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INDEPENDENT FAMILIES OF DESTRUCTIBLE GAPS

By

Teruyuki Yorioka*

Abstract. We investigate the finite support product of forcing

notions related to destructible gaps, and prove the existence of a

large set of independent destructible gaps under }.

1. Introduction and Notation

1.1. Introduction

An o1-tree can be considered as a forcing notion adding an uncountable

chain. A Suslin tree is a ccc and o1-Baire forcing notion (a Suslin algebra). In

[8], Kurepa showed that the two-product of one Suslin tree does not have the

countable chain condition. This can be proved by the product lemma for forcings

and the fact on ccc-forcings because a Suslin tree as a forcing notion adds an

uncountable chain and then (if it is normal, i.e. any node has at least two

incomparable extensions) it also has an uncountable antichain. But under }, for

any Suslin tree, we can find another Suslin tree such that the product of these

Suslin trees is also ccc. In fact, under }, we have several variations of families of

Suslin trees ([1]).

In this paper, we deal with destructible gaps. A destructible gap is an

ðo1;o1Þ-gap which can be destroyed by a forcing extension preserving cardinals.

A destructible gap has a characterization similar to a Suslin tree ([2]). A Suslin

tree is an o1-tree having no uncountable chains and antichains. On the other

hand, for an ðo1;o1Þ-pregap ðA;BÞ ¼ haa; ba; a A o1i with the set aa V ba empty

for every a A o1, we say here that a and b in o1 are compatible if

ðaa V bbÞU ðab V baÞ ¼ q:
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Then by the characterization due to Kunen and Todorčević, we notice that an

ðo1;o1Þ-pregap is a destructible gap i¤ it has no uncountable pairwise compatible

and incompatible subsets of o1. (We must notice that from results of Farah

and Hirschorn [4, 5], the existence of a destructible gap is independent with the

existence of a Suslin tree.)

One of di¤erences from an o1-tree is that any ðo1;o1Þ-pregap have never had

an uncountable chain and antichain at the same time. We have forcing notions

related to an ðo1;o1Þ-pregap.

Definition 1.1 [E.g. [3, 7, 10, 11]). Let ðA;BÞ ¼ haa; ba; a A o1i be an

ðo1;o1Þ-pregap with aa V ba ¼ q for every a A o1.

1. FðA;BÞ :¼ fs A ½o1�<@0 ; Ea0 b A s; ðaa V bbÞU ðab V baÞ0qg, ordered by

reverse inclusion.

2. SðA;BÞ :¼ fs A ½o1�<@0 ;6
a A s aa V6

a A s ba ¼ qg, ordered by reverse

inclusion.

We note that FðA;BÞ forces ðA;BÞ to be indestructible and SðA;BÞ
forces ðA;BÞ to be separated. Using these forcing notions, we can express char-

acterizations of being a gap and destructibility.

Theorem 1.2 [E.g. [3, 7, 10, 11]). Let ðA;BÞ be an ðo1;o1Þ-pregap. Then;

1. ðA;BÞ forms a gap i¤ FðA;BÞ has the countable chain condition.

2. ðA;BÞ is destructible (may not be a gap) i¤ SðA;BÞ has the countable

chain condition.

Therefore we say that ðA;BÞ is a destructible gap if both FðA;BÞ and

SðA;BÞ have the ccc. As in the case of a Suslin tree, by the product lemma

for forcings, we note that FðA;BÞ �SðA;BÞ does not have the ccc, and the

referee of the paper [6] has proved that whenever ðAi;BiÞ is an ðo1;o1Þ-gap for

i A I ,
Q

i A I FðAi;BiÞ has the countable chain condition. However it is inde-

pendent from ZFC that the above statement is true for S, i.e. the following

statements are both consistent with ZFC: Whenever ðAi;BiÞ is a destructible gap

for i A I ,
Q

i A I SðAi;BiÞ has the countable chain condition; There exists de-

structible gaps ðA;BÞ and ðC;DÞ such that the product SðA;BÞ �SðC;DÞ
does not have the countable chain condition. (The first consistency is proved to

