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Constructing free actions of p–groups on products of spheres

MICHELE KLAUS

We prove that, for p an odd prime, every finite p–group of rank 3 acts freely on a
finite complex X homotopy equivalent to a product of three spheres.

57S17

1 Introduction

The origin of the study of group actions on spheres goes back to Hopf and the spherical
space form problem, which asked for a classification of finite groups that can act freely
on some sphere. The first result was due to P A Smith [21], who showed that if a finite
group G acts freely on a sphere, then it has periodic cohomology. Later Milnor [19]
gave a second necessary condition: If a finite group G acts freely on a sphere, then any
element in G of order 2 must be central. Finally Thomas, Wall and Madsen [18] were
able to prove the these two necessary conditions were in fact sufficient: a finite group G

acts freely on a sphere if and only if it has periodic cohomology and all involutions are
central.

From the homotopy point of view, Swan [24] proved that a finite group has periodic
cohomology if and only if it acts freely on a finite dimensional CW–complex homotopy
equivalent to a sphere. It is a classical result that a finite group has periodic cohomology
if and only if all of its abelian p–subgroups are cyclic. Based on that and on their
own algebraic results, Benson and Carlson [6] suggested the rank conjecture: for
any finite group G we have that rk.G/ D hrk.G/. Here hrk.G/ D minfk 2 N j
G acts freely on a finite dimensional CW–complex X ' Sn1 � � � � � Snk g is the ho-
motopy rank of G and rk.G/D maxfk 2 N j there is a prime p with .Z=p/k < Gg

is the algebraic rank of G . With this notation, Swan’s result says that rk.G/D 1 if and
only if hrk.G/D 1. In the same period Heller [14] showed that .Zp/

3 cannot act freely
on a finite dimensional CW–complex homotopy equivalent to a product of two spheres.
More recently Adem and Smith [3] showed that if rk.G/D 2 then hrk.G/D 2 for G a
p–group or G a simple group (different from PSL3.Fp/). Adem [2] proved also that
every odd order rank two group acts freely an a finite CW–complex X ' Sn �Sm .
This also follows from a more general result of Jackson [17]. Our main theorem is the
following:
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Theorem 1.1 For p an odd prime, every finite p–group of rank 3 acts freely and
cellularly on a finite CW–complex homotopy equivalent to the product of three spheres.

A converse to Theorem 1.1 is given by Hanke [13] in the sense that if .Z=p/r acts
freely on X D Sn1 � � � � �Snk and if p > 3 dim.X /, then r � k .

We outline now the structure of the paper. Let p be an odd prime, let G be a p–group and
let S.V / be a complex representation G –sphere. In Section 2 we first prove that, for all
integers k�0, there exists a positive integer q such that the group �k.AutG.S.V ˚q///

is finite. We then incorporate this result in an outline of a known construction (see
Adem [3], Connolly and Prassidis [8] and Ilhan [15]) that, in favourable conditions,
gives a strategy to build group actions on products of spheres with controlled isotropy
subgroups.

In Section 3 we apply Section 2 to prove that for G a rank 3 p–group, p odd, there
is a free finite G–CW–complex X ' Sm �Sd �Sk . In Section 4 we use Section 2
to generalize [3, Theorem 3.2] for a p–group G : if X is a finite dimensional G–
CW–complex with abelian isotropy, we show that there is a free finite dimensional
G –CW–complex Y 'X �S1�� � ��Snk . As a corollary we will be able to build free
finite G –CW–complexes X ' Sn1 � � � � �Snrk.G/ for G a central extension of abelian
p–groups. Our results overlap here with those of Űnlű and Yalçin [25].

In Section 5 we discuss the rank conjecture for some infinite groups. The motivation
comes from a result of Connolly and Prassidis [8] stating that a group with finite virtual
cohomological dimension that is countable and with rank 1 finite subgroups acts freely
on a finite dimensional CW–complex X ' Sm . We show that an effective � –sphere
does not need to exist but that the algebraic analogue still holds. In more detail, first,
we define an amalgamated product � such that every finite dimensional � –space
homotopy equivalent to a sphere has an isotropy subgroup of rank 2. Secondly, we
prove that for all groups � with finite virtual cohomological dimension, there is a finite
dimensional Z Œ��–projective complex D with H�.D/ŠH�.Sn1 � � � � �Snrk.�//.

We wish to thank the referee for pointing out various mistakes and for his help in
improving the presentation of the paper.

2 The general construction

The main result of this section is the construction of Proposition 2.7. A key ingre-
dient of the construction is Proposition 2.5, which says that under some conditions
�k.AutG.Sn// is finite. We begin with a series of lemmas and corollaries that we
assemble into a proof of Proposition 2.5. Lemmas 2.1, 2.2 and 2.4 are individual results
needed in the proof of Proposition 2.5. Lemma 2.3 serves the proof of Lemma 2.4.
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Lemma 2.1 Let X be a G–CW–complex and let AutG.X / be the monoid of G–
equivariant self-homotopy equivalences of X . For each f 2 AutG.X / we write
AutG.X /f for the path component of f . For k > 0, the map of unbased homotopy
classes 'W ŒSk ;AutG.X /f �! ŒSk �X;X �G is injective and factors through:

ŒSk ;AutG.X /f �

��

' // ŒSk �X;X �G

�k.AutG.X /f /

66

In particular all G–equivariant homotopies H W I � Sk � X ! X between maps
representing the same element in Im.'/ can be taken to satisfy H.t;�;x/DH.t 0;�;x/

for all t; t 0 2 I and x 2X .

