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BOUNDARY VALUE PROBLEMS RELATED TO
DIFFERENTIAL OPERATORS WITH COEFFICIENTS OF
GENERALIZED HERMITE OPERATORS

By

Xiaowei XU and Reiko SAKAMOTO

1. Introduction

Let us define a generalized Hermite operator L = (Ly,...,L,) by
Li=D; +Vi(x) (1<j<n),
where Vj(s) is a C*(R)-function satisfying the following conditions: there exist
6; >0, co >0 and C; >0 such that
{ Vi(s) = co(1 +1s)?  (s€R),
ID¥V(s)| < C(1 + |s])? (seR) (kel, ={0,1,2,...}).
Then there exists a complete orthonomal system {¢; ,(s)};,, in L?(R), such that

Lj¢j,k(S) = /lj,k¢j,k(s)7 ¢j,k € S(R),

[0 @)
0<Ao<Ahi1<- <Ahr<..., » AP <4om,
k=0

where S(R) is the L. Schwartz space of rapidly decreasing functions in R ([2]).
Let us define differential operators with coefficients of generalized Hermite
operators by

P(D;, L) = Pp(L)D" + Py (L)D" ! + - -+ Py(L),

P(L)y= > aplf=>" ajpLf" - Lb,
BlsM Bl<M

Qk(Di, L) = Qi u(L)DM + O -1 (LYDM ™! + - + Ok 0(L),

Quj(L)= > brjpll = > bij gLyt -+ Lb,
Bl<M Bl<M
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where a; g, b j p are constants and m, M are non-negative integers (M > m). In
the previous paper [I], we have already considered the Cauchy problem

4 P(D,,L)u(t,x) =f(t,x) (0<t< T,xeR"),
( ){ Dfu(t, x)|,.o = gr(x) (xe R"0<k<m—1),

if P is an evolution differential operator with coefficients of generarized Hermite
operators.
In this paper, we will consider the boundary value problem:

P(D;, L)u(t,x) =f(t,x) (¢>0,xeR"),
(B){ Ok (Dy, L)u(t, x)|,_o = gk(x) (xeR"0<k<r-1),
u(t, x) € S([0, 00), S’(R")),

for given data f(¢,x) e S([0,00),S'(R")) and gi(x) e S'(R") 0<k<r-1),
where r is an integer (0 < r < m), which will be explained later. S(R") is the L.
Schwartz space of rapidly decreasing functions in R” ([2]). S’(R") is the conjugate
space of S(R"). S([0,0),S'(R")) is a set of mappings such that

u:[0,00)3t— u(t,x) e S (R"),
satisfying
ug(t) = <u(t, x), ¢(x)) € S([0, 0)),

for any ¢(x) € S(R").
Now denote

A={laeI’t ={(Ara, > Ana)le e I}
= {(A105- -+, 2m0), (A11, 420, - - > An0) (A105 421, - - - An0)s - - -},
P(7,4) = Pp(A)T™ + Py (AT 4 -+ + Po(A)
= Ppu(A)(r = 71(2)) -~ (r — Tm(4)),
(7, 4) = Qe (D)™ + Qe 1 (AT + - 4+ Qi o(A).

P(D,,L) is called separative, iff
(I) there exist C; > 0 and p; > 0 such that

|Pm(A)| = C11AI? (A e A),
(IT) there exist C; >0, p» >0 and r (0 <r <m) such that
Imz(A) > GJA|™ (1<j<r, ieA),

Imz7;(1) <0 (r+1<j<m, Ae€A)
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Especially, P(D,, L) is called uniformly separative, iff
(I) there exist C; > 0 and p; > 0 such that
|Pm(A)] = C1]1A™" (Ae ),
(I1") there exists r (1 <r<m) and x> 0 such that
Imz(A)>u (1<j<r, AeA),
Imz;(A) <0 (r+1<j<m, AeA).

In case when P(D,, L) is separative, we define

e (A
=) (t—tm(d) (r#m),
P‘(”’D_{l (r = m).

and

)
R(}) = dez(—l—. Qe )T df) :
2ni J, Pi(t,4) k,1=0,...,r—1

where y is a closed curve on z-plane, enclosing all zeros of P, (7,4). We say that
{P(Dy,L), Qx(D;,L) (k=0,1,...,r—1)} satisfies the Lopatinski condition, iff
(III) there exists C3 > 0 and p3 > 0 such that

IR(D)| = G|A™  (LeA).

