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THE INTEGRATED DENSITY OF STATES OF ONE-
DIMENSIONAL RANDOM SCHRODINGER OPERATOR
WITH WHITE NOISE POTENTIAL AND BACKGROUND

By

Katsumi NAGAI

1. Introduction

We consider the Integrated Density of States (IDS), N(1), 1€ R, of the
fomally defined operator H,

o bdf1 d q(t) ¢B'(1)
(11) H__@E<WE>+W+ r(t) s 0<t< o0,

i.e., the limit of the normalized distribution function of the ecigenvalues of H;
which is the restriction of H to L*((0,/) : r(¢) dt) under the boundary conditions,

(b0) »(0) cos o — ﬁ(p’(O) sino =0,
.C), .
“I (1) cos f — ko' (1) sin f = 0,

where (B(f)),-, is the standard Brownian motion and B’(r) is the derivative of
its sample function, namely the white noise. (p()),>, (¢(?)),5o and (r(z)),>, are
bounded semi-martingales which we shall call the background, and c is a coupling
constant.

N(Z) is defined by

.1
N(A) = lhm 7N(l, A, 0),
where we denote by N(/,1,w) the number of eigenvalues of H; which are less
than or equal to A.
The main purpose of this paper is to improve Theorem of [5] and Theorem
(b) of [12] cited below, simplifying their proofs at the same time.

ProposiTiION 1.1 ([5]). Suppose that p(t) =1, q(t) =0, r(t) =1 and c=1.
Then
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NA) = (\/EJ:\/I} exp{—éx3 — Z/Ix} dx)l.

ProposiTiION 1.2 ([12]).  Suppose that q(t) =0, ¢ =1 and

i) (p(1), (r(2)) are nonanticipating with respect to o(B(s): 0 <s < 1),

(i) p1 < p(t) < pa, ro <r(t) for some py, pr and ry e (0, 0),

(iii) There exists an ergodic homogeneous stochastic processes M(T,w),
) <

and a positive function n(T) such that supp_,_7..(|p' ()| + |r'(¢
n(TYM(T) and n(T) — 0 as T — oo,
(iv) p(t) — p(o0) and r(t) — r(oo) as t — co.

Then
N(A) = <J: u(x) dx)_l,

where u(x) is the bounded solution of the equation

1
3 sint xu/(x) + b(x)u(x) =1, 0<x<mn,
where b(x) = p(o0) cos? x 4 Ar(o0) sin® x + sin® x cos x.

We shall derive the IDS concretely when the background is continuous
semi-martingales that have limit at co. To state the main result, we assume the
following conditions: let (pu(?)),50, (4w(?));0> (w(t)),so be continuous semi-
martingales on a probability space (Q, 7, P) with a filtration (%), , namely p()
is expressed as p,,(t) = p(t) = p(0) + M?(t) + A?(t) where M? (M(0) =0 a.s) is
a continuous local (;)-martingale and 47(¢) (4A(0) =0 a.s) is a continuous (Z)-
adapted process whose sample functions (¢ +— A”) are of bounded variation on
any finite interval a.s., and p(0) is an Fp-measurable random variable. (B, (1)),
is an (Z;)-Brownian motion. Moreover p(¢), M?(t) and A”(t) satisfy following
conditions.

(A.1): there exist that M”(c0) :=lim,_,, M?(t), A?(o0) :=lim,_, A”(¢) a.s

(A.2): For some 0 < ¢; < ¢2, ¢3 € R, which are independent of w, ¢; < p(¢),

K1) < a, |q(0)| < cs.
(A.3): fé f|dA?| = o(l) as | — oo, [y 2d{M?y = O(I%) for some 0 <& < 2 as
[ — o0.
When ¢(¢) and r(¢) are expressed similarly, we suppose that each martingale part
and each part of bounded variation part also satisfy the above conditions.
Then the main result is the following.
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THEOREM 1.1.  Under the assumptions (A.1), (A.2) and (A.3), we have

|t o) g00) r(e0) dx)_l,

0

N(Z) = (

where, for each (p,q,r) € R®, the function u(x) = u(x;p,q,r), 0 < x < o0, is the
bounded solution of the equation

(1.2) %az(x)u’(x) +b(x;p,q,r)u(x) =1, 0<x<m,

o(x) := csin® x and b(x; p,q,r) :== p cos® x + (—q + ir) sin® x + ¢2 sin’ x cos x.

