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SPACE-LIKE ISOTHERMIC SURFACES AND

GRASSMANNIAN SYSTEMS

By

Martha P. Dussan*

Abstract. We show that space-like isothermic surfaces in the

pseudo-riemannian space Rn�j; j are associated to Oðn� j þ 1; j þ 1Þ=
Oðn� j; jÞ �Oð1; 1Þ-system, and that the action of a rational

map with two simple poles on the space of local solutions of

Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ-system correspond to Rib-

aucour and Darboux transformations to space-like surfaces in Rn�j; j.

1. Introduction

It is known that there is a connection between the theory of submanifolds

and the theory of solitons. Some examples are the well-known local corre-

spondence between pseudospherical surface and the solutions of the Sine-Gordon

equation qxt ¼ sin q, and the recent reformulation of the theory of isothermic

surfaces in R3 within the modern theory of completely integrable (soliton)

systems, given in [4]. A key point to study this connection is the existence of a

Lax Pair or a zero curvature representation which may give rise to an action of

an infinite dimensional group on the space of local solutions of the equation,

called the ‘‘dressing action’’ in the theory of soliton equations.

There are several excellent articles where is study that connection, specially in

a recent work of Terng et al. ([9], [2]) is established a relationship between

integrable systems and submanifolds geometry. In those articles it is considered

a new integrable system the U=K-system and study the geometry associated to

the particular Gm;n ¼ Oðmþ nÞ=OðmÞ �OðnÞ and G1
m;n ¼ Oðmþ n; 1Þ=OðmÞ�

Oðn; 1Þ-system. This study involved to find submanifolds in a certain symmetric

space whose Gauss-Codazzi-Ricci equations are given by these systems, as well as
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the geometric transformations associated to the dressing action of certain simple

elements.

The U=K-system is defined by Terng in ([9]) as the following PDE: Let U be

a semi-simple Lie group, s an involution on U and K the fixed point set of s.

Then U=K is a symmetric space. The Lie algebra K is fixed point set of the

di¤erential s� of s at the identity, in others words, it is the þ1 eigenspace of s�.

Let P denote the �1 eigenspace of s�. Then we have U ¼ KlP and

½K;K�HK; ½K;P�HP; ½P;P�HK:

Let A be a maximal abelian subalgebra in P, a1; a2; . . . ; an a basis for A and

A? the orthogonal complement of A in the algebra U with respect to the Killing

form h ; i. The U=K-system is the following first order non-linear PDE for

v : Rn ! PVA?

½ai; vxj � � ½aj ; vxi � ¼ ½½ai; v�; ½aj; v��; 1a i0 ja n; ð1Þ

where vxj ¼ qv
qxj

. It is not di‰cult to show that v is a solution of the U=K-system if

and only if the connection 1-form

yl ¼
X

ðailþ ½ai; v�Þ dxi: ð2Þ

is flat for all l A C, if and only if there exists an application E such that

E�1 dE ¼ yl. If yl is flat for all l A C the y0 ¼
P

i½ai; v� dxi is a K-valued, flat

connection and hence there exists g : Rn ! K such that g�1 dg ¼ y0. Suppose

K ¼ K1 � K2 so we can write g ¼ ðg1; g2Þ A K1 � K2. The two new systems given

by the flatness of the gauge transformation g1 � yl and g2 � yl are called the

U=K-system I (II resp.).

In the study made in ([2]), it was obtained that the submanifolds geometries

associated to the Gm;n and G1
m;n-systems, include submanifolds in space forms

with constant sectional curvatures, submanifolds admitting principal curvature

coordinates and isothermic surfaces in Rn. Moreover, that the dressing action

of simple elements on the space of solutions of these systems correspond to

Backlund, Darboux and Ribaucour transformations for submanifolds.

In this note we are interested in to discuss the geometry of surfaces associated

to the Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ-system as well as the geometric

transformations corresponding to dressing actions. We show that in this case, the

space-like isothermic surfaces in the pseudo-riemannian space Rn�j; j for any

signature j are associated to Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ-system II,

and that the Ribaucour and Darboux transformations to space-like surfaces
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correspond to the action of a rational map with two simples poles. In particular

we obtain that the space-like 2-tuples in Rn�j; j of type Oð1; 1Þ are in corre-

spondence with the solutions of the Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ-
system II, and that these correspond to an isothermic pair of space-like surfaces

in Rn�j; j . Some results of this note appeared initially in the research report No.

60 in 2002, see ([7]).

We should recall that the topic of isothermic surfaces has been of increasing

interest to geometers because they can be reformulated within the soliton theory

([4]), or can be interpreted as the so-called curved flats in the symmetric space

Oð4; 1Þ=Oð3Þ �Oð1; 1Þ ([3]), and because of the relation between a 2-tuple in R3

of type Oð1; 1Þ and an isothermic pair ([2]). So motivated by these relations and

the general results in Rn ([1]), this note pay attention to the space-like isothermic

surfaces and its relation with integrable systems. Finally, we observe that as in the

classic situation, space-like minimal surfaces, space-like surfaces with constant

mean curvature and space-like surfaces of revolution in R2;1, provide examples of

space-like isothermic surfaces in the Lorenztian space ([8]).

2. The associated geometry

First of all, we will find one maximal abelian subalgebra in the subspace P

for which we obtain elliptic Gauss equations, which is correct for space-like

surfaces:

Let U=K ¼ Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ, n� jb 2, where

Oðn� j þ 1; j þ 1Þ ¼ X A GLðnþ 2Þ jX t In�j; j 0

0 I1;1

� �
X ¼

In�j; j 0

0 I1;1

� �� �
;

In�j; j ¼
In�j 0

0 �Ij

� �
; I1;1 ¼ 1 0

0 �1

� �
:

So, Oðn� j þ 1; j þ 1Þ is the Lie group of linear isomorphisms that leaves the

following bilinear form on Rnþ2 invariant:

hx; yi ¼ x1y1 þ x2y2 þ � � � þ xn�jyn�j � xn�jþ1yn�jþ1

� � � � � � xnyn þ xnþ1ynþ1 � xnþ2 ynþ2:

Let U ¼ oðn� j þ 1; j þ 1Þ be the Lie algebra of U and s : U ! U be an

involution defined by sðXÞ ¼ I�1
n;2XIn;2. Denote by K, P the þ1, �1 eigenspaces

of s respectively, i.e.,
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K ¼ Y1 0

0 Y2

� �����Y1 A oðn� j; jÞ;Y2 A oð1; 1Þ
� �

¼ oðn� j; jÞ � oð1; 1Þ;

P ¼
0 x

�I1;1x
tIn�j; j 0

� ����� x A Mn�2

� �
:

We define the matrices a1; a2 A Mðnþ2Þ�ðnþ2Þ, by

a1 ¼ �e1;nþ1 þ enþ1;1; a2 ¼ e2;nþ2 þ enþ2;2;

where eij is the elementary ðnþ 2Þ � ðnþ 2Þ matrix, whose only non-zero entry is

1 in the ij th place.