The following [Theorem 1 and will be obtained on the base of
lemmas established in [1].

THEOREM 1. Assume that P(D, L) is uniformly separative and that
{P(Dy,L), Qx(Dy, L) (k=0,...,r—1)} satisfies the Lopatinski condition. Let
0 <7 <min(y,1). Suppose that

e"f(t,x) € S([0, ), S'(R"), gi(x) e S'(R") (0 <k <r—1).
Then there exists a unique solution u(t,x) of the problem (B), and e"'u(t, x) belongs
to S([0, o), S"(R")).
THEOREM 2. Assume that P(D;, L) is separative and that {P(D;, L), Qx(Dy, L)
(k=0,...,r— 1)} satisfies the Lopatinski condition. Let 0 < n < 1. Suppose that

e”f(t,x) € S([0,0), S’ (R")), gi(x)eS'(R") 0<k<r-—1).
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Then there exists a unique solution u(t,x) of the problem (B), where u(t, x) belongs
to S([0,00),S'(R")).

2. Preparations

The following Lemma 1 ~ Lemma 3 have been established in [1].

LEMMA 1. Set ¢,(x) = ¢y o, (x1) -+ - By o, (Xn), then $,(x) is an eigenfunction of

L= L{? ! ---L,'?", corresponding to an eigenvalue /10"? = lﬁ " ---iﬁ"an,
1) there exists py > 0 such that

Z lAaI—Po < +OO')

n
ael]

and moreover

2) {Po(x)},e 17 s a complete orthonomal system of L%(R"),
3) ¢ (x) € S(R") and there exist C(lI) >0 and p(l) > 0 such that

gl < COIAN (2eI})
for any l€l,, where

gl == > sup|x’Dlg|.

1Bl+lyI <t ¥

Here we call {¢,(x)},c i @ family of generalized Hermite functions.
Let f € S'(R"). Set

a(f) ={a.(f),x eI}, au(f)=<S 0,

where a(f) is called a generalized Hermite coefficient of f. Let s be a set of
complex multi-sequences a = {a,,x € I} such that

lal, = sup |ay| | A"

n
ael]

< 4+
for any hel,.

LEMMA 2. The mapping H : S(R") > f — a(f) € s is linear and continuous.
More precisely, there exists C, > 0 such that

la(f)an < Cull flons 2651y (5 = mjaxéj)
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for any h( €l.). Conversely,

s3a— f(x Zaa% x) e S(R")

is linear and continuous, where a(f) = a. More precisely, there exist C; > 0 and
p(l) > 0 such that

/1 < Cilalypy12p,

for any lel,.

Let s’ be the conjugate space of s, namely, let s’ be a set of all linear
continuous functionals b :s3a — <{b,a) € C. More precisely, there exists 2> 0
and C > 0 such that

[<b,a)| < Cla|, (aes).

LemMA 3. Let T € S'(R"), and put
b={b,aell}, b,=<T,¢,>.

Then
1) there exists h > 0 such that

|b]_, := sup |ba| |Aa]™"? < +0,
o

2) the mapping s>a — Y, a,b, € C belongs to s,
3) it holds

(T, [y = baas(f),

where a,(f) = {f,$,> for any f € S(R"). Conversely, let bes'. Then T : S(R") >
f — <b,a(f)) belongs to S’'(R").

LemMMmA 4. 1) Suppose u(t,x) belongs to S([0,00),S'(R")). Set uy(t)=
u(t,x), @y(x)>. Then there exist C(j, k) >0 and p(j, k) > 0 such that
|t/ DFu,(£)] < C(, k)| 2/PPF) (1€]0,00), aell).
2) Conversely, suppose uy(t) belongs to S([0,0))(a € I;), where
|t/ D¥u,(1)] < C(j, k)| 4|PV%) (1e]0,00), aell).
Then u(t,x) = Zaeq Uy (2)@,(x) belongs to S([0,0),S'(R")).
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Proor. 1) Since u(z,x) belongs to S([0, ), S’(R")),

u¢(t) = <u(ta x)’ ¢(x)> € S([O’ OO))
for any ¢ € S(R"). Namely,

lug(Dll, = Y sup |/ Dfuy(s)|

= ) sup K&/Dfu(t,x),$(x)>| < +o0
j+k$l IE[O,(X))

for any ¢ € S(R"). Therefore, {t/D*u(t,x)|t € [0,00)} is a bounded set in S’(R")
in the sense of simple topology for any j, k. By using the fundamental Lemma of
Fréchet space ([3]), there exist C(j,k) >0 and /(j,k) > 0 such that

[<¢/Dfu(t,x), 851 < C(, ) IBlli0) (1€ 0,00), e S(R™).