Actually, we can write down the bounded solution of (1.2) explicitly. Thus we
obtain the following corollary.

COROLLARY 1.1.  Under the same assumption of Theorem 1.1, we have

N() = < %&)J: % exp {—é {@ﬁ +2(—g(%0) + ir(OO))XH dx>1

ProOOF. By the proof of Lemma 4.2, the bounded solution u of (1.2) is given
explicitly as u(x) =2S(x) [; dy/c*(y)S(p), where S(x) = exp[-2 [, b(y; p.q,1)/
a%(y) dy]. From this expression, we obtain

S(x) = S(x; p,q,r) = exp[(2/c*){(p/3) cot® x + (—q + Ar) cot x}]/sin” x,

and here we can compute, by making change of variable twice,

j u(v: prq,1) do
0

2 [ 1
=—| exp ——2{§x3+2(—q+ir)x}] n—xdx. O

o | ¢
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REMARK 1.1. When p(¢f) =r(t) =1, ¢(¢) =0 and ¢ =1, we derive N(1) as
given by Proposition 1.1. This is contained the above corollary.

In the remainder of this section we give a brief outline of this paper. In
Section 2, we define the operator H; rigorously. This argument is necessary since
the Brownian motion B(t) is not differentiable in z. We here follow Savchuk and
Shkalikov [11] to define the Schrédinger operator

e

r(0) di \p(t) dt) " r(t) ¥

in L2((0,1);r(¢) dr) for any Qe L7 (R:R) and (p
In fact introducing the quasi derivative ¢"(z) := ¢'(1)/p
we can write

H(t) = —— (V' (0) + p(00(0)" (1) + p(6)Q*(1)h(1) — q(1)(1)).

nd (r(r)) € C(R;R).
Q( )$(1) as in [11],

—~
~
=
—
)

—~ e~
~

= =
=
Q..

Since Q is a real function, H; can be realized as a self-adjoint operator, whose
domain is given by

D(H) = {pe AC(0,1)| ¢ € AC(0,1), ¢ satisfies (b.c), 4},

where AC(0,/) is the set of all absolutely continuous functions on (0,/). The
spectrum of Hj is discrete since H; has a compact resolvent. Futhermore when Q
is locally bounded, the self-adjoint operator is bounded from below. Two other
definitions of the operator corresponding to the expression H; have been known:
Fukushima and Nakao [5] defined it as self-adjoint operators on L?(0,/) which
is associated with a closed symmetric form. In [8], Minami defined it through
formal integration by parts (1.1). One advantage of the method of introducing
the quasi derivative is that it makes valid, with little modification, the classical
proof of the Sturm-Liouville Oscillation theorem as given e.g. in [13], also for
operators with singular potentials like our H;. This will be verified in Section 3.
In Section 4, we prove Theorem 1.1. As in [5], we introduce the phase function
0(t) of the solution ¢ of H;p = ip, $(0) =sinoa, ¢'(0)/p(0) = cos « by Priiffer
transformation. The Sturm-Liouville Oscillation theorem implies N(4,/,®) =
[(0(1, %) — B)/x] + 1. Therefore N(L) =n"'lim;, ., 0(/)/I. Our proof follows the
same line as in [12], but it is simplified in some technical points.