just force by a finite support iteration with the book-keeping argument, and the

second consistency is proved using an observation due to Stevo Todorčević as
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follows: If an indestructible gap is restricted to both a Cohen real and its

complement (viewed as subsets of o), then this pair of new gaps freeze one

another. This is pointed by the referee of the paper [?] to me.) We will see that

e.g., we may have two destructible gaps ðA;BÞ and ðC;DÞ so that all variations

X0ðA;BÞ �X1ðA;BÞ have the ccc. Throughout this paper, we consider families

of destructible gaps as follows.

Definition 1.3. A family fðAi;BiÞ; i A Ig of destructible gaps is inde-

pendent if for every combination hXi; i A Ii where each Xi is either S or F, a

finite support product
Q

i A I XiðAi;BiÞ has the countable chain condition. Moreover,

fðAi;BiÞ; i A Ig is a maximal independent family of destructible gaps if it is

maximal with the property of independence.

We note that destructible gaps added by finite approximations are inde-

pendent, and if k many Cohen reals are added, then in the extension there is an

independent family of k many destructible gaps (by the similar argument due to

Todorčević). So by a book-keeping argument of the ccc-forcings, for any (finite or

infinite) cardinal k, it is consistent with ZFC that there exists a maximal in-

dependent family of destructible gaps of size k.

If } holds, the size of maximal independent families of Suslin trees are quite

large. In [13] and [14], Zakrzewski has proved that there exists a family of Suslin

trees of size 2@1 whose finite support product is also ccc and for any family of

Suslin trees of size @1, if the product of members of this family with finite support

is also ccc, then it is not maximal with respect to this property. These theorems

are also true for destructible gaps. That is,

Theorem 2.1. Under }, there exists a family of 2@1 destructible gaps which is

independent.

Theorem 2.2. Under }, every maximal independent family of destructible

gaps has size at least @2.

1.2. Notation

A pregap in PðoÞ/fin is a pair ðA;BÞ of subsets of PðoÞ such that for all

a A A and b A B, the set aV b is finite. For subsets a and b of o, we say that a

is almost contained in b (and denote aJ� b) if anl is a subset of b for some l A o.

If ðA;BÞ is a gap and both ordered sets hA;J�i and hB;J�i are well ordered
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and these order type are k and l respectively, then we say that a pregap has

the type ðk; lÞ or a ðk; lÞ-pregap. Moreover if k ¼ l, we say that the pregap is

symmetric. For a pregap ðA;BÞ, we say that ðA;BÞ is separated if for some

c A PðoÞ, aJ� c and the set cV b is finite for every a A A and b A B. If a pregap

is not separated, we say that it is a gap. Moreover if a gap has the type ðk; lÞ, it

is called a ðk; lÞ-gap.

For an ordinal a, if we say that hax; bx; x A ai is a pregap, we always assume

that

� x < h in a, ax J� ah and bx J� bh, and
� for every x A a, the set ax V bx is empty.

In proofs of theorems, all of pregaps will constructed to satisfy the following

property.

Definition 1.4 ([12]). We say that a pregap ðA;BÞ ¼ hag; bg; g A ai admits

finite changes if for any b A a with b ¼ hþ k for some h A LimV a (where Lim

is a class of limit ordinals) and k A o, H; J A ½o�<@0 with H V J ¼ q and i >

maxðH U JÞ there exists n A o so that

ahþn V i ¼ H; ahþnni ¼ abni; bhþn V i ¼ J; and bhþnni ¼ bbni:

We note that an ða; aÞ-pregap hax; bx; x A ai can be considered a function f

from a� o into 3 such that for each g A a,

ag ¼ fk A o; f ðg; kÞ ¼ 0g and bg ¼ fk A o; f ðg; kÞ ¼ 1g:

In other words, a function f codes an ða; aÞ-pregap.