Besides, since (D)
6 ll; < C(1)| A4l

from 3) of Lemma 1, we have
|t/ Dfuy(1)] < C(J, k) |Al”P® (2€]0,00), aell).
2) Conversely, suppose u,(t) € S([0, 0)) satisfy
|/ Dfuy (1)] < C(j, )| 4?0 (1€ [0,00), aell)

for any j,kel,. Let f € S(R") and set a,(f) = {f,¢,»>. By using Lemma 2, we
have

2 las(NI 1Dl us(0)] < €U 3 las()] 1l

ael]

< C'(j, k) sup lao(f)] Al 70
a

< C"( IS N2ns241)p (s k)-4p0)
Hence ), a(f)u.(t) converges in S([0, 0)). Therefore

u(t,x) = Zud(t)¢a(x) € S([O’ OO), S,(Rn))7
namely,

u(t, x).f Zua(t)<¢a x),f (%)) Zaa(f)ua ) € ([0, ))

for f € S(R"). O
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3. Ordinary Differential Operators Depending on Parameter A

Let us consider polynomials with respect to t depending on the parameter
Ae A):

P(7,2) = Pp(A)T™ + Pp_1(A)" " 4+ 4+ Py(R)
= Pn(A)(z —71(2)) - - (r — 7m(4)),
0k(t, ) = Qim(A)T™ + Q-1 ()T -+ Qro(d) (k=0,...,r=1),
where
Imz7(A) >0 1<k<r), Imnu(A) <0 (r+1<k<m), |R(A)|#0.
We define

#(4) = min Imz;(4), p(d) = 1I£jagxm 17 (4)]-

I<j<r

LEMMA 5. Letr #m,0<n <1 and A € A. Suppose e"f(t) € S([0, 0)). Then
there exists a unique solution h(t) of the problem:

P_(Doy () =£(5) (> 0),
(b "{ e"h(r) € S([0, o)),

and there exist C; > 0 and N; > 0, independent of n and A, such that
le”h(2)ll; < Cp~ ™= (1 4 p(a)) HD==Dentf (1),

for any .

ProOF. 1) Let fi(¢) be an extension of f(¢) in C®(R) such that

lle”fill; < Cille™f |lxy
]

for any /, where constant C; is independent of #. Then it holds

ﬂ (E+in) = J+w e~ iCHintf (¢) dt

— 00

=F{"/1()}(¢&) e Se (EeR),

where F is the Fourier transform. By the Fourier inversion formula, we have

~ +00 . . ~
A) = M FAE )0 =52 [ e e in)

2n ) _ o
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Let e”h(t) € S(R) satisfy
P_(Dy, Mh(t) = f1(1) (1€ R),

then
P_(&+in, DA +in) =& +in) (EeR),
that is, f(f+ )
e+ =glE s €eR),
because P_(& + in,A) is non-zero.
2) Let us make sure that
fi (& + in)
P_(¢+in, )

First we remark

dy___1 CWE+ind)
<d_é) P—(f-i—iﬂ,ﬂ)_—P*(é_*_mJ)jH (Jj=0,1,...),

where W;(z,4) is a polynomial of degree j(m —r— 1) with respect to z and
¥z A < G+ p@)Y "D+ Jz) 70,
Moreover since
|P_(&+in, )| = (€ +in — 101(4) -~ (€ + i — Tm(A))| Z 1™,
we have

(i)j ! < ¥ +in,A)|
d&) P— (E+in )| = |P_(&+ i, 2)7TY

< G +pA)) "0+ & + i)"Y
= nim=n G+ '

Therefore, we have

A&+ in)

P_(&+in, A)

é,-(i)" fi(&+ in)
d&) P_(& +in,A)

Jjtk<li

< G~ ™= (1 4 p()) ' ONAE + i)l igmr)

< C;ﬂ_(m_r)(1+l)(1 +/7(/1))1(m—r_1)”emf1||1(m_,)+2 < 400,
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which means

H(E +in)
PExind) ¢
3) Set

1 (Y erime S1(E+in)
_ i(E+in)t 1
h(’)‘sz_we e mn™

then we have

A&+ in)

nt SN
||€ h(t)”l =< CI PA(f—l- l?],j.)