2. Schodinger Operator with Singular Potential

In this section, following [11], we define the Schrédinger operator of the type
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—_— 0<r<l!
(1) dt - ’

s ) oy TS

with QeL,zoc(R) and continuous functions p, ¢ and r, on the Hilbert space

L?((0,1);r(7) df), and show its self-adjointness. Let Qe L? (R;R). For any

absolutely continuous ¢, we define the quasi derivative p!'! of ¢ by

. 9'(1)
p(1)

and we formally rewright H in the form,

1 d(l d) q(t)  Q'(¥)

- Q(Z)(”(Z)’

1
{(e") + p0p! + pO%p — qp}.

r

(2.1) Hyp =
We can express (2.1) without Q’, so (2.1) is meaningful if ¢ and ¢!l are ab-
solutely continuous function. Let us define the maximal operator Hy, as follows:

D(Hy) = {p e L*([0,1];r(2) dt) | p, 9" € AC(0,1), h(p) € L*([0,1]; (1) i)},

1
Hyo = —;{(cﬂ“])' + pOoll + pQ®p — qp} for p e D(Hy),

where AC(0,/) is the set of all absolutely continuous functions on (0,/). We also
define the minimal operator H,, as the restriction of Hy, to the domain

D(H,) := {9 € D(Hu) | 9(0) = o(1) = 9!'(0) = p! (1) = 0}.
The following lemma is contained in Section 3.8 Problem 1 of [2] and

Theorem 2.1 of [13].

Lemma 2.1 (Savchuk and Shkalikov [11] Theorem 0). Let f be in
L, .(r(t) d;C") and A be in L} (r(t) dt;C" @ C"). Then, for any se[0,1] and
EeC", an equation y'(t) = A)y(t) + (1), y(s)=¢ has a unique solution in
AC(0,1).

Proor. We can verify the claim by successive approximation as follows.

{yo(f> =<,
we(t) =&+ [ A1 (x) dx+ [ f(x) dx, k=1,

Then (y), converges uniformly to the unique solution. O

Using Lemma 2.1, we define the solution of the equation

(22) h(p) =9+ f
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for any 2eC, felL} (r(1)d;C) in the following way. We rewrite (2.2) as

follows.
d( o\ )29 P ¢ 0
& <¢[”> B (—pQ2 —Jr4q —pQ> (w“]) " (—rf)

Since p, ¢ and r are continuous and Qe L} (R), each component of the co-

< 29 p )
—pQ*—ir+q —pQ

is a locally integrable function. By Lemma 2.1, under a given initial condition the

efficient matrix

above normal system has a unique solution.

DErFINITION 2.1 (Savchuk and Shkalikov [11] Definition 1). A square r(t)-
integrable function ¢ on R is said to be a solution of (2.2) under a given initial
condition if ¢ coincides with the first component of the solution of the system (#)
under the same initial condition.

We characterize the self-adjointness of H;. To do so, we quote several
lemmas.

Lemma 2.2 (Lagrange formula [11] Lemma 1). For any ¢ € D(Hy) and
Y € D(Hy),

(2.3) (Huo, ) = (0, Hut) + [0, ¥}

where
o0 = [~ (O () + p(0w (1)1,
ProOF. See [11]. O

Using Lemma 2.2, we have the following lemma.

LemMa 2.3 ([11] Lemmas 2, 3 and 4). (i) D(H,,) is dense in L*([0,1];r(z) dt).
(i) Hy=H’ and Hi, = H,,

(i) For any A e C, dim Ker(Hy — 4) = 2.

(iv) Ran(H,,) L Ker(Hyy).

Proor. See [11]. O
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LeEmMA 2.4. Let Qe L} (R;R) and H be a self-adjoint extension of H,, Then
there are wy and w, € D(H)\D(H,,) such that they are linearly independent and the
domain of H is expressed as follows:

DH)={peD(H,)|¢=1y+ouw +oaowy for some Y, € D(H,,) o, € C}.
ProoF. See Reed and Simon [9] [Vol II Theorem X.2 (page 140)]. O

LemMaA 2.5 ([4]). Let S be a subspace of D(H}) which includes D(H,,). Then

the restriction of H), to S is a self-adjoint extension of H,, if and only if S = S*,
where S*:={ye D(H})|[y, (/5]6 =0,V9e St

m

ProoF. See [4] (XI1.4.16, Lemma 16 (b) page 1231). O
Then we have the following.