It is easy to see that the subalgebra A ¼ ha1; a2i is maximal abelian in P.

Then using this basis fa1; a2g, the U=K-system (1) for this symmetric space is the

following PDE for

x ¼

0 x1

x2 0

r1;1 r1;2

..

. ..
.

rn�2;1 rn�2;2

0BBBBBBB@

1CCCCCCCA: R2 ! Mn�2;

ðri;2Þx1
¼ ri;1x1; i ¼ 1; . . . ; n� 2

ðri;1Þx2
¼ ri;2x2; i ¼ 1; . . . ; n� 2

ðx1Þx1
þ ðx2Þx2

¼ �
Pn�j�2

i¼1 ri;1ri;2 þ
Pn�2

i¼n�j�1 ri;1ri;2;

ðx2Þx1
¼ ðx1Þx2

:

8>>>><>>>>: ð3Þ

We now denote the entries of x by:

0 x1

x2 0

� �
¼ F and

r1;1 r1;2

..

. ..
.

rn�2;1 rn�2;2

0B@
1CA¼ G:

The Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ-system II is the PDE for

ðF ;G;BÞ : R2 ! gl�ð2Þ �Mðn�2Þ�2 �Oð1; 1Þ, where gl�ð2Þ is the set of matrices

2 � 2 with diagonal elements zero,

ðri;2Þx1
¼ ri;1x1; i ¼ 1; . . . ; n� 2

ðri;1Þx2
¼ ri;2x2; i ¼ 1; . . . ; n� 2

ðx1Þx1
þ ðx2Þx2

¼ �
Pn�j�2

i¼1 ri;1ri;2 þ
Pn�2

i¼n�j�1 ri;1ri;2

ðbijÞxk ¼ xkbik; k0 j;

8>>>><>>>>: ð4Þ
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where the matrix B ¼ ðbijÞ A Oð1; 1Þ. Now we take B ¼ cosh u sinh u

sinh u cosh u

� �
, and

use the fact that

B�1 dB ¼ 0 x1 dx1 þ x2 dx2

x1 dx1 þ x2 dx2 0

� �
;

to have x1 ¼ ux1
, x2 ¼ ux2

and that Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ-
system II becomes in the set of partial di¤erential equations for

ðu; r1;1; r1;2; . . . ; rn�2;1; rn�2;2Þ:

ðri;2Þx1
¼ ri;1ux1

; i ¼ 1; . . . ; n� 2

ðri;1Þx2
¼ ri;2ux2

; i ¼ 1; . . . ; n� 2

ðux1
Þx1

þ ðux2
Þx2

¼ �
Pn�j�2

i¼1 ri;1ri;2 þ
Pn�2

i¼n�j�1 ri;1ri;2:

8><>: ð5Þ

Next we identify the geometries of space-like surfaces corresponding to the

Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ-system II. We start by defining the space-

like 2-tuples in the pseudo-riemannian space Rn�j; j of type Oð1; 1Þ:

Definition 2.1. Let O be a domain in R2 and Xi : O ! Rn�j; j an immersion

with flat and non-degenerate normal bundle for i ¼ 1; 2. ðX1;X2Þ is called a space-

like 2-tuple in Rn�j; j of type Oð1; 1Þ if:

(i) The normal plane of X1ðxÞ is parallel to the normal plane of X2ðxÞ for any

x A O,

(ii) there exists a common parallel normal frame fe3; . . . ; eng, where feagn�j
3

and feagn
n�jþ1 are space-like and time-like vectors resp.

(iii) x A O is a hyperbolic line of curvature coordinate system with respect to

fe3; . . . ; eng for each Xk such that the fundamental forms of Xk are:

Ik ¼ b2
k1 dx2

1 þ b2
k2 dx2

2 ;

IIk ¼ ek
Xn�2

i¼1

ðbk1gi1 dx2
1 þ bk2gi2 dx2

2Þeiþ2; e1 ¼ �e2 ¼ 1; ð6Þ

for some Oð1; 1Þ-valued map B ¼ ðbijÞ and a Mðn�2Þ�2-valued map G ¼ ðgijÞ.

Our first result, which gives us the relationship between the space-like 2-tuples

and the solutions of the Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ-system II (5), is

the following:

Theorem 2.1. Suppose ðu; r1;1; r1;2; . . . ; rn�2;1; rn�2;2Þ is solution of (5) and F ,

B are given by
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F ¼ 0 x1

x2 0

� �
¼ 0 ux1

ux2
0

� �
; B ¼ cosh u sinh u

sinh u cosh u

� �
:

Then: ðaÞ

o ¼

0 �x1 dx2 þ x2 dx1 r1;1 dx1 � � � rn� j�2; 1 dx1 �rn� j�1; 1 dx1 � � � �rn�2; 1 dx1

x1 dx2 � x2 dx1 0 r1;2 dx2 � � � rn� j�2; 2 dx2 �rn� j�1; 2 dx2 � � � �rn�2; 2 dx2

�r1; 1 dx1 �r1; 2 dx2 0 � � � 0 0 � � � 0

..

. ..
. ..

.
� � � 0 � � � ..

. ..
.

�rn�2; 1 dx1 �rn�2; 2 dx2 0 � � � 0 0 0 0

0BBBBBB@

1CCCCCCA
is a flat oðn� j; jÞ-valued connection 1-form. Hence there exists A : R2 !
Oðn� j; jÞ such that

A�1 dA ¼ o; ð8Þ

where o is given by (7).

ðbÞ A
�dx1 0 0 � � � 0 0

0 dx2 0 � � � 0 0

� �t

B�1 is exact. So there exists a map

X : R2 ! Mn�2 such that

dX ¼ A
�dx1 0 0 � � � 0 0

0 dx2 0 � � � 0 0

� �t

B�1: ð9Þ

ðcÞ Suppose that all the entries of B are non-zero. Let Xj : R
2 ! Rn�j; j denote

the j-th column of X (solution of (9)) and ei denotes the i-th column of A. Then

ðX1;X2Þ is a space-like 2-tuple in Rn�j; j of type Oð1; 1Þ. In fact,

(1) e1, e2 are space-like tangent vectors to X1 and X2, i.e., the tangent planes

of X1, X2 are parallel.

(2) fe3; . . . ; eng is a parallel normal frame for X1 and X2, with fe3; . . . ; en�jg
and fen�jþ1; . . . ; eng being resp. space-like and time-like vectors.

