bgys ... ap—1Q®bg,_|®(an®bj)
r]—

€{1,00,] e}
_(an ®b])®cn—l[a1 ®b0'] 9. 7an—1 ®b0'n—1])

= Z sign(o) cpla1 ®beg,, ..., an®bes,|=crnoxn({ay,....an} b1 A---Aby) .

oEX,

One can prove in a similar manner that

(7-35) cokoxa(ar. ... a1 @by A+ Aby)

=k oo ®gar){ar, ..., a @by A+ Abyy) .
for an odd k, so that the commutativity of the first diagram (7-34) is proved. The
commutativity of the second diagram is proved in the same way: for n =2, it follows
from the commutativity of the diagram (2-33) and one then simply repeats the previous

computation for a general n, with appropriate changes in the signs of the various
expressions. a
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For any pair of abelian groups A, B, we define a natural arrow:

(7-36) Bn: Y"(A)QA"(B)— J" (AR B)

Bu: Pufar.....an}®biA--Abyr> Y sign(o) palai ®bg,. ... an®by,].
ogeEX,
al,...,aneA, bl,...,bneB.

Proposition 7.7 The following diagram with exact columns is commutative:

P J"(A®B)

.

AR A" (A)@A(B) —> (A® B)@SP"! (A® B)

| |

A"(A)®A"(B) i SP"(A®B).

Y"(A)QA"(B)

Here the map 1y is defined by (2-34) and 1), is by

M. a1 ®ay A=Ay @by A-+-Aby

> Y sign(0) (a1®bs)) ®(a28by,) ... (an®bs,) -

oeEX,

The proof of this proposition follows directly from the definition of the various maps.

8 Derived functors of Lie functors

Itis asserted in Schlesinger [45] that if p is an odd prime then the groups L, x £?(Z, n)
are p-—torsion for all k, and in particular

7 k=2i(p—1)—-1,i=1,2,...,[n/2],
R e "2
0 otherwise.

In the next three subsections, we will give a direct proof of this fact for p =3, in other
words show that

Z)3 k=4i—1,i=1,2,...,[n/2],

8-2 L, 13 (Z,n)=
-2 etk ) {O otherwise,

and we will more generally compute in Theorem 8.2 the derived functors L, %3(4, n)
for a general abelian group A. Note that the derived functors of the Lie functors ¥4
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are complicated when ¢ a composite number. We refer to Mikhailov and Passi [40,
page 280] for a description of these derived functors in low degrees. One finds for
example that

Z/2 i=4,5,7,

0 i#£4,5,7.

The gap in the homotopy groups which occurs here for i =6 is the illustration of a

L%z, 1):{

general phenomenon which, as we will see for example in (8-16), also occurs in more
elaborate contexts.

Returning to the p =3 case, let us first observe that for any abelian group A the exact
sequence (7-5) derives to a long exact sequence:

(83) — Lis1 %3 (4, n)—> i1 (Al S LSP2(A, m) = Li 1 SP* (A, n)

— Li$3(A,n)—>7; (A[n](zLi)L SP?*(A,n))— L; SP*(4,n) —
In addition, the isomorphism (2-42) implies that
(8-4) LiY3(A,n)~Li3%*(A,n+1), foralli>3.

8.1 The derived functors L; £3(A)

The Koszul sequence (2-32) associated for n =3 to a flat 2—term resolution f: L — M
of an abelian group A may be written as

05PN L) > LOMSL > LOM @M — £ (M)— £ (4) -0

where §({@mR!")=1m® f(I")+I'® f(H)@m—IQ f(I"Y®m, [,I'e L, me M.

The three middle terms constitute a complex which represents the object L¥3(A) of
the derived category. In particular, if one considers the resolution Z > Z of Z/m, one
finds that

Z/m i=1,

0 i#1.

By (2-20), the natural transformation Tor(¥,(A4), A)—F3(A) is an epimorphism.
More generally, the exact sequence (8-3) provides the following description of the

L,~§£3(Z/m):{

derived functors of £3:
L, %3 (A) =ker{Tor($2(A), A)— F3(A)}
0—ker{F2(A)®@A— L1 SP3(4)} — L1%£3(A4) — Tor(SP?(4), A) >0
Li$*(A)=0, i>2.
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8.2 The derived functors L; $3(A4,1)

The short exact sequence (7-22) derives to a long exact sequence

L
(8-5) = Liy1%3(A,n) =iy 1 (A[]® LA*(A,n)) > Lip 1 A (A.n)

L
— L;i23(A,n)— 7 (An]® LA*(A,n)) — LiA*(A,n) —---

analogous to (8-3). For n =0 this reduces to the exact sequence
(8-6) 0— LY 3(A)— Tor(Qy(A4), A)Q5(A)

L
— LY} (A) =7 (LA*(A) ® A) — L1A*(4)—0.

This exact sequence is consistent with the results in Breen [10, Proposition 6.15],
and with the presentation (2-24) of the groups L;A”(A). The latter implies that the
composite arrow

L
(8-7) LiA*(A)®A—m (LA*(A)® A)— L1A*(A)

is an epimorphism. The Kiinneth formula, together with the exact sequence (8-6),
determines a 3—step filtration of LY 3(A). Taking into account the isomorphism (8-4)
for n =0, we obtain the following description of the derived functors L;%3(A4,1):
(8-8) L3%3(A4,1) ~Y3(A)

gry Ly$3 (A, 1) ~gr; L1Y3(A)~coker{Tor(2,(A), A)— Q3(A4)}

gty Ly (A, 1) ~gry L1Y3(A) ~ker{Q,(A)®A— L1 A3(A4)}

gry Ly#* (A, 1) ~gry L1Y3(4) ~Tor(A2%(A), A)

Ls$3(A4,1) ~ LY 3(A) ~ker{Tor(2,(A4), A) — Q3(A)}

Remark 8.1 The natural map

L
(8-9) Tor(Q5(A4), A) ~ 12 (LA2(4) ® 4) = Q3(A)

in the exact sequence (8-6) is in general neither injective nor surjective. This can be
seen by considering the generators a)lh (x) (2-23) of the groups 22,(A4). We know by
Breen [10, 5.14] that the diagram

(AR A

3(,A4)
(8-10) Afl®1| \Az

Tor(22(4), A) — Q3(4)
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is commutative. It follows from the relation y,(x)x =3 y3(x) in I'3(A) that, with the
notation introduced in (2-23), the corresponding relation

a)é’(x)*x =3 a)g(x)

is satisfied in 23(A4) for all x €, A4. In particular, this implies that the arrow (8-9) is
trivial for 7 =3 and A =7Z5. Moreover, it is asserted in Baues and Buth [3] that

(8-11) LY3(Z/3)=17)9.

We refer to Proposition A.1 in Appendix A for a proof by our methods of this assertion.

8.3 The derived functors L; ¥3(4,2)

The décalage isomorphisms (2-39) and Kiinneth formula yield a description of the
groups

. L
7 (L SP/(4,2)® A2])
as follows:

72 +2(L SP/ (4, 2)<§A[2]) ~Tj(A)®A

. L
0—=L; 2T (A)®@A—>majti (L SP/(4,2)® A[2]) —Tor(L;—3T"j(A4), A)—0,
i=3,...,j+1,

73j+2(L SPY(4,2) <2L¢A[2])) ~Tor(Lj_1T;j(A), A)

From (2-26) and (5-2) we have the following commutative diagram, a prolongation
of (7-8):

L
F2(A)® A 71 (L SP*(A) ® A)
N
q L1 SP3(4)

Tor(SP? (4). 4)

Ry(A)® A= 71 (LT (A) <§L§>A) |~ Tor(Ty(A), A)

\
(8-12) L T5(4)

Tor(A,7Z/2)® A—— coker(q) Tor(A®RZ/2, A)
\

(Tor(A,Z/2)® A)

@ Tor(A,Z/3)

Algebraic & Geometric Topology, Volume 11 (2011)



Derived functors of nonadditive functors and homotopy theory 365

A diagram chase yields a canonical isomorphism coker(z;) >~ Tor(A, Z/3). We obtain
the following description of a portion of the long exact sequence (8-3) for n =2, where
ly:=toj:

(8-13)  Ry(A)®A —% L T3(4) — L¥*(A,2)
—T5(A)@A — I'3(4A) = AQZ/3

From this we may extract by (7-7) the upper short exact sequence in the following
commutative diagram, in which the vertical arrows are suspension maps:

Tor(A,Z/3)—— L¢¥3(A4,2) — $3(4)
|2 \
Tor(A,7/3) —= L,%3(4,3)

(we refer to Theorem 8.2 for this description of L;%3(A,3)). This determines a
functorial direct sum decomposition of L¥3(A4,2)=L3Y*(A,1). In addition, we
may prolong diagram (8-13) by the following exact sequence:

0— Lg% (A,2)—Tor(R,(A), A)— R3(A)— L7$3(A,2) —ker(t,) — 0.
A diagram chase in the following diagram

Tor($5(A), A)— Tor(R,(A), A) — Tory (A, A, Z/2) > ker{F,(4A)® A
— Ry (A)® A}

93(1‘1)(—) R3(A) — > TOF2(A, A, Z/2)

(in which we observe that the left-hand vertical arrow is surjective) then implies the
following two equalities:

ker{Tor(¥,(A4), A) = F3(A)} =ker{Tor(R,(A), A) = R3(A)}
coker{Tor(R,(A), A) — R3(A)} =ker{F>(A)®A— Rr,(A) R A}.
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Taking once more into account the décalage isomorphisms (8-4), this provides a
complete description of the functors L;$3(4,2):
Ls$*(A4,2)=L,Y3(4,1)=AQZ/3
L¢$3(A,2)=L3Y3(4,1)=%3(4)®Tor(4,Z/3)
gr L83 (A,2)=gr; L4yY3 (A4, 1) =ker{F2(A)®A— Ry (A) Q@ A}
gty L7583 (A,2)=gry L4Y3(A, 1) =ker{ R, (A)® A— L T3(4)}
grs L83 (A,2)=gry L4Y3 (A, 1) =Tor(I',(4), A)
LF3(A,2)=LsY3(A4,1)=L>%3(A).

(8-14)

For all other values of i, L;¥$3(A4,2)=0.

As an illustration of these results, we will now give an explicit description of the
isomorphism

(8-15) AQZL[3>LoY3 (A1) (=Ly¥3 (A1)

occurring in the first equation of (8-14), even though this will not be used in the sequel.
Consider the simplicial model (2-17) of L¥3(A, 1) associated to a free resolution
(2-15) of A. The isomorphism (8-15) is induced by the map

A®L/3— LI (L@si (M) ®s0(L))/o(= 3)
defined, for a chosen lifting ¢ to M of ae AQZ/3, by
ar>{s1(a).so(a),s1(a)}.
In order for this map to be well-defined, we must verify that
3{s1(a),so(a), s1(a)} €dg(ker(d;)Nker(d,)Nker(ds)).