Proof The map 'W ŒSk ;AutG.X /f �! ŒSk �X;X �G is clearly well defined. To see
that it is injective, consider a G–equivariant homotopy H W I � Sk �X ! X from
'.g1/ to '.g2/. Clearly H jf0g�fx0g�X D'.g1/.x0;�/Dg1.x0/2AutG.X /f . Which
implies that H jftg�fxg�X 2AutG.X /f for all .t;x/ 2 I �Sk because H jftg�fxg�X '

H jf0g�fx0g�X via a path in I �Sk from .0;x0/ to .t;x/. As a result, H defines an
homotopy from g1 to g2 . To prove that ' factors through

ŒSk ;AutG.X /f �

��

' // ŒSk �X;X �G

�k.AutG.X /f /

66

we want to show that the map �k.AutG.X /f / ! ŒSk ;AutG.X /f � is a bijection.
Observe that AutG.X / is a monoid, thus an H –space so that �1.AutG.X /Id/ acts
trivially on �k.AutG.X /Id/. The monoid AutG.X / is very nice because all of its con-
nected components are homotopy equivalent through maps of the form AutG.X /Id!
AutG.X /f with g 7! f ıg . Thus �1.AutG.X /f / acts trivially on �k.AutG.X /f / for
all f 2AutG.X /. We conclude that �k.AutG.X /f /! ŒSk ;AutG.X /f � is a bijection.
The last claim directly follows from the diagram.

Lemma 2.2 Let G be a finite group acting on a space X . Let H1 <G be an isotropy
subgroup maximal among isotropy subgroups. Set X1 D fx 2X j Gx 2 .H1/g, where
.H1/ denotes the conjugacy class of H1 . Then AutG.X1/Š AutW H1

.X H1/, where
WH1 DNH1=H1 is the Weil group.

Algebraic & Geometric Topology, Volume 11 (2011)



3068 Michele Klaus

Proof Let’s begin by studying X1 . Clearly X1 �
S

H2.H1/
X H . Since H 2 .H1/

is supposed to be maximal, we must have that if x 2 X H , then Gx D H so that
X1 D

S
H2.H1/

X H . Similarly, if x 2 X H \X H 0 , for H and H 0 in .H1/, then
H DGx DH 0 . As a result X1 D

`
H2.H1/

X H .

Observe next that a G –equivariant map f W X1!X1 restricts to a WH1 –equivariant
map f1W X

H1 ! X H1 because WH1 D NH1=H1 acts trivially on X1 . The same
holds for a G –equivariant homotopy F W I �X1!X1 , so that we have a well defined
map resW AutG.X1/! AutW H1

.X H1/.

We want to show now that the map resW AutG.X1/! AutW H1
.X H1/ has an inverse

given by res�1.f /.x/ D gf .g�1x/, where g 2 G is such that g�1x 2 X H1 . We
begin by showing that res�1 is well defined. For all x 2X1 D

`
H2.H1/

X H there is
a g 2 G such that x 2 X gH1g�1

, so that g�1x 2 X H1 . Assume that 
 2 G is also
such that 
�1x 2 X H1 . Clearly gH1g�1 D H D 
H1


�1 , where x 2 X H . Thus

�1gH1g�1
 D H1 so that 
�1g 2 NH1 . For f 2 AutW H1

.X H1/ we then have
gf .g�1x/ D gg�1
f .
�1gg�1x/ D 
f .
�1x/ because f is NH1 –equivariant.
Therefore res�1 is well defined.

Next, we show that res�1.f / is G–equivariant: For x 2 X1 , let again g 2 G be
such that g�1x 2 X H1 . For all g0 2 G we have that .g0g/�1g0x 2 X H1 . As a
result res�1.f /.g0x/ D g0gf ..g0g/�1g0x/ D g0gf .g�1x/ D g0 res�1.f /.x/. In
the same way one can check that if f �1 is the homotopy inverse of f via homotopies
H and H�1 , then res�1 f �1 is the homotopy inverse of res�1 f via homotopies
res�1 H and res�1 H�1 . Finally we observe that res ı res�1 D Id by choosing gD 1,
while res�1 ı resD Id because res�1 f jX H1 D f when f is G –equivariant.

Lemma 2.3 Let G be a finite group and Sn a linear G–sphere. If 0 < k < n then
H n.Sk �Sn=G; f�g�Sn=G;Z/ is finite.

Proof Consider the long exact sequence of the pair .Sk �Sn=G; f�g�Sn=G/ with
integer coefficients:

H n�1.Sk �Sn=G/ // // H n�1.f�g�Sn=G/

��

H n.Sk �Sn=G; f�g�Sn=G/ // H n.Sk �Sn=G/

i�

��
H n.f�g�Sn=G/
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It is clear that H n.Sk � Sn=G; f�g � Sn=G/ � Ker.i�/. But H n.Sk � Sn=G/ Š

H n.f�g � Sn=G/ ˚ H n�k.f�g � Sn=G/. Therefore for i�W H n.Sk � Sn=G/ !

H n.f�g �Sn=G/ we have that Ker.i�/ Š H n�k.f�g �Sn=G/. Finally, the groups
H n�k.Sn=G/ are finite for 0< k < n because H n�k.Sn=G;Q/D 0 by the Vietoris–
Begle Theorem.

Throughout the paper we will use the following notation: Let S.V / be a linear G–
sphere. For all H �G , we write nr .H / for the integer such that S.V ˚r /H DSnr .H / .

Lemma 2.4 Let G be a finite group and S.V / a linear G –sphere. For all k > 0 there
is an integer q > 0 such that the groups

H nq.L/
�
Sk
�Snq.L/=WL;

S
H>L Sk �Snq.H /=WL[f�g�Snq.L/=WL;Z

�
are finite for all L with n1.L/ > 0.

Proof Fix a subgroup L<G such that n1.L/ > 0. If there is H >L with n1.H /D

n1.L/, then the required cohomology group is zero (it is of the form H n1.L/.X;X;Z/).
Assume that for all H > L we have n1.H / < n1.L/. In this case we want so show
that we can take enough direct sums to be in the situation of Lemma 2.3.