2. Consequences from }

Under }, there is an independent family of destructible gaps of size 2@1 . The

following proof is a modification of the proof in [13].

Theorem 2.1. Under }, there exists a family of 2@1 destructible gaps which is

independent.

Proof. Let hDa; a A o1i be a }-sequence for o1 � o1, i.e. Da A PðaÞ �PðaÞ
for all a A o1 and for all hE0;E1i A Pðo1Þ �Pðo1Þ, the set fa A o1;

hE0 V a;E1 V ai ¼ Dag is stationary, and say Da ¼ hD0
a ;D

1
ai for each a A o1. In

this proof (and the proof of the next theorem), we consider the following coding
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between pairs hD; ni of subsets of countable ordinals and natural numbers and

pairs of sequences of the form hhxi; i A ni; hXi; i A nii such that each xi is a

binary sequence with a fixed length and each Xi is either F or S. Let a A o1 þ 1,

DJ a and n A o. (D is considered as a function in 2a by thinking of its

characteristic function.) We say that hD; ni codes hhxi; i A ni; hXi; i A nii if each

xi is a binary sequence of length a, each Xi is either F or S, and for each i A n,

k A o and h A LimV a,

Xi ¼ F , DðiÞ ¼ 0;

xiðkÞ ¼ Dðn � ðk þ 1Þ þ iÞ; and xiðhþ kÞ ¼ Dðhþ n � k þ iÞ:

A pair hD; ni can be recovered from a pair hhxi; i A ni; hXi; i A nii by this

manner. We note that if a and b are limit ordinals in o1 þ 1 with a < b,

DJ a, D 0 J b, n A o, and hD; ni and hD 0; ni code hhxi; i A ni; hXi; i A nii and

hhx 0
i ; i A ni; hX 0

i ; i A nii respectively, then D ¼ D 0 V a holds i¤ x 0
i 0 a ¼ xi and

X 0
i ¼ Xi hold for every i A n. Let hJn; n A oi be a sequence of functions such that

each Jn is an injection from ð½o1�<@0Þn into o1 and for distinct natural numbers m

and n,

Jm½ð½o1�<@0Þm�V Jn½ð½o1�<@0Þn� ¼ q;

where Jn½ð½o1�<@0Þn� is a image of the set ð½o1�<@0Þn by Jn.

We will construct, by recursion on a A o1, a function f from 2<o1 � o into 3

with the following properties:

1. For any x A 2a, f 0 ðfs A 2<a; sJ xg � oÞ codes an ða; aÞ-pregap with the

admission of finite changes, i.e. when we let

as :¼ fk A o; f ðs; kÞ ¼ 0g and bs :¼ fk A o; f ðs; kÞ ¼ 1g

for each s A 2<o1 , hax0g; bx0g; g A ai forms an ða; aÞ-pregap and admits

finite changes,

2. If a is a limit ordinal and there exists n A o such that
� D0

a J Jn½ð½o1�<@0Þn� and J�1
n ½D0

a �J ð½a�<@0Þn,
� the pair hD1

a ; ni codes the pair hhxi; i A ni; hXi; i A nii of the se-

quence of binary sequences of length a and the sequence of mem-

bers in fF;Sg and the family J�1
n ½D0

a � is a maximal antichain inQ
i A n Xiðhaxi0g; bxi0gig A aÞ,

then for this unique n A o, there is an infinite subset Sa of natural numbers

such that for every t A
Q

i A n Xiðhaxi0g; bxi0gig A aÞ, there is m A o so that for

every l A Sanm, every finite sequence hHi;K i; i A ni with the property that
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Hi and K i are disjoint subsets of l for all i A n and there exists s A J�1
n ½D0

a �
such that for all i A n,
� if Xi is S, then

6
x A sðiÞ

axi0x VK i

 !
U Hi V 6

x A sðiÞ
bxi0x

 !
¼ q;