(3) the two fundamental forms for the immersions Xk are:

I1 ¼ cosh2 u dx2
1 þ sinh2 u dx2

2

II1 ¼
Pn�2

i¼1 ðri;1 cosh u dx2
1 þ ri;2 sinh u dx2

2Þeiþ2

I2 ¼ sinh2 u dx2
1 þ cosh2 u dx2

2

II2 ¼ �
Pn�2

i¼1 ðri;1 sinh u dx2
1 þ ri;2 cosh u dx2

2Þeiþ2:

8>>>><>>>>:
Proof of Theorem 2.1. The proof follows from an argument similar to

those for Theorem 6.8 or 7.4 in [2]. 9

Remark 2.1. We observe that, taking a generic b ¼ ðbijÞ A Oð1; 1Þ, Theorem

(2.1) shows that Ij, IIj are given by (6) and dXj are:
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dX1 ¼ �ðb11 dx1e1 þ b12 dx2e2Þ dX2 ¼ ðb21 dx1e1 þ b22 dx2e2Þ:

We also note that Theorem (2.1) can be stated for a generic ðF ;G;BÞ solution of

the system (4).

Now we have the converse theorem.

Theorem 2.2. Let ðX1;X2Þ be a space-like 2-tuple in Rn�j; j of type Oð1; 1Þ,
fe3; . . . ; eng a common parallel normal frame and ðx1; x2Þ a common hyperbolic line

of curvature coordinates for X1 and X2, such that the two fundamental forms Ik, IIk

for Xk are given by (6). Set fij ¼
ðb1jÞxi
b1i

if i0 j, fii ¼ 0 and F ¼ ð fijÞ2�2. If all

entries of G are non-zero then ðF ;G;BÞ is a solution of (4).

Proof. From the definition of space-like 2-tuples in Rn�j; j , we have

o
ðkÞ
1 ¼ �ekbk1 dx1; o

ðkÞ
2 ¼ �ekbk2 dx2

is a dual 1-frame for Xk and o
ðkÞ
1a ¼ sara�2;1 dx1, o

ðkÞ
2a ¼ sara�2;2 dx2 for each Xk,

where sa ¼ 1 if a ¼ 3; . . . ; n� j and sa ¼ �1 if a ¼ n� j þ 1; . . . ; n. We observe

that o
ðkÞ
ia , i ¼ 1; 2, a ¼ 3; . . . ; n are independent of k. We have the Levi-Civita

connection 1-form for the metric Ik is:

o
ðkÞ
12 ¼

ðbk1Þx2

bk2
dx1 �

ðbk2Þx1

bk1
dx2 ¼ f

ðkÞ
21 dx1 � f

ðkÞ
12 dx2;

where f
ðkÞ

21 ¼ ðbk1Þx2

bk2
, f

ðkÞ
12 ¼ ðbk2Þx1

bk1
. Since do

ðkÞ
1a ¼ �o

ðkÞ
12 5o

ðkÞ
2a and do

ðkÞ
2a ¼

�o
ðkÞ
21 5o

ðkÞ
1a (see appendix), we get

ðbk2Þx1

bk1
¼

ðra�2;2Þx1

ra�2;1
;

ðbk1Þx2

bk2
¼

ðra�2;1Þx2

ra�2;2
;

so f
ðkÞ

21 , f
ðkÞ

12 are independent of k. Hence o
ðkÞ
12 ¼ o

ð1Þ
12 ¼ ðb11Þx2

b12
dx1 �

ðb12Þx1

b11
dx2 ¼

f21 dx1 � f12 dx2 ¼ x2 dx1 � x1 dx2. So the structure equations and the Gauss-

Codazzi equations for X1, X2 imply that ðF ;G;BÞ is a solution of system (4).

9

Theorem 2.3. The Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ-system II (4) is

the Gauss-Codazzi equations for a space-like surface in Rn�j; j such that:

I ¼ sinh2 u dx2
1 þ cosh2 u dx2

2 ; II ¼ �
Xn�2

i¼1

ðri;1 sinh u dx2
1 þ ri;2 cosh u dx2

2Þeiþ2:
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Proof. From the form of I and II, we have:

o1 ¼ sinh u dx1; o2 ¼ cosh u dx2; o1a ¼ sara�2;1 dx1; o2a ¼ sara�2;2 dx2;

where sa ¼ 1 if a ¼ 3; . . . ; n� j and sa ¼ �1 if a ¼ n� j þ 1; . . . ; n. Now use the

structure equation to obtain: o12 ¼ ux2
dx1 � ux1

dx2: Using the Gauss-Codazzi

equation (see appendix), we obtain that these are the following system for

ðu; r1;1; r1;2; . . . ; rn�2;1; rn�2;2Þ:

ðri;2Þx1
¼ ri;1ux1

; i ¼ 1; . . . ; n� 2

ðri;1Þx2
¼ ri;2ux2

; i ¼ 1; . . . ; n� 2

ux1x1
þ ux2x2

¼ �
Pn�j�2

i¼1 ri;1ri;2 þ
Pn�2

i¼n�j�1 ri;1ri;2:

8><>: ð10Þ

Hence if we put

B ¼ cosh u sinh u

sinh u cosh u

� �
; F ¼ 0 ux1

ux2
0

� �
; G ¼

r1;1 r1;2

..

. ..
.

rn�2;1 rn�2;2

0B@
1CA; ð11Þ

we see ðF ;G;BÞ is solution of the system (4). Conversely, if ðF ;G;BÞ is solution

of the system (4), and we assume B is as in (11), then from the fourth equation

of system (4) we get x1 ¼ ux1
, x2 ¼ ux2

, i.e., ðF ;G;BÞ is of the form (11). Finally

writing the Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ-system II for this ðF ;G;BÞ,
in terms of u and rij we get equation (10). 9

Combining Theorems 2.1 and 2.3 we get

Theorem 2.4. Let O be a domain of R2, and X2 : O ! Rn�j; j an immersion

with flat normal bundle and ðx; yÞ A O a hyperbolic line of curvature coordinates

system with respect to a parallel normal frame fe3; . . . ; eng. Then there exists an

immersion X1, unique up to translation, such that ðX1;X2Þ is a space-like 2-tuple in

Rn�j; j of type Oð1; 1Þ. Moreover, the fundamental forms of X1, X2 are respectively:

I1 ¼ cosh2 u dx2
1 þ sinh2 u dx2

2

II1 ¼
Pn�2

i¼1 ðri;1 cosh u dx2
1 þ ri;2 sinh u dx2

2Þeiþ2

I2 ¼ sinh2 u dx2
1 þ cosh2 u dx2

2

II2 ¼ �
Pn�2

i¼1 ðri;1 sinh u dx2
1 þ ri;2 cosh u dx2

2Þeiþ2:

8>>>><>>>>: ð12Þ

Example 2.1. Recall that given a space-like surface in R2;1 with curvature �1

and free of umbilic points, there exists a local coordinates system x1, x2 such that

the two fundamental forms are ([11]):
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I ¼ cosh2 u dx2
1 þ sinh2 u dx2

2 ; II ¼ cosh u sinh uðdx2
1 þ dx2

2Þ:

With respect to this coordinates system, the Gauss-Codazzi equation of the surface

is written in the following form (Elliptic sinh-Gordon equation):

ux1x1
þ ux2x2

¼ sinh u cosh u:

This implies that ðu; sinh u; cosh uÞ is a solution of Oð3; 2Þ=Oð2; 1Þ �Oð1; 1Þ-system
II (5). Let X ðx1; x2Þ denote the immersion of M and e3 the unit normal of M. Then

ðX ; e3Þ is a space-like 2-tuple in R2;1 of type Oð1; 1Þ, where e3 is a parametrization

of an open subset of pseudo-hyperbolic space H 2ð1Þ ¼ fq A R2;1 j hq; qi ¼ �1g.