This is true since the element

n:=3{s250(a), s150(a), s250(a)} —{s251(a), s150(a), s250(a) }
+{s251(a), s250(a), s150(a)}

€L (s0(A1)D51(A1)B52(A1)B5150(A0) D5250(Ag) ®s251(Ag))

satisfies the equations d;(n) =0, i =1, 2,3 and do(n) =3{s1(a), so(a), s1(a)}.
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8.4 The derived functors L; $3(A,n) for n>3

In each of the following three commutative diagrams, the exactness of the upper short
exact sequence follows from Proposition 4.1 and the exactness of the lower one from
Theorem 5.2. For n>3 odd:

L L
71 (A%(A) ® A) = w341 (L SP*(A,n) ® A[n]) —= Tora(A, A,7./2)

| | \

LiA3(A) > L3,41SP3(4,n) Tory (A, A, Z./2)

A2(A)® A w3, (L SP*(4, n)@LpA[n]) ——Tor (A4, A,7./2)

| | \

A3 (A L3, SP*(4,n) Tor (A, A, Z/2)

and for n> 3 even:

2 (A)® A 73, (L SP>(4,n) éA[n]) ——Tory(A4, A, Z/2)

| \

['3(A)~———— L3, SP3(4,n) ——> Tory (4, A, Z/2)

The sequence (8-3) therefore determines the following exact sequences:

Casel n isodd >3.

0— L3y12%3 (A, n) = Tor(Qa(A), A) — Q3(A)
L
— Lyp1$°(A,n) > 1 (LA*(A)® A) — L1 A3 (A)
— L3, 83(A,n) > A>(A)@A—> A*(A)— L3, 1 £ (A4, n)

Case Il n is even.

0— L3u42%3(A,n)—Tor(Ry(A), A)— R3(A)
L
—)L3n+1$3(1‘1, n)—>7T1 (LFz(A) ®A) —)L1F3(A)
— L3, 3(A,n) > T5(A)Q A—T5(A)— L3, 1 $3(A.n)

We may now summarize this discussion as follows:
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Theorem 8.2 Casel # is odd.

Li%*(A,n)
ker{Tor(2,(A), A) > Q23(A4)} i=3n+2,
gry Lan1$3(4,n) .
=ker{r;(LA?(4)® A) > L1A3(A)}
gty L3193 (A4, n)
=coker{Tor(2,(A4), A) —> Q3(A4)}

Y3(4) i=3n,
ARZ/3 n+3<i<3n—1, i=n+3 mod 4,
Tor(A,7Z/3) n+4<i<3n—1, i =n mod 4,

and L;$*(A,n)=0 for all other values of i .

Case Il n iseven.

Li$*(A,n)
ker{Tor(R,(A4), A)—> R3(A)} i =3n+2,
gry L3n+1§£3(A,n)L
=ker{m (LT,(A)® A) - L1T3(4)}
gry Lan1$3(4,n)
=coker{Tor(R,(4), A) > R3(A)}

Tor(A,Z/3)® %3 (A) i =3n,
ARZ/3 n+3<i<3n-1, i=n+3 mod 4,
Tor(A,7Z/3) n+4<i<3n—1, i =n mod 4,

and L;¥3(A,n)=0 for all other values of i .

Note that in the computation of L3,%3(A,n) for n odd, we relied on the surjectivity
of the map (8-7).

Example The previous discussion shows in particular that

7/9 i=16,
(8-16) L,~£B3(Z/3,5)= 7Z/3 i=8,9,12,13,17,
0 otherwise.

A functorial description of some of these groups will be given in Lemma 11.2.

Algebraic & Geometric Topology, Volume 11 (2011)



Derived functors of nonadditive functors and homotopy theory 369

For a given a free abelian group A and an integer n > 2 the composite map
P"A)—>QR"(A)—L"(A)

is simply multiplication by n [45, Proposition 3.3]. It follows that for an odd prime p,
the derived functors L;$?(Z,n) are p—groups (see (8-1)). The torsion part of the
derived functors can be usually be determined by general arguments. Recall that by
Bousfield [7, Corollary 9.5], if 7': Ab— Ab is a functor of finite degree which preserves
direct limits, then L,7 (A4, n) is a torsion group for every abelian group A, unless ¢
is divisible by n.

The p—components of the derived functors of £? and J? are connected by the follow-
ing relation [45, Proposition 4.7]: for every prime p, there are natural isomorphisms

L L
7i(Z/p®LEP(Z,n))~7i(Z/pQLJIP(Z,n)), i=0, n>2.
However the formulas for the full derived functors L;J?(Z,n) are more complicated
than those for the functors L;¥?(Z,n) (8-1). For example, we know by Theorem 8.2
that
LE(Z,3)~K(Z/5,10)
so that by (4-3)
L
LI*(Z,3)®LJ*(Z,3)~K(Z/3,12).

On the other hand LJ3(Z,3)~ K(Z/3,6) by (8-1), and the values of the derived
functors L;J>(Z,3) now follow from those of %3(Z, 3) and the Curtis decomposition
of ¥°. One finds

Z)3 i=13,
LiJ>(Z,3)~37/5 i=10,
0  i#£10,13.

One can compute the groups L;J3(Z,n) for a general n by similar methods. One
finds that L;J>(Z,n) is isomorphic to L;%>(Z,n) for i>1 and even n, and that
L;J>(Z,n) contains only 3—torsion and 5—torsion elements whenever n is odd. A
similar computation detects a nontrivial 11—torsion element in L,9J '3(Z, 3), whereas
the corresponding groups L;¥'3(Z,3) are 13—torsion for all i .

9 Derived functors of composite functors
Consider a pair of composable functors

A5t ¢
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between abelian categories, and in which the categories A and B have enough projec-
tives. In addition, we assume that G(A) is of finite projective dimension for each object
A€ A. When these functors are additive, the composite functor spectral sequence
discussed for example in Weibel [47, Section 5.8] describes the derived functors of
the composite functor Go F in terms of those of F and G, under the condition that
the objects G(P) are F-acyclic for any projective object P of A (we will refer to
this as the F-acyclicity hypothesis). We will now carry out a similar discussion when
G and F are no longer additive, in which case chain complexes must be replaced by
simplicial abelian groups.

Let Py be projective resolution of an object 4 € A. Following the notation of [47,
Section 5.7], we construct a Cartan—FEilenberg resolution P . of the simplicial ob-
ject G(Py), with Plf* (resp. IP’lf*, resp. IP’;I*) the chosen projective resolution of
By,G(Py) (resp. Z,G(Py), resp. L,G(A)). By the Dold—Kan correspondence this
yields in particular a projective bisimplicial resolution of LG(A)) which we will
also denote by Py «, as well as a corresponding projective simplicial model IP’If* for
the Eilenberg—-Mac Lane spaces K(L,G(A), p). The two filtrations on the complex
associated to the bisimplicial object F Py 4 determine a pair of spectral sequences with

common abutment 77, (LFo LG(A)). The initial terms of the first of these are given by

9-1) E}, = Lp+qF( P K(Ly,GA). q,-)) .

>iqi=q

as in [6]. When the functor F is of finite degree, we may decompose this initial term
according to cross-effects of F, as in Dold and Puppe [20, Section 4.18], so that the
spectral sequence can be expressed as

02 Ep,= P LotaFinLa,G(A).q1]|Lg, G(A).qr)
r=1q1++qr=q

The F-acyclicity hypothesis, which here asserts that L; F'(G(P)) =0 for any projective
abelian group P and all i >0, implies that the morphism (LFoG)(P)—> FG(P) is
a quasi-isomorphism for any projective object P in A, and so is the induced map

(9-3) (LFoLG)(A)— L(FG)(A).
The spectral sequence (9-2) can now be written as

O-4) E; =P P LotaFiri(Le,G(A).q1]- 1Ly, G(A).qr)
rz1q1+-+4qr=q

— L1 q(FG)(A).
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Replacing the object A by the shifted derived category object A[n], in other words
by the Eilenberg—Mac Lane object K(A4,n), we may now compute under the same
hypotheses the derived functors L, (FG)(A,n) for all n. The F-acyclicity hypothesis
implies inductively that the quasi-isomorphism (9-3) determines a quasi-isomorphism

(9-5) (LFoLG)(A,n)—> L(FG)(A,n)

for all n> 0, since we can choose as a simplicial model for K(4,n) the bisimplicial
model

coo—> K(A3,n—1)— K(4%, n—1)—> K(4,n—1) —> {e}
and work componentwise. Since no change is necessary in the discussion of spectral
sequence (9-2) when passing from the n =0 case to the general situation, we finally
obtain for any positive n, when F' is of finite degree and the F—acyclicity hypothesis
is satisfied, a functorial spectral sequence:

00 Epq= @D LotaFinLaG(4.n). a1l Le, G(4,n).q,)
rzlqi+-+qr=q
= Ly+q(FG)(A,n).

We now restrict ourselves to a special case, that in which F' and G are endo-functors
on the category of abelian groups (or more generally the category of R-modules,
with R a principal ideal domain or even a hereditary ring). By construction, the total
complex of Py s and the complex @q Pﬁ are both projective and have as homology
a5 g LaG(A)lq], viewed as a complex with trivial differentials. It follows as in Dold
[19, Section I1.4] that this identification of their homology may be realized by a chain
homotopy equivalence between the complexes, which in turn induces a simplicial
homotopy equivalence between the corresponding simplicial groups P and € q Pf*.
The induced homotopy equivalence between F(P) and F (Pﬁ) makes it clear that in
this case the E? term of the spectral sequence (9-6) is (noncanonically) isomorphic to
its abutment. It follows that the spectral sequence degenerates at the E2 level, so that
this proves the following proposition:

Proposition 9.1 Let F and G be a pair of endofunctors on the category of abelian
groups, with F of finite degree. Suppose that for any projective abelian group P,
L4 F(G(P))=0 whenever q > 0. Then the spectral sequence (9-6) degenerates at E 2,
and the graded components associated to the filtration on the abutment L,,(FG)(A)
of the spectral sequence are described by the formula

(9'7) grp LP-HI(FG)(A’ I’l)

~P B LotaFir(Le,GAn).q1]-|Lg, G(A,n).qr).
r=1q1+-tgr=q
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When F is one of the functor SP*, A® or Ty, such an assertion may also be deduced,
under the F'—acyclicity hypothesis, from formula V (4.2.7) of Illusie [29].

9.1 The derived functors of AZA?2

As an illustration of Proposition 9.1, we will now compute the derived functors of
the functor L;(A?A?)(A,n) for all for n=0, 1, 2. Such results are of interest to us,
since A2A? is the first composite functor arising in the decomposition (7-9) of the Lie
functors " A.

We know by (4-3) that

Qy(4) i=1, R»(4) i=3,
LiA?(4)={ A%(A4) i=0, LiA*(A,1)=1T,(A4) i=2,
0 else, 0 else,
Ry(4 =7,
Qa(4) =5, )
) . ['2(A4) i =6,
» A“(A) i=4, ) )
(9-8) LiA%*(4,2)= . LiA*(A,3)={Tor(A,Z/2) i=5,
ARZ[2 i =3, .
ARZ)2 i=4,
0 else,
0 else,
Q,(A4) i=9, R,(A) i=11,
A2(A) i=8, I',(A) i =10,
LiA*(A,4)={Tor(A,Z/2) i =6, LiA*(A,5)=1Tor(4,Z/2) i=17,9,
ARZ/2  i=5,17, ARZ/2 =68,
0 else, 0 else,

with A2(A) defined in (4-1). Proposition 9.1 yields Table 2 below for the functors
LiA’A%(A).