ProposiTION 2.1 (Savchuk and Shkalikov [11] Theorem 2). Let Qe

L? (R;R). Then a closed symmetric extension H of H,, is self-adjoint if and only

loc
if H has its domain as

D(H) ={pe D(H,)|B;j(p) =0,j=1,2},
where
By(9) == an9(0) + apg(0) + bug(l) + bpp'(1),  j=1.2,
Sfor some aj., by € C, (j,k=1,2) such that
a1y — apdy) = bjpbgy — bpbi1,  (j,k=1,2)

and that rank A =2. Here A is a matrix given by

ap  an

ap  as
A=

bin bxn

bii b

Proor. We follow Ahiezer and Glazman [1] (APPENDIX I1.3) to prove the
assertion. We suppose that H is a self-adjoint extension of H,, Let ¢ € D(H)).
By Lemma 2.2 and Lemma 2.3, ¢ € D(H) is equivalent to saying (Hy,¢) =
(y,H¢) for any Y € D(H). This is, in turn, equivalent to saying [gp,lﬂf) =0 for
any € D(H). By Lemma 2.4, there are w;, w, € D(H)\D(H,,) which are linearly
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independent, so that any element y of D(H) is of the form y =y + oyw; + cawa,
for some y, € D(H,,), and o;,0; € C. So, [p, lp]{) =0 for any ¥ € D(H) is equiva-
lent to saying o[, wl]f) + oo, wQ]f] =0 for any o, € C, namely to saying
[go,wl](l) = [p, wz}é =0. If we set

an =5(0), an=—W(0), by=-w'(), bp=w(l), j=12,

then Bj(go) = —[op, Wj]g =0, j=1,2. Moreover ajiai — ajpai = _/-1[;1(2 — bjzl;kl
for j,k =1,2 since [w;, wk]f) =0 for j,k =1,2. Since w; is independent of wj, we
have rank 4 = 2.

Conversely suppose that the domain D of H is given as above. By (iii) of
Lemma 2.3, we can take a basis {uj,u»} of Ker(Hy). Let v;, j=1,2, be the
solutions of Hyv; = u; such that v;(/) = v]m(l) =0, j=1,2. If we assume that
(vl(()),v[ll] (0)) and (02(0),0[21](0)) are not linearly independent, there exists o, o
such that (o,02) # (0,0) and oyv; + vy € D(Hy,). Then Hy,(oqv) + opvp) =
ojuy + apup. The left hand side is an element of Ran(H,,) and not zero. On the
other hand the right hand side belongs to Ker(H)s). This contradicts (iv) of
Lemma 2.3. Thus we can take the suitable basis of Ker(H),) such that v; and v,
satisfy (v (0),1)[11](0)) =(1,0), (vz(O),v[zl](O)) = (0,1). Similarly there exists v3 and
vs in D(H}) such that (v3(0),05(0),v3(1), v} (1)) = (0,0,1,0) and (v4(0),2}(0),
v4(1),v£11](1)) = (0,0,0,1). We set w; := —av, + @1vs + bpvy — bjjva, j = 1,2, then
w;(0) = —aj, w}”(O) = a1, wi(l) = by, w}”(l) = —b;;, j=1,2. Since rank 4 =2
and vy, v, v3 and vg are linearly independent, w; and w, are linearly independent.
Moreover rank 4 =2 implies that w; and w; ¢ D(H,,). Then D = {¢ € D(H) |
Bi(¢) =0,j=1,2} and D= D*. Hence the restriction of H, to D is a self-

adjoint extension of H,, by Lemma 2.5. O

ReEMARK 2.1. 1. Savchuk and Shkalikov [11] did not state the condition
rank 4 = 2. But H is not a self-adjoint operator unless rank 4 =2 in Proposi-
tion 2.1.