1+2

—(m- —r—1
< C/y (m r)(l+3)(1 +p(,1))(1+2)(m r )||emf1”(m—r)(1+2)+2

< /I (14 p()) PN ey 122420

and

P_(Di, k(1) = f1(1) (1€ R),
which means

P_(Dy, Mh(t) = f(t) (t>0).

4) Let h(t) € S([0,0)) be a solution of P_(D;,A)h(t) =0 (¢ > 0). Set
hi(1) = (Dt = tr42(4)) - - - (D1 — Tm(4))1(2) € S([0, 0)),
then
P_(Dy, Dh(t) = (D — 71 ()i (1) = 0. (£ 0)

Multiplying both sides by e &+ we have

Dy(e™ 1 DRy (1)) =0 (> 0),

namely,

e Wip (ny=C (t>0).

43

Since e~V = M7 < 1 (¢ >0) and h(¢) € S([0,©)), we have C =0,

namely,
hi(t) = (Dr — 142(4)) - - - (D — Ti(A))A(2) = 0.

In the same way, we have A(z) = 0.
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Next we consider

b P+(D,,/l)ll(t) = h(t) (t > 0)’
( )+{ 0u(Dn ()] ey = & (0 <k <r—1),

where e”h(t) € S([0,0)) and r > 1. Let

r#£0, 0<n<min(u(d),1), dy(A) = min(ﬂ(l)z_ i 1) (LeA),
and set )
W(t,2) = E%ize(—rﬂdr,
where y is a closed curve of the boundary of the domain {|7| < p(4) +d,(4)} N
{Imt > u(A) — dy(1)}. Then the solution of (b), can be represented as

r—1

u(t) =Y bi(A)DIW(1,3) + thh(s) W(t—s,A)ds=U(t,A)+ V(1,1),

Jj=0
where
1 [ Qo(z, 1) 1 [O(r, ™! -t
bo(4) 7 $P. e ) Py Go(4)
) | Lfen@a, 1 e -
14) iy P & il Py & 9114
An(d) o Aa) [ Go(4)
=R(/‘L)_1 ......... ,
Av(d) e A NG, (2)
where

gj(l) =9gj— Qj(Dl,A) V(O’A)a

I
R(A) =det(i_ Ouln, e d‘c) :
2ni ], Pi(t,A) k,1=0,...,r—1

LEMMA 6. Let 0 <y < min(u(A),1) and A€ A. Then it hold
i) |DEW (1, 4) < dy (1)~ (1 + p(A) @ (1 (2) = u(2) — dy(2)),

k—r t
il) [DFV (2, 4)] < dy(A)7(1 + p(4))**! Z|D,f'h(z)|+J Ih(s)|e~* P(=9) ds>,

j=0 0
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lll) Ibk()v)l < CIR(A”—I(d”(A)—rI}"M(I +p(l))M+(1/2)r+l/2)r
r—1 M—r
x (Z EDY |th(0>|),
Jj=0 =0
where C is a positive constant independent of A and .

PrOOF. i) Since

k ,itt
DEW (2,2) = — 4;—7-5——411,

2ni ), Pi(7, )
we have
itt
DkW o |T‘ |e | .
IDEW (A < 329 15 e
Since
|eit1.'| — e—tlmr < e—,ul(l)t,
7] < p(4) +dy(2) < 1+ p(4),
and

1 1

oDl - a@lr-a@l - -a@] = %W

on p, we have
IDEW (1, )] < dy(2) (1 + p(A)) K+ e @,
ii) Since
. t .
DIV (t, 1) = iJ h(s)DIW(t—s,A)ds (j=0,1,...,r—1),
0

k—r

DfV(t,4) =>_ D@D w(0,4) + zJ h(s)DEW (t—s,2)ds (k= r),

j=0
we have

k—r

. . t
DV (5, 2)| < Y IDI()| |DEI W (0, 2)] + j \h(s)| | DEW (1 — 5,
0

Jj=0

k—r

< dy(2) (1 +p(2) <" (Z IDIAW) + || I fe-rore-n ds).