The functors L, (A2A?)(A) can be read off from the p+¢=n line of Table 2. In
particular, there is a (nonnaturally split) short exact sequence

0—> A2(A)QQ5(A)—> L (A2A?)(A) —> QA% (A)—0

which may be viewed as a symmetrized version of a Kiinneth formula for the expression

g (LAZ(A)QLz)LAZ(A)).
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2 0 R, (A)
1| QA% (A)  TQ2(4)@Tor(A*(A), 22(4))
P=0 | A2A%(A) A2ARQ2(A)
q=0 1

Table 2: gr,(Lp+q (A2A?%)(A))

We now pass to the derived functors L,(A2A?(A,1)). The values of these derived
functors are displayed in Table 3. They are obtained as above from the values (9-8) of
the derived functors of AZ2.

4 0 Ry R>(4) 0 0
3 Q,I2(A4) [ Ry(A) 0 0
2 A2Ty(4)  Tor(R2(A),Z/2) 0 0
|| o)®Z/2  Ry(A®Z/2 0 Tor(Ta(A), Ra(A))
p=0 0 0 0 [2(4)® Rz (A)
q=2 3 4 5

Table 3: grp(LIH_q(AzAz)(A, 1))

When one also takes into account the values of L;A(A,n) for n=4,5, one finds the
values for the derived functors of A2A2(4,2) displayed in Table 4.

9.2 The derived functors of A%T,

We will now carry out a similar discussion for the derived functors of A2T'5. By (4-4),

. Qy(4) =3,
RZ(A) lzl? 2 .
99)  LiTh(A)={Ty(4) i=0, LiT»(4.1) M) =2,
- il2 = 1=V, il2 , -
2 _ ARZ/2 =1,
0 i#0,1, )
0 i£1,2,3.
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6 8 L 9 S 14 ¢=b
#)B®() Y (7)s®T/ZOV (F)(®(/Z®V) 0 0 0 0 o=d
(B P V0L (P)es5't/zZOV)oL () X'T/ZOV)eL 0 T/Z7®(F)s T/ Z®V ¢\ T/Z®V I
0 0 0 0 (/zW)oL @/Z'F)0L  T/ZV [4
0 0 0 0 2/Zz®(*s /Z®W)x  (T/Z®Y)a €
0 0 0 0 (¢/zZ'(P)cv)eL (OTATaY (T/Z®V)y 14
0 0 0 0 (F)esea (OTALH) 0 S
0 0 0 0 oy 0 0 9

Table 4: gr,(Ly+q(A*A?)(A4,2))
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Since I',(P) is torsion-free for any torsion-free group P, the derived functors of A2T",
may be computed by formula (9-7). Tables 5 and 6 below may now be respectively
deduced from formulas (9-8) and (9-9).

2 Ry R>(A)
1 Q,I5(4) 2 R5(A)@Tor(I2(A), R2(A))
P=0 | A2I,(4) I (A)Q@ R, (A)
| q=0 1

Table 5: gr,(Lp+q(A2T2)(A4))

4 0 0 R2Q:(A) 0 0

3 0 QrA2(A) F2Qs(4) 0 0

2 | R2(AQZ/2) AZA2(A) Tor(22(A4),Z/2) 0 0

1| T2(4Z/2) 12(A)OL/2 Grdedt ) 12 4y THABZ/2, Qa(A)) Tor(G2(4), 22(4)

0 0 0 ARZ/2®@1%(A) AQRZ[2®Q22(A) A2 (A)®RQ>(A)
q=1 2 3 4 5

Table 6: grp(Lp+q(A2F2)(A, 1))

The coincidence, up to changes in degree, between certain terms in Table 5 and those
in Table 3, and (more strikingly) between certain terms in Table 6 and those in Table 4
is explained by the décalage isomorphisms (2-40) between the derived functors of I';
and those of AZ.

10 Derived functors of super-Lie functors

In view of (7-19), the décalage isomorphisms (2-42) and formulas (8-2) imply (for n>1):
Z/3 k=4i+1,i=0,1,....[%F],

10-1 L,k $3(Z,n)=
( ) ntkts ( ) {O otherwise.

We will now examine the relations between the derived functors of ¥” and £% . For
any free simplicial abelian group A, the maps x, and ¥, (7-32) induce arrows:

Xt Tm (LG (A4) éLA”(Z, 1)) > 7 (LL(A)QZ[1]), m=0
Xh: Tt (ng”(A*)éLA”(Z, 1)) > wm (LL(A)QZ[1]), m=>0
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For A« = K(A, m), these determine by adjunction pension maps

(10-2) X5 LnP (A, k)= Ly n @™ (A, k+1)
X5 LnP (A, k)= Ly n @™ (A, k+1).

which may be viewed as generalized décalage transformations, even though the maps
are no longer isomorphisms. We will for this reason refer to such maps as semi-
décalage morphisms. Similarly, the pairing §, (7-36) determines a family of pension
isomorphisms (2-42) which we now denote {,:

(10-3) LY (A k) e Lpan S (A K +1) .

Proposition 7.7 now implies the following assertion:

Theorem 10.1 The following diagram is commutative:

Ln¥"(A, k) ——— L, Y"(A, k)

x:l cnlz

Let us now consider the boundary maps:

(10-4) Om: LinJ" (A, k) = Ly J"(4, k),
(10-5) Om: LinY™ (A, k)= Lyy—1Y" (A, k)

induced by the short exact sequences (2-9) and (7-28). The following proposition is a
corollary of Theorem 10.1:

Proposition 10.2 For m,n>1 and any abelian group A, the following diagram com-
mutes (where the lower left-hand arrow is 6"+ 1 and the vertical arrows are décalage
and semi-décalage morphisms):

gm ~ _I’l
L1 Y"(A.K) 25 [, 77(4, k) ——> Ln @2 (A k)~ Ly Y"(A. k)

(10-6) Cnlz Lllfn X:l énlz

Linins1 I (A, k41) > Loy n (A, k1) = LongnE (A, k1) Lypin J"(A, k+1)
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‘We now suppose that n > 2. The following diagram, in which the vertical arrows are
décalage maps, is commutative:
L
an (L SP"1(A4,2) ® A[2]) — L3, SP"(A,2) —== Ly—1J"(4,2)

| | |

(10-7) 7y (LA™Y(A, I)QLQA[I]) L,A™(A,1) Lyp—1Y"(4,1)

| | |

l—‘n—l(A)®A Fn(A) HOCn(A)

By Proposition 3.1, it now follows in particular that there exists a natural isomorphism

(10-8) Lon—1J™"(4,2) ~ @D T/ p(A®Z/p),
pln

which describes explicitly the right-hand terms in diagram (10-7).

10.1 The fourth Lie and super-Lie functors

We will now discuss certain derived functors of the functors $* and %#. Recall that
by (7-10) and (7-29),

JHA) ~A2A%(4), TYHA)~A’T,(A).
for any free abelian 4. By (10-8), the right-hand vertical arrows in diagram (10-7) for

n=4 are

(10-9) L7J%(A4,2) — L3Y*(4,1) — > T2(4QZ/2) .

Proposition 10.3 For every abelian group A, the arrow

03

(10-10) L3Y*(A,1) — LyA’T3(4,1)

is a natural isomorphism between a pair of functors, both naturally isomorphic to
I (ARZ/2).

Proof Let us first verify that the map 65 (10-10) is surjective. Consider the simplicial
model (2-17) of LA?T5(A, 1) determined by a flat resolution (2-15) of A. We define
a map

T (A®Z/2)—> LaA®Ts(4, 1)
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explicitly as follows:
[ (A®Z/2) — A*TH(A1Dso(Ao)Ds1(Ao))/do(ker(dr)Nker(d>) Nker(d3))
y2(a) > Y2(so(@) Aya(s1(a))

for some lift @ to M of a€ A®Z/2. Under the natural transformation AT, —> 58?
(7-26), the image of y,(a) goes to the element

{s0(a). s1(a), s0(a). s1(a)}

in the term $¥(L@so(M)Ds;(M)) of the corresponding simplicial model for
L%%(A,1). The element

T:={s150(a), 5250(a), 5150(a), s250(a) } —{5150(a), s250(a), 5150(@), $251(a) }

€L (s0(A1)D51(A1)B52(A1) D5150(A0) D5250(Ao) Ds251(Ag))
satisfies the equations d;(t)=0, i =1,2, 3 and

3o (1) ={s0(a). s1(a), so(a), s1(a)} € L5 (A1 Dso(Ao) Bs1(Ap)).

It follows that the map Ly A*T5(A, 1) — Ly %3 (A, 1) is trivial so that, by exactness
of the upper line of diagram (10-6), the arrow 63 is surjective.

We will now give a more explicit description of the target of 65. We have a natural
isomorphism
vi LyA%T(A4,1) — T2(ARZ/2)

since the only nontrivial term of total degree 2 in Table 6 is the expression ', (4R Z/2)
in bidegree (1,1). We now have a pair of arrows u (10—2) and v, which provide natural
isomorphisms between both the source and target of 63 and the group [ (A®Z/2).
We may now assume that A is finitely generated. In that case both source and target of
the surjective map 05 are finite groups of the same order, so 05 is an isomorphism. O

We know by the description of homotopy groups of LA?A2(A,2) in Table 4 that there
is a natural projection LgA?A?(A,2)—T2(A®Z/2). The following proposition is a
consequence of Proposition 10.2 and Proposition 10.3:

Proposition 10.4 The group G := LgA*>A?(A,?2) is endowed with a 3—step descend-
ing filtration F'G (1<i <3) for which the associated graded components are de-
scribed by

I (AQZ/2) i=1,
gr; G=1Tor(A\2(A),Z/2) i=2,
Q(A)®Z/2 i=3.
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In addition, the projection w of G onto the highest graded component gr; G is the
map arising from the edge-homomorphism in the spectral sequence (9-6) described
in Table 4. This surjection w is split, up to an isomorphism, by the boundary map

0
L;J%(4,2) 1 L¢A2A2%(A,2) provided by the decomposition (7-9) of $*(A).

Proof The associated graded terms ©2,(A)®7Z/2 and Tor(A2(A),Z/2) in the line
p+q =6 of Table 4 give us the required description of F2G =ker(w). The previous
discussion provides us with a commutative diagram

T2(A®Z/2) — = LyY*(4,1) T:> Ly(A2T,)(4, 1)

|
L7J%(4,2) N Le(A2A2)(A4,2) == T1(ARZ/2)

where the injectivity of the map ¥4 (10-6) is obtained by examining the behavior of
the decompositions (9-7) of its source and target under décalage. It remains to show
that the composite map

woby: L7J4(A,2)—>T12(ARQZ/2)

is an isomorphism. When A4 is free abelian of finite rank, we have LgA2A2(A4,2)~
' (A®Z/2), so that the injective map

Va: To(ARZ/2)— LeA*A*(A,2)

is a monomorphism between two finite groups of the same order. It follows that the map
wo6; is an isomorphism whenever A is free abelian, and therefore an epimorphism
for an arbitrary abelian group A. Returning to the case of an abelian group A of finite
rank, we conclude that the epimorphism wo65; is an isomorphism, since source and
target are finite groups of the same order. This implies that the corresponding assertion
is true for an arbitrary abelian group. a

In the sequel, we will also need the following result, which follows since the only
nontrivial terms contributed by the Curtis decomposition to L;$*(A,2) for i <7 are
those provided by the derived functors of AZA2:

Corollary 10.5 The group L¢%*(A,2) is canonically isomorphic to the direct sum
of the two following expressions:

gry Le#*(A,2) =Tor(A*(A), Z/2) =Tor(A*(A), Z/2)@®Tory (A, Z/2, 7] 2)

gty L4 (A,2) =Q2,(A)QZ /2.
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11 Homotopical applications

11.1 Moore spaces and the Curtis spectral sequence

In this section we will review the Curtis spectral sequence, which will be our main tool
for homotopical applications of our theory. Recall that for any abelian group 4 and
n>2, a Moore space in degree n is defined to be a simply connected space X with
H;(X)~A for i =n, and ITI,-(X) =0, i #n. Such a Moore space will be denoted
M (A, n) when in addition an isomorphism H,(X )~ A4 is fixed. The homotopy type
of M(A,n) is determined by the pair (A4, n), since homology equivalence implies
homotopy equivalence for simply connected spaces. When A is free abelian with a
chosen basis, a Moore space M (A, n) can be constructed as a wedge of n—spheres,
labelled by basis elements of A. For an arbitrary abelian group 4 and n>2, an
n—dimensional Moore space is constructed as follows: choose a 2—step free resolution
(2-15) of A with chosen bases. M (A, n) can then be defined as the mapping cone (see
Gabriel and Zisman [27, VI 2]) of the induced map between the wedges of spheres
M(L,n)— M(M,n). For any homomorphism of abelian groups f: A— B, it is
possible to construct a map ¢: M(A,n)— M (B, n) such that H,(¢)= f. However,
the construction of the map ¢ is not canonical and the construction of Moore spaces is
non-functorial. The canonical class in H"(M (A, n), A) induces a map

(11-1) M(A,n)—> K(A,n)
which is well-defined up to homotopy.