2. When the boundary condition that realizes a self-adjoint extention is
(b.c), s> the corresponding matrix 4 in Proposition 2.1 is expressed as follows:

—sin o 0
4 cos o — Q(0) sin o 0
0 sin 8 ’
0 cos S — Q(I) sin 8

and actually rank 4 = 2.
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CorROLLARY 2.1. (i) Let Qe L} (R;R) be a locally bounded function. Then
the self-adjoint extensions of H,, are bounded from below.
(i) ([11] Theorem 3) The spectrum of each self-adjoint extension of H,, is
purely discrete.
(iii) For the sequence {A,;n > 1} of the eigenvalues of the self-adjoint ex-
tension of H,,, A, — o0 as n — oo.

ProOF OF (i). Since p, g, r and Q are bounded on [0,/], it is easily seen that
H,, is bounded from below. In fact

i ! l
(Hup,9) = J ploM)* dr — J pQ2p? dt +J q9* dt
0 0 0

! !
> —J Bqu)zr dt — J M(pzr dt.
or or
Therefore it follows from [9] (Vol 1I, X.3, Proposition, page 179) that any self-
adjoint extension of H,, is also bounded from below since the deficiency indices

of H, are equal to {2,2} by Lemma 2.3.

Proor oF (ii), (iii). The deficiency indices of H,, are equal to {2,2}. Hence
by [10] (Vol IV, page 117, Example 5), it suffices to show the assertion when the
boundary condition which realizes self-adjoint extension is (b.c), ;. In this case,
it is well known that the H has compact resolvent (cf. see [1] APPENDIX
I1.6, THEOREM 2, page 182). Thus, by [10] (Theorem XIII.64, page 245), when
the sequence of the eigenvalues of H is denoted by {i,;n>1}, 4, — oo as
n— oo. O

REMARK 2.2. (ii) of Corollary 2.1 is same as Theorem 3 in [11], but the
proof of (ii) of Corollary 2.1 is simpler than that of Theorem 3 in [11].

3. Oscillation Theorem

Using the quasi derivative, we can show the Sturm-Liouville Oscillation
theorem for singular potentials by a minor modification of the classical argument
([13] Theorem 13.2, page 199). Let Q be a real valued bounded measurable
function. Then from what we showed in Section 2, the associated self-adjoint
operator H = H; with the boundary conditions

9(0) cos & — ¢!'1(0) sin & = 0,
(1) cos f— pll(1) sin = 0

has eigenvalues 4| < 1 < 43 < --- < 4, — oo. Then we have the following:
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ProposiTiON 3.1 ([13]). Let Q be a real valued continuous function on [0, o).
Then the eigenfunction ¢, = ¢(x,1,) corresponding to A, has exactly n — 1 zeros in

0,1).

OuTLINE OF ProOF. For 1eR, let ¢(z,2) be the (real) solution of the
equations
Hip=/p, ¢0)=sing, ¢!'(0)=cosa

We introduce the variables & and # through the following Priiffer transformation:

o(1,2) = n(1,2) sin (¢, 4),
(P.1); ol (2, 2) = 5(t, ) cos &(t, 1),
£(0,2) = a,

where &(7,4) can be defined as a cotinuous function in . We may restrict to
0<a<mn 0<p<n without loss of generality. (P.f); implies that &(z, A) satisfies
the equation

t t t

pds—i—J {—p+ pQ*+ Jr — q} sin® & ds,
0

é(lv /“) - 5(071) = J

pQ sin 2¢& ds-i—J
0

0

that is
(1) T&A) = pQsin 264, 4) + p(t) + (~p + pQ* + ir — g) sin® E(1, )

Since the equation (3.1) and Corollary 2.1 hold, we can verify the following
assertions:
(i) if there exists j €N, f > 0 such that &(#,4) = jn then &(¢,1) > jn for
t =1y,
(ii) the function &(¢,4) is increasing in A, and limy_, &(2,4) =0,
lim;jo, (2, A) = 00. (0<t <)
Thus the remainder of the proof is same as Weidmann [13]. O

4. Proof of the Main Result

In this section, we prove Theorem 1.1. We define the IDS, N (1) as follows:

N(A) = Tim Y

-0 /

where N(/,4,w) = N,(l, A, w) is the number of eigenvalues which are less than or
equal to A of the operator H; with the boundary conditions (b.c), - To find this,
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let ¢ be the solution of the equation H;p = Ap, ¢(0) = sin a, ¢’'(0)/p(0) = cos a.
Then we introduce the new functions (¢, 1), p(¢,A) which are defined by

o(t, 2) = p(t, 2) sin 0(4, 1),
(P1) {gp’(l, 2) = p(0)p(t, 2) cos 0(t, 7).

0(r) satisfies the following stochastic differential equation;
(4.1) d0(1) = —a(0(1)) dB(1) + b(0(2); p(2), 4(2),r (1)) dt,

where  o(x):=csin?x and  b(x;p,q,r) := p cos® x+ (—q + Ar) sin® x +
¢? sin’ x cos x.
Proposition 3.1 (the Oscillation theorem) and its proof imply the following

Lemma.

LemMmA 4.1.

oL, 2) - p

T

Nx/;(l,/l,a)) = [ :| +1,

where [x] denotes the integer part of x € R.

Proor. By the definition of Nug(/,4,w), Nu(l,A,w)=n if and only if
An £ A < Jng1. The proof of Proposition 3.1 implies that &(/, 4,,) = (m — 1)z +ﬁ~,
for meN, and &(/, 1) is increasing in A. Hence 4, < A < 4,41 is equivalent to
(n—V)m+ B <&(,4) < nu+f. Since 0(r) satisfies (4.1) and 6(¢) =0, (mod 7),
6(¢) is differentiable in ¢ at the zeros of ¢ and d6(¢)/dt is positive there. Moreover
d&(t)/dt is also positive at zeros of ¢ by the proof of Propositon 3.1. Thus if
mn < &(1,2,) < (m+ 1)z, for each m e N, then mz < 0(/, 4,) < (m + 1)

By the comparison theorem ([6]), 0(z,4) is also increasing in A. For the
eigenvalues A, meN, of H;, 0(1,2,) =f (mod r). So, (n— n+f < &(1,7) <
nm+ f is equivalent to saying (n — 1)n+f < 0(1, 1) < nz + f5, namely to saying
[0, 2) =p)/nl =n—1. O

Therefore it suffices to prove the existence of

We prepare several lemmas to prove Theorem 1.1.

Lemma 4.2. The function u in the Theorem 1.1 is extended as a continuous
periodic function on R with period m.
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Proor. Since the function u is the bounded solution of the first order
differetial equation, u is represented explicitly as follows:

u(x; prq,r) = 25(x) j &

-, 0<x<m,
0 32(»)S(y)

where
T b(ipig.7)
S(x) = S(x; p,q,r) =exp —ZJ —————dy;.
) =5 per) { v a0

By de I’ Hopital theorem, it can be verified u(0+) = u(n—) = 1/p. Therefore we
can extend u as a continuous periodic function on R with period z. O

Lemma 4.3. Let B(x;p,q, r) be b(x;p,q,r) or b(x;p,q,r)+ 2> sin® x cos x.
Let h(x; p,q,r) be bounded, periodic in x with period n, and Lipschitz continuous in
(p,q,r) with a Lipschitz constant independent of x. Then a bounded solution v of
the equation

S0 () + B(x: p..o(x) = h(x: p.g.1)

is also a Lipschitz continuous function of (p,q,r) and its Lipschitz constant is
independent of x. Moreover v is jointly continuous at (0, p,q,r).

ProoF. Suppose (p,q,r) # (p',q',r") and let 3(x) := v(x; p,q,r) —v(x; p', ¢,
r'). Then ¥ satisfies the equation

1

Eaz(x)ﬁ’(x) +b(x; p,q,r)0(x)
= {E(JQP/J]/;V/) _E(X;paq: V)}U(X§P/7(1/7’/) +h(x§l77q7”) _h(xél’laqlﬂ’l)
=: H(x).