=0

45
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ii) Since
" k—r )
IDFV(0,4)] < d, (1)~ (1 + p(A)"" ZID{h(O)I

Jj=0

from ii), we have

Qk(Di, )V (0, 2)] = [Qemr (DM V(0,4) + -+ + Quo(1) V(0, )]

M-—r
< CIAIMd, ()7 (1 + p(1)) ™+ 3 1D/ R(0)),

=0
therefore
r—1 r—1
1G;| = > _lg; — Qi(D:, )V (0, 4)]
j=0 j=0
M Ml r—1 M-—r ]
< C)AMd,(A)7" (1 4 p(A)M* (Z |g,-|+Z|D,’h(O)|>.
=0 i=0
Since
1 Qk(Tv'l)Tj_l —ri M M+j
=7 < d,(A)7TA|T (1 A J
27”- ) P+(T,A) dT == 'l( ) | I ( +p( )) )
we have

r—1

Therefore we have

bk (D) < IR Y 1Ai(A)] 1]
j=1

J

—

r—

< CIRA)I™ (dy () A1M (1 + p(a)) M 0/2r D) ™

i
<

J

< CIRM)|™ (dy (D) TAIM (1 -+ p(ay) M0/ 172)]

r—1 M—r )
x (; |91 + ; ID{h(O)I)-

LEMMA 7. Let 0 < n < min(u(A),1) and A e A. Suppose e"h(t) € S([0, 0)).
Then there exists a unique solution u(t) of (b),, where e"u(t) belongs to S([0, )).

O
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Moreover it holds

||e’7’u(t)|l, < Cl max(l, |R(/1)l_l)|i|Mrd”(i)A(r2+r+l)(l _+_p(l))Mr+(l/2)r2+(3/2)r+l

r—1
x (Z 9] + HE”’h(t)Hz) (IzM-r+1),
j=0

where C; is a positive constant, independent of A and 7.

Proor. 1) Owing to i) and iii) of Lemma 6, we have

DU (1, 4)] =

)DI W (1 /l)l
< CIRO)™ (dy (W71 (1 + p(a) M+ 0/2ret2)

r—1 M—r r—1

% (Z gl + > D{Ih(0)1> S " dy ()T + p(a) T emmPr
j=0 j=0 j=0

< CIR()| " dy (A) DM (1 4 p(2)) MrHArH Gk g (G

r—1 M—r '

X (Z EDD |D,’h(0)|).
Jj=0 j=0

Therefore we have

k (k : .
|tEDk[em U (¢, A)]| < Z( i )nk"e"’tﬁlD,’U(t, )|

i=0

< CIR(A)[T dy ()T |AMI(1 + p(A)) MrH(/DrHB 2k
r—1 M-—r )
x (tPe~ M)t (Z |gj| + Z |D,’h(0)|>
Jj=0 j=0
< C'|R(A)[ ™ dy (A) "B M (1 4 p(a)) Mr+ (/D) Dk

r—1 M—r
y (z g1+ 3 |D{h<o>|).
=0

j=0
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On the other hand, since

le”h(dll, = > sup |t"Dfle"h(n))|

prk<! 0<t<+o0

= > sup |Pe"(D, - in) (1)
Btk <l 0<t<+o0

l
> Y (D, — in)*h(0)],
k=0

we have

!
> _IDfR(0)] < Cille™h(D)]|;-

k=0

Therefore we have

e U1, ), < CIIR(A)| ™ dy ()~ D 3 Mr

r—1
x (14 p(A)) Mr+(1/2r+ (/24! (Z lg;| + ue"'h(z)n,).
j=0
2) Owing to ii) of we have
|t”D{‘[e"’V(t, Al = |t/’e"'(D, — ir;)"V(t, A)l

< Cd,(A) (1 + p(A))*H!

k—r
(Z |tPe™ D{h(1)] +J them e~ D= s)lh(s)|ds).

j=0

On the other hand, we have

k—r
sup Z|tﬂe”’D’h(t)| sup |tP(D, + in)e"h(1))
0<i<+o0 j=0 0=<i<+o0
J j L
=¥ s t”Z(.,)(in)“Dz (e"h(1))
=0 O0st<too| o \J

< Cille™ ()| pk—r-

and
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t
sup J tPe e MW= 1p(s)| ds
0

0<t<+w

t
= sup J {(t = 5) + s}P =1 ON(=9) 13 ()| ds

0<t<+0o0 JO
t B
0<t<+o0 —0
ﬂ t "
<G Z Sup |S ensh (5)] Z sup J (r— S)ﬁ e~ WA (t=9) g¢
B'=0 0<s<+o0 B"=0 0<t<+o0

< Cydy(A)"PH e h (1)