We will now recall the construction of the Curtis spectral sequence. Let G be a
simplicial group. The lower central series filtration on G' gives rise to the long exact
sequence

Ti41(G/yr(G)) = 7 (vr (G) [ ¥r+1(G)) = 7i(G/ vy +1(G)) > i (G/yr (G)) = - -

This exact sequence defines a graded exact couple, which gives rise to a natural spectral
sequence E(G) with the initial terms

E} (G)=m4(yr(G)/yr+1(G))
and differentials
(11-2) dl g E (G)—>EL ;. (G).

According to Curtis [15], for K a connected simplicial set and G = GK the associated
Kan construction as in May [37, Section 26], this spectral sequence E’(G) converges
to E*(G) and P, E g 1s the graded group associated to the filtration on 74 (GK)
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induced by the lower central series filtration on K. Since GK is a loop group of K,
this spectral sequence may be written as

(11-3) E} ,(K):=14(yr(GK)/yr+1(GK)) = 7y 41 (| K]).

The groups E!(G) are homology invariants of K. By the Magnus—Witt isomorphism
(2-4), the spectral sequence (11-3) can be rewritten as

(11-4) E} o(K)=mq(" (ZK,~1) = mg+1(K]).

since the abelianization GK,,:=GK/y,GK of GK corresponds to the reduced chains
ZK on K, with degree shifted by 1. When K= M (A4,n), Z K corresponds to an
Eilenberg—Mac Lane space K(A,n) so that the spectral sequence is simply of the form

(11-5) E} ,=LaS (A.n—1)=> 1y (M(A.n)).
In particular,

A g=n-1,
0 g#n—1.

For more information regarding this spectral sequence, see Curtis [15] and Mikhailov
and Passi [40, Chapter 5].

Ell’q=nq(K(A,n—l))={

11.2 The 3-torsion of m,(S?)

As a first illustration of our techniques, we will now discuss the 3—torsion components
of the homotopy groups of the sphere S2. For this, consider the 3—torsion parts of the
various terms in the spectral sequence (11-5), with A =7 and n=2:

(11-6) E} ,=Lo% (Z,1)= g 41(S?).

From now on, we will denote by , A the p—torsion subgroup of an abelian group A
and by ()4 the quotient of A4 by the g—torsion elements, for all primes g # p. We
will refer to this quotient group as the (p)—torsion group of 4.

It is shown in [15] (see also [40, Propositions 5.33 and 5.35]) that

Z i=2,n=2,

(11-7) LiJ"(Z,1)=
0 otherwise.

This, together with the Curtis decomposition (7-9) of the Lie functors and the com-
putation of the groups L;A2A?(Z, 1) in Table 3, implies that there is no 3—torsion
in any of the expressions L;¥?(Z, 1) for p<6. Let us show that the first nontrivial
3—torsion term in the spectral sequence (11-6) occurs in the group Ls¥%(Z,1). It
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follows from (11-7) and the Kiinneth formula that no 3—torsion is produced by either
of the factors J®(Z,1) and J*(Z,1)®J*(Z,1) of $%(Z, 1), nor is any contribution
made by J2J3(Z, 1) since J3(Z, 1) is contractible. It thus follows from (11-7) and
(8-2) (or (8-14)) that

Z)3 i=5,

(11-8) LiSSZ, )~ L;J3J*(Z, 1)~ Li$*(2,2) ~
0 i #5.

We restate this result as
(11-9) LJ3J*(Z,1)~K(Z/3,5).

More generally, the Curtis decomposition (7-9), together with (11-7) and (10-8),
implies that 3—torsion in the groups L;%"(Z,1) can only arise from components
of the decomposition of the form FJ 3* 72 and their tensor products (for functors
F=SP*X or F=Jk ), so that there is no 3—torsion in the initial terms of (11-6)
unless 6|r. The analysis of the r =18 case is similar to that of r =6. The only
contribution to the 3—torsion in L,%"(Z, 1), for ¢ <14, comes from the derived
functors of J3J3J2(Z, 1), and by (11-9)

LiJ3J3J*(Z, 1) ~L;$*(2/3,5).

These groups were computed in (8-16), so it now follows from the connectivity result
(3-6) that

(11-10) L& (2. 1)=1/3, F=18, g=8,9
and 3 Lg% (Z,1)=0, r#18, 5<g<10.

We refer to Mikhailov and Passi [40, Chapter 5] for a similar analysis of the 2—torsion
components in the spectral sequence (11-6).

For r #12, the 3—torsion components of L,%¥"(Z, 1) may all be computed by the
previous method so long as ¢ < 14, and indeed all of these components are trivial except
for those provided by (11-8) and (11-10). We will now consider in detail the case of the
12th Lie functor. We will need to introduce additional techniques in order to achieve a
complete understanding of the derived functors of £!'2 and of the differentials in the
spectral sequence (11-6) within the range g <14.

First observe that only the functors JOJ2, J3J2g%, J2j3J%, JAJreJ2J? may
give any contribution to the 3—torsion in LqEEIZ(A, 1) in degrees ¢ < 14. By (4-3) and
(8-14), the derived functors of J3J2J? and J*J2®J?J? are all 2—torsion groups

for A=7. It follows that 3—torsion in Lqilz(Z, 1) within our range can only occur
in degrees ¢ =10, 11. In fact we will now show that while J6J?(Z, 1) = K(Zg, 11)
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by (10-8), and so could in principle contribute to the 3—torsion of L;%!2(Z, 1), this
is not in fact the case:

Proposition 11.1 The groups (3)Lq$12(Z, 1) =0 are trivial for all g=>2.

Proof By (11-7), we may think of the Curtis decomposition of £!%(Z, 1) as reducing
to a short exact sequence

0— J2J3J2(2,1) —=L12(Z,1) —= JJ*(Z,1) —= 0

when only 3—torsion is considered. This induces following commutative diagram of
finite groups with exact horizontal lines, and boundary maps 37111 :

AL L2 (2 ) 3 L TSI HZ ) 25 L10J 222, 1) =3 Ly P22, 1)

A1) g $8(Z,2) 30117 5(Z.,2) il>3L10]2]3(Z,2) —=3L10%%(Z,2)

[2(Z3) ————— T2 (Z3)

In this diagram, the value of 3L J (Z,2) was determined by (10-8) and that of
3L10J2J3J2(Z,1) follows from (11-9) and (4-3).

Let us now consider the Curtis spectral sequence (11-4) for the space K := K(4,n)
for some abelian group A:

(11-12) E}  =Lo1 ¥ (ZK(A.n),—1)= mq(K(A,n—1))
We will now look at this in more detail for A =7:
(11-13) E} =Lo1& (LK(Z,n),—1)=> q(K(Z,n—1))

By Dold’s theorem [18, Theorem 5.1] , we may replace the expression Z K(Z, n) in the
initial term of (11-13) by €B; K(H;+1(Z,n),i) so that the spectral sequence becomes

(11-14) E} =L (D; K(Hi41(Z.n).i))=Zn—1]
In particular,
(11-15) E{,= H,+1(K(Z,n)).

We now consider the case n=23. The low-degree (3)-torsion integral homology groups
of K(Z,3) are well-known by Cartan [11] and Decker [17], in fact the only nontrivial
generators for such groups are the fundamental class i3 in degree 3, the degree 7
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suspension of element y3(iz) € Hg(K(Z,2)), and their product in degree 10 (under
the multiplication induced by the H —space structure of K(Z, 3)):

n \3456789101112
@HKZ,3)|Z 000 2/3 00 2/3 0 0

When n =3, Dold’s theorem also allows us to (non-functorially) compute the other
initial terms in (11-14), since within the range of values of ¢ <11 we may replace
the expression ZK(Z, 3) by the product of Eilenberg—Mac Lane spaces K(Z,2)&®
K(Z/3,6)® K(Z/3,9). For r =2 we must therefore compute the homotopy of the
induced LJ2(K(Z,2)®K(Z/3,6)®K(Z/3,9)). No 3—torsion in the homotopy is
provided by the functor J? applied to any of the three summands, so the only nontrivial
terms are those coming from the cross-effect terms Z[2]®Z/3[6] and Z[2]®7Z/3[9],
in other words copies of Z/3 in degrees 8 and 11 respectively.

Similarly, in looking for the 3—torsion of the r =3 initial terms of (11-13) within
our range of values ¢ <11, we need only consider the homotopy of LJ*(K(Z,2)®
K(Z/3,6)). Let us record here the functorial form of (8-16), for all » and a more
restricted range of values of k, as extracted from Theorem 8.2:

Lemma 11.2 For any abelian group A, and integer n >4,

ARZs k=37,
3Lk 3 (A, n)={Tor(4,Z/3) k=43,
0 k=2,5,6.

It follows that the summand LJ3(Z,2) contributes a term Z/3 in degree 5 to the
3—torsion of E 31 ;> While the summand LJ 3(Z/3, 6) contributes a pair of terms Z/3
in degrees 9 and 10. In addition, since the second third cross-effect of the functor J3
is the functor

Jp(A|B)~(A®@ BRA)B(AQ BR B),
it contributes an additional term Z[2]®Z/3[6]®7Z[2] to the homotopy group of
LJ3(K(Z,2)®K(Z/3,6)) in degree 10, in other words a second factor Z /3 to the

o e e 1
initial term E3,10 of (11-14).