We can solve this equation explicitly as follows.

~ ) =
o(x) = 28(x; p,q,r) JO W

where S(x; p,q,r) is given in Lemma 4.2 with b instead of b. By the assumption,
HX) < C(lp=p'l+la—q'I+r=r'])

for some constant C independent of x.
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Hence v is a Lipschitz continuous function in (p,q,r). Then
(4.2)  |o(xu; Pny @ns7n) — 0(05 p, q,7)]
< |0(Xn3 Pny Gy 1n) — (X3 P, ¢ 7)| 4 [0(xn; P, g, 1) — 0(05 p, g, 7)]
< C(lpn = pl + 190 — gl + lra = r]) + [v(xu; p, ¢, 7) = 0(0; p, g, 7).

Since v is continuous at x =0, v is continuous at (0, p,q,r) as a four-variable
function. O

LEMMA 4.4. We set
0
9(0.p.q.r) = L u(x; p,q,r) dx.
Then g is a C?-class function in (0, p,q,r).

Proor. It is sufficient to prove that g(0, p,q,r) is a C>-class function on
[0,7] X (c1,¢2) X (—¢3,¢3) X (¢1,¢2) since u(x; p,q,r) is periodic in x with period
7. Here the constants ¢, ¢, and ¢3 appeared in the assumption (A.2). Lemma 4.3
implies # is bounded and periodic in x with period 7. Moreover u is Lipschitz
continuous in (p,¢q,r) and its Lipschitz constant is independent of x by Lemma
4.3. By differentiating the equation (1.2) in Theorem 1.1 with respect to p, d,u
satisfies

(4.3) %az(x)(apu)/(x) +b(x; p, q,7)(Opu)(x) = —u(x) cos® x, 0<x<m,

where 0, := 0/dp. Thus d,u is bounded and periodic in x with period 7, and

1
apu(O'H P9, }’) = ap“(n_; P4, }’) = _pv
by de I' Hopital Theorem as in proof of Lemma 4.2. By Lemma 4.3, J,u is a
Lipschitz continuous function in (p,q,r), and its Lipschitz constant is inde-
pendent of x. Moreover J,u is jointly continuous at (0, p,q,r).
By differentiating the equation (4.3) with respect to p, we can also show that

2
apzu(o—’_;pqur) = 5p2u(7f—;p,q,r) :F7

and 6ju is jointly continuous at (0, p,q,r) in a similar way. Similarly we can
prove that
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01020, 0/ u(0+; p, q,1) = 8" 0,20, 0 u(n—; p, q,r)

for 0<m +nm+n+n <2, 0<n <1, 0<ny,n3,ng <2, where 0, :=03/0x,
0p :==0/0p, 04 :=0/0q, 0, := 0/dr, and they are jointly continuous at (0, p,q,r).
Hence the lemma is proved. O

REMARK 4.1. Thompson was not aware that g is actually of C2-class.

ProoF oOF THEOREM 1.1. For notational brevity, we set p(z):= p(¢),
p2(1) == ¢(1), p3(t) :=r(z). Then

0
9(0, p1, p2, p3) = J u(x; p1, p2, p3) dx,
0

o) g(0(1), pr(1), pa(1), pa(D)) o)
4y = 1 GO0 (), 20, pr0))

By Lemma 4.3, (0, p,q,r) is of C*-class in (0, p,q,r). We can apply It formula,
to obtain

(4.5) g(0(1), p1(1), p2(1), p3(1))

1
= ¢(0(0), p1(0), p2(0), p3(0)) + L Lg(0(s), p1(s), p2(s), p3(s)) ds

i

+ | 90(0(s), (), pa(s), p3(s))a(6(s)) dB(s)

(==}

i

09_/(9(5)7Pl(s)apz(s)>P3(S)) de(S)

+
e

~.
Il
—_

/
9;(0(s), p1(s), pa(s), p3(s)) dA’(s)

+
-

1 J0

J

!
+ > | 90:(0(s), pr(s), pa(s), p3(s)) d{N, M7 (s)
0

—1

~

3 I
+% Z J gjk(e(s),pl(s),p2(5)7p3(s)) d<Mj,Mk>(s)

j k=190

=Lh+bLb+L+L+1+ 1+ 1,
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where we have set L:=10%(0)0%/00° + b(0; p1, p2, p3)0/30, N(t):=
fot a(0(s)) dB(s), go:= 0g/00, g;:= 0g/dp;, g¢j := 09/ (000p;), and g := d*g/
(apiapk)’ Js k= 1,2,3.