Hence we have

le”V(e, ;= > sup |EDfe"V(1,4)|

k<l 0<t<+
< Cidy(2)~ V(1 + p(2) e R (D)),
Therefore we have

le™u(D)ll, < e U (s, I, + lle” V (e, D,

< Cymax(l, |R(,{){‘1)dn(l)—(r2+r+1)M|Mr(1 n p(i))Mr+(1/2)r2+(3/2)r+l
r—1
X (Zlgjl + IIe”’h(t)Hz)- O
j=0

LEMMA 8. Let 0 <y < min(u(4),1) and A€ A. Suppose e" f(t) € S([0, 00)).
Then there exists a unique solution u(t) of

P(Dtaﬂ')u(t) = f(t) (t > 0)’
( ){Qk(D,,i)u(O):gk (OSkSr-—l),
e™u(t) € S([0, 00)).

Moreover, it holds
”emu(t)”l < Cl”—-(m—r)(l—fi) max(l, |R(A)|—1) max(l, |Pm(l)|—1)|1|Mrd’7(l)*(r2+r+1)
r—1
x (1 _+_p(/{))Mr+(1/2)r2+(1/2)r+2m+1(m——r) (Z lg;| + Hemf(t)“N,),
=0

where C; is a positive constant, independent of A and 7.
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PrOOF. Let u(f) be a solution of (b) and set

h(t) = P+ (Dy, A)u(t).
Then hA(t) satisfies

P (DL () = - (3) (t>0),

e"h(1) € S([0, )

and u(r) satisfies

P.(Dju(t) = h(r) (t>0),
(b)+{ DFu(0) =g, (0<k<r-1).

Conversely, let h(f) be a solution of (b)_ and let u(t) be a solution of (b)_, then
u(t) is a solution of (b). Therefore there exists a unique solution of (b), owing
to and LCemma 7. Now, let u(z) be a solution of (), then h(r) =
P, (D, A)u(t) satisfies

t+2)m—r—1) 1€" S (Dl 5,

e"h(D)|, < Cp~ 31 4+ p(A

from Lemma 3. Therefore we have

leu(D), < Crmax(1, |R(A)| ™A M, (2)~¢++D

r I‘z r r_l
x (14 p(A)) Mr+(/Ar+G/2r+ (Z il + lle™h(D)ll;

j=0
from [Lemma 7. Here we have
—_ — r - r2 r
le™u(2)|l; < Cip~ "0+ max(1, |R(2)|™") max(1, |Pm(2) ") M dy(2) "+

r—1
« (1 + p(l))Mr+(1/2)r2_(1/2)r+2m+l(m—r) ( |gj| + Hemf(t)HN,> . O
j=0

4. Proofs of Theorems
Suppose e f(t,x) € S([0,0),S'(R")) and gi(x)eS'(R") O<k<r-1).
And consider the boundary value problem:
P(D,,L)u(t,x) = f(t,x) (xe€R",t>0),
(B){ Bi(Ds, LYu(t,x)|,—o = gk(x) (xeR",0<k <r—1),
u(t, x) € S([0, ), S’(R")).
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Set
un (1) = u(t,x),4,(%)>,  fo(t) = {f(6,%),8,(%)>  Gk.a = <Gi(x), B (%),

then the problem (B) can be formally reduced to the boundary value problems of
ordinary differential operators:

P(Dy, Ao)ua(1) = fo(1) (2> 0),
(bs ){ Bi(Dy, A)ua(0) = gka (0<k <r-—1),
uy(t) € S([0, 0)),

where "' f,(¢) € S([0,0)) and gr, € C (0 <k <r—1) for any ael”.
PrOOF OF THEOREM 1. In condition (II’), we may assume y is so small that
O0<pu<l Let 0<#n<u Then we have
le™ux(1)ll; < ™+ max(1, |R(Ax)| ™) max(1, [Po(A)] ™) al * dy (20) "+
r—1
% (1 +p(ia))Mr+(1/2)r2_(1/2)r+2m+l(m—r) (Z |gj,a| + “emfa(t)”N,>
7=0

from [Cemma 8. Since u(4,) > 4, we have

dy (L) :min(“(L;_-—’lJ) > £

Since |P;(4)| < C|A|™ and |P,,(1)| = C1|A|™ from condition (I), we have

=l /1P
p( )— Z ZCIMI_pI <C Ml (p4:P1 +M)