Now we are interested in finding the connection between the space-

like isothermic surfaces in Rn�j; j and the solutions of the Oðn� j þ 1; j þ 1Þ=
Oðn� j; jÞ �Oð1; 1Þ-system II. We begin by defining space-like isothermic sur-

faces in Rn�j; j just as in the classic situation of isothermic surfaces in Rn ([1]).

Definition 2.2 (Space-like isothermic surface). Let O be a domain in R2.

An immersion X : O ! Rn�j; j is called a space-like isothermic surface if it has flat

normal bundle and the two fundamental forms are:

I ¼ e2uðdx2
1 þ dx2

2Þ; II ¼ eu
Xn�2

i¼1

ðgi;1 dx2
1 þ gi;2 dx2

2Þeiþ2;

with respect to some parallel normal frame feag. Or equivalently ðx1; x2Þ A O is

conformal and line of curvature coordinate system for X.

It is not di‰cult to see that The Gauss-Codazzi-Ricci equation for space-like

isothermic surfaces in Rn�j; j is (10).

Our next result establishes the relation between space-like isothermic surfaces

and the space-like 2-tuples in Rn�j; j of type Oð1; 1Þ.

Proposition 2.1. Suppose that ðX1;X2Þ is a space-like 2-tuple in Rn�j; j of

type Oð1; 1Þ. Let Z1 ¼ X1 � X2 and Z2 ¼ X1 þ X2. Then both Z1 and Z2 are

space-like isothermic.

Proof. Let ðu; r1;1; r1;2; . . . ; rn�2;1; rn�2;2Þ be a solution of (10) associated to

ðX1;X2Þ. Set X ¼ ðX1;X2Þ. Then by (9), we have:

dX1 ¼ �ðcosh u dx1e1 þ sinh u dx2e2Þ;
dX2 ¼ sinh u dx1e1 þ cosh u dx2e2:

�
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We note that F ¼ 0 ux1

ux2
0

� �
, w12 ¼ ux2

dx1 � ux1
dx2 and wia ¼ sara�2; i dxi

where sa ¼ 1, a ¼ 3; . . . ; n� j and sa ¼ �1, a ¼ n� j þ 1; . . . ; n. Now using (8),

we have that for a ¼ 3; . . . ; n, dea ¼ saðra�2;1 dx1e1 þ ra�2;2 dx2e2Þ. We compute

that

dZ1 ¼ dX1 � dX2 ¼ �euðdx1e1 þ dx2e2Þ;
dZ2 ¼ dX1 þ dX2 ¼ �e�uðdx1e1 � dx2e2Þ:

�
Hence the induced metric and the second fundamental form for Z1 and Z2 are,

respectively:

I1 ¼ e2uðdx2
1 þ dx2

2Þ
II1 ¼ eu

Pn�2
i¼1 ðri;1 dx2

1 þ ri;2 dx2
2Þeiþ2

I2 ¼ e�2uðdx2
1 þ dx2

2Þ
II2 ¼ e�u

Pn�2
i¼1 ðri;1 dx2

1 � ri;2 dx2
2Þeiþ2: 9

8>>><>>>:
We observe that the two immersions Z1 and Z2 given in proposition above

are isothermic dual surfaces, which we called a space-like isothermic pair in

Rn�j; j.

Now we will study the dressing action of a rational map with two simple

poles on the space of solutions of the Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ-
system II.

Let Oðn� j þ 1; j þ 1ÞnC ¼ Oðn� j þ 1; j þ 1;CÞ the complexified

Lie group. The symmetric space Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ is

determined by two involutions, namely t; s : Oðn� j þ 1; j þ 1;CÞ !
Oðn� j þ 1; j þ 1;CÞ defined by: X 7! tðXÞ ¼ X and X 7! sðXÞ ¼ I�1

n;2XIn;2,

resp. Then Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ-reality condition is:

gðlÞ ¼ gðlÞ

In;2gð�lÞIn;2 ¼ gðlÞ

gðlÞ t
In�j; j 0

0 I1;1

� �
gðlÞ ¼

In�j; j 0

0 I1;1

� �
8>>>>><>>>>>:

ð13Þ

for a map g : C ! UC ¼ Oðn� j þ 1; j þ 1;CÞ.
We recall that a frame for a solution v of the U=K-system (II) is a

trivialization of the corresponding Lax connection yl ðyII
l Þ that satisfies the

U=K-reality condition.

Let
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Gþ ¼ fg : C ! Oðn� j þ 1; j þ 1;CÞ j g is holomorphic and satisfies the

reality condition ð13Þg

G� ¼ fg : S2 ! Oðn� j þ 1; j þ 1;CÞ j g is meromorphic; gðyÞ ¼ I and

satisfies the reality condition ð13Þg:

Now we find certain simple elements in G� explicitly. Let W ¼
ðw1; . . . ;wnÞ t A Rn�j; j, Z ¼ ðz1; z2Þ t A R1;1 unit vectors and Cnþ2 be equipped with

the bi-linear form:

hU ;Vi2 ¼ U t In�j; j 0

0 I1;1

� �
V ¼ u1v1 þ � � � þ un�jvn�j � un�jþ1vn�jþ1

� � � � � unvn þ unþ1vnþ1 � unþ2vnþ2:

Let p the orthogonal projection of Cnþ2 onto the span of
W

iZ

� �
with respect

to h ; i2. So

p ¼ 1

2

WW t �iWZt

iZW t ZZt

� �
In�j; j 0

0 I1;1

� �
: ð14Þ

p is the projection onto C
�W

iZ

� �
, which is perpendicular to

W

iZ

� �
. So

pp ¼ pp ¼ 0. Let s A R, s0 0, and it defines

gs;pðlÞ ¼ pþ l� is

lþ is
ðI � pÞ

� �
pþ lþ is

l� is
ðI � pÞ

� �
:

So substituting (14) to gs;p, we get

gs;pðlÞ ¼
1

l2 þ s2

"
l2I þ s2 I � 2WW tIn�j; j 0

0 I � 2ZZtI1;1

� �

þ 2sl
0 WZtI1;1

�ZW tIn�j; j 0

� �#
: ð15Þ

One can see that gs;pðlÞ (15) satisfies the Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ�
Oð1; 1Þ-reality condition (13), therefore the element gs;p A G�.