There is no contribution to the 3—torsion component of the initial terms of the spectral
sequence (11-13) for r =4, 5, 7, 8 since none of these numbers is a multiple of 3. If we
leave aside the case r =6 for the time being, the only initial terms which we still need
to consider are those for which r =9. In our range ¢ <11, the only the summand of &°
which comes into play is J3J3 and by (8-16) the homotopy groups of LJ3K(Z/3,5)
contribute a pair of groups Z/3 to the 3—torsion of L¥%(Z,2) in degrees 8 and 9.
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We collect in Table 7 the outcome of this discussion of the (3)—torsion components
of the initial terms of the spectral sequence (11-13) for n=3. Since all the terms in

r 1 2 3
(3)Er1,11 0 Z/3 0

6

el

*

*

45 7 8
00 00
@E} 0| O 0 (Z/3)2 0 0 3L10%%2Z,2) 0 0 O
@Eo |Z/3 0 Z/3 0 0 0 0 0 Z/3
@Elg | 0 Z/3 0 00 0 00 Z/3
®»E; | 0 0 0 00 0 00 0
®Ere |Z/3 0 0 00 0 00 0
@Es | 0 0 Z/3 00 0 00 0
@»E, | 0 0 0 00 0 00 0
@Es | 0 0 0 00 0 00 0
@»E, | Z 0 0 00 0 00 0

Table 7: The 3—torsion in the initial terms for the spectral sequence (11-13)
when n=3

the abutment of this spectral sequence vanish (except for a copy of Z in degree 2),
it follows by examining the possible differentials in the spectral sequence that the

term (3)L10§£6(Z, 2) survives all the way to ng’lo and must therefore be trivial.

Diagram (11-11) now makes it clear that (3)L115812(Z, 1)=(3)L11££6(Z,2) also
vanishes. These were the only possibly nonvanishing terms within our range of degrees,
so that finally

(11-16) 3 Le®'*(Z,1)=0, ¢=<14. O

Remark 11.3 A direct computation shows that the triviality of L19%£%(Z,2) is equiv-
alent to the assertion the class in 3? (Z,1)4, of the element

¢={{s25150(a), 525150(a), 535150(a)}, {s35250(a), s35250(a), 535251 (a)}}
—{{s25150(a), 525150(a), $35250(a)}, {s35150(a), $35150(a), 535251 (a)}}

+{{s35150(a), s35150(a), 535250(a)}, {525150(a), 525150(a), 535251 (a)}}

is trivial, where « is a generator of Z =, (K(Z, 1)). It would be of some interest to
find a specific element in $(Z, 1)s with boundary ¢.
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Let us now return to the spectral sequence (11-6), where we now know that E 12,4 =0
for all g <14. The complete set of values of its initial terms in the range ¢ <14 is
displayed in Table 8. The values of the various terms in this table are justified as

r 6 12 18 24 30 36 42 48 54 162
3L (Z, ) 0 0 0 0 0 0 0 0 0 7/3
sLis$7(Z, )| 0 0 Z/3 0 0 0 0 0 7/3 0
sLp$7(Z,)| 0 0 Z/3 0 0 0 0 0 Z/3®Z/3 0
Ly Z,H 0 0 0 0 0 0 0 0 7/3 0
sLio¥"(Z, )| 0 0 0 0 0 0 0 O 0 0
sLe™(Z,1) | 0 0 Z/3 0 0 0 0 O 0 0
SLs$7(Z,1) | 0 0 Z/3 0 0 0 0 0 0 0
SL,$7(Z,2) 0 0 0 0 0 0 0 0 0 0
3LeP"(Z,2Y| 0 0 0 0 0 0 0 O 0 0
sLs"(Z, 1) |Z/3 0 0 0 0 0 0 O 0 0

Table 8: The 3—torsion in the initial terms of the spectral sequence (11-6)

follows. Observe first of all that the vanishing of all terms £ 112,q terms implies that
there are no nonzero terms E rl’q whenever r is a multiple of 12. Nontrivial terms
with r =18 arise by applying the functor J3 according to the rule of Lemma 11.2 to
the cyclic group 3 E =17/3, so that they are contributed by derived functors of the
summands J3J3J? of 18 Applying one more functor J3 to each of the two cyclic
groups E 8.8 and E! 18,9 provides us, according to the same rule, with two additional
copies of Z / 3 in the columns 7 = 54. Finally, a last composition with a J3 yields the
only nontrivial term in column » =162 within our range ¢ < 14. Our discussion makes
it clear that this cyclic group has been contributed by the appropriate derived functor
of the summands J3J3J3J3J? of £162,

The following description of the 3—torsion in 77;(S?) in the range i <11 is a conse-
quence of this discussion, once one takes into account the possible differentials in the
spectral sequence:

Z)3 i=6,9,10,

0 otherwise.

(11-17) 3m-(S2)={

In addition,
i(S?)DZ/3, i=13,14.
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We have recovered in this way by purely algebraic methods certain of Toda’s re-
sults [46]. In fact, it can be shown by comparing once more the differentials in a
spectral sequence for the Moore space (11-18) with those in the corresponding spectral
sequence for an Eilenberg—Mac Lane space, and by suspension arguments, that the
additional differentials d{§ |,: Z/3—7/3 and d¢ 3: Z/3—Z/3®Z/3 in (11-6)
are both monomorphisms. In this way, the entire description of the 3—torsion in 7, (S?)

up to degree 14 may be obtained algebraically.

11.3 Some homotopy groups of M (A4, 2)

We now consider the spectral sequence (11-5) for n=2:
(11-18) E} ,=LaS (A1) =g M(A,2).

For r =3, some initial terms in this spectral sequence were computed in Section 8.2.
We will now study the terms E j, = Lq§B4 (A,1). The short exact sequences (2-9)
and (7-10) derive to the horizontal lines of the two following commutative diagrams,
while the vertical ones arise from semi-décalage and the computations of the groups
L;A?’A?%(A, 1) in Table 3:

LiY*4(4) — = A2T5(4) #4(4) Y4(A)

s | l :

[?)
LsJ*(A, 1) —— LyA2A2(A, 1) — L, F4(A4, 1) —> LyJ*(4, 1)

|

L

(11-19)
)
LyY4(A4) —— L A2T1(A) Li$4(4) — L1 Y*(4)

4 | l :

%
LeJ*(A, 1) —=> LsA2A2(4, 1) — LsF*(4, 1) — LsJ*(4, 1)

|

Tor(R,(A4),Z/2)

The computation of the L;A2A?(A) also implies that there are genuine décalage
isomorphisms

(11-20) Li$"(A) > Liin$" (4, 1)

for n =4 whenever i >2. The same is true for » =5 and all values of i by comparison
of the derived long exact sequences associated to the sequences (7-11) and (7-31). This
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discussion provides the justification® for the values in the columns r=1,2,3,5 of
Table 9, where the r—th column describes, as g varies in the range 1 <¢g <7, the initial
terms E ,l’q in the spectral sequence (11-18).

The expressions in the second column of Table 9 follow from (2-11) and from the
computation (4-3) for n=1, and those in the third column from (8-4). The first
summand in the term £ i’3 in the fourth column is provided by the subgroup A2A2(A)
of $4(A) exhibited in (7-10), once the expression in position (2, 1) in Table 3 is taken
into account, and its derived versions then occur above it. The second summand in
E 133 arises from the décalage isomorphism (11-20) and a diagram chase in diagram
(11-19). Once more, its derived versions are then to be found above it.

We will now show how to find the terms of interest to us in columns 6 and 8, by the
methods of Section 9. Those in the sixth column in degrees ¢ =4, 5 only depend on
the first two summands J3J2(A4) and J2J3(A4) of $£°(A). The term J2J3(A) in
$%(A) contributes an expression

La(J*T3(A, 1)~ L4A?(Y3(A4),3)~Y34Q2/2

to E} ,,since LyA?(A,1)~T2A and LsJ3(A4,2)~A®Z/3 (8-14). The same com-

putation provides the corresponding factor in E| 5. Similarly, the term J3.J2(A4) pro-

vides the expression T';(4)®Z/3 in E} , as LyA%(A,1)~T5A4 and LsJ3(4,2)~

A®Z/3 (8-14). Finally, the term E; 4 comes from the term L4J?J2J%(A4,1) in
L4%3(A, 1) by the same sort of reasoning. We already know that

L3A2A%(A, 1) ~T(A)RZ/2.
This implies that
LiA?(A*A%(A, 1))~ L4A*(TLA®Z/2,3)
and the result follows since
L4A*(T2ARZ/2,3)~ L¢SP* (I AQZ/2,4)~ He(K(T2 ARZ /2,4)) ~TH ARZ /2,

The last isomorphism follows by a direct calculation, or by reference to the well-know
Eilenberg—MacLane functorial stable isomorphism

Hg(K(B.4))~B®Z/2.

We refer to [40, Section 5.5] for a more complete discussion by one of us of the derived
functors of iterates of A2 when A=7.

3The validity of some of the higher entries in this table (as well as in Tables 15 and 17) is not verified
in the present text, nor are the results in question used here. We refer for the proofs of these assertions,
which have been included here for completeness, to the forthcoming [38] .

Algebraic & Geometric Topology, Volume 11 (2011)



389

Derived functors of nonadditive functors and homotopy theory

0 0 0 0 0 0 0 0 [
0 0 0 0 0 0 0 0 )1 o
0 0 0 0 0 0 Tz ek ()Y 0
P)ir @
0 0 /Z® (V)i 0 /7 (¥ 0 AN\NM P)eA"T 0 0
(¥)e17) 1%
UZ® )5 @ (/2 T
0 0 AN\NmN\NW 0 m:&&d:@ (BK3 AN\N“AMNSE (F)eATT 0 0
¥)ea7) > €/2® ()
AN\NmiwwdE@ #)oF @
MNM 2o (zeuze o (FVZRMATHE g e 0 0 0
¢ Q\erH‘NVN.R AM\NWQ\QNL‘NV_E
TZ®(W)eED ET @
T/z® (c/z®¢/z® UZ® (KD . m Veh T . o
T 7 7 . W) FE /7 @) eAcDoL® F)HFT (F)phtT 0 0 0
P eF) N edAD'x T/ZQF)pH)xd .
T (¢/Z ‘(P2 )L
(T/z* (¥)ea)ioL
01 6 8 L 9 S v € T 1

4 terms of the spectral sequence (11-18)

1
r,

Table 9: The E
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It is immediate from the line ¢ =2 of Table 9 that
(11-21) n3(M(A4,2)) =T>(4),

a result which essentially goes back to J HC Whitehead’s “certain exact sequence” [48],
and that in particular a generator of [',(Z) corresponds to the class of the Hopf map
n: S> — S?. By comparing the spectral sequence (11-18) with the corresponding
spectral sequence (11-12) for n =3, one verifies that the differential d31’ o E 31 i
E 1’3 in (11-18) is trivial. The line ¢ =3 of Table 9 then implies that there is a short
exact sequence

(11-22) 0—>§E§ (A)B(T2(A)RZ/2)—>masM(A,2)— Ry(A)—0,

a result already proved in Baues [2] and Baues and Buth [3], where the expression
F3(A)D(M2(A)®Z/2) is denoted F% (A).