6
x A sðiÞ

axi0xnlJ axinl and 6
x A sðiÞ

bxi0xnlJ bxinl;

and
� if Xi is F, then sðiÞU tðiÞ is a condition in Fðhaxi0g; bxi0gig A aÞ and for

any x A sðiÞ,

ðaxi0x V ðbxinlÞÞU ððaxinlÞV bxi0xÞ0q:

By the property 1, the construction at successor stages are trivial. Assume that

a is a limit ordinal and satisfies the assumption of the property 2 for an n A o

and say hD1
a ; ni codes a sequence hxi; i A ni of functions in 2a and a sequence

hXi; i A ni. Let hmh; h A oi enumerate conditions in
Q

i A n Xiðhaxi0g; bxi0gig A aÞ and

let Ia :¼ fi A n;Xi ¼ Sg. For all x A 2anfxi; i A ng, we simply take f 0 fxg � o,

such that ax V bx ¼ q, both onðax U bxÞ, axnax0g and bxnbx0g are infinite, and

ax0g J� ax and bx0g J� bx for every g A a. We construct f 0 ðfxi; i A ng � oÞ which

satisfies the property 2 as follows.

By recursion on k A o, we will construct hz ik; i A ni A an and lk A o such that

� lk < lkþ1 for every k A o,
� for each i A n, the sequence hz ik; k A oi is cofinal in a, and
� axi0z ik�1

V lk�1 ¼ axi0z ik
V lk�1, axi0z ik�1

nlk�1 J axi0z ik
, bxi0z ik�1

V lk�1 ¼ bxi0z ik
V lk�1

and bxi0z ik�1
nlk�1 J bxi0z ik

, for every i A n and k A o.

Assume that we have already constructed z ih and lh for all h A k and i A n. Let

fhhHi
j ;K

i
j ; i A ni; tji; j A Nkg enumerate all pairs of sequences hHi;K i; i A ni so

that Hi and K i are disjoint subsets of lk�1 and members of the set fmh; h A kg.

(So Nk ¼ 2 lk�1�n � k.) By the induction hypothesis of the property 1 and our

assumption, we can choose hh i
j ; i A ni A an and sj A J�1

n ½D0
a � by recursion on j A Nk

such that

� for each i A n, put s�1ðiÞ :¼ q and h i
�1 :¼ z ik�1,

� we take large enough h i
j A a for each i A n such that

– if i A Ia, then
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axi0h i
j
V lk�1 ¼ Hi

j ; bxi0h i
j
V lk�1 ¼ K i

j ;

axi0h i
j
nlk�1 K 6

x A sj�1ðiÞ
axi0x U axi0h i

j�1

 !-
lk�1;

and

bxi0h i
j
nlk�1 K 6

x A sj�1ðiÞ
bxi0x U bxi0h i

j�1

 !-
lk�1;

and

– if i A nnIa, then we take not only h i
j but also a natural number eij b lk�1

and a condition njðiÞ in Fðhaxi0g; bxi0gig A aÞ, which extends tjðiÞ such that

* h i
j > maxðtjðiÞÞ,

axi0h i
j
nlk�1 K axi0h i

j�1
nlk�1;

and

bxi0h i
j
nlk�1 K bxi0h i

j�1
nlk�1

(in this case, we don’t need take care what are axi0h i
j
V lk�1 and

bxi0h i
j
V lk�1),

* for every x A njðiÞ,

axi0xneij J axi0h i
j
neij and bxi0xneij J bxi0h i

j
neij ;

* for any hH;Ki A Pðeij Þ
2 with H VK ¼ q, there exists x A njðiÞ such

that

ðaxi0x VKÞU ðH V bxi0xÞ ¼ q;

and

* fhaxi0xneij ; bxi0xneiji; x A njðiÞg ¼ fhaxi0xneij ; bxi0xneiji; x A tjðiÞg,

and

– sj is compatible with

hfh i
jg; njði 0Þ; i A Ia & i 0 A nnIai;

in
Q

i A n Xiðhaxi0g; bxi0gig A aÞ.