Now we get an explicit construction of the action of gs;p on the space of

solutions of the Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ-system.

Theorem 2.5. Let x : R2 ! Mn�2 be a solution of the Oðn� j þ 1; j þ 1Þ=
Oðn� j; jÞ �Oð1; 1Þ-system (3), and Eðx; lÞ a frame of x such that Eðx; lÞ is
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holomorphic for l A C. Let W and Z be unit vectors in Rn�j; j , R1;1 respectively, p

the orthogonal projection onto C
W

iZ

� �
with respect to h ; i2 and gs;p the map

defined by (15). Let ~ppðxÞ denote the orthogonal projection onto C
~WW

i ~ZZ

� �
ðxÞ with

respect to h ; i2, where

~WW

i ~ZZ

� �
ðxÞ ¼ Eðx;�isÞ�1 W

iZ

� �
: ð16Þ

Let ŴW ¼ ~WW

k ~WWkn� j; j

and ẐZ ¼ ~ZZ

k ~ZZk1; 1

, ~EEðx; lÞ ¼ gs;pðlÞEðx; lÞgs; ~ppðxÞðlÞ�1,

~xx ¼ x� 2sðŴWẐZtI1;1Þ�; ð17Þ

where ðQ�Þij ¼ Qij if i0 j, and ðQ�Þii ¼ 0, 1a ia 2. Let

~EEaðx; lÞ ¼ Eðx; lÞg�1
s; ~pp: ð18Þ

Then

(a) ~xx is a new solution of system (3).

(b) ~EEa is a frame for ~xx.

(c)

Eðx; 0Þ ¼ AðxÞ 0

0 BðxÞ

� �
; ~EEaðx; 0Þ ¼

~AAaðxÞ 0

0 ~BBaðxÞ

� �
;

for some A, B, ~AAaðxÞ, ~BBaðxÞ, and

~AAa ¼ AðI � 2ŴWŴW tIn�j; jÞ; ~BBa ¼ BðI � 2ẐZẐZtI1;1Þ: ð19Þ

(d) ð ~WW ; ~ZZÞ is a solution of the system:

d
~WW

i ~ZZ

� �
ðxÞ ¼ �y�is

~WW

i ~ZZ

� �
ðxÞ

where yl is the Lax connection.

For proving this theorem we have the following lemma whose proof is quite

similar to the proof of Lemma 9.4 in [2] and which we omit.

Lemma 2.1. With the same conditions as in theorem above, we get

(i) ~WWðxÞ A Rn, ~ZZðxÞ A R2.

(ii) k ~WWðxÞkn�j; j ¼ k ~ZZðxÞk1;1 Ex and gs; ~pp satisfies the Oðn� j þ 1; j þ 1Þ=
Oðn� j; jÞ �Oð1; 1Þ-reality conditions (13), i.e. gs; ~pp A G�.

(iii) ~EEðx; lÞ is holomorphic in l A C.
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Proof of Theorem 2.5. The computations give us

~EE�1 d ~EE ¼ gs; ~ppE
�1 dEg�1

s; ~pp � dgs; ~ppg
�1
s; ~pp: ð20Þ

But E�1 dE ¼
P2

i¼1ðailþ ½ai; v�Þ dxi, ~EEðx; lÞ is holomorphic in l A C

and gs; ~ppðlÞ is holomorphic at l ¼ y. So ~EE�1 d ~EE must be of the form:P2
i¼1ðailþ miÞ dxi. Now we write

gs; ~ppðlÞ ¼ I þm1ðxÞ
l

þm2ðxÞ
l2

þ � � �

then m1ðxÞ ¼ 2s
0 ŴWẐZtI1;1

�ẐZŴW tIn�j; j 0

 !
and m1ðxÞ A P. In fact, one sees that

the element

gs; ~ppðxÞðlÞ ¼ ~ppþ l� is

lþ is
ðI � ~ppÞ

� �
~ppþ lþ is

l� is
ðI � ~ppÞ

� �

¼ lþ is

l� is
~ppþ l� is

lþ is
~ppþ ðI � ~ppÞðI � ~ppÞ; ð21Þ

and now we make the expansion of terms lþis
l�is

and l�is
lþis

around l ¼ y. Sub-

stituting this in (21) we have

gs; ~ppðxÞðlÞ ¼ ~ppþ 2is

l
~ppþ 2is

is

l2
� s2

l3
þ � � �

� �
~pp

� �
þ ~pp� 2is

l
~ppþ 2i2s2

l2
~ppþ � � �

� �
þ ðI � ~ppÞðI � ~ppÞ:

Hence we obtain that m1ðxÞ ¼ 2isð~pp� ~ppÞ, i.e., m1ðxÞ is as we had claimed.

Now multiply (20) by gs; ~pp on the right side and equate the constant term of

equation which results of that operation, to obtain

mi ¼ ½ai; v�m1� ¼ ½ai; v� poðm1Þ�;

where po is the projection from P onto PVA?. Therefore ~vv ¼ v� poðm1Þ is a

solution of Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ-system. More specifically,

writing v ¼
0 x

�I1;1x
tIn�j; j 0

� �
and ~vv ¼ 0 ~xx

�I1;1
~xx tIn�j; j 0

 !
, ~xx ¼ x� 2sðŴWẐZtI1;1Þ�

is a solution of Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ-system (3).

For item (b) and (c), since gs; ~pp A Oðn� j þ 1; j þ 1;CÞ, (18) becomes in
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~EEaðx; lÞ ¼ Eðx; lÞ
In�j; j 0

0 I1;1

� �
1

l2 þ s2

�
"
l2I þ s2 I � 2In�j; jŴWŴW t 0

0 I � 2I1;1ẐZẐZt

 !

þ 2sl
0 �In�j; jŴWẐZt

I1;1ẐZŴW
t 0

 !#
In�j; j 0

0 I1;1

� �
: ð22Þ

We note that ~EEa is a frame of ~xx and that ~EEaðx; :Þ is not in Gþ. The reality

condition (13) implies that both Eðx; 0Þ and ~EEaðx; 0Þ are in Oðn� j; jÞ �Oð1; 1Þ.
So, now we write:

Eðx; 0Þ ¼ AðxÞ 0

0 BðxÞ

� �
; ~EEaðx; 0Þ ¼

~AAaðxÞ 0

0 ~BBaðxÞ

� �
:

Finally, from (18) we have ~EEaðx; 0Þ ¼ Eðx; 0Þgs; ~ppðxÞð0Þ�1, this means

~AAa 0

0 ~BBa

� �
¼ A 0

0 B

� �
In�j; j 0

0 I1;1

� �
I � 2In�j; jŴWŴW t 0

0 I � 2I1;1ẐZẐZt

 !