Similarly, the last two terms in the line ¢ =4 of our table, together with the factor
F%(A) from E j’ 4 regroup to the expression denoted Fg’ (A) in [3], while the direct
sum of the two remaining terms on the line ¢ =4 correspond to the derived functor
L F22 (A) of the functor I 22 (A) mentioned above. By considering the restriction of
the differential disz E 2, s—E g’ 4 in our table to the factor Tor(R3(4),Z/2) of E 2’ 5
we therefore recover the description of 75M (A, 2) in [3] as a middle term in an exact

sequence:

d
(11-23) LoT2(4) 3 T3(A4) > nsM(A,2)— L1 T3(4)—0

where d, is a differential in the spectral sequence from Dreckmann [21] (for a gen-
eralized version of this sequence, see Baues and Goerss [4, Theorem 5.1]). We will
verify later on in this section (see diagram (11-32)) that this restriction of df’ 5 is not
zero. This implies that the corresponding differential d, in (11-23) is also nontrivial.
This discussion is consistent with the low-dimensional homotopy groups of the Moore
space M(Z/2,2)=XR P? as known from Wu [50] and displayed in Table 10:

i |2 3 4 5 6 7
(Z/2)®2 e (2/4)®2
BZL/8

miM(Z/2,2) | Z)2 Z]4 Z]4 (Z)2)®3 (Z)2)®°

Table 10

Finally, returning to the case A =7, we also observe in Table 9, in positions £ ; p.2p—1

with p prime, the early occurrences in 3, (S 2) of Serre’s first nontrivial p—torsion
in the homotopy of S?2 (see also for this [40, Corollary 5.40 and pages 280-281]).
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Remark 11.4 In the spectral sequence from [21] there are terms E, 2 =L Fq(A)
where Fq(A) is the g—th term arising from the homotopy operatlon algebra. In
particular, there is a natural homomorphlsm §£q+1 (A)— Fq (A), where the occurrence
of the super-Lie functor ££q+ is due to Whitehead products viewed as homotopy
operations. It is natural to conjecture that the semi-décalage described in Theorem 10.1
connects the homotopy operation spectral sequence from [21] with the Curtis spectral
sequence, with for example the existence of a commutative diagram

LiF9(A) LiygP9(A.1)

: ’

*

X
Lip#0N(4) — Litq1%971(A.1)

where d? is a natural map induced by the second differential in the homotopy oper-
ation spectral sequence. The low-dimensional computation given above support this
conjectural connection between the two spectral sequences.

11.4 Some homotopy groups of M(Z/p,2), p#2

The next proposition provides us with some information regarding the derived functors
of £4(A). We begin with the following lemma:

Lemma 11.5 Let A=7/p for some prime p 2. The natural map Tor(25(A4), A) —
Q4(A) is an isomorphism.

Proof By [10, (5.14)], there exists, for any abelian group 4 and integer /2, a commu-
tative diagram of abelian groups

F3(A)® pA —— T4(4A)
(11-24) lki@l lkfi
Tor(23(A4), A) —— Q24(4)

where the upper horizontal arrow is induced by the multiplication in the divided power
algebra. The arrows )»2 provide, where / varies, and the slide relations are taken into
account, presentations for the groups Tor(£25(A4), A) and 24(A4) respectively. Let us
now suppose that A4 is cyclic of order p, with a chosen generator a € 4. In that case
the only relevant integer is &= p. We know that Q3(Z/p)=Q4(Z/p) =7/ p so that
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the lower horizontal map in (11-24) is a homomorphism Z/p —Z/p. Let us show
that this morphism is nontrivial. The image of y3(a)®a in Q24(Z/ p) is

y3(@)®ar>4y,(a)—4w] (a)
and 4a)f(a)7é0 since p#2. a

Proposition 11.6 For any integer i >0 and any odd prime p, one then has

Z/p i=1,2,

_cph _
Li*{(Z/] p) {0 P41,

Proof It follows from definition that SB;‘ (A) =0 for every cyclic group A. By (7-30),
the sequence

(11-25) 0— L3A’T2(A) = L3%3(A)— L3Y*(4)— Ly A*T5(A)
S L P (A) > LY (A) S LIAPTS(A) — L1 (A)— L Y4(A)
is exact. By (4-4), LT'>,(Z/p)= K(Z/ p,0) for p odd, so that

Z/p i=1,
0 il

In particular, the right-hand arrow in (11-25) is surjective. The definition of ¥# implies
that there is a long exact sequence

(11-26) LiAzrz(Z/P):{

L
LyY*(A) >y (LA (A) ® A) > LyA*(A)
L
- L1 Y*A) > (LA} (A) @A) —> L1 A*(A4)
and an isomorphism
L3Y*(A) ~ker{Tor(Q3(A4), A)— Q4(A)}.

Lemma 11.5 asserts that the group L3Y *(Z/ p) is trivial, and we know by (2-21) and
(2-25) that

Z/p i=3,
LA (Z/p)=
iN(Z/p) {0 P43,
The exactness of the sequence (11-25) then implies that
Z/p i=2,
11-27 LiY*Z/p)=
( ) iY"(Z/p) {0 P42,
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We will now show that the boundary map (11-25)

LyY4(Z) p) —> LiA*T5(Z/ p)
| |

Z|p ——1Z/p

is trivial. Consider first the case p #2, 3. One then has the following values for the
homology groups Hy«K(Z/p,2):

n | 2 3 4 5 6 7 8 9
H.K(Z/p.2) |Z/p 0 Z/p 0 Z/p 0 Z/p 0

The analogue of the spectral sequence (11-13) for K= K(Z/p,2) is
(11-29) E} =Lg1 ¥ (ZK(Z/p.2).—1)= mq(K(Z/p. 1))

Reasoning as in the proof of Proposition 11.1, we find that the initial terms in this
spectral sequence are as in Table 11.

4q Ell,q E21,q E31,q Ei,q ESI,q Eé,q E71,q Eé,q E;,q E110,q
81 0 * * * * * * * * *
7\Z/p Z/p * * * * * * * *
6| 0 Z/p* 7Z/p? * * * * * * *
5/Z/p Z/p Z])p LEXZ/p)O 0 0 0 0 0
41 0 Z/p Z/p 0 0 0 0 0 0 0
31Z/p 0 0 0 0 0 0 0 0 0
21 0 Z/]p 0 0 0 0 0 0 0 0
1|Z/p 0 0 0 0 0 0 0 0 0

Table 11: Some E! terms in the spectral sequence (11-29) for p #2,3

This spectral sequence converges to the graded group Z/ p[1]. Let us suppose that
L1$X(Z/p)=0. In that case E 3?6 DE ‘3’?6 # 0 and this contradicts the fact that homo-
topy groups m; K(Z/p, 1) are trivial for i > 2. It follows by (11-26) and (11-27) that
L$X(Z/p)=17/p and the map (11-28) is the zero map. The description of all the
derived functors of EE;‘ (Z./ p) for p#£2,3 now follows from the exact sequence (11-25).
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We now consider the p =3 case. We have the following description of the low degree
homology of K(Z/3,2):

n |2 3 4 5 6 71 8 9
H.K(Z/3.2) | Z/3 0 2/3 0 2/9 Z/3 7/3 /3

The initial terms in the spectral sequence (11-29) for p =3 are given in Table 12.

q Ell,q Ezl,q E;,q Ei,q E51,q Eé,q E71,q Eé,q E;,q Ello,q
8| 2Z/3 * * * * * * * * *
71 2/3 7/3? * * * * * * * *
6|2/3 7/3* 7/3° * * * * ¢ s ¢
512/9 ZJ/3 7J/3* Li*®¥Z/3) 0 Z/3 0 0 0 0
41 0 Z]3 Z]9 0 0 0 0 0 0 0
317Z/3 0 0 0 0 0 0 0 0 0
21 0 7/3 0 0 0 0 0 0 0 0
1|7Z/3 0 0 0 0 0 0 0 0 0

Table 12: Some E ,l’q terms in the spectral sequence (11-29) for p =3

We will now prove that the expression L1££§' (Z./3) is equal to Z/3. For any abelian
group A, the differentials d 11 , and d 11 ¢ in the corresponding spectral sequence (11-12)
for n =2 have the property that the following natural diagrams are commutative

4

o4 Ky L

[y(A) ——=T3(4)®4 LiT4(4) — 7, (LT3(4) ® 4)
1 ‘J di g {

EII,7 - Eé,s Eis E,

1
where «* is the homomorphism in the Koszul complex Kos*(4 = A) (2-30) and Kf
its first derived analog. This implies, in the case A =7/3, that the differentials d 11 7
and d 11 ¢ are monomorphisms. The assumption L1$4(7,/3)=0, implies that E ;’?6 #0
and this contradicts the triviality of the sixth homotopy group of K(Z/3,1). a

Remark 11.7 For p=2 the description of L;¥%(Z/p) is also more complicated.
For example, the group L 258? (Z./2) contains nontrivial 4—torsion elements. In the
simplicial language, a generator of the 4—torsion subgroup is provided by the following
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element:

{soai, s1ay, soay, s1a1}—{s1a1,s150do, Sod1, Sod1 }

+1{soay,S150a0, 5140, S1do}+{{s1a1,S150a0}, {501, S1S0do}}

This 4-torsion element corresponds to twice the 8—torsion element of Cohen and
Wu [13] and Wu [50, Appendix A], which lives in the last summand of w7 SRP2=
w7 M(Z/2,2) (see Table 10). We will not discuss this computation, since it involves
more elaborate techniques than those described here.

After these preliminaries regarding the derived functors of QB;‘, let us begin our compu-
tations of the homotopy of the spaces M (Z/p,2) with the case p=3. By Remark
8.1, we know that

Z)9 i=4,
Li®(Z/3.1)=7/3 i=5,
0  i#4,5.

The computation of the derived functors L,%"(Z/3,1) for g <7 follows easily from
the Curtis decomposition of &£” and the known values of the derived functors of
$3(Z/3.,1). We display the result in Table 13.

q Ell,q E;,q E31,q Ei,q E;,q Eé,q E;,q Eé,q E;,q Ello,q
6| o o o z/3 zZ/3 Z/3 0 0 0 0
sl o o z/3 zZ/)3 0 Z/3 0 0 0 0
41 0 0 Z/9 0 0 0 0 0 0 0
31 0 0 0 0 0 0 0 0 0 0
21 0 Z7/3 0 0 0 0 0 0 0 0
1|7Z/3 0 0 0 0 0 0 0 0 0

Table 13: The E!—term of the spectral sequence (11-5) for A=7/3 and n=2

The differentials d51’6: 7Z/3—7/3 and di6: 7/3—7/3 in this table are trivial, as
follows from the comparison between the Curtis spectral sequences for K =M (Z/3,2)
and K= K(Z/3,2) and from the structure of Table 13. The assumption that either
d 51 g ord f, ¢ 18 an isomorphism would produce a nontrivial term £ ;’?6 in the spectral
sequence whose initial terms were given in Table 12. Looking at the horizontal lines in
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Table 13, we now see that

T M(Z)3,2) =13
w3 M(Z)3,2)=1/3
waM(Z/3,2)=0
wsM(Z/3,2)=1/9
Ime M (Z/3,2)| =27.

Observe that we have in particular exhibited here the cyclic group of order 9 of
Neisendorfer [42] and Leibowitz [33] mentioned in the introduction.

The homotopy groups of the spaces M (Z/p,2) for a prime p#2,3, are simpler to
describe. In that case, the initial terms of the spectral sequence (11-5) are displayed in
Table 14.

q Ell,q E21,q E31,q Ei,q ESI,q Eé,q E;,q Eé,q E;,q Ello,q
6| 0 0o O Z/p Z/p O O 0 0 0
sl o0 o o zZ/jp 0O 0 0 0 0 0
4/ 0 0 Z/p O O O O O O 0
31 0 0 0 0 0 0 0 0 0 0
2 0 z/p o 0o 0O O 0O 0O 0 0
1'z/p o 0o 0o O 0 O 0 0 0

Table 14: The E'—term of the spectral sequence (11-5) for A=7/p when
p#2,3and n=2

In particular, the derived functors L;%3(Z/p, 1) are simpler for these values of p,
which explains the difference between the third columns in Table 13 and Table 14. Note
also that the p—torsionin L4%3(Z/p, 1) comes from the term ker{Q2,(Z/p)®RZ/p —
L{A3(Z/p)} in (8-8). We obtain in particular

neM(Z/p,2)=Z/p
[m7 M(Z/ p,2)| = p*.
11.5 Some homotopy groups of M (A, 3)

Consider the spectral sequence (11-5) for n=3:

(11-30) E} ,=Lg¥ (A,2)=mg 1 M(A,3).
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The initial terms of this spectral sequence are obtained as in the spectral sequence
(11-18) from the Curtis decomposition of Lie functors and the computation of the
derived functors of its graded components. In addition, the occurrence of a summand
£3(A) in E§,6 follows from the composition of the maps (10-2). These initial terms
are given in Table 15 (the functor A% was defined by (4-1)).