(In the case that i A nnIa, we take h i
j , eij and njðiÞ as follows: At first, we take

eij > lk�1 such that for every x0 x 0 in tjðiÞ,

ððaxi0x V bxi0x 0 ÞU ðaxi0x 0 V bxi0xÞÞJ eij :

Next, we take h i
j > maxðtjðiÞÞ such that for every x A tjðiÞ,
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axi0xneij W axi0h i
j
neij and bxi0xneij W bxi0h i

j
neij :

Then we take a family H of pairs of subsets of eij such that

� H contains all haxi0x V eij ; bxi0x V eiji for x A tjðiÞ,
� for every hH;Ki0hH 0;K 0i in H, H VK ¼ q and

ðH VK 0ÞU ðH 0 VKÞ0q;

and
� for every pair hH;Ki of subsets of eij with H VK empty, there exists

hH 0;K 0i A H such that

ðH VK 0ÞU ðH 0 VKÞ ¼ q:

Fixing any x0 A tjðiÞ, for each hH;Ki A Hnfhaxi0x V eij ; bxi0x V eiji; x A tjðiÞg, let

rhH;Ki A a such that

axi0rhH;Ki
V eij ¼ H; bxi0rhH;Ki

V eij ¼ K ;

axi0rhH;Ki
neij ¼ axi0x0

neij and bxi0rhH;Ki
neij ¼ bxi0x0

neij :

We have to note that every rhH;Ki is di¤rent from h i
j . At last, let

njðiÞ :¼ tjðiÞU frhH;Ki; hH;Ki A Hnfhaxi0x V eij ; bxi0x V eiji; x A tjðiÞgg:

We should note that h i
j doesn’t belong to sjðiÞ in this case, because njðiÞ and fh i

jg
are incompatible in Fðhaxi0g; bxi0gig A aÞ.)

We must notice in the construction hh i
j ; i A ni that for each j A Nk and

� for each i A Ia,

6
x A sjðiÞ

axi0x VK i
j

 !
U Hi

j V 6
x A sjðiÞ

bxi0x

 !
¼ q;

6
x A sjðiÞ

axi0x U axi0h i
j

 !-
lk�1

 !
V 6

x A sjðiÞ
bxi0x U bxi0h i

j

 !-
lk�1

 !
¼ q;

and
� for each i A nnIa, sjðiÞU tjðiÞ A Fðhaxi0g; bxi0gig A aÞ and for every x A sjðiÞ,

ðaxi0x V ðbxi0h i
j
neij ÞÞU ððaxi0h i

j
neij ÞV bxi0xÞ0q;

therefore

ðaxi0x V ðbxi0h i
j
nlk�1ÞÞU ððaxi0h i

j
nlk�1ÞV bxi0xÞ0q:

By the property 1 again, we take a large enough ordinal z ik A a such that
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� for each i A Ia,

axi0z ik
V lk�1 ¼ axi0z ik�1

V lk�1; 6
x A sNk�1ðiÞ

axi0x U axi0h i
Nk�1

0
@

1
A-lk�1 J axi0z ik

;

bxi0z ik
V lk�1 ¼ bxi0z ik�1

V lk�1; and 6
x A sNk�1ðiÞ

bxi0x U bxi0h i
Nk�1

0
@

1
A-lk�1 J bxi0z ik

;

and
� for each i A nnIa,

axi0z ik
V lk�1 ¼ axi0z ik�1

V lk�1; axi0h i
Nk�1

nlk�1 J axi0z ik
;

bxi0z ik
V lk�1 ¼ bxi0z ik�1

V lk�1; and bxi0h i
Nk�1

nlk�1 J bxi0z ik
:

Then we choose large enough lk > lk�1 such that

� for all i A n,

jðonðaxi0z ik U bxi0z ik
ÞÞV lkjb k

and
� for all i A nnIa, j A Nk and x A sjðiÞ,

ððaxi0x V bxi0z ik
ÞÞU ðaxi0z ik V bxi0xÞÞV ðlknlk�1Þ0q;

which completes the construction of z ik and lk.

