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SIX-DIMENSIONAL QUASI-KAHLER MANIFOLDS OF
CONSTANT SECTIONAL CURVATURE

By

Jong Taek CHO* and Kouei SEKIGAWA

Abstract. In this paper we prove that a six-dimensional quasi
Kihler manifold of constant sectional curvature is a nearly Kdihler
manifold of positive sectional curvature or a flat Kdhler manifold.

1. Introduction

In an almost Hermitian geometry, it is a natural question to ask the
relationships between the properties of the curvatures and the ones of almost
complex structures (for example, the integrability and so on). For general classes
of almost Hermitian manifolds, we can not expect much concerning this question
even for the case of spaces of constant sectional curvature. For example, F.
Tricerri and L. Vanhecke ([7]) gave examples of locally flat almost Hermitian
manifold which are not Kidhler manifolds. On one hand, we may easily observe
that there exist Hermitian structures on even-dimensional Hyperbolic spaces
H? (n>1). On the contrary to this, T. Oguro and the second author ([6])
proved that 2n (>4)-dimensional Hyperbolic space H?" can not admit com-
patible almost Kihler structure. Further, T. Oguro ([5]) obtained the local
version. Quite recently, the present authors proved that a four-dimensional almost
Kihler manifold of pointwise constant holomorphic sectional curvature is a
Kihler manifold (that is, it is a locally complex 2-dimensional complex space
form) ([1].

It is also well-known that among even-dimensional spheres, only two- and
six-dimensional spheres admit almost complex structure and further that a six-
dimensional sphere S° equipped with the canonical Riemannian metric admits a
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nearly Kihler structure ([2]). An almost Hermitian manifold M = (M,J,g) is
called a quasi Kdhler manifold if M satisfies the condition (VxJ)Y + (V,xJ)JY
=0 for X, Y e X(M) (X¥(M) denotes the Lie algebra of all smooth vector fields
on M). It is known that the classes of almost Kdhler manifolds and nearly Kéihler
manifolds are subclasses of the class of quasi-Kdhler manifolds. In the present
paper, we consider six-dimensional quasi-Kdhler manifolds of constant sectional
curvature and prove the following

MAIN THEOREM. A six-dimensional quasi-Kdhler manifold of constant sec-
tional curvature is a nearly Kdhler manifold of positive sectional curvature or a flat
Kdhler manifold.

2. Preliminaries

Let M = (M?",J,g) be a 2n-dimensional quasi-K#hler manifold. The cur-
vature tensor R is defined by

R(X,Y)Z = [Vx,Vy]Z - Vix v Z,

for X,Y,Z e X(M). Then it is known that the curvature tensor R satisfies the
following identity (cf. [3]):

(2.1) R(x,y,z,w) — R(x, y,Jz,Jw) + R(Jx,J y,Jz,Jw) — R(Jx,J y,z,w)
+ R(Jx, y,Jz,w) + R(Jx, y,z,Jw) + R(x,J y,z,Jw) + R(x,J y,Jz, w)
= =2{g((Vw.),J)z,w) = g((V(w,nxJ)z, W)}

for x,y,z,we T,M, pe M. If M is of constant sectional curvature c, then (2.1)
reduces to

(2.2) = 2c{g(y,2)g(x,w) — g(y,w)g(x,z) — g(y,Jz)g(x,Iw) + g(y, Iw)g(x,Jz)}
= {9((Vw.n),J)z,w) — g((V(v,n)xJ )z, w)}

for x,y,z,we T,M, pe M. We denote by Q the Kahler form of M defined by
QX,Y)=9g(JX,Y), for X,Y € X(M). For any 1-form ¢ on M, we denote by J¢
the 1-form defined by (J¢)(X) = —¢(JX), for X € X(M). Now, in particular we
assume that the dimension of the quasi-Kédhler manifold M under consideration is
six. The vector bundle A?M of 2-forms over M is decomposed into the following
form

2.3 A’M = RQ@® A} M @ LM (orthogonal direct sum),
0
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where Ag’'M and LM are bundle of primitive J-invariant 2-forms and J-skew-
invariant 2-forms of M, respectively. The bundle LM can be equipped with the
canonical complex structure J defined by (J®)(X,Y)=-®(JX,Y) for any
section ® of LM and X, Y € X(M) and the action of the group U(3) on T, M at
each point p € M induces the action on LM (at p) defined by (a(h)(¥))(x, y) =
W(h~'x,h"'y) for he U(3) and x, y e T,M. Further, we may easily check that
the induced action of the group U(3) on the set of all unitary bases of LM (at p)
is transitive. Let {e;} = {e1, €2, €3,e4 = Jey,es5 = Jey, 66 = Je3} be any unitary basis
of T,M at any point p e M and {e'} the dual basis. Then we see that e* = Je',
e3> = Je?, % = Je3, and further, the covariant derivative VQ of the Kahler form
Q is expressed in the following form:

(2.4)
V=0 ®@D; —Joy @JDP; + o @ Dy — Jo @ J Dy + a3 @ @3 — Jaz ® J D3,

where
@) = (1/V2)(e! A e —e* A e®), JD; = (1/V2)(e! A e’ +e* Ae?),
@, = (1/V2)(e' A —e* A eb), JDy=(1/V2)(e! A eb+e* Aed),
@3 = (1/V2)(e A e —e A ed), JO3=(1/V2)(e* neb+e’ neéd),

for some a;,02,03 € T, M. In the present paper, we shall adopt the following
notational convention unless otherwise specified:

abe,=1,23, a=a+3 b=b+3, ¢=c+3,
i,j,k,1=1,2,34,56.
Now we put

¥(u,0) = (1/2) > _(Vuly)Vody,
ij

for u,ve T,M. Then we see that ¥ satisfies
(2.5) ¥Y(u,0) = ¥Y(v,u), Y(Ju,Jv)=¥u,v),

for u,v e T,M. We shall prove the following Lemma which plays an essential role
in the proof of our Main Theorem.

LEMMA 2.1. Let M = (M,J,g) be a six-dimensional quasi-Kdhler manifold.
Then, for each point p € M, we may choose a unitary basis {e;} of T,M such that
the forms {oy,a,a3,Jay,Jaz,Jas} in (2.4) are orthogonal to each other.
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Proor. Taking account of [2.5)], we may choose a unitary basis {e;} =
{ea, €5} (e = Jeq,a=1,2,3) in such a way that

(2.6)
¥=Ale'®@e' + e @e') + A @+ Qe+ AP e+ e &),

for some A;,A;, A3 > 0. On one hand, from (2.4), we have also
(2.7) Y=1®@a+a;@aj+0 @+ 0 @a; +a3 @ oz + o3 @ a3.

Now we put
0= Y Tuet + T,
b b
oa; =Jog = Z Tape® + Z Td,;e’;.
b b

Then we have easily T,y = T3, T,; = —Tz. From [2.5), (2.6), and (2.8), we
have also

(2.8)

Z Tab Tac + Z T&b Téc = Agabca

(2.9) > TwTu+ Y TaTi =0,
a a
S TiTuc+ > TyTa: = Ajdse.
a a

By [2.5), we see that the rank of W is even at each point of M. Thus, for the rank
of ¥, only the following four cases are possible: (I) rank ¥ = 6, (II) rank ¥ = 4,
(IIT) rank ¥ =2 and (IV) rank ¥ =0 (i.e., ¥ =0), at each point of M.

We shall check that the assertion of the Lemma is valid for all cases
(I) ~ (IV) above.

Case (I). Then we see that 4,,4, and 43 are all positive, and hence from
[2.9), we see that the 6 x 6 matrix T = (7;) given by

. Tan/As T, 5/Ab)
2.10 T = a
(2.10) ( Tar/Ap Tyz/As

is an orthogonal one. Since {e;} = {e,,Je,} is an orthonormal basis at p, we see
that {Apep, ApJep} is an orthogonal basis at p. From (2.8) we get
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ta =3 (Tur/ A)(Abe®) + 3 (T 5/ Ab)(Ape”)
b

b

= 5 (Tup)(Ape?) + Z(Tag)(Abe’;),
b

:Z T o5/ 4s)( Abeb)+z ab/Ab)(Abe)
5

(2.11)

D (T Abeb)+Z(Tab (dpe®).
b

From (2.4) and (2.11), we have

vQ = Z{Abe ® Z(Tabq) TapJ®q )}
- Z{Abeg ® Z(_Tal;q)a + T&EJ(I)a)}.
b a

Here, {®p =35, Tus®s— 5, Tipd @, JOp = -3, T;®, + 3, T ;D) is a

a~ab

unitary basis of LM at p. Since the action of the group U(3) on the set of all
unitary bases of LM (at p) is transitive, there exists an element 4 € U(3) such that

@, = 1/V2{1(h(e1)) A (h(e2)) — 1(h(es)) A 1(h(es))},
J®) = 1/VE{(h(er)) A 1(hes)) + i(h(es)) A 1(h(ea))},
&, = 1/v/2{u(h(e1)) A 1(h(es)) — (h(es)) A i(hles)},
I, = 1/V2{i(h(er)) A 1(hes)) +1(h(es)) A 1(h(e3))},
By = 1/V2{i(h(e2)) A 1(h(es)) — 1(hles)) A i(hles))},
J®y = 1/VE{(h(e2)) A 1(h(es)) +1(h(es)) A 1(h(es))},

where 1 denotes the duality 7,M — Ty M defined by means of the metric g. Thus
we see that {a,,Jo,} is an orthogonal basis of T, M.

Case (II). Without loss of generality we may assume that A3 =0
(A1, A > 0). Then we have (T3, Tz) = (T35, T;3) =0, a=1,2,3. Thus, we may
choose (T3, Ta), (T3, Ts5) € RS in such a way that the 6 x 6 matrix T = (Ty)
given by
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(2.12)

F_ Ta/Av Taz Tg/Ap Tz
Tan/Ap Tz Tgy/As Ty

(a=1,2,3,b=1,2) is an orthogonal one. From (2.8) and [2.12), we have

2 2

ta =D (Tu/Ap)(Ape®) + Tus(A36%) + > (T;/Ap)(Ape®) + T,5(43¢)
b=1

Il
o>
MN I

2 - -
(Tas)(Ape®) + Tuz(A3