As a result we have a natural isomorphism
TaM(A,3)~AQZ/2,

which is simply the suspended version of the isomorphism (11-21), as well as the
following natural short exact sequence:

(11-31) 0—>AQRZ/2—>nsM(A,3)—Ar*(A)—0.
However, the latter is not split, since it is known for example that s M (Z/2,3)=7/4.

The differential d ¢~ E, ! s in Table 15 is trivial, as can be seen by reduction
to the case of A free abehan of ﬁmte rank, and a comparison of the rank of £ ! 3.6 with
that of the homotopy group of the corresponding wedge of spheres S?, as computed
by the Hilton—Milnor theorem (see Curtis [16, Theorem 4.21]). On the other hand, the
differential di o E i’ ¢ E g,s can be nontrivial. It is an isomorphism for A=7/2,
as follows from the known description of the groups m; (M (Z/2,3)) =m;(Z*R P?)
for small values of i:

i | 3 4 5 6 7 8
wmM(Z/2,3) |2)2 Z/2 Z/4 L/A®L/2 Z/2@L/2 L/26L)2

In addition, one can express the differential df ¢ 1n (11-30) as a suspension by com-
paring the spectral sequences (11-18) and (11-30). For this, consider the following
commutative diagram, in which the vertical arrows are suspension morphisms:

is(4.2)

Tor(R,(A),Z/2) [ (A)RZ/2

(11-32) L l

Tor(A%(A),Z/2) v ARZ/2
4,6\

The upper arrow in this diagram is the restriction to the first summand of the differential
d, 4 s from (11-18), whereas the lower one is the differential d ¢ from (11-30). The
suspenswn maps are isomorphisms for A=7/2. Since we know that d# 46 is an
isomorphism in that case, so is the differential d 4 45 in (11-18).
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398

0 0 0 0 0 0 0 0 14
0 0 0 0 0 0 0 /zZ®V 0
0 0 0 0 0 /78 0 #)X 0

® o
0 UZ®V 0 0 0 e/Z® (v ¢/Z®V #)s 0
(¢/z°Tt/z V) loL
0 (¢/z°c/z°c/Z V) o1 ® o o o @\ngm,\dE@ (€/Z V)L . .
t2® ¥V @/ ZV)eL )¢
(¢/z°t/zC/ZVY) oL & UL®W)eF ® T/ZRF) VD
I
0 @€/z2®t/7® W) vz ° §/7® V),V 0 T/Z®V & W) es'T 0 0
! ! (T¢/Z ¥)cv)oL
(T/zZ‘v)eL & d
w@/zene @zemagnre  (HIZEFNDXS®
ezey /Z2® ) v e ° Q\M®§N<5E 0 @/z'v)yoLe  (F)epcT 0 0
@/2®2/2® (1) VD™ ! W)y
6 8 L 9 s v € 4 1

o of the spectral sequence (11-30) for 2<¢ <8

1
p,

Table 15: The initial terms
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The spectral sequence (11-30) determines in particular a filtration on g M (A, 3), with
the following nontrivial associated graded components:

gry, g M(A,3)=Q2,(A4)
grymgM(A,3)=ARZ/3
gry meM(A,3)=(A*(A)RZ/2)®Tor,(A4,2/2,7./2)
grg me M(A.3) = AQZ/2/im(d} o)
For A =7, this determines precisely 12 elements in 74(S3), which are the nontrivial

elements in the associated graded components gr,, grs, grg listed above. Table 15 also
implies that there is an epimorphism

T M(A,3)— L3 (A)®Tor(A4, Z3).

As an example of this computation, consider the case A=7/3. A simple analysis,
with the help of (8-14), gives the description of the initial terms of the corresponding
spectral sequence (11-30) in Table 16.

q Ell,q Ezl,q E31,q Ei,q E51,q Eé,q E;,q Eé,q E;,q Ello,q
8 o o o o 0 Z/3 0 0 Z/3 0
71 0 0 z/3 0 0 0 0 0 0 0
6| O 0 zZ/3 0 0 0 0 0 0 0
sl o z/s3 z/3 0o 0 0 0 0 0 0
41 0 0 0 0 0 0 0 0 0 0
310 0 0 0 0 0 0 0 0 0
217Z/3 0 0 0 0 0 0 0 0 0

Table 16: The initial terms of the spectral sequence (11-30) for A=7/3

We conclude that 7 M(Z /3, 3)=ngM(Z/3, 3)=7/3.

11.6 Some homotopy groups of M(A,4)
The spectral sequence (11-5) for n=4
(11-33) E},=Lg% (A4.3)= w1 M(A.4)

has initial terms in low dimensions given by Table 17. Observe in particular that the
torsion-free expression I',(Z) which appears in column 2 of Table 17 for A =7 sur-
vives to ES° since a nontrivial morphism d22 ¢ [2(Z)— Z.®7Z/2 would contradict
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€/Z®V

/Z®V

T/Z®F)IP
(¢c/zc/z°c/Z V) Lol

@/z m Uz m F)aT) '«
(¢c/zt/z t/z V) CoL
Z®(F)ID

@ @/Z®V)®

@/z m (A m P)aT) ‘o
(¢/z V)L

€/Z® )

U/Z®V

(¢c/zc/z V) oL

UZ®F)ISD

(T/Z V)L
T/Z®V ®
AN\Nm:\vﬁd u

/zZ (F)d)oL @
U/Z®F)IS
(¢/Z ‘v)ioL

0

€/Z®V

(¢/Z ‘v)ioL

ek

0
/Z®V
(¢/Z V)L

@

(124

(=}

=4

Table 17: The initial terms for ¢ <9 in the spectral sequence (11-5) with n
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the known nontrivial value of 7¢(S*). We can therefore recognize in a generator of
this group I'»(Z) the class of the generalized Hopf fibration v: §7 — S4.

The suspension homomorphisms w4 M (A4,2) —> s M(A,3)—>mgM(A,4) can be de-
scribed in terms of the suspension homomorphisms between the corresponding derived
functors of Lie functors. The result, which can be read off from (11-22), (11-31) and
Table 17, is expressed by the following commutative diagram (see also Baues [2, VIII
Section 3, IX Section 2, XI Section 1]):

F3(A)BT2(A)RL/2 — w4 M(A.2) R>(A)

| | |

AQZ )2~ 75 M(A,3) A2(A)

/ | ¢

ARZ2— s ngM(A,4) —— Tor(A,7Z/2).

Note that these horizontal short exact sequences are in general not split, since

wa(M(Z)2,2)=7s(M(Z)2,3))=7/4.

11.7 Solving the extension problem

In simple cases one can solve the extension problems with the help of functoriality. For
example we have just seen that there is a natural exact sequence

0> ARZ/2—>ngM(A,4)—Tor(A,7Z/2)— 0.
For A=7/4, this reduces to the sequence
0>Z/2—>n¢M(Z/4,4)—7Z/2—0.

In order to compute the group wg M (Z/4,4), we must still determine whether this
sequence is split. The following simple argument will show that this indeed is the case.

Let F be an endofunctor on the category of abelian groups which can be expressed as
a natural extension of functors

(11-34) 0> ARZ/2— F(A)—Tor(A4,7Z/2)—0.

We will now prove that for any such functor F this extension is split. Suppose on
the contrary that F(Z/4)=17/4. In that case the group F(Z/2) is isomorphic either
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to Z/4 orto Z/2@7Z/2. Let us first suppose that F(Z/2)=7/4 and consider the
following diagram, induced by the injection of Z/2 into Z /4.

72> 17/4 72

oo ||

72—~ 7/4 72

Such a commutative diagram cannot exist since the pushout of any extension by the
trivial homomorphism is a trivial extension. If on the other hand we suppose that
F(Z/2)=7/28®7/2, then the natural projection Z/4— 7 /2 induces a commutative
diagram

Z.)2¢ Z/4 7)2
H l Jo
22> L)2@®L)2 — 7]2

which also cannot exist, since the pullback of any extension by the trivial homomorphism
is a trivial extension. This proves that the extension (11-34) is split, and in particular
that g M(Z/4,4)=7/27Z/2.

11.8 Some homotopy groups of M(Z/3,5)

In this simple example, we will illustrate some lines of reasoning by which we computed
certain differentials in Curtis spectral sequences. Consider such a spectral sequence
(11-3) for n=15, with abutment M(Z/3,5) and initial terms E,l,q =L,%"(Z/3,4).
One finds in low degree the values given in Table 18.

q Ell,q Eé’q E31,q Ej,q Eé’q Eé’q E;’q Eé’q E;,q
10| 0 0 0 0 0 0 0 0 Z/3
9/ 0 Z/3 0 0 0 0 0 0 0
8| 0 0 Z/3 0 0 0 0 0 0
71 0 0 Z/3 0 0 0 0 0 0
6| 0 0 0 0 0 0 0 0 0
5/ 0 0 0 0 0 0 0 0 0
417/3 0 0 0 0 0 0 0 0

Table 18: The initial terms in the spectral sequence (11-5) for n=5 and A=7/3

We will now provide two separate justifications for the triviality of the differential
dzl o: Z/3—Z/3, both of which were used in more complex situations in the previous
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paragraphs. The first argument goes as follows. The differential d21 o for n=5 and
A =73 lives in the following commutative diagram, in which the notation is the same
as in diagram (11-32) (and the vertical arrows are suspension maps):

d3 4(Z./3,5)

Lo%*(Z/3,4) Lg$3(Z)3,4)

: §

L1o%*(Z/3,5) Lo$3(Z/3,5)

d}10(Z/3,6)

This commutative square is actually of the form

d} 4(2/3,5)
7|3 ———1Z)/3
l )
0 Z/3
d3 10(Z/3,6)

so that the map dzl o(Z/3,5) is trivial. As a consequence
ﬂ9M(Z/3, 5) IJTI()M(Z/3, 5)=Z/3 .