Moreover since
IR(A)| = G3]A|™
from condition (III), we have

r—-1
—(m—r —(r2+r !
le™uy(1)||; < Clp~ =N (g — gy~ CHHD 1 <Zlgk,af+lle”’ﬁc(t)llN,)

k=0

1 1
(pl’=p4{Mr+§r2——2—r+2m+l(m—")} + Mr+ p +p3>-

On the other hand, since

e”f(t,x) € ([0, ), S'(R™)),
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there exists ¢(/) > 0 for any / such that

K= sup " (0 s ™) < +eo

n
aell

from 1) of Moreover since gx(x) € S’(R"), there exists ¢ > 0 such that

r—1
K :=sup > gkl |Ael™ < +o0
k=0

n
aell

from 1) of Lemma 3. Therefore we have
ez (D)), < Cn™ D) (— ) =D AP (K| 2]+ Kil 2] ™)

< Cl//”—(m—r)(l+3)(/1 . ”)—(r2+r+1)(K + KI)Malp,

where

1 1
D)= P4 (Mr+§r2 - §r+ 2m+ I(m — r)) + Mr + p, + p; + max(q,q(N;)).

Hence we have e™u(t,x) € S([0, 0), S'(R")) from Lemma 4. O

PrOOF OF THEOREM 2. Let 0 < 5 < 1. In condition (II), we may assume C,
is so small that

C112M'0|_p2 < n,
where Ao = (410,..-,4n0).- Then
min(ﬂ(la),ﬂ) = min(CZIAai_pza”) = CZl'la'_pz'
Owing to the result of [Lemma &, we have

le€ua(0)ll; < G~ I max(1, [R(A)| ™ Ymax(1, P(2)™)|Aal ™ dy(4) =70
r—1
X (1 + p(Ag)) M (/A= (/2 2mllm =) (Z 92| + ||e¢'fa(z>||N,)
k=0
(0 <& < min(u(4e),m), aeli),

where

dr(Ay) = min(’L“;——é, 1).
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Now let us specify ¢ as

¢ = & = ymin(u(ia), )

Then we have

&> (3G )1

ds.(1y) = min M,l 21C2Ma e
b 2 4

In consideration of
1Pm(Za)| ' < CTY AP, IR()|T < G5 AGlP,
p(ha) < C4|/loz|p4’

we have

r—1
lle*ux (D)l < CflAal ™ (Z |9k, 2| + lle‘f“’ﬁc(’)”M)’
=0

where

ps=pa(m—r) (I +3)+ py(rP +r+1)

1 1
+p4{Mr+—r2—-§r+2m+l(m—r)} + Mr + p; + ps.

2

Since
le™ u(n)ll, < Cille™u(n)||;
for any #, and 7, (0 <#; <#, <1), we have
lux(D)ll; < Cille= w1, lle** fu(D)lly, < Crlle™ f(DIN:.
Therefore we have
r—1
lua(D)l; < C/1Aal? (; |gic,l + IIe”'fa(t)HN,)-

In the same way as in the proof of Theorem 1, we have

lua()l; < Cf' |2l * (K + K2),

53
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where

r—1

Ki : = sup [l £, (1)l )1Aal*™) < 00, K=" sup lgk,al 127 < +oo,
ael] k= Oozel

q1 = ps + max(q, g(Nr)).
Hence we have u(t,x) € S([0, ), S'(R")), from O

5. Examples

For the special case of

P(D, L) =D} — > aglL?,
IBl<N

we can describe some criteria for P(D,,L) to be separative or uniformly sep-
arative, by checking the positions of zeros of

with respect to 7. Set
P(z,2) = 7* = (X(A) +iY (1) = (z = 7+ () (z — - (3)),

where

X(A) = > Re(adf), Y(A)= ) Im(ai?),
BI<N Bl<N

14 (A) = (X(2) +iY (2))'/>.

Let us remark the facts:
i) in case of X >0 and |Y/X| <1, we have

Y

| Y] 12
C < Im(x + 7)) < Ca i,

IW <
il) in case of X <0 and |Y/X| <1, we have

G|X|'? < |Im(X +iY)"?| < G| x|,
ili) in case of |Y/X| > 1, we have

a|Y'"? < Im(X +iY)'?| < G| Y|V,

These facts will prove the following [Proposition 1 and [Proposition 2.
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PropoSITION 1. P(D,, L) is uniformly separative, iff there exists k > 0 such
that