Let nr;L DmaxH>Lfnr .H /g and mr;L D nr .L/� nr;L > 0. Observe that nr .H /D

rn1.H / C .r � 1/ so that nr;L D rn1;L C .r � 1/ and mr;L D nr .L/ � nr;L D

rn1.L/C .r � 1/� .rn1;L C .r � 1// D rm1;L . Therefore there is an r D qL big
enough such that mr;L > k C 2. In other words nr .L/ � k � 2 > nr;L . We have
found an integer qL > 0 such that all the cells � of the CW–complex SnqL

.L/ of
dimension dim.�/ � nqL

.L/ � k � 2, are also cells of the relative CW–complex
.SnqL

.L/;
S

H>L SnqL
.H //.

We turn now our attention to the announced cohomology group. By our condition on
the cells of SnqL

.L/ , we have that the cells � of the CW–complex Sk �SnqL
.L/=WL

of dimension dim.�/� nqL
.L/� 2 are also cells of the relative CW–complex�

Sk
�SnqL

.L/=WL;
S

H>L Sk �SnqL
.H /=WL

�
:

Henceforth,

H nqL
.L/
�
Sk �SnqL

.L/=WL;
S

H>L Sk �SnqL
.H /=WL[f�g�SnqL

.L/;Z
�

DH nqL
.L/.Sk

�SnqL
.L/=WL; f�g�SnqL

.L/=WL;Z/:

This last group is finite, by virtue of Lemma 2.3. We conclude by observing that we
can then set q DmaxL<G fqLg.
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Proposition 2.5 Let G be a finite p–group. Let S.V / be a complex representation G –
sphere. For all integer k�0 there exists an integer q>0 such that �k.AutG.S.V ˚q///

is finite.

Proof If k D 0, the result has been proven by Ferrario [12]. Assume that k > 0.
Before explaining how the proof proceeds, we set up some notation: Choose an
indexing of the conjugacy classes of isotropy subgroups f.H1/; : : : ; .Hm/g such that
if .Hj / < .Hi/ then i < j . Consider the filtration S.V /1 � � � � � S.V /m D S.V /

given by S.V /i D
˚
x 2 S.V / j .Gx/D .Hj /; j � i

	
. Observe that we have homo-

morphisms Ri W �k.AutG.S.V /// ! �k.AutG.S.V /i// because H.I � S.V /i/ �

S.V /i for all equivariant H W I �S.V /! S.V /. Similarly we have homomorphisms
Si W �k.AutG.S.V /i//! �k.AutG.S.V /i�1//. Here is how the proof runs. Look at
the commutative diagram:

�k.AutG.S.V ///
RmDId//

Ri

##

R1

��

�k.AutG.S.V /m//

Sm

��
:::

SiC1

��
�k.AutG.S.V /i//

Si

��
:::

S2

��
�k.AutG.S.V /1//

Clearly to prove that �k.AutG.S.V /// is finite is the same as to prove that Im.Rm/ is
finite. To prove that Im.Rm/ is finite, we will show by induction over i that Im.Ri/

is finite. Such an induction can be performed by showing that Im.R1/ is finite and that
S�1

i .Ri�1.f //\ Im.Ri/ is finite for all i and for all f 2 �k.AutG.S.V ///. This
outline can only be carried out up to replacing S.V / with some power S.V ˚q/.

We begin by showing that there is q1 > 0 such that �k.AutG.S.V ˚q1/1// is fi-
nite. In particular we will have that Im.R1/ � �k.AutG.S.V ˚q1/1// is finite. For
H < G write nr .H / for the integer such that S.V ˚r /H D Snr .H / . Observe that
nr .H / D rn.H / C .r � 1/. By Lemma 2.2 we have that �k.AutG.S.V /1// D
�k.AutW H1

.Sn1.H1///. The WH1 –action on Sn1.H1/ is free because H1 is maximal
among isotropy subgroups.
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So Proposition 2.4 of [8] says that �k.AutW H1
.Sn1.H1/// is finite if k < n1.H1/� 1.

If k � n1.H1/� 1, then there is a q1 > 0 for which k < q1n1.H1/C .q1� 1/� 1D

nq1
.H1/� 1. As a result �k.AutG.S.V ˚q1/1// D �k.AutW H1

.Snq1
.H1/// is finite

(always by [8, Proposition 2.4]). Notice that the same argument also shows that
�k.AutG.S.V ˚rq1/1// is finite for all r > 0.

Assume that we showed that Im.Ri�1/ is finite for q � qi�1 . The inductive step is
to prove that there is q � qi�1 such that S�1

i .Ri�1.f //\ Im.Ri/ is finite for all i

and for all f 2 �k.AutG.S.V ˚q///. For that purpose we are going to use equivariant
obstruction theory a la Tom Dieck [9, Section 8; 10, Chapter 2]. We begin with some
preliminaries. As in Lemma 2.4, let q0 > 0 be such that the groups

H nq0 .H
0/
�
Sk
�Snq0 .H

0/=WH 0;
S

H>H 0S
k�Snq0 .H /=WH 0[f�g�Snq0 .H

0/=WH 0;Z
�

are finite for all H 0 < G with n1.H
0/ > 0. Let q D max fqi�1; q

0g. To simplify the
notation we write W D V ˚q , X D Sk �S.W / and

xX Hi D
S

H>Hi
X H [f�g�S.W /Hi :

With this notation we have that the group

H nq.Hi /.X Hi=WHi ; xX
Hi=WHi ; �nq.Hi /.S

nq.Hi ///

is finite by Lemma 2.4, while if r ¤ nq.Hi/ then the groups

H r .X Hi=WHi ; xX
Hi=WHi ; �r .S

nq.Hi ///

are finite because they are finitely generated torsion abelian groups. (The fixed points
of a complex representation spheres are odd-dimensional spheres whose homotopy
groups are all but one finite).