Here is the second proof of this assertion. Consider the natural map M(Z/3,5) —
K(Z/3,5) (11-1), and the corresponding map between the spectral sequences (11-5)
and (11-14) for n=5 and A=7/3. We now display the low-dimensional homology
groups of K(Z/3,5):

n |5 678 9 10 11
H.K(Z/3,5) |2/3 0 0 0 2/3 Z/3 Z/3

The initial terms of the spectral sequence (11-14) for n=5 and A=7/3 are given
in Table 19. In this Table 19, we display within brackets those terms which are in
the image of elements from the corresponding spectral sequence (11-5), as given in
Table 18. Since the spectral sequence (11-12) converges here to the graded group Z/3
concentrated in degree 4, it follows that the map d21’9 is necessarily zero: otherwise,
the element E 11,10 =17/3 would contribute nontrivially to m19(K(Z/3,4)). It now
follows that the corresponding map d21’9 in the spectral sequence whose initial terms
are displayed in Table 18 is also trivial. We deduce from this that 79 M (Z/3,5)=

7T10M(Z/3,5)=Z/3
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q E}’q Eiq E31’q Ei,q E;’q Eé,q E71,q E;,q E;’q
10| Z/3 0 0 0 0 0 0 0 (Z/3)
9| Z/3 (Z/3) 0 0 0 0 0 0 0
8| 2/3 0 (Z/3) 0 0 0 0 0 0
7 0 0 (Z/3) 0 0 0 0 0 0
6 0 0 0 0 0 0 0 0 0
5 0 0 0 0 0 0 0 0 0
4 | (z)3) 0 0 0 0 0 0 0 0

Table 19: The initial terms in the spectral sequence (11-12) for n=5 and A=7/3

Appendix A The derived Koszul complex

In this appendix, we illustrate our derived functor methods, by giving an explicit descrip-

tion of certain objects and morphisms obtained by deriving the Koszul sequence (2-30).
8

Let 0—-L—->M—>A—0

be a flat resolution of the abelian group 4. A convenient model for the derived category
object LA™(A) is provided by the dual Koszul complex of the morphism &: L — M .
Recall that for n» =2 this is the complex

8 §
(A-1) M (L)3 LM =S A2(M)
with the differentials

52(y2(1) =1®4(])
§1(/®@m)=68(l)nm

and for n =3 the complex

) 3Ty M 3 Lenan s A3 )
with the differentials
83(r3(1))=r2(H)®6(1)
83(r2(D 1) =11'"®8(D) +r2(H RS
$2(y2(1)®@m) =1@mAS(1)
Sil@mam’y=8(1)ArmAm’.
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The derived category object
L
LA*(A)®4
may be represented by the tensor product of the complex (A-1) with the complex

8: L — M , in other words by the total complex associated to the bicomplex

L)L —— LOIMRL — AX(M)®L

| | |

LM — LOIMOM — A2(M)QM

in other words the complex

8/
(A2) TH(L)®L3TH(L)®M&(LRIM®L)

8’ 8
S(LIMIM)BA (M)RL A (M)@M
with differentials
852 (N®!) =2 (R8I, —1R8()®!')
85 (r2(H®@m) = (I ®8(1)®@m, 0)
8/2(l®m®l’) =(Ims("),mAS§()®I")
Sil@mem’)y =) Am@m’
Simam' @) =mam'®8(1).
Recall that
(A-3) LiA*(4)=Q,(4)

L
(A-4) 72 (LA (A) ® A) =Tor(Q,(A), A).

Given elements a,a’ € , A, let us choose its representatives m, m’ € M and so-called
cross-cap elements /,/” € L, for which §(/) =nm and 8(/")=nm’. The maps

2(4) > (L®M)/im(8,)
Tor(Q22(A4), A)— (F(L)QM &(LQM ® L)) /im(5%)
which define the isomorphisms (A-3) and (A-4) are given by
wy (a) 1 ®@m+im(8,)
(w5 (a), b)) (—y2(H)@m’, I@m®I") +im(83) .
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Next we consider the diagram with exact rows and columns

4 4 i

P> LOMO®L ———— LM M ——— Y3(M)
8 T (L)@M 8 (LQM QM) 8
2D)® SLIMSL) sA2 (ML AWM
(A-5)
3 ¢2 1 o)

T3 (L) Ty L)®M — 2~ Lo A2(M) — A3 ()

L®Z/3

with  ¢go(mAm' @m")y=mArm’' Am”
d1(l@mem’)y=IlmArm’
d1(mAm' @) =1QmArm’
G2 (y2()@m)=—y2(1)@m
p2(l@ml)=11'®m
P3(r2(N®1) =~y (DI

and S5URUAI"Y=1Q8(I"@I'+1"@5()R1I'-18(") 1" 1" 1"
§5(0@mel")=18(I"Y@m+1'®8()@m+I@mes(l")
§{(@mem'y={8(1),m’' ,m}.

Here /®I’Al” denotes the image of the element / ® /' Al” under the natural epimor-

phism L@ A2?(L)— %3(L). We will now make use of the fact that the dual de Rham
complex

0—>A3(L)—>LRA*(L)—>T2(L)QL—T5(L)
has trivial homology in positive dimensions and hence
P3(L)=ker{I'»,(L)® L —T'5(L)} =coker{A3(L)— L®A*(L)}.

Consider the functor E3(A):=im{I'»(4)®A—T3(A4)}. We have a natural short
exact sequence

0— E3(4)—>T3(4) > ARZ/3—0
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which induces the following commutative diagram:

_ i 8 8
E3 (L) ——>T(L)®M —2> LQA2(M) — A3 (M)

[ || I

) )
T3(L) —> T(L)®M —2> LQAX(M) —— A3 (M)

/

L®Z/3

(A-6)

From diagrams (A-5) and (A-6) we deduce the following diagram with exact arrows
and columns

Hy W [, Y3(4)

i

1 (LA%(A) % A) == m(LA*(4) % A)
J !
L®Z/3 H,Q L,A3(A)
(A7) l |
H W L1Y3(4)
l L l L
T (LA2$(A) ®A) = m (LA2$(A) ®A)
LA} (A) ==L A3(4)

where W and Q are the upper rows in diagrams (A-5) and (A-6) respectively. We give
the following simple example, which illustrates the inner life of the previous diagrams.

Proposition A.1
Z]3 i=2,
LiY*(Z/3)=47/9 i=1,
0 i#1,2.

Proof It follows from the description ¥ *(4) =ker{A?(4)® A— A3(A)} that
L,Y3(A4) =ker{Tor(Q,(A4), A) — Ly A3 (A)}.
Let A=7/3 and
Lim s z3z.
Let /, m be generators of L and M resp. with §(/) =3m. The group Tor(2,(A4), 4A)
is generated by the homology class of the element (y,(/)®m,/®m®!) in the com-
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plex (A-2). We have
2(r2 (@M, QML) = y2()@m+11@m =3y, (1)@m= y,(1) ®(I) =83(y3(])).
Hence Tor(Q2,(A), A)— L, A%(A)
induced by the map ¢; is the zero map. This proves that
L,Y3(z/3)=12/3.
It is easy to see that for our choice of L and M, the complex W has the form
2370
sothat H1W =7/9, HyW =0. In this case, the diagram (A-7) has the form

00— 7/3

J |=
J Jo
Z/3¢ H,0 Z/3

’ |

Z]9 — L Y3(A)

! }

Z)3 ——1)/3
| |
0 0

and we see that the map H; W — LY 3(A) is an isomorphism and hence

LY3(Z/3)=17)9. o

The object LI'5(A4) of the derived category may be represented as the following
complex:
LIL—->T(L)@(MRL)— T (M)

Consider the following diagram:

A%(L) MQL (M)
[0 [
(A-8) LRL ——T(L)®d(M QL) — I (M)

I !

SP?(L) —I'2(L)
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Denote by P
C=C(L—>M)

the upper complex in (A-8). Diagram (A-8) implies the following exact sequence of
homology groups:

0—> H{C—Ry(A)—> LRZ/2— HyC —>T»(A)—0

In particular, the p—torsion components of H;C and L;I'; are naturally isomorphic
for p#2.

The objects I
LT3(4) and AQ LI, (A)

of the derived category may be represented by the following complexes:

(A9) LRLR®L—(T(L)QL)S(LRT2(L)S(LRLR®M)
—3(L)@(M(L)@M)B(LOT2(M)) = I'3(M)

(A-10) LOLRL—>(MRLRL)®(LRT2(L)D(LOLRM)
—> (LR (M)e(M I (L)O(MILRIM)—> M QT (M)

Consider the following diagram:

A3(L) — MQA*(L) —= SP>(M)®L SP3 (M)

|| || | |

(A1) AL == MRA (L) —=T2(M)RL s(M)
| el
MeLez2— LB

The upper complex in (A-11) is a model for the element L SP?(A) in the derived
category. Denote the middle horizontal complex by

D=D(L> M),

We have the natural isomorphism
H,D~ L, SP?(A)

and the following exact sequence:

(A-12) 0—L,SP*(4)—> H,D—>Tor(M ® A, Z/2)
—SP*(A) > HyD > MQZ/3®(MRARZ/2)—>0
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Now consider the following diagram which extends the diagram (A-5):

AN(L)—— M RA*(L) I(M)®L T3 (M)
85 M®A*(L)  (MRIM®L) &
207\ 2 = — M QT H(M
LeA™(D) SLOMSL) SLRTH(M) ®T2(M)
@} ) ¢/ %
(A-13) & TH(L)y®@M & (LOMM) &
I'5(L L(é — - 2
2D)® S(LOMSL) sA2 (ML MMM
3 2 1 bo
§ § 8
[3(L)——> N(L)®M —=— LQAX(M) ——= A} (M)
L®Z/3
Here Sime@m' @) =mm's(l)
81 ®y2(m)) =8(1)®y2(m)
52 (mIAY=m@8() @I —m@8(I")®1,0)
S,(@mel) =) @me!l’,—1@mé(l))
SURUA"Y =GR A, —1R8() 1" +135(")®1)
and Po(myr(m')) =mAam’' @m'

P (mm' ®1)=(—I@mem’,mArm’ ®I)
P11 ®@y2(m))=(®@m®m,0)
P(l@mRI")y=(—1I"®@m, —I@m®!’)
P5(mRIAI)=(0,l@mQl'-I'®@mQI)
PUQU A" =—11'®1" +11"®1'.

We obtain the natural isomorphism of complexes:

Hz(AéC) Tor(R2,(A4), A) — Q3(A)

L, SP3(A4) — Tor(A, L; SP?(A)) — Tor(Q5(A4), A) — 23(A)

H,D
H
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The map
Tor(A, L, SP?(4)) — (M @ AX(L)®(L® M @ L)) /im(53)

is given as follows: let a,a’,a” € A with na=na’ =na” =0 are represented by ele-
ments m,m’,m"” is M and §(/)=nm,5("y=nm’,5(I")y=nm", then

t(a, Bu(d,d")) > (—mQIU A", I@m' ®1"—1@m" ®1") +im(53).
The map ¢5 induces the Koszul-type map
Tor(A, L1 SP?>(A)) — Tor(Q2,(A), A)
defined by

tn(a, Bn (a’, a//))

> (th (05 (a+d")— 0} (a)— 0} (@"), d)—(tn (05 (a+d")—oh (a)—oh (@), d”).

Example In the case
8
(L>M)=Z517),
the diagram (A-13) has the following form:

(2n,n)
(-2,—-1) (-1,1)

Z (ns_n) Z@Z (n,n) Z

-3 (-1,2)

7 —=17
This diagram implies that the map
Hy(Z/n Xelt) L2)) = m (LAX(Z/n) % Z/n)
is multiplication by 3 in the group Z/n.

When A=7/2 and
c=c@z>n),
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we have the following commutative diagram:

AQ HC

AQR,(A)

Hi(A8C) —— m (A4S LT2(A)) —> pry (LA(A) 5 1)

| |

Tor(A4, HyC) —— Tor(A, T>(A))

~

As a corollary, we find that:

Proposition A.2 The derived Koszul map

T (Aéer(A)) — 1 (LA*(A) Q‘%A)

is the zero map for A=7/3 and an epimorphism for A=7/p whenever p is a
prime #3.
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