�
In�j; j 0

0 I1;1

� �

¼ AðI � 2ŴWŴW tIn�j; jÞ 0

0 BðI � 2ẐZẐZtI1;1Þ

 !
;

from which follows ~AAa ¼ AðI � 2ŴWŴW tIn�j; jÞ, ~BBa ¼ BðI � 2ẐZẐZtI1;1Þ.
(d) Follows directly taking the di¤erential of (16). 9

In the next statement we will use the notation gs;pax, for denoting

the dressing action of gs;p on x, and ~gg�ax for the dressing action of ~gg� on x

(see ([2])).

Corollary 2.1. Suppose E is a frame of the solution x of the

Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ-system (3) such that Eðx; lÞ is hol-

omorphic for l A C.

(i) If Eð0; lÞ ¼ I , then ~xx obtained in Theorem 2.5, is gs;pax and ~EE is the

frame of ~xx with ~EEð0; lÞ ¼ I .

(ii) Let gþðlÞ ¼ Eð0; lÞ and ~xx the new solution of (3) obtained in Theorem 2.5.

Then gþ A Gþ and ~xx ¼ ~gg�ax, where ~gg� is obtained by factoring gs;pgþ ¼ ~ggþ~gg�
with ~ggG A GG.
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Now writing x ¼ F

G

� �
, ~xx ¼

~FF
~GG

� �
, we rewrite the new solution ~xx given by

Theorem 2.5 as

~FF
~GG

� �
¼ F

G

� �
� 2sðŴWẐZtI1;1Þ�: ð23Þ

So ðF ;G;BÞ and ð ~FF ; ~GG; ~BBaÞ are solutions of the Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ�
Oð1; 1Þ-system II (4).

We note that if we write F ¼ ð fijÞ2�2, G ¼ ðrijÞðn�2Þ�2, ~FF ¼ ð ~ffijÞ2�2, ~GG ¼
ð~rrijÞðn�2Þ�2, then (23) for ~xx is

~ffij ¼ fij � 2sŵwiẑzjej; i; j ¼ 1; 2

~rrij ¼ rij � 2sŵw2þi ẑzjej; i ¼ 1; . . . ; n� 2; j ¼ 1; 2

(
ð24Þ

where e1 ¼ �e2 ¼ 1.

Now let ~EEa frame of ~xx, EII of ðF ;G;BÞ and fEaEaII of ð ~FF ; ~GG; fBaBaÞ: Then we get

fEaEaII ðx; lÞ ¼ fEaEaðx; lÞ
In�j; j 0

0 I1;1

� �
I 0

0 fBaBat

� �
In�j; j 0

0 I1;1

� �
;

now, using (22), we get that the frames EII and fEaEaII are related by

fEaEaII ðx; lÞ ¼ EII ðx; lÞ I � 2

l2 þ s2

s2ŴWŴW tIn�j; j �slŴWẐZtBtI1;1

�slBẐZŴW tIn�j; j l2BẐZẐZtBtI1;1

 !" #
: ð25Þ

In the next we will use the notation

ð~xx; ~EEaÞ ¼ gs;p:ðx;EÞ; ~AAa ¼ gs;p:A; ~BBa ¼ gs;p:B;

ð ~FF ; ~GG; ~BBa; fEaEaII Þ ¼ gs;p:ðF ;G;B;EII Þ;

to understand the result obtained after the action of the element gs;p over the

solutions given.

3. Associated Geometric Transformations

Here we describe the corresponding geometric transformations on surfaces

in the pseudo-riemannian space Rn�j; j corresponding to the action of gs;p, given

in (15), on the space of local solution of the Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ�
Oð1; 1Þ-system II (4).

We start with the definition of Ribaucour transformation given by Dajczer-

Tojeiro in [6]. Let Rnþp
s be the standard flat pseudo-riemannian space form of

index s, 0a sa p. For x A Rnþp
s and v A ðTRnþp

s Þx, where let gx; vðtÞ ¼ expðtvÞ
denote the geodesic.
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Definition 3.1. Let Mn and ~MMn be riemannian submanifolds of the pseudo-

riemannian space Rnþp
s , 0a sa p. A sphere congruence is a vector bundle iso-

morphism P : VðMÞ ! Vð ~MMÞ that covers a di¤eomorphism l : M ! ~MM with the

following conditions:

(1) If x is a parallel normal vector field of M, then P � x � l�1 is a parallel

normal field of ~MM.

(2) For any nonnull vector x A VxðMÞ, the geodesics gx;x and glðxÞ;PðxÞ intersect

at a point that is equidistant from x and lðxÞ (the distance depends on x).

Definition 3.2. A sphere congruence P : VðMÞ ! Vð ~MMÞ that covers

l : M ! ~MM is called a Ribaucour transformation if it satisfies the following ad-

ditional properties:

(1) If e is an eigenvector of the shape operator Ax of M, then l�ðeÞ is an

eigenvector of the shape operator APðxÞ of ~MM.

(2) The geodesics gx; e and glðxÞ; l�ðeÞ intersect at a point that is equidistant to x

and lðxÞ.

Theorem 3.1. Let x ¼ F

G

� �
solution of (3), E frame of x, Eðx; 0Þ ¼

AðxÞ 0

0 BðxÞ

� �
, ðF ;G;BÞ a solution corresponding to Oðn� j þ 1; j þ 1Þ=

Oðn� j; jÞ �Oð1; 1Þ-system II (4), and

ð ~FF ; ~GG; ~BBa; fEaEaII Þ ¼ gs;p:ðF ;G;B;EII Þ; ~AAa ¼ gs;p:A:

Let ei, eeiei denote the i-th column of A and ~AAa resp. Then we have

(i)

qE

ql
ðx; 0ÞE�1ðx; 0Þ ¼

0 X

�I1;1X
tIn�j; j 0

� �
;

qfEaEa

ql
ðx; 0ÞfEaEa�1ðx; 0Þ ¼ 0 ~XX

�I1;1
~XX tIn�j; j 0

 !
for some X and ~XX.

(ii) X ¼ ðX1;X2Þ and ~XX ¼ ð ~XX1; ~XX2Þ are space-like 2-tuples in Rn�j; j of type

Oð1; 1Þ such that feag and f~eeag are resp. parallel normal frames for Xj and ~XXj for

j ¼ 1; 2, with indices a ¼ 3; . . . ; n� j and a ¼ n� j þ 1; . . . ; n corresponding to

space-like and time-like vectors resp.