We define

axi :¼ 6
k Ao

axi0z ik
and bxi :¼ 6

k Ao

bxi0z ik

and Sa :¼ flk; k A og, which complete the construction of f .

The rest of the proof is that the family

fhax0a; bx0a; a A o1i; x A 2o1g

is independent. It su‰ces to prove that for every n A o, hxi; i A ni A ð2o1Þn and

hXi; i A ni, the product forcing
Q

i A n Xiðhaxi0a; bxi0aia Ao1
Þ has the countable chain

condition because of the following well known statement: If a finite support

product
Q

g AG Pg of forcing notions has an uncountable antichain, then there is

G 0 A ½G�<@0 such that the product
Q

g AG 0 Pg also has an uncountable antichain.

(This can be shown by considering a D-system refinement of the set of supports of

conditions in the antichain.)
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Assume that a subset Y of
Q

i A n Xiðhaxi0a; bxi0aia Ao1
Þ is a maximal antichain.

Let E0 :¼ Jn½Y � and a subset E1 of o1 such that hE1; ni codes a pair of

sequences hxi; i A ni and hXi; i A ni. By }, we can find a limit ordinal a such that

� Jn½ð½a�<@0Þn� ¼ Jn½ð½o1�<@0Þn�V a,
� E0 V a ¼ D0

a and E1 V a ¼ D1
a , and

� Y V ð½a�<@0Þn is a maximal antichain in
Q

i A n Xiðhaxi0g; bxi0gig A aÞ.

We will conclude that Y V ð½a�<@0Þn is a maximal antichain inQ
i A n Xiðhaxi0a; bxi0aia Ao1

Þ as below.

Let I :¼ fi A n;Xi ¼ Sg. Take any condition t in

Y
i A n

Xiðhaxi0a; bxi0aia A o1
Þnð½a�<@0Þn

and let hhi; i A Ii A oI
1 be such that for each i A I ,

axi0hi ¼ 6
x A tðiÞ

axi0x and bxi0hi ¼ 6
x A tðiÞ

bxi0x:

In considering the property 2 for a condition htðiÞV a; i A ni, we take a large

enough l A Sa such that for all i A n

� if i A I and hi is smaller than a, then

axi0hinlJ axi0anl and bxi0hinl � bxi0anl;
� if i A I and hi is not smaller than a,

axi0anlJ axi0hinl and bxi0anlJ bxi0hinl;

and
� if i A nnI , then for all x A tðiÞna,

axi0anlJ axi0xnl and bxi0anlJ bxi0xnl:

For each i A n, let

Hi :¼ axi0hi V l and K i :¼ bxi0hi V l:

Then applying the property 2 of the construction above to these a, n, l,

hHi;K i; i A ni and htðiÞV a; i A ni, we get s A J�1
n ½D0

a �JY V ð½a�<@0Þn such that

� if i A I , then

6
x A sðiÞ

axi0x VK i

 !
U Hi V 6

x A sðiÞ
bxi0x

 !
¼ q;
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6
x A sðiÞ

axi0xnlJ axi0anl and 6
x A sðiÞ

bxi0xnlJ bxi0anl;

and
� if i A nnI , then sðiÞU ðtðiÞV aÞ is a condition in Fðhaxi0g; bxi0gig A aÞ and for

any x A sðiÞ

ðaxi0x V ðbxi0anlÞÞU ððaxi0anlÞV bxi0xÞ0q:

Then

� if i A I , then

6
x A sðiÞ

axi0x V bxi0hi

 !
U axi0hi V 6

x A sðiÞ
bxi0x

 !
¼ q;