Now we claim

(46) lim g(e(l)’pl(l)ap2(1)7p3(1)) - 1.

|— o0 /

Let us estimate [;, 1 <i <7, separatery.

It is clear that |[;] = |g(6(0), p1(0), p2(0), p3(0))] = o(/) as I — co. By the
definition of u, |L| =1, and |L| =o(l) as [ — co. || = O(I°(/*+)) = o(l) as
I — 0. Indeed, 6(r) = O(t) as t — oo and g; = Jf du/dp; = O(0) as 6 — oo. Thus
if we set m;(l) := jé gj dM/ then by the assumption (A.3),

I I
myy (1) = J g7 d{M’) < const. J 2 d{M7y = O(I°)
0" 0
for some 0 <0 < 2. For a continuous local martingale there exists a Brownian

motion B such that m;(f) = B({m;)(¢)). By the law of iterated logarithm, for any
¢ >0, B(t) = O(t'/***) as t — 0. Thus, for 0 <& < (2—05)/29,

my(l) = O(<m/**(1)y) = 0(1°V/>+)) = o(1).

3
15| < Z

J g; dA’(t

3
< const. ZJ (1)| |d47 (1)

3 !
< const. ZJ da’ (1)|

=170

o(l) as [ — oo.

By Propositon 3.2.14 of [7],

!
J g AN, MU

!
J wa(0(s)) d<B, M7>(s)
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3 !
< const. ZJ |d<{B, M7 (s)|

J=1

< const. Z\/<B> \/<M/> (N

3
< const. Z\ﬂ\/ {M7Ty(0)
=

=o(l) asl— oo,

and

|I7| <

1
J gix d{M’, M*>
j k=110

’;
<> g]kd<M/>\/ 1d{M*y

Jok=1

— j O dCMIy(e) (<R

Jok=1
3

< const. Z J12d<M/> V{MIiY(o0

j=1
3

16/2 Z /<M]>
j=1

=o(l) asl— .

Thus we obtain (4.6). Hence

00 _ o(7)
(4.7) A N UON O OO}

In order to get the right hand side of (4.7), we claim the following:

(4.8) (/) - o0 asl— o

and

(4.9) 1900, p,9,r) — 9(0,p,¢,7)| < C(Ip — pl + |g — gl + [r — 7).
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PrOOF OF (4.8). The boundedness of u and (4.6) implies llim 0(l) = o0. In
fact for any 0 > 0, o

0
1900, p.g,1)] < J u(x: p,q, 1) d

< (0.

where C > 0 is independent of 0.

@ g % g(eaxp(z)l,q(l),r(l)g % S0 (- o0).
Hence
/ILH; 0l) = oo.

ProOF OF (4.9). By Lemma 4.3, u is a uniformly Lipschitz continuous
function in (p,q,r). Thus g satisfies the inequality (4.9).

The existence of p(c0) =lim, ., p(f), ¢(o0) =Ilim, ., g(f) and r(c0) =
lim, ., r(¢) in the assumption (A.l), the inequality (4.9) and (4.8) imply

fim 0 S 0
~ lim g(ﬁ,p(OO)g(OO)J(OO))

(4.10)  lim 9(00), p(1), 4(1), (1)) 1r u(x : p(00),q(0),r(0)) dx.

I 0(l) 7)o
Therefore we obtain by (4.7) and (4.10) that
x .y
NG = (| s ) gt reon ) . 0

0
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