(iii) The solutions of Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ-system II (4)

corresponding to X and ~XX as given in Theorem 2.2 are ðF ;G;BÞ and ð ~FF ; ~GG; ~BBaÞ
resp.
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(iv) The bundle morphism PðekðxÞÞ ¼ ~eekðxÞ, k ¼ 3; . . . ; n is a Ribaucour

Transformation covering the map XjðxÞ 7! ~XXjðxÞ for each 1a ja 2.

(v) There exist smooth functions fij such that Xj þ fijei ¼ ~XXj þ fij~eei for

1a ja 2 and 1a ia n.

For the proof we will need the following result whose proof is quite similar to

proof of Corollary (6.11) in [2].

Proposition 3.1. Let Eðx; lÞ be a frame for the solution x of system (3), and

Y ðxÞ ¼ qE

ql
ðx; 0ÞE�1ðx; 0Þ. Then we have

(i)

Y ¼
0 X

�I1;1X
tIn�j; j 0

� �
for some X A Mn�2:

(ii) X ¼ ðX1;X2Þ is a space-like 2-tuple in Rn�j; j of type Oð1; 1Þ.

(iii) dX ¼ A
�dx1 0 0 � � � 0

0 dx2 0 � � � 0

� �t
B�1. This means X satisfies (9).

Proof of Theorem 3.1. From (18), Theorem 2.1, proposition above, we get

0 ~XX

�I1;1
~XX tIn�j; j 0

 !
¼ qfEaEa

ql
ðx; 0ÞfEaEa�1ðx; 0Þ

¼ qE

ql
ðx; 0ÞE�1ðx; 0Þ þ 2

s
Eðx; 0Þ 0 ŴWẐZtI1;1

�ẐZŴW tIn�j; j 0

 !
Eðx; 0Þ�1

¼
0 X

�I1;1X
tIn�j; j 0

� �
þ 2

s

0 AŴWẐZtBtI1;1

�BẐZŴW tAtIn�j; j 0

 !
:

Hence

~XX ¼ X þ 2

s
AŴWẐZtBtI1;1:

Let now h ¼
Pn

j¼1 ŵwjej, then the i-th column of ~XX is given by

eXiXi ¼ Xi þ
2

s
ei
X2

j¼1

ðẑzjbijÞh; ð26Þ

where e1 ¼ �e2 ¼ 1. Now from the relation ~AAa ¼ AðI � 2ŴWŴW tIn�j; jÞ we get

~eei ¼ ei � 2ŵwihei with ei ¼ 1, i ¼ 1; . . . ; n� j and ei ¼ �1, i ¼ n� j þ 1; . . . ; n. So

using this last relation, we have
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Xj þ fijei ¼ ~XXj þ fij~eei; ð27Þ

where

fij ¼
eiej

sŵwi

X2

k¼1

ẑzkbjk; for j ¼ 1; 2; i ¼ 1; . . . ; n:

This proves that P : VðXjÞ ! Vð ~XXjÞ given by PðekðxÞÞ ¼ ~eekðxÞ, k ¼ 3; . . . ; n is

a Ribaucour transformation covering the map l : Xj ! ~XXj, lðXjðxÞÞ ¼ ~XXjðxÞ for

each 1a ja 2. 9

The next result shows that the transformation constructed in Theorem 3.1,

for space-like 2-tuples in Rn�j; j of type Oð1; 1Þ, is a Darboux transformation for

spacelike isothermic surfaces.

Definition 3.3. Let M, ~MM be two space-like surfaces in Rn�j; j with flat and

non-degenerate normal bundle and P : VðMÞ ! Vð ~MMÞ a Ribaucour transforma-

tion that covers the map l : M ! ~MM. If l is a conformal di¤eomorphism, then P is

called a Darboux transformation.

Theorem 3.2. Let ðY1;Y2Þ be a space-like isothermic pair in Rn�j; j corre-

sponding to the solution ðu;GÞ of the system (10), and let x ¼ F

G

� �
the corre-

sponding solution of the system (3), where F ¼ 0 ux1

ux2
0

� �
. Let also s A R di¤erent

of zero, p a projection on C
W

iZ

� �
, gs;p the rational element defined in (15), and

ŴW , ẐZ as in Theorem 2.5, for the solution x of the system (3). Let

B ¼ cosh u sinh u

sinh u cosh u

� �
; ðfEaEaII ; ~AAa; ~BBaÞ ¼ gs;p:ðEII ;A;BÞ:

Write A ¼ ðe1; . . . ; enÞ and ~AAa ¼ ð~ee1; . . . ; ~eenÞ. Set

~YY1 ¼ Y1 þ 2
s
ðẑz1 þ ẑz2Þeu

Pn
i¼1 ŵwiei;

~YY2 ¼ Y2 þ 2
s
ðẑz1 � ẑz2Þe�u

Pn
i¼1 ŵwiei:

(
ð28Þ

Then

(i) ð ~YY1; ~YY2Þ is also a space-like isothermic pair in Rn�j; j .

(ii) ð~uu; ~GGÞ is the solution of system (10), corresponding to ð ~YY1; ~YY2Þ, where

~uu ¼ 2a� u, sinh a ¼ �ẑz2 and ~GG ¼ ð~rrijÞ is defined by (24).
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(iii) The fundamental forms of pair ð ~YY1; ~YY2Þ are respectively

~II1 ¼ e�2~uuðdx2
1 þ dx2

2ÞeIIII1 ¼ e�~uu
Pn

a¼3ð�~rra�2;1 dx2
1 þ ~rra�2;2 dx2

2Þ~eea
~II2 ¼ e2~uuðdx2

1 þ dx2
2ÞeIIII2 ¼ �e~uu

Pn
a¼3ð~rra�2;1 dx2

1 þ ~rra�2;2 dx2
2Þ~eea:

8>>>><>>>>:
(iv) The bundle morphism PðekðxÞÞ ¼ ~eekðxÞ, k ¼ 3; . . . ; n covering the map

Yi ! ~YYi is a Darboux transformation for each i ¼ 1; 2.

Proof. It follows from Proposition 2.1 and Theorem 2.3 that ðF ;G;BÞ is

a solution of Oðn� j þ 1; j þ 1Þ=Oðn� j; jÞ �Oð1; 1Þ-system II (5), and X ¼
ðX1;X2Þ ¼ Y1þY2

2 ;
Y2�Y1

2

� 	
is the corresponding space-like 2-tuple in Rn�j; j of type

Oð1; 1Þ. Now let ~XX ¼ ð ~XX1; ~XX2Þ be as in Theorem 3.1 and let ~YY1 ¼ ~XX1 � ~XX2,
~YY2 ¼ ~XX1 þ ~XX2. Then using (26) we get that ~YY1 and ~YY2 are given by (28). Since

ẑz2
1 � ẑz2

2 ¼ 1, there exists a function a : R2 ! R such that ẑz1 ¼ cosh a, ẑz2 ¼
�sinh a. It follows from ~BBa ¼ BðI � 2ẐZẐZtI1;1Þ that

~BBa ¼ �coshð2a� uÞ �sinhð2a� uÞ
sinhð2a� uÞ coshð2a� uÞ

� �
¼ �cosh ~uu �sinh ~uu

sinh ~uu cosh ~uu

� �
:

Since d ~XX1 ¼ cosh ~uu dx1~ee1 þ sinh ~uu dx2~ee2, and d ~XX2 ¼ sinh ~uu dx1~ee1 þ cosh ~uu dx2~ee2, it

follows that

d ~YY1 ¼ d ~XX1 � d ~XX2 ¼ e�~uuðdx1~ee1 � dx2~ee2Þ; d ~YY2 ¼ d ~XX1 þ d ~XX2 ¼ e~uuðdx1~ee1 þ dx2~ee2Þ:

So we get the claim (i)–(iii).