(X(4),Y(4) ¢ (AeA),
where

Q={(X,Y)|Y?<kX}U{(X,Y)|X?+ Y? <2k’}.
PrROOF. 1) Suppose P(D, L) is uniformly separative. By the condition (II'),
we have that there exists ¢ > 0 such that

Imz.(1)>q (AeA).
We remark that

Q={(X,V)|X>|Y|, Y’<kX}U{X, DX <|Y|, X>+Y?<2k’}.
i) If X(4) >0, |Y(4)/X(4)| <1 and A€ A, we have

YD)
X))

bl

that is,
2
YL = (g;) x|

i) If X(4) <0, |Y(1)/X(4)] <1 and A€ A, we have
Colx (1) 2 q,

that is,
X2 +Y(W)2 =2 X()? > (1)4.

iii) If |Y(4)/X(A)] =1 and A€ A, we have
GlY(4)' 2 q,
that is,

4
X2+ Y()2 > Y(A)? > (Ci> .
2

Then we have
2

_ 4
(X(4), Y(4) ¢ % (AeA), k_\/iczz'
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2) Suppose (X(4), Y(4)) ¢ Qi (4 € A). Namely,
Y(A)? =2 kX(1), XA+ Y2 =2k? (AeA).
i) If X(4) >0, |Y(1)/X(1)] <1 and A€ A, we have

IIm(X () +iY(2))'?| = Cllll’_}(;% > C1k!/2.

ii) It X(}“) <0, |Y(A)/X(/1)| <1 and A€ A, we have
(X (4) +iY(4)'?] = Cilx(4)]"?

1 X 1/4
> a3+ v}
= C]kl/z.

i) If |Y(4)/X(A)| =1, and A€ A, we have

lIm(X (1) +iY(4))"*| = Ci| Y (3)|'?

1/4
> {500+ v |

> C1k'/2. O

PROPOSITION 2. P(D,,L) is separative, if there exist C >0 and p > 0 such
that
[Y(A)| = ClAI™? (AeA).

Proor. First, we will pay attention that there exist C’ > 0 such that
X)) < C'AY (LeA).

Suppose |Y(A)| = C|A|™ (A€ A). Then,
i) if X(4) >0, |Y(4)/X(4)] <1 and 1€ A, we have

| Y (4)]

. 1/2
Im(X () +iY () *| = Cy X ()7

ClA™?
1 (C’)1/2|l|(l/2)N

(g,l)?/z A HA/2N)
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i) if X(1) <0, |Y(A)/X(A)] <1 and A€ A, we have
Im(X(A) +iY(A)? = | x(W)]* = |y (D) > C,CV2|a" /2,
i) if |Y(4)/X(4)] =1 and A€ A, we have
Im(X(2) +iY(2)?| = G| Y (2)|V? = €1V ~0/2P. 0

ExampLE 1. Let
P(D;,L)=D? —{L? + L2 — L3 +i(L; +---+ L,)},
then P is unifomly separative. In fact, since
X1 = 12} + 43 — 23] < |1,
Y=A+" 44 = |4 = |dol,
we have

(X, Y) = (’lf + lg - Aga’ll +oee }-n) ¢ Qmin(l,—\}—iuol)'

ExaMPLE 2. Let
P(D,L)y=D? —{L} + L3 — L} +i(L} +---+ L2)},
then P is uniformly separative. In fact, since
|X| =147 + 43 — 331 < AP,
Y =27+ 4 A2 =A% = Jhol 21412 = Ao,
we have
(X, Y)=(F+43-25, A +---+2)¢ vinol Jettal?)"
ExampLE 3. Let
P(D, L) =D? - {L} + L} - L +i(L, — L,)},
then P is separative, if
Ly=D2 +xi+1, Ly=D} +x3+2.
In fact, since

A=A1XA2XA3, A1€{2,4,...}, A26{3,5,...},
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it holds
| Y[=]A1 — 42| 21 (Ae€A).

EXAMPLE 4. Let
P(D,,L) = D} = {L{ + L3 — L3 +i(L1 — L)},
then P is separative if
A=A x Ay x Asz,
A ={4iklk=0,1,...} ={1,3,5,...}, Ax={Aklk=0,1,...},
and

1
k——’—z SM.Lk"j.Z)kl < 1 (k—O,l,)

In fact, since
I'll,j — /lzyk| > Ml,j — Mkl = Ak — )»2,k| >2-1=1 (j#k),

1 1
= )
k2 724+ 434)" 2

A1,k — Ao k| =

we have

1
|,11—12|25m (}»GA). O
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