A word of explanation is in order here (see also [9, Section 8]). The space X Hi is the
one over which we want to extend a map already defined on

xX Hi D
S

H>Hi
X H [f�g�S.W /Hi :

We have a map defined over
S

H>Hi
X H from the inductive hypothesis, while we have

a map defined over f�g�S.W /Hi , because all the maps come from �k.AutG.S.W ///

in the following way: By Lemma 2.1 there is an injection �k.AutG.S.W /i// !

ŒSk �S.W /i ;S.W /i �G yielding a commutative diagram with injective columns:

�k.AutG.S.W /i//
Si //

'i

��

�k.AutG.S.W /i�1//

'i�1

��
ŒXi ;S.W /i �G

si // ŒXi�1;S.W /i�1�G
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To prove that S�1
i .Ri�1.f //\ Im.Ri/ is finite, it is enough to prove that the intersec-

tion s�1
i .'i�1.Ri�1.f ///\'i.Im.Ri// is finite. By abuse of notation we will keep on

writing Si and Ri�1.f /, but we will think of them as living in the bottom row of the
diagram. Now, suppose that g 2 �k.AutG.S.W /// is such that there is a homotopy h

between Ri�1.f / and Ri�1.g/. Such a homotopy is constant over f�g�S.W /i�1

where it coincides with both Ri�1.f / and Ri�1.g/. Consequently, h can be extended
to a homotopy from Ri.f /jXi�1[f�g�S.W /i to Ri.g/jXi�1[f�g�S.W /i . (Since Sk is
a trivial G –sphere, we have Xi�1 D Sk �S.W /i�1 ).

Henceforth, writing Xi�1[S.W /i for Xi�1[f�g�S.W /i , we can apply equivariant
obstruction theory inductively over r to each of the diagrams:

ŒSkrC1.Xi ;Xi�1[S.W /i/;S.W /i �G
Si;rC1 //

��

ŒXi�1;S.W /i�1�G

ŒSkr .Xi ;Xi�1[S.W /i/;S.W /i �G

Si;r

33

Before doing so, observe that we have restrictions

ŒXi ;S.W /i �G! ŒSkr .Xi ;Xi�1[S.W /i/;S.W /i �G :

Since Im.Ri/ � ŒXi ;S.W /i �G , we can consider the image of Im.Ri/ under these
restriction maps, and we denote it by Skr .Im.Ri//.

Now, If r D 0, then Sk0.Xi ;Xi�1 [S.W /i/D Xi�1

`
fx0; : : : ;xlg. Consequently,

S�1
i;0
.Ri�1.f // \ Sk0.Im.Ri// depends on the connected components of S.W /i .

But S.W /i�1 has finitely many connected components because it is a finite CW–
complex, therefore S�1

i;0
.Ri�1.f //\ Sk0.Im.Ri// is finite. From now on, to simplify

the notation, we will write fi D Ri.f / for all possible i and f . Assume that
S�1

i;r .fi�1/ \ Skr .Im.Ri// D fg
1
i;r ; : : : ;g

t
i;r g is finite of order t (ie g

j
i;r ¤ gl

i;r if
j ¤ l ). For each gi;rC1 2 S�1

i;rC1
.fi�1/ \ SkrC1.Im.Ri// there is a unique g

j
i;r

and a homotopy h from gi;r D gi;rC1jSkr .Xi ;Xi�1[S.W /i / to g
j
i;r Notice that, by

definition, we have gj ;g 2�k.AutG.S.W /// with gi;rC1D gi jSkrC1.Xi ;Xi�1[S.W /i /

and g
j
i;r D g

j
i jSkr .Xi ;Xi�1[S.W /i / .

We write xd.gi;rC1; h;SkrC1.g
j
i // 2H rC1.X Hi=WHi ; xX

Hi=WHi ; �rC1..S
n/Hi //

for the class of the difference cocycle as in [9, Section 8; 10, Chapter 2]. The element
d.gi;rC1; h;SkrC1.g

j
i // is a cocycle because gj ;g 2 �k.AutG.S.W /// (see [10,

Lemma 3.14]). The properties of the difference cocycle are given in chapter 2 of [10].
In particular we have that, if xd.g0

i;rC1
; h0;SkrC1.g

j
i //D

xd.gi;rC1; h;SkrC1.g
j
i //,
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then

xd.g0i;rC1; h
0
C h�1;gi;rC1/

D xd.g0i;rC1; h
0;SkrC1.g

j
i //C

xd.SkrC1.g
j
i /; h

�1;gi;rC1/

D xd.g0i;rC1; h
0;SkrC1.g

j
i //�

xd.gi;rC1; h;SkrC1.g
j
i //D 0;

so that gi;rC1 ' g0
i;rC1

. We can therefore define an injection

xd W S�1
i;rC1.fi�1/\SkrC1.Im.Ri//

!

ta
jD1

f.g
j
i;r /g �H rC1.X Hi=WHi ; xX

Hi=WHi ; �rC1.S
nq.Hi ///

by setting gi;rC1 7! fg
j
i;r g �

xd.gi;rC1; h;SkrC1.g
j
i //. Since we chose the integer q

in order to have all the cohomology groups on the right hand side to be finite, we must
have that the left hand side is finite as well. Summarizing, by induction we have that
S�1

i;rC1
.fi�1/\SkrC1.Im.Ri// is finite for all r . Since X is finite dimensional, this

shows that S�1
i .fi�1/\ Im.Ri/ is finite. We conclude as explained in the outline at

the beginning of this proof.

We introduce next the following notation:

Notation 2.6 Let G be a finite group and X a G –CW–complex. We write

rkX .G/Dmax fn 2N j there exists G� with rk.G� /D ng :

We can now state the main result of the section:

Proposition 2.7 Let G be a finite p–group and let X be a finite dimensional G –CW–
complex. Assume that to each isotropy subgroup G� we can associate a representation
�� W G� ! U.n/ such that �� jG� Š �� whenever G� < G� . If �� is fixed point free
for all H �G� with rk.H /D rkX .G/, then there exists a finite dimensional G –CW–
complex E Š X �Sm with rkE.G/D rkX .G/� 1. Moreover, if X is finite then E

is finite as well.