For (iv) we observe that the map l : Yi ! ~YYi is conformal because the

coordinates ðx1; x2Þ are isothermic for Yi and ~YYi. Now we need to prove that

P : VðYiÞ ! Vð ~YYiÞ given by ekðxÞ ! ~eekðxÞ, k ¼ 3; . . . ; n is a Ribaucour trans-

formation. For that, we use the fact that there exist smooth functions fij such

that Xj þ fijei ¼ ~XXj þ fij ~eei for 1a ia n and j ¼ 1; 2, (Theorem 3.1 (v)), and so

Y1 þ ðfi1 � fi2Þei ¼ ~YY1 þ ðfi1 � fi2Þ~eei; Y2 þ ðfi1 þ fi2Þei ¼ ~YY2 þ ðfi1 þ fi2Þ~eei;

for each 1a ia n. Hence the map P is a Darboux transformation. 9

Example 3.1. Let n ¼ 3, j ¼ 1, then we have the Oð3; 2Þ=Oð2; 1Þ �Oð1; 1Þ-
system. Let ðu; r11; r12Þ ¼ ð0; 0; 0Þ be a trivial solution of (10), then F ¼ 0, G ¼ 0,

B ¼ I . So a space-like 2-tuple X in R2;1 of type Oð1; 1Þ and the frame Eðx; y; lÞ
associated to trivial solution are:
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X ¼
�x 0

0 y

0 0

0B@
1CA; Eðx; y; lÞ ¼

cosðlxÞ 0 0 �sinðlxÞ 0

0 coshðlyÞ 0 0 sinhðlyÞ
0 0 1 0 0

sinðlxÞ 0 0 cosðlxÞ 0

0 sinhðlyÞ 0 0 coshðlyÞ

0BBBBBB@

1CCCCCCA
Then from (16), we obtain that

~ww1

~ww2

~ww3

~zz1

~zz2

0BBBBB@

1CCCCCA¼

w1 cosh sxþ z1 sinh sx

w2 cos sy� z2 sin sy

w3

w1 sinh sxþ z1 cosh sx

w2 sin syþ z2 cos sy

0BBBBB@

1CCCCCA:

From (26), we get that the 2-tuple in R2;1 of type Oð1; 1Þ constructed by applying

the Ribaucour transformation to the trivial solution is:

~XX1 ¼ X1 þ
2

s
ẑz1

X3

i¼1

ŵwiei; ~XX2 ¼ X2 �
2

s
ẑz2

X3

i¼1

ŵwiei;

i.e.,

~XX1 ¼
�x

0

0

0@ 1Aþ 2

s

w1 sinh sxþ z1 cosh sx

ðw1 sinh sxþ z1 cosh sxÞ2 � ðw2 sin syþ z2 cos syÞ2

�
w1 cosh sxþ z1 sinh sx

w2 cos sy� z2 sin sy

w3

0@ 1A

~XX2 ¼
0

y

0

0B@
1CA� 2

s

w2 sin syþ z2 cos sy

ðw1 sinh sxþ z1 cosh sxÞ2 � ðw2 sin syþ z2 cos syÞ2

�
w1 cosh sxþ z1 sinh sx

w2 cos sy� z2 sin sy

w3

0@ 1A:

Example 3.2. A space-like plane in R2;1 is an isothermic surface corre-

sponding to trivial solution ð0; 0; 0Þ of (10). Then the space-like isothermic pair

associated to the trivial solution is:
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Y1 ¼
�x

�y

0

0@ 1A; Y2 ¼
�x

y

0

0@ 1A:

So the isothermic pair obtained by applying the Darboux transformations to the

trivial solution, given by (28) is:

~YY1 ¼ Y1 þ
2

s
ðẑz1 þ ẑz2Þ

X3

i¼1

ŵwiei; ~YY2 ¼ Y2 þ
2

s
ðẑz1 � ẑz2Þ

X3

i¼1

ŵwiei;

i.e.,

~YY1 ¼
�x

�y

0

0@ 1Aþ 2

s

w1 sinh sxþ z1 cosh sxþ w2 sin syþ z2 cos sy

ðw1 sinh sxþ z1 cosh sxÞ2 � ðw2 sin syþ z2 cos syÞ2

�
w1 cosh sxþ z1 sinh sx

w2 cos sy� z2 sin sy

w3

0@ 1A

~YY2 ¼
�x

y

0

0@ 1Aþ 2

s

w1 sinh sxþ z1 cosh sx� w2 sin sy� z2 cos sy

ðw1 sinh sxþ z1 cosh sxÞ2 � ðw2 sin syþ z2 cos syÞ2

�
w1 cosh sxþ z1 sinh sx

w2 cos sy� z2 sin sy

w3

0@ 1A
4. Appendix: Moving Frames

We review the method of moving frames for space-like surfaces in the

Lorentz space Rn�j; j: Set

eA � eB ¼ sAB ¼ In�j; j ¼
In�j 0

0 �Ij

� �
:

We also let si :¼ sii. For the space-like immersion X set dX ¼ o1e1 þ o2e2, with

e1, e2 space-like unit tangent vectors to the surface and the normal space is

spanned by eb, for 3a ba n. Define

deB ¼
X
A

oABeA: ð29Þ

This gives oAB ¼ sAeA � deB and oABsA þ oBAsB ¼ 0.
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From dðdXÞ ¼ 0 we get:

do1 ¼ o25o12; do2 ¼ o15o21; o15ob1 þ o25ob2 ¼ 0;

for b as above.

In addition, by Cartan’s Lemma we have:

o1b ¼ h
b
11o1 þ h

b
12o2; o2b ¼ h

b
21o1 þ h

b
22o2;

this makes the first and second fundamental form:

I : o2
1 þ o2

2 ; II : �
X
k¼1;2

X
a

okaoksaea ð30Þ

We also have: doCA ¼ �
P

B oCB5oBA, which yield the Gauss and Codazzi

equations. The Gauss equation comes from examining do12, while the Codazzi

equations are from do1b and do2b.
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