� if i A nnI , then for every x A sðiÞ and x 0 A tðiÞna,

ðaxi0x V bxi0x 0 ÞU ðaxi0x 0 V bxi0xÞ0q;

therefore t and s are compatible in
Q

i A n Xiðhaxi0a; bxi0aia Ao1
Þ. r

To show the following theorem, we prove that for any independent family G

of @1 many destructible gaps, using }, we find a gap which is independent from

G. The following proof is also similar to the proof in [14].

Theorem 2.2. Under }, every maximal independent family of destructible

gaps has size at least @2.

Proof. This proof is similar to a proof of Theorem 2.1. Let hDa; a A o1i be

a }-sequence on o1 and hJn; n A oi be as in this proof of Theorem 2.1. (But in

the proof, we assume that each Jn is an injection from ð½o1�<@0 � o1 � 2Þn into

o1.) And assume that G :¼ fðAx;BxÞ; x A o1nf0gg is an independent family of

destructible gaps. We denote that ðAx;BxÞ ¼ hax
z ; b

x
z ; z A o1i. By recursion, we

construct a function f from o1 � o into 3 with the following property:

1. For any a A o1, f 0 ða� oÞ codes a pregap as in the proof of Theorem

2.1.

2. For any a A o1, the pregap decoded by f 0 ða� oÞ admits finite changes.

3. If a is a limit ordinal and there exists n A o such that
� Da J Jn½ð½o1�<@0 � o1 � 2Þn� and J�1

n ½Da�J ð½a�<@0 � a� 2Þn,
� for all x; h A Da and i A n, letting
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J�1
n ðxÞ ¼: hsa

x ðiÞ; gax ðiÞ; ha
x ðiÞ; i A ni;

ha
x ðiÞ ¼ ha

h ðiÞ, gax ðiÞ ¼ gah ðiÞ and gax ð0Þ ¼ gah ð0Þ ¼ 0, and
� letting Ia :¼ fgax ðiÞ; 1a i A ng for some (any) x A Da and Xi ¼ F if

ha
x ðiÞ ¼ 0 and Xi ¼ S if ha

x ðiÞ ¼ 1, the family fhsa
x ðiÞ; i A ni; x A Dag is a

maximal antichain in
Q

i A n XiðAga
x
ðiÞ 0 a;Bga

x
ðiÞ 0 aÞ, where ðA0 0 a;B0 0 aÞ

¼ ha0
z ; b

0
z ; z A ai is the pregap decoded by f 0 ða� oÞ,

then for this unique n A o, there is an infinite subset Sa of natural numbers

so that for every l A Sa and finite sequence hHi;Ki; i A ni with the property

that Hi and Ki are disjoint subsets of l for all i A n, there exists s A J�1
n ½D0

a �
such that for all i A n,
� if Xi is S, then for some (any) x A Da,

6
z A sðiÞ

a
ga
x
ðiÞ

z VKi

 !
V 6

z A sðiÞ
b
ga
x
ðiÞ

z VHi

 !
¼ q;

6
z A sðiÞ

a
ga
x
ðiÞ

z nlJ a0
anl and 6

z A sðiÞ
b
ga
x
ðiÞ

z nlJ b0
anl;

and
� if Xi is F, then for some (any) x A Da and for any z A sðiÞ,

ðaga
x
ðiÞ

z V ðb0
anlÞÞU ðða0

anlÞV b
ga
x
ðiÞ

z Þ0q:

By a similar argument in the proof of Theorem 2.1, we can see that f

decoded a destructible gap which is independent from G. r

Acknowledgement

I am grateful to the referee for his careful reading and many suggestions and

comments.

References

[ 1 ] U. Abraham and S. Shelah. A D2
2 well-order of the reals and incompactness of LðQMMÞ, Annals

of Pure and Applied Logic, 59 (1993), no. 1, 1–32.
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