Proof The proof follows [8]. We refer the reader to [15] for the details. Write
S2n�1
� for the linear sphere associated to �� . We want to glue these spheres into a G –

equivariant spherical fibration over X . We will proceed by induction over the skeleton
of X . For every G–orbit of the 0–skeleton, choose a representative � and define a
map G �G� S2n�1

� !X 0 by .g;x/ 7! g � � . This defines a G –equivariant spherical
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fibration S2n�1!E0! Sk0.X / whose total space is a finite dimensional G–CW–
complex. Clearly if �� is fixed point free for all H �G� with rk.H /D rkX .G/, then
rk.E0/D rkX .G/� 1.

The inductive step is next. Suppose given a G–equivariant spherical fibration over
the .k�1/–skeleton �qk�1S2n�1!Ek�1! Skk�1.X / whose total space is a finite
dimensional G –CW–complex. Assume also that if �� is fixed point free for all H �G�
with rk.H / D rkX .G/, then rk.Ek�1/ D rkX .G/� 1. Now, for every G–orbit of a
k –cell, choose a representative � . The G� –equivariant fibration �qk�1S2n�1 !

Ek�1j@� ! @� is classified by an element a� 2 �k�2.AutG� .�
qk�1S2n�1//.

We want to have a� D 0: Observe that, in general, for two complex G –spheres S.V /

and S.W /, we have that S.V ˚W /Š S.V / �S.W / as G–spheres. Therefore, by
Proposition 2.5, we can take enough Whitney sums of the fibration �qk�1S2n�1!

Ek�1! Skk�1.X / to guarantee that a� D 0 (see [8, Lemma 2.3, Proposition 2.4]).
We can then extend the G� –equivariant fibration �qk S2n�1!Ek�1j@� ! @� equiv-
ariantly across the cell � . We define a G –equivariant spherical fibration over the orbit
of � by G �G� �

qk S2n�1
� !G� with .g;x/ 7! g � � .

Repeating the procedure for all the representatives of the G–orbits of k –cells, we
recover a G–equivariant spherical fibration �qk S2n�1! Ek ! Skk.X / with total
space a finite dimensional G–CW–complex. Clearly if �� is fixed point free for all
H � G� with rk.H /D rkX .G/, then rk.Ek/D rkX .G/� 1. We conclude noticing
that, by Proposition 2.8 in [3], up to taking further fibre joins, we can assume that the
total fibration �qS2n�1!E!X is a product one.

For the last statement, one can observe that all the constructions take place in the
category of finite CW–complexes, providing that the initial space X is a finite CW–
complex.

3 Rank 3 p–groups, p odd

The results of this section have also been announced by Jackson [16]. We give a proof
which uses the group theory developed there. For the convenience of the reader we
reproduce it here.

Lemma 3.1 If G is a finite p–group with rk.G/D 3 and rk.Z.G//D 1, then there
exists a normal abelian subgroup Q<G of type .p;p/ with Q\Z.G/¤ 0.

Proof This is proven by Suzuki [23, Section 4].
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Proposition 3.2 Let G be a finite p–group with p> 2, rk.G/D 3 and rk.Z.G//D 1.
Let Q be an abelian normal subgroup of type .p;p/ as above. Suppose that H < G

with H\Z.G/D0 and jH jDpn . Then either H is cyclic, H <CG.Q/, H is abelian
of type .p;pn�1/ or H ŠM.pn/D hx;y j xpn�1

D yp D 1;y�1xy D x1Cpn�2

i.

Proof If rk.H / D 1 then H is cyclic since p > 2. Suppose that rk.H / D 2 and
H \Q¤ 0. By assumption Z.G/\QD Z=p , H \Z.G/D 0 and Q\H D Z=p .
The map cW H !Aut.H \Q/ given by ch.x/D hxh�1 is well defined because Q is
normal (by Lemma 3.1). Since jH j D pn and jAut.H \Q/j D p� 1, we have that
the map c is trivial. As a result we have that H < CG.Q/.

Assume now that H \Q D 0. In this case H \ CG.Q/ ¤ H since otherwise we
would have rk.G/ > 3. Set K DH \CG.Q/ and observe that K is cyclic (else we
would have rk.G/ > 3). Assume for a moment that ŒG W CG.Q/� D p . In this case
ŒH WK�D p , in other words H has a maximal cyclic subgroup. By [23, Section 4],
H needs then to be abelian of type .p;pn�1/ or M.pn/.

We still have to prove that ŒG W CG.Q/�D p . The group G acts on Q by conjugation
and for each element q of Q not in center of G , we have that Gq D CG.Q/. As a
result jCG.Q/j D jGqj D jGj=p since QŠ .Z=p/2 with the first coordinate in the
center Z.G/.

Proposition 3.3 Let G be a finite p–group with p> 2, rk.G/D 3 and rk.Z.G//D 1.
There exists a class function ˇW G ! C such that for any subgroup H � G , with
H \Z.G/ D 0, the restriction ˇjH is a complex character of H . If in addition H

is a rank two elementary abelian subgroup, then the character ˇjH corresponds to an
isomorphism class of fixed-point free representations.

Proof Define ˇW G!C as follows:

x 7!

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

.p2�p/jGj if x D 0,
0 if x 2Z.G/ n 0,
�pjGj if x 2Q nZ.G/,
0 if x 2 CG.Q/ nQ,
�jGj if x 2G nCG.Q/ of order p,
0 if x 2G nCG.Q/ of order greater than p.

The map ˇ is a class function because we have the following sequence of subgroups
each normal in G :

0<Z.G/ <Q< CG.Q/ <G:
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For the sequel of the proof, we set

�k W Z=p
n
!C; x 7! e2�ikx=n;

�k�j W Z=p
n
�Z=pn

!C; .x;y/ 7! e2�i.kxCjy/=n:while

To lighten the notation, we drop the dependence in n on the �k ’s because it will be clear
from the context. To understand correctly the characters that follow, it will be important
to specify the generators of the elementary abelian subgroups treated. Consider first
an elementary abelian subgroup H of G of rank 2 and which intersects trivially the
center Z.G/. If H \Q¤ 0, then H \QŠ Z=p and H Š .H \Q/�Z=p so that

ˇjH D jGj

p�1X
kD0

p�1X
jD1

�k�j :

If H \QD 0, then Z=p ŠH \CG.Q/ so that H Š .H \CG.Q//�Z=p and

ˇjH D .p� 1/jGj=p

� p�1X
kD0

p�1X
jD1

�j�k

�
CjGj

p�1X
kD1

�0�k :

Consider now a subgroup H of G with H \Z.G/D 0. We will proceed case by case
using the classification above.

(1) If H \Q¤ 0 then H � CG.Q/ and jKj D p with K DQ\H . Let � be the
character of K which is p� 1 on the identity and �1 for each other element of K .
Then

ˇjH D
pjGj

jH WKj
IndH

K �:

(2) If H \QD 0 and H � CG.Q/ then H is cyclic and ˇjH D .p2�p/jGj=jH j�

where � is the character of H that is jH j on the identity and 0 elsewhere.

(3) If H \ Q D 0 and H is cyclic with H \ CG.Q/ D 0, then jH j D p and
ˇjH D jGj=p� where � is .p3�p2/ on the identity and �p elsewhere.

(4) If H \QD 0 and H is cyclic with H \CG.Q/¤ 0, then

ˇjH D .p
2
�p/jGj=jH j

jH j�1X
kD0

�k :

(5) Assume that H \QD 0 and that H is abelian of type .p;pn�1/. Write H D

hx;y 2 H jxp D ypn�1

D 1; Œx;y� D 1i. Notice that hyi D H \ CG.Q/. For each
1� i � p set Hi D hxyipn�2

i. Clearly jHi j D p , Hi \CG.Q/D 0 and Hi \Hj D 0

if i ¤ j .
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Let �i be the character of Hi which is p� 1 on the identity and �1 elsewhere. Set

� D

pX
iD1

IndH
Hi
�i :

Since �.1/D jH j.p�1/, �.z/D�jH j=p for z 2H nhyi and �.z/D 0 for z 2 hyi;
we conclude that ˇjH D pjGj=jH j� .

(6) If H \QD 0 and H ŠM.pn/, we can write

H D hx;y j xpn�1

D yp
D 1;y�1xy D x1CpnC2

i:

Let N D hxpn�2

;yi Š .Z=p/2 which is normal in H . Let � be the character of N

given by

� D .p� 1/

� p�1X
kD0

p�1X
jD1

�j�k

�
Cp

p�1X
kD1

�0�k :

Then we have �.0/D p2.p� 1/, �..xkpn�2

; 0//D 0, while �..xkpn�2

;yl//D�p .
Finally ˇjH D IndH

N jGj=pjH WN j� .

We can now turn our attention to the topological problem:

Proposition 3.4 For every odd order rank 3 p–group G , there is a finite dimensional
G –CW–complex X ' Sm �Sn with cyclic isotropy subgroups.

Proof Suppose first that Z.G/ is not cyclic. Fix a subgroup Z=p �Zp < Z.G/.
Obviously, there are two complex representations �1W Z=p � Z=p ! GL.V1/ and
�2W Z=p�Z=p!GL.V2/, such that Z=p�Z=p acts freely on S.V1/�S.V2/. Con-
sider �1 D IndG

Z=p�Z=p �1W G! GL.W1/ and �2 D IndG
Z=p�Z=p �2W G! GL.W2/.

The G –space S.W1/�S.W2/ has rank 1 isotropy groups. Since p is odd, this means
that the isotropy groups are cyclic.

Assume that Z.G/ is cyclic and let Sm be the linear G –sphere obtained by inducing
from a free linear action of Z.G/. The isotropy subgroups for this action are the
one described in Proposition 3.2. The conditions of Proposition 2.7 are fulfilled by
Proposition 3.3. The conclusion follows.

As a direct consequence of [3, Theorem 3.2] we obtain:

Theorem 3.5 For every odd order rank 3 p–group G , there is a free finite G–CW–
complex X Š Sm �Sn �Sk .
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Note that a converse to Theorem 3.5 is given by Hanke in [13] in the sense that if
.Z=p/r acts freely on X D Sn1 � � � � �Snk and if p > 3 dim.X /, then r � k .

Remark For p D 2 the situation is more complicated because of the classification of
subgroups. A 2–group of rank 1 can be either cyclic or generalized quaternion. A 2–
group with a maximal abelian subgroup can be cyclic, generalized quaternion, dihedral,
M.2n/ (see Proposition 3.2) or S4mDhx;y jx

2mDy2D1;y�1xyDxm�1i (see [23,
Section 4, Chapter 4]). For pD 2, the class function of Proposition 3.3 does not restrict
to characters over the subgroups, in general.

4 Abelian isotropy p–groups

We begin by generalizing [3, Theorem 3.2] for p–groups.

Theorem 4.1 Let G be a finite p–group and let X be a finite dimensional G–CW–
complex with G� abelian for all cells � �X . Then there is a free finite dimensional
G–CW–complex Y ' X �Sn1 � � � � �S rkX .G/ . Moreover, if X is finite, then Y is
finite as well.

Proof We prove the theorem by induction over rkX .G/. If rkX .G/D 1, the theorem
has been proven by Adem and Smith [3, Theorem 3.2].

The inductive step follows. By virtue of Proposition 2.7, we only need to associate to
each isotropy subgroup G� a representation �� W G� ! U.m/ such that �� jG� Š ��
whenever G� < G� and such that �� is fixed point free for all H � G� with
rk.H /D rkX .G/.

Consider the class function ˇW G!C given by

x 7!

8<:
jGj.prkX .G/� 1/ if x D 0,
�jGj if o.x/D p,
0 otherwise.

To simplify the notation write A D G� for an isotropy subgroup (which is abelian
by hypothesis). We need to prove that ˇjA is a character which is fixed point free
for all .Z=p/rkX .G/ � A. Set Ap D f0g [ fx 2 A j o.x/ D pg. Since A is abelian
we have Ap GA. Fix an injection f W Ap! .Z=p/rkX .G/ . Write �0W .Z=p/

rkX .G/!

U.prkX .G/ � 1/ for the reduced regular representation and let � D �0 ı f be the
representation Ap ! .Z=p/rkX .G/ ! U.prkX .G/ � 1/. Consider finally the repre-
sentation of A given by �D jGjjApj=jAjIndA

Ap
� . Clearly �.0/D jGj.prkX .G/ � 1/,

�.x/D �jGj if x 2 Ap n 0 while �.x/D 0 if x … Ap . As a result ˇjA D �. If now
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.Z=p/rkX .G/ �A, then .Z=p/rkX .G/ �Ap . Consequently �j.Z=p/rkX .G/ is a multiple
of the reduced regular representation, thus fixed point free.

Corollary 4.2 Let G be a p–group. Assume that G is a central extension of abelian
groups, then there is a free finite G –CW–complex X ' Sn1 � � � � �Snrk.G/ . The result
in particular holds for extraspecial p–groups.

Proof Let X D Sn1 � � � � �Snrk.Z.G// be the product of the G –spheres arising from
suitable representations of the center. Clearly rkX .G/D rk.G/� rk.Z.G// and G� is
abelian. The conclusion follows.

5 Infinite groups

As pointed out in [8], there is a class of infinite groups which is worth considering, when
studying the rank conjecture mentioned in the introduction (which is usually stated for
finite groups). This is the class of groups � of finite virtual cohomological dimension.
Recall that, by definition, a group � has finite virtual cohomological dimension, if it
has a finite index subgroup � 0 < � with finite cohomological dimension (that is to say,
H n.� 0;M /D 0 for all coefficients M and for all n big enough). Occasionally, we
will write “finite vcd” for “finite virtual cohomological dimension”.

See, for example, Brown [7] for background on groups with finite virtual cohomological
dimension. The crucial property that makes them interesting to us is the following: for
any such group � there exists a finite dimensional � –CW–complex E� with j�xj<1

for all x 2 E� .

It is already known that a group with finite virtual cohomological dimension, which is
countable and with rank at most 1 finite subgroups, acts freely on a finite dimensional
CW–complex X ' Sm [8]. The next step would be to prove the analogue result for
groups � with rank at most 2 finite subgroups. The easiest examples to consider are
amalgamated products � DG1 �G0

G2 , where Gi is a finite group for i D 0; 1; 2 and
G0 <Gi for i D 1; 2.

In this case, for every finite subgroup H < � , there is 
 2 � such that 
H
�1 <Gi

for i D 1 or i D 2 (see Serre [20]). In particular rk.�/Dmax frk.G1/; rk.G2/g. The
first attempt would be to find an effective � –sphere, ie a � –sphere with rank 1 isotropy
subgroups. In the first subsection we exhibit an amalgamation of two p–groups which
doesn’t have an effective � –sphere.

Recall from [6] that, for a finite group G , we have that rk.G/D r if and only if there
are r finite dimensional Z ŒG�–complexes K1; : : : ;Kr such that KDK1˝ � � �˝Kr
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is a complex of projective Z ŒG�–modules with H�.K/ Š H�.Sn1 � � � � �Snr /. In
the second subsection we prove a similar result: for every group � with finite vcd,
there are rk.�/ finite dimensional Z Œ��–complexes C1; : : : ;Crk.�/ such that D D
C�.E�/˝C1˝� � �˝Crk.�/ is a complex of projective Z Œ��–modules with H�.D/Š
H�.Sn1 � � � � �Snrk.�//.

As a result, the group � introduced in the first subsection here below satisfies the
algebraic analogue of the rank conjecture but doesn’t have an effective � –sphere. The
geometric problem of knowing whether or not � acts freely on a product of two spheres
is still open.

5.1 A group without effective action on a sphere

Let E and E0 be two copies of the extraspecial p–group of order p3 and exponent p .
(Such a group can be identified with the upper triangular 3 � 3 matrices over Fp

with 1 on the diagonal). Consider the amalgamated product � D E0 �Z=p E given
by Z=p D Z.E/ and an injective map f W Z=p ! E0 with f .Z=p/\Z.E0/ D 1.
Clearly rk.�/D 2. Let � act on a finite dimensional CW–complex X ' Sn . Consider
the restriction of this action to E and E0 . It is well known that the dimension function
of a p–group action on a sphere is realized by a representation over the real numbers
by Dotzel and Hamrick [11] (see the next remark). Therefore, an even multiple of the
dimension functions for E and E0 must be realized by characters �E and �E0 .

Clearly the dimension functions of �E and �E0 must agree over Z.E/ and f .Z=p/.
Looking at the character table of E , we observe that every irreducible character ˛ ,
giving rise to an effective sphere, vanishes outside Z.E/ while ˛.z/D m�p for all
z 2Z.E/ n f0g (here �p is a p–root of the unity). Thus, �E and �E0 cannot be both
characters giving rise to effective spheres. We deduce that the original action must
have some finite isotropy subgroups of rank 2.

This provides an example of an infinite group, with rank 2 finite p–subgroups, not
acting with effective Euler class on any sphere.

Remark In [11] the result is stated only for finite CW–complexes. The portion of
this theorem that we need, still holds for finite dimensional CW–complexes: Let G

be a finite p–group and let X be a finite dimensional G–CW–complex. If X has
the modp homology of a sphere, then X H has the modp homology of a sphere
for all H < G . For the case H Š Z=p , this has been proved in [22]. The general
case can be proved by induction, noticing that X H D .X Z=p/H=Z=p , where Z=p C
H . We therefore recover a dimension function over the subgroups of G , given by
dimX .H / D dim.H�.X H ;Z=p//, as in the finite case. Finally, we can realize this
dimension function just as in [11].
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5.2 Algebraic spheres

Let � be a group with finite vcd and rank r . Recall that we want to show that there
are rk.�/ finite dimensional Z Œ��–complexes C1; : : : ;Cr such that

DD C�.E�/˝C1˝ � � �˝Cr

is a complex of projective Z Œ��–modules with H�.D/ŠH�.Sn1 � � � � �Snr /.

We begin with some preliminaries concerning the cohomology of finite groups. We
follow here Benson [4; 5]. Let G be a finite group. Consider � 2 H n.G;R/ Š

ExtnRG.R;R/ŠHomRG. y�
nR;R/, where y�nR is the n–th kernel in a RG –projective

resolution P of R. We choose a cocycle y�W y�nR!R representing � . By making P
large enough we can assume that y� is surjective. We denote L� its kernel and form the
pushout diagram:

L�
D //

��

��

L���

��
0 // y�nR

//

y�
����

Pn�1
//

����

Pn�2
//

��

� � � // P0
//

��

R //

D

��

0

0 // R // Pn�1=L� // Pn�2
// � � � // P0

// R // 0

We denote by C� the chain complex

0! Pn�1=L�! Pn�2! � � � ! P0!R! 0

formed by truncating the bottom row of this diagram. Thus we have that H0.C�/D
Hn�1.C�/DR while Hi.C�/D 0 if i ¤ 0; n�1. A useful result is given in the proof
of [1, Theorem 3.1]:

Proposition 5.1 Let G be a finite group. For all positive integer r , there exist
classes �1; : : : ; �r 2H�.G;Z/ such that, for all H <G with rk.H /� r , the complex
Z ŒG=H �˝L�1

˝ � � �˝L�r
is Z ŒG�–projective.

Proof See the proof of [1, Theorem 3.1].

Corollary 5.2 Let G be a finite group. For all positive integer r , there exist r

finite dimensional Z ŒG�–complexes C1; : : : ;Cr such that H�.C1 ˝ � � � ˝ Cr / D

H�.Sn1 � � � � �Snr /; with C1˝� � �˝Cr a complex of Z ŒH �–projective modules for
all H <G with rk.H /� r .
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Proof Let �1; : : : ; �r 2H�.G;Z/ be the classes given in Proposition 5.1. Consider
the chain complex C D C�1

˝ � � � ˝ C�r
. Clearly H�.C/ D H�.Sn1 � � � � � Snr /.

For the second part of the claim, observe that all the modules in C�i
are ZŒG�–

projective except the module Pni�1=L�i
. Recall that the tensor product of any

module with a projective module is projective, so that it remains to examine the
module Pn1�1=L�1

˝ � � � ˝Pnr�1=L�r
. Let H < G be such that rk.H / � r . Since

ZŒG=H �˝L�1
˝ � � �˝L�r

is ZŒG�–projective by Proposition 5.1, we conclude that
ZŒG=H �˝Pn1�1=L�1

˝� � �˝Pnr�1=L�r
is ZŒG�–projective as in [5, Theorem 5.14.2].

It then easily follows that Pn1�1=L�1
˝ � � �˝Pnr�1=L�r

is Z ŒH �–projective.

We go back now to our group � with finite vcd and rank r . Write � 0 for a torsion-free
normal subgroup of � with G D �=� 0 finite. We apply Corollary 5.2 to �=� 0 with
r D rk.�/. We recover a Z Œ��–complex C1˝� � �˝Cr such that H�.C1˝� � �˝Cr /D

H�.Sn1 � � � � � Snr /; with C1˝ � � � ˝Cr a complex of Z ŒH �–projective modules
for all finite H < � . On the other hand, we have that the Z�–complex C�.E�/

is contractible. Therefore the complex D D C�.E�/˝ C1 ˝ � � � ˝ Cr is such that
H�.D/DH�.Sn1 � � � � �Snr /.

Lemma 5.3 With the notation above, the complex D is Z Œ��–projective.

Proof The complex C�.E�/ decomposes as a direct sum of permutation mod-
ules: C�.E�/ D ˚�ZŒ�=�� � D ˚�ZŒ�� ˝ZŒ�� � Z. Here � spans the cells of
E�=� . Consequently D D ˚� .ZŒ��˝ZŒ�� � C1 ˝ � � � ˝Cr /, so that we only need
to prove that ZŒ��˝ZŒ�� � C1 ˝ � � � ˝ Cr is ZŒ��–projective. Let Q� be a graded
ZŒ�� �–module such that .C1 ˝ � � � ˝ Cr /˚Q� is ZŒ�� �–free. We then have that
.ZŒ��˝ZŒ�� �C1˝� � �˝Cr /˚.ZŒ��˝ZŒ�� �Q� /DZŒ��˝ZŒ�� �..C1˝� � �˝Cr /˚Q� /

is ZŒ��–free.

We summarize the main result of this subsection in the following:

Corollary 5.4 For a group � with finite vcd and rk.�/ D r , there exist a finite
dimensional contractible complex C�.E�/ and r finite dimensional Z Œ��–complexes
C1 ,. . . ,Cr such that DDC�.E�/˝C1˝� � �˝Cr is a Z Œ��–projective complex with
H�.D/ŠH�.Sn1 � � � � �Snr /.
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