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Free degrees of homeomorphisms on compact surfaces

JIANCHUN WU
XUEZHI ZHAO

For a compact surface M , the free degree ft(M) of homeomorphisms on M is the
minimum positive integer n with property that for any self homeomorphism & of M,
at least one of the iterates £, &2, ..., £" has a fixed point. This is to say ft(M) is the
maximum of least periods among all periodic points of self homeomorphisms on M .
We prove that ft(Fy ) < 24g —24 for g > 2 and fr(Ngp) < 12g —24 for g > 3.

55M20; 37E30

1 Background

Let M be a compact surface and & be a self homeomorphism on M . The free degree
fe(&) of & is the maximum positive integer 7 such that £, £2, ..., " are all fixed
point free. For a set S which consists of self homeomorphisms on M, we denote
the free degree of S by ft(S) = max{ft(¢) | ¢ € S}. We denote the free degree
of all homeomorphisms by ft(M) and the free degree of all orientation preserving
homeomorphisms by ft™ (M).

We write Fg for an orientable closed surface of genus g and N, for a nonorientable
closed surface of genus g (ie a connected sum of g projective planes), write respec-
tively Fgp and Ng for an orientable and nonorientable surface with b boundary
components.

J Nielsen [4] studied ft+(Fg) in the 1940s, showing that
2or3 ifg=2,
ft+ (Fg) = .
2g—2 ifg>2.
The exact value ft* (F,) = 2 was determined by W Dicks and J Llibre [1] in 1996.

In the 1990s, S Wang [7] obtained results on all homeomorphisms and on nonorientable

closed surfaces. One of his results is
4 if g =2,
fe(Fg) = .
2¢ -2 ifg>2.
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In this paper, we consider fe(M) when M is a connected compact surface with
boundaries. Our main result is:

Theorem 1.1 For Fy ; and N, j orientable and nonorientable genus g surfaces with
b boundary components, the free degrees satisty:
=00 ifg=0,1,
max ft(Fg p) ) &
b ’ <24g—-24 ifg=>2.
= Ifg = 17 2v

max fr(V,
ax fi( g’b){§12g—24 ifg > 3.

This means that for given g, the free degree ft(Fy ) and ft(Ng p) have an uniform
upper bound which is independent of the number of boundary components.

2 Nielsen fixed point theory
In this section, we shall review some facts in Nielsen fixed point theory; see Jiang [2]
for more details.

Given any self map f: X — X, the fixed point set of f is divided into a disjoint
union of some subsets, each is said to be a fixed point class of f. A fixed point class
is an isolated fixed point set, and hence has well-defined fixed point index. The sum of
all indices is the Lefschetz number L( /). The number of essential (nonzero indices)
fixed point class is defined to be the Nielsen number N ( /). One of the key result in
Nielsen fixed point theory is:

Proposition 2.1 (Jiang [2, page 19, 4.7 Theorem]) Let X be a compact polyhedron.
Then, any self-map in the homotopy class of f: X — X has at least N(f) fixed points.

This result refines the Lefschetz fixed point theorem: L( /') # 0 implies the fixed point
set of f is nonempty.

Apply these basic properties of this two invariants. We have the following.

Proposition 2.2
fe(f) =min{n | N(f") >0} <min{n | L(") # 0}.

This proposition is one of main tool in our present paper.

Algebraic & Geometric Topology, Volume 11 (2011)



Free degrees of homeomorphisms on compact surfaces 2439
3 Standard forms of surface homeomorphisms

According to Nielsen—Thurston classification theorem of surface homeomorphisms, any
surface homeomorphism is isotopic to either a periodic, pseudo-Anosov or reducible
one (see Thurston [5]). In this section, we recall the “standard” homeomorphisms
introduced by B Jiang and J Guo [3]. Some adjustments are made for our purpose. The
local behavior at periodic points is addressed.

Let p be a positive integer, k an integer, and A a real number with A > 1. We define

(1) r(J;]’k’A): a self map on C given by r(J;’k,k)(,oeei) = pe0+2kz/p)i,
(2) 7,k @self map on C given by r(;’k’k)(peei) = pe—(0+2kx/p)i,

(3) M(p,k,0): aself map on C which is the time-one map of the vector field v defined
by v(pe?)) = (2In A/ p)pe1=PI;

4) n/(p ko)t @ self map on C — int(D) which is the time-one map of the vector
field v defined by v/ (pef’) = (2In A/ p)((p—1)e =PI 4 O=7/2)i in(pg)),
where D is the unit disk in complex plane C.

Lemma 3.1 [3, 2.1] Let ¥ be a pseudo-Anosov homeomorphism on a compact
surface F, having stable foliation F*° and unstable foliation F* with dilatation A.
Then there is a smooth atlas U of F, consisting of one chart for each interior singularity,
one chart for each boundary component, and some other charts at regular point, such
that

(1) if uy: (Ux,x) — (C,0) is the chart for an interior singularity x, then the
prongs of F*5 are {u~'(pe™7/P)y| p>0, m=1,3,5,...,2p—1}, the prongs
of F* are {u'(pe™™/Py| p >0, m=0,2,4,...,2p—2}, and there is a
commutative diagram

¥
Ux,x —— Uy(x), ¥(x)

Mxl : lMV/(X)

C,0 —— C,0

where & = r(;’k,k) o N(ph,) OrE = T (o) © N(poke,A) for some nonnegative
integer k (the singularity x is said to be of type (p,k)™ or of type (p,k)™),
and u., (x) is the chart in U for the singularity v (x);
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(2) ifuy: (Uyg, A) — (C —int(D), dD) is the chart for a boundary component A,
then there is a commutative diagra

@
Uy, A —— Uyu), ¥(4)

uAl : J{”t[/(/ﬂ

C —int(D),dD —— C —int(D),dD

— .+ _ - '
Where £ = Tk © ”/(p,k,x) or § = M) © n/(p,k,)») for some nonnegative
integer k (the boundary component A is said to be of type (p, k)™ or of type
(p. k)™ ), and uy(4) is the chart in U for the boundary component Y (A).

The superscript + or — of the type indicates orientation preserving or reversing.

The local behavior and indices of isolated fixed point sets of a pseudo-Anosov homeo-
morphism are given as follow.

Lemma 3.2 [3, Lemma 2.1] Let ¥ be an orientation-preserving pseudo-Anosov
homeomorphism on a compact surface F with x(F) < 0. Then there is a smooth
atlas U of F satisfying the conclusion of Lemma 3.1, and each fixed point of v is
included in one of the following cases:

(1) Isolated fixed point x .

(1.1) x isoftype (p,0)" with ind(y, x) = 1— p, where p > 2;
(1.2) x isoftype (p, k)™ with p } k with ind(y, x) = 1.

(2) Boundary component C such that ¥ (C) = C.

(2.1) C isoftype (p,0)", and C C Fix(y) with ind(y,C) = —p;
(2.2) C isoftype (p,k)™ with p } k, and C NFix(¢) = @, hence ind(y, C) = 0.

A fixed point in the interior which is not a singularity can be regarded as a “2—prong
singularity”, and hence is also included in this lemma. But the chart on it is not in the
chosen atlas Uf.

Lemma 3.3 [3, Lemma 3.1] Any orientation-preserving homeomorphism on an
annulus Fo, = S ' x I is isotopic to one of the following:

(1) an annular twist Y (z, 1) = (ze2@H607L 1) “where a and b are rational numbers;

(2) aflip-twist Y (z,t) = (Ze® 17207 | —¢), where a is a rational number.
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Lemma 3.4 [3, Lemma 3.6] Let M be a connected compact oriented surface M
with x(M') < 0. Then any orientation-preserving homeomorphism on M is isotopic
to a homeomorphism v (in standard form), having following properties. There is a set
(the cutting system) I' = {y1, y2,..., ¥k} of simple closed curves on M . Each y; has
a neighborhood N (yj) homeomorphic to S U I such that

(i) the restriction V| n(y,;) of ¥ oneach N(y;) is an annular twist or a flip-twist;

(ii) the restriction of y on each component of M —U;;l int N (y;) is either periodic
or pseudo-Anosov. (These components are said to be pieces, or Y —pieces if we
need to emphasis the related homeomorphism r .)

Moreover, each nonempty fixed point class of Y is a connected subset of M , being
included in one of the following cases:

(1) Isolated fixed point x .

(1.1) + is conjugate to a rotation in a neighborhood of x in periodic piece,
ind(y,x) =1;

(1.1) a fixed point of an annular flip-twist, ind(¥, x) = 1;

(1.1) a fixed point of type (p,0)™ in a pseudo-Anosov piece, ind(y, x) =1 —p;

(1.1) afixed pointof (p, k)™ with p } k in a pseudo-Anosov piece, ind(y, x) = 1.

(2) Fixed point circle C'.

(2.2) an isolated fixed point set of an annular twist; ind(y, C) = 0;

(2.2) a boundary component with type (p,0)™ of some pseudo-Anosov piece, on
the other side C is a boundary component of an annular twist; ind(y, C) =
—D;

(2.2) a boundary component of M , and also a boundary component with type
(p,0)t of some pseudo-Anosov piece, ind(y, C) = —p;

(3) Fixed point subsurface.

Corollary 3.5 If v is in standard form, then " is in standard form for any positive n.
Moreover, the cutting system of {" can be chosen as a subset of a cutting system of .

Proposition 3.6 Let y: M — M be an orientation-preserving homeomorphism on a
connect compact oriented surface M with x(M) < 0, and be in standard form. Let V
be an invariant set of Y™ which consists of some r —pieces and some neighborhoods
of cutting curves. If N((¥|y)") > 0, then N(y") > 0.
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4 Periodic homeomorphisms

In this section, we shall discuss the upper bound for the free degree of periodic
homeomorphisms on a compact surface.

Given a compact surface F', we write o(F') for the maximal order of periodic homeo-
morphisms.

Lemmad.l (1) o(Fgp) <o(Fy) forallb.
(2) o(Ngp) <o0(Nyg) forall b.

Proof Regard the closed surface Fg as the quotient space of Fg ; by collapsing each
boundary component to one point. We write q: Fq ; — Fg for this natural quotient
map. Let ¥ be a periodic homeomorphism on Fg ;. Then it induces a periodic
homeomorphism ¥ on F ¢ 1€ there is a commutative diagram

v
Fg,b > Fg,b

@-1) ql i lq
v

Fe —— Fy.
By definition, o(Fg) is the maximum of the orders of the periodic map on Fg. The
order of ¥ is not greater than o(Fy), ie there is a positive integer n with n < o(Fy)

such that /" is the identity on Fg. It follows that ¥" is the identity on Fg p. This
proves the conclusion (1). The proof of (2) is the same. O

Lemma 4.2 Let & be a self homeomorphism on a connected compact surface M
which is homotopic to a periodic map. If (M) # 0, then there is a positive integer
n < o(M) such that N(£") = 1, and hence the free degree fv(§) of & is no more
than o(M).

Proof This lemma is trivial if o(M) is infinite.

Assume that o(M) is finite. Let ¢ be a periodic map homotopic to the given map £.
By definition of maximal order, there is natural number n with n < o(M) such that
¢" = id. From the homotopy invariance of Nielsen number, we have that N (") =
N(¢") = N(id). Since y(M) # 0, we have that N(§") = N(¢")=N(@{d)=1. O

Combining our two lemmas with Wang [6, Theorem 1], we have:

Theorem 4.3 (1) Leté: Fgp — Fg ) be a self-map homotopic to a periodic one.
Then fv(§) <4g+ 3+ (—1)8 forall g > 2.

(2) Leté&: Ngjp — Ngp be a self-map homotopic to a periodic one. Then fr(§) <
2¢g — 1+ (=181 forall g > 3.
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Let us consider the free degree of compact surface with genus 0 or 1. It is known that
fe(Fo,0) = 2, and fr(Ny o) = 1.

As for the cases Fyp, Fyp, Nip and N, p, we have the following examples.

Example 4.4 Regard F, as
S'xT={z1]|]zl=1 0<t<1}.

Given any positive integer k, a periodic homeomorphism & is defined by & (z,¢) =
(Ze2m'/k’ 7).

Pick a small open disk W in Fy 5. Note that G = Fo» — |72, Elg (W) is homeomor-
phic to Fy k2. The restriction & |G of & on G is also a periodic homeomorphism.
Each point is a periodic point of period k. Hence, ft(&x|g) = k. This implies that

fe(Fok42) = k.

Let t: Fo» — Fp,2 be an involution given by 7(z,7) = (—z,1 —1). It gives a Z
action on Fj >, and the orbit space Fy >/t is homeomorphic to the Mdbius band Ny ;.
If k is even, & induces a periodic homeomorphism & : Fo,»/t — Fy 2/t with period
k/2. Note that each point on & has period k /2. We have that ft(§k|G/t) =k/2.
Since G/t = Ny k241, we also have that fv(N; x/241) = k/2.

Example 4.5 Regard F; o as
StxSt={(z,w)||z]=|w]=1}cC2.
Given any positive integer k, a periodic homeomorphism & is defined by & (z, w) =

(ZeZni/k’ w).

Pick a small open disk W in Fj o. Note that

G = F0—L72, é,{(W) - F1,0—|_|§€=1 E’{(W)

is homeomorphic to F . The restriction & |g of & on G is also a periodic home-
omorphism. Each point is a periodic point of period k. Hence, ft(éx|g) = k. This
implies that fe(Fy x) > k.

Let t: Fj,0 — F1,0 be an involution given by t(z, w) = (—z, w). It gives a Z, action
on Fj ¢, and the orbit space Fy /7 is homeomorphic to the Klein bottle N o. If k is
even, & induces a periodic homeomorphism &: F 1,0/T — Fy,0/t with period k /2.
Note that each point on & has period k/2. We have that ft(%—'klc/t) =k /2. Since
G/t = N, k2, we also have that ft(N, /2) > k /2.
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Moreover, by using irrational angle rotation, we can show that there is a homeomorphism
on Fy > (the annulus) without any periodic point, and a homeomorphism on Np ; (the
Mobius band) without any periodic point. This implies that both ft(Fp 2) and fe(Ny 1)
are infinite. But, by classical fixed point theorem, any map on Fy ; (the disk) must
have a fixed point. Hence, ft(Fo ;) = 1.

5 Special homeomorphisms on surfaces with small genus

In this section, we consider the free degree of some homeomorphisms on the surfaces
of genus 0 or 1.

Lemma 5.1 Let§: Fyp — Fy be an orientation preserving homeomorphism on a
sphere with b boundary components. If there are at least three boundary components
on Fy p which are invariant under &, then L(§) # 0, hence ft(§) = 1.

Proof See Figure 1.

Figure 1: Bases of H;(Fop,Q)

The boundary components ¢y, ¢;, ¢3 are invariant under £. Choose the classes [c,], [¢3],
[ca], ... [cp] asabasis of Hi(Fyp, Q). Theinduced isomorphism &4q on H;(Fp p, Q)
by & has the form

10 0 0 O
01 0 0 O
00 B; 0 01,
00 0 . 0
00 0 0 By
where By, ..., B; are permutation matrices.
So tr(41) =2 and L(§) =1—1tr(&4q) #0. a
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Lemma 5.2 Let§: Fyp — Fy be an orientation preserving homeomorphism on a
torus with b > 1 boundary components. If there is at least one boundary component
of Fy p which is invariant under &, then ft(§) < 6.

Proof See Figure 2. The boundary component ¢; is invariant under £. Choose
[x].[y] [c2], ... [cp] as bases of H{(F;p, Q). The induced isomorphism &£,; on
Hi(F;p,Q) by & has the form

A1) dyp +o e e
Any Qg v wee wee
0O 0 By 0 01,
0 0 0 0
0 0 0 0 B
where Bj,..., B; are permutation matrices. This matrix is similar to
A e eee e
oAl oLl
0 0 C; 0 O
0 0 O 0

Here if C; is of rank 7, then

e2m/ni 0 0
0o . 0 0

Cj = 0 0 eZ(n—l)Jr/ni
0 0 0 1

Suppose the number of rank 1,2,3,4,6 C;’sis m,t,s,q,r. 1f L(') = L(§*)=L(§%) =
L(E%) = L(£%) = 0, then we have the following identities.

(5-1 A+AT Em=1
(5-2) MHATTm+2e=1
(5-3) MAATPm43s=1
(5-4) M rm4 2t +4g=1
(5-5) M A rm 2t +3s4+6r=1

So(1-m)P2=A+A"1H)2=A24+1242=3—m—2t. Wehave m=2, t =0 or
m=1,t=1lorm=0,t=1.
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27 ;

If m=2,t=0,then A+A"1'+1 =0 induces A = e3 "’ or e~ %1 We have
A3 4+ 173 =2 which contradicts (5-3).

Ifm=1,t=1,then A+A~1 =0 induces A =i or —i. We have A* + A~* =2 which
contradicts (5-4).

If m=0,f=1,then A +A"! —1 = 0 induces A = ™3 or ¢~ 7/31, We have
A% 4+ 176 =2 which contradicts (5-5).

The argument above shows that at least one of the L(£!), L(£2), L(£3), L(£%),

L(£9) is not equal to 0. Thus fr(£) <6. |
x
oRolNe;

y Y
Q.

x

Figure 2: Bases of Hi(F1,Q)

6 Pseudo-Anosov homeomorphisms
We consider the free degrees of pseudo-Anosov homeomorphisms in this section.

Lemma 6.1 Let F be a singular foliation on a compact surface Fg . Then

> ((1 - %) PO -5 Pr',’,?(F)) = x(Fgp) =2-2g b,

m=1

where Pri,gt(}") is the number of m—prong singularities in the interior of Fg j and
Pr';’,‘;1 (F) is the number of boundary components of Fg j with m—prong singularities.
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Proof Consider the closed surface Fjg, a singular foliation can be regarded as a path
field on Fg. Both have the same singularity set. An m—prong singularity has index
1—m/2. a

Lemma 6.2 Let &: Fgp — Fgp be a self homeomorphism on Fg 5 (g > 2) which
is homotopic to an orientation preserving pseudo-Anosov homeomorphism . If the
stable (and hence unstable) singular foliation of W has no 1—prong singularity, then

fe(§) <8g—38.

Proof Since Nielsen number is a homotopy invariant, we only need to prove that there
exists a positive integer n < 8g — 8 such that N (y") > 0.

Let F* and F* be respectively stable and unstable singular foliations of the pseudo-
Anosov homeomorphism 1. We denote the number of m—prong singularities of F*
by Pry,, (F*). Regard the closed surface Fyg as the quotient space of Fg ; by collapsing
each boundary component to one point. Then i induces an orientation preserving
homeomorphism v on F, ¢, satisfying the commutative diagram

14
Fg:b Fg,b

a e

Fe —V F,.
Since F* has no 1-prong singularity, the quotient map ¢ gives a singular foliation
q(F*) on Fg. Thus, g(F*) and q(F") are respectively stable and unstable singular

foliations of the pseudo-Anosov homeomorphism .

By the results of Nielsen [4] with Dicks and Llibre [1] (see Wang [7, Remark (1)]),
we know that fc(y) = 2g — 2. This implies that there must be an integer 1o with
no < 2g — 2 such that ¥ has a fixed point Xy. Since ¥ is a pseudo-Anosov
homeomorphism on the closed surface Fy, the point Xy consists of a fixed point
class of "0 with ind(y"0, Xo) # 0. If ¢g~1(X,) is a singleton, the point ¢~ (Xg)
is an isolated fixed point of "0 with nonzero index. Since v is in standard form,
this isolated fixed point is an essential fixed point class of "0, Thus, we have that

N(y"0) > 0.

If it is not a singleton, ¢~ !(Xy) is a boundary component of F, ¢,b- Thus, g (%)
is an invariant circle of type (po, ko) for ¥"0. Note that g~1(Xy) is a fixed point
circle for P00 of type (po, poko), ie of type (po,0). By Lemma 3.2, we have that
ind(y P00 g=1(Xy)) = —po # 0. It follows that N(yP0"0) > 0. It is sufficient to
show that pong < 8g — 8. There are two cases:
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Casel po =2 or 3. We have that pong < 3(2g—2) =6g—6.
Case2 po > 4. Applying Lemma 6.1 to the foliation ¢(F*) on Fg, we have

o0

12 = y(Fp) =Y (1 - g) PN (g(F*)) < (1 - —) P (g (F*)).

p=1

because ¢(F*) has no 1-prong singularity. It follows that

2
mt(q(]-'s)) <(4g — 4)(1 + —2) <8g—8.
p
Since ¥ permutes the boundaries of py—prong, we have that
ng < Pryt (F°) < Proe (F*) + Prpe (F*) = Prpe (q(F*)),

and hence pgng < 8g —8. m|

7 Main results

Lemma 7.1 Let Fyj be a connected compact surface of genus g with b boundary
components, where g > 2. Then for any orientation-preserving homeomorphism
V. Fgp — Fgp, there is a positive integer n with n < 12g — 12 such that N (y") > 0.

Proof The procedure of our proof will be fulfilled by using a reduction on the pairs
(g, b) according to the lexicographic order. That is, we say (g’,b’) < (g”,b") if either
g <g’org =g"and b <b".

By the homotopy invariance of Nielsen number, we may assume that i is in standard

form.

Case1 b = 0. From the proof of Wang [7, Theorem 1], we know that the Lefschetz
number L (™) is nonzero for some n satisfying n <4 if g=2;n<2g—-2if g > 3.
This implies that N (") > 0 for such an 7.

Case 2 v is periodic. We have N(y") =1 for some n <4g + 3+ (—1)8.

Case 3 ¢ is a pseudo-Anosov map. Note that the homeomorphism ¥ permutes
the boundary components of type (1,0)%. Let /; be the minimal length of orbits
of v —action on the set of all boundary components of type (1,0)". We have three
subcases according to the value of /.

Subcase 3.1 /y = 0. This means logically that the number of boundary components
of Fg p with type (1,0) is zero. This is done in Lemma 6.2.
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Subcase 3.2 0 </y <12g —12. Let Cy be a boundary component with type (1,0)™
such that ¥ (Cy) = Cy. By Lemma 3.4, Cy is a fixed point class of 10, having fixed
point index —1. This implies that N (y/0) > 0.

Subcase 3.3 [y > 12g — 12. We collapse each boundary component of type (1,0)"
to one point. The homeomorphism v induces a homeomorphism ¥ on the resulting
surface Fg 5. We write q: Fg ) — Fg p for this natural quotient map. Then we have
a commutative diagram

¥
Fop > Fgp

a| s
v
Fop —— Fgpr .

Of course, ¥ is not in standard form. By definition of /y, we have that Fix(y"") =
Fix(¥™) for any m with 0 < m < 12g — 12. Since ¢ is a homeomorphism near
this fixed point set, any isolated fixed point set have the same fixed point indices.
In other word, ind(¥"*, F) = ind(y¥"*, F) for any fixed point class F of ¥™ with
0 <m < 12g —12. Since ¢ is a surjective map and since ¢ only collapses (1,0)"
boundary components, any fixed point class of ¥ will be an union of some fixed point
classes of ™. Any essential fixed point class of 1;’” contains at least one essential
fixed point class of ¥ if m < 12g —12. Thus, it is sufficient to prove that N (/") > 0
for some m with m < 12g — 12. This is just the inductive assumption.

Case 4 v isreducible. Let Py be a reduced piece with the biggest genus among all

pieces. Assume that Py = Fg p, -

Thus, either go < g or go = g and by < b. Note that  permutes all pieces.
We consider three subcases according to the value of gg.

Case 4.1 go > 2. We write / for the orbit length of Py under the action of 1. That
is ylo(Py) = Py, and y/ (Py) # Py for j =1,2,...,1p— 1. Clearly, (y|p,)" is
a homeomorphism on Py = Fy 5,. By assumption of reduction, there is a positive
number 79 with 19 < 12g¢ — 12 such that N((y/|p,)/)"0)) > 0, ie N (yo"0|p ) > 0.
By Proposition 3.6, we have that N (1%070) > 0. Clearly,

long < lo(12g0 — 12) < 12g — 121y < 12g — 12.

Case 4.2 go =0 or 1. Consider the quotient map q: Fy 5 — Fg and the induced
homeomorphism satisfying the commutative diagram (4-1). Let I' = {y1, ¥2, ..., Y&}
be the cutting system for . We assume that ¢(y;) is essential in Fy for j =1,2,...k’,
and inessential for j =k’ +1,..., k. We write I'" = {y1, 2, ..., ¥x}. Then each
component of Fg —¢(I'”) is an union of one component of Fg —¢(I") and other
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components of Fy —¢(T") are disks. This implies that &’ > 0 and the maximal genus of
the components of Fg —g(I'") is still go. Since each curve ¢(y;) in ¢(I"’) is essential
in Fg, the Euler characteristic number of each component of Fg —¢(I"') is negative.
Consider two sub-subcases.

Case4.2.1 go=1.Let Q¢ be acomponent of Fg—q(I'') with genus 1. Let /o be the
orbit length of Q¢ under the action of 1/_/ and by be number of boundary components
of Qo. Note that each component of Fy —¢g(I'”) has nonpositive Euler characteristic
number. We obtain that /o(2 —2 — bg) > 2 —2g. Since ¥/0(Q0) = Qy, there must be
a positive integer ng with ng < bg such that Yo has at least one invariant boundary
component Cy of Qg. By commutative diagram (4-1), we have y/00(g=1(Q,)) =
g~ 1(Qy). By definition of ¢, the closure P =¢~1(Qy) of ¢~ 1(Q¢) is homeomorphic
to F; 5 for some b > by. Apply Lemma 5.2 to the homeomorphism Ylono| p there is a
positive integer 7 with 7 < 6 such that L((¥/0"0|p)") 0. Hence, N ((y/0"0|p)") > 0.
It follows from Proposition 3.6 that N (y070m) > (.

Case 4.2.2 g( = 0. In this situation, each component of Fy —¢(I'") has genus zero,
ie a disk with holes. Note that each component of Fg —¢(T"') has nonpositive Euler
characteristic number. From the additivity of Euler characteristic numbers, there must
be a component Qg with x(Qg) <0, ie Q¢ has at least three boundary components.
Let /o be the orbit length of Q¢ under the action of v/, and by be number of boundary
components of Q. Then we have [o(2 —bg) > 2 —2g. This implies that

bo

lobo <
070 =ho—2

Qg —2) <6g—6,

because by > 3. Since 1}10 permutes the boundary components of Qg, there must
be a positive integer no with ny < bg such that 1}’0”0 fixes set-wisely at least three
boundary components. Notice that the closure P = ¢g=1(Qg) of ¢~ 1(Qy) is also
a disk with holes. The homeomorphism 1//10”0 |p also fixes set-wisely at least three
boundary components. Apply Lemma 5.1 to the homeomorphism wlO”O |p, we have
that L(y0"0|p) £ 0. Hence, N (y0"0|p) > 0. It follows from Proposition 3.6 that
N(ylomoy > . O

Theorem 7.2 For Fg ; and N, j orientable and nonorientable genus g surfaces with
b boundary components, the free degrees satisty:

— o0 ifg=0,1,

max ft( F,
ax e g’b){§24g—24 ifg>2.

= Ifg=1’2’

max fr(V,
ax fi( g’b){flzg—24 ifg > 3.
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Proof The infiniteness has been shown in Example 4.4 and Example 4.5.

Consider a homeomorphism ¥: Fgp — Fgp, where g > 2. Then V2 must be
orientation preserving. By Lemma 7.1, there is a positive integer n with n < 12g —12
such that N(y¥2") = N((¥2)") > 0. It follows that 2" has a fixed point. Hence,
fe(y) <24g —24. Since V¥ is an arbitrary homeomorphism on Fg ;. We obtain that
fe(Fgp) < 24g —24.

Let n: Fg_1,25 — Ng p be the classical orientation covering. Write t for the unique
nontrivial covering transformation. Any homeomorphism v: Ng 5 — Ng p has two
liftings ¢ and t¢. Without loss of the generality, we may assume that ¢ is orientation
preserving. By Lemma 7.1, there is a positive integer #n with n < 12(g — 1) — 12 such
that ¢” has a fixed point xo. Clearly, ¥ (n(xo)) = n(¢"(xg)) = n(xo), ie n(xg) is a
fixed point of ¥". This implies that ft(Ngp) < 12(g—1)—12 = 12g —24. a

From the proof of this theorem, we obtain:

Corollary 7.3 For F, j an orientable genus g surface with b boundary components,
the orientation preserving free degree satisfies:

max ft+(Fg,b) {_ 0 1.fg =01

b <12g—-12 ifg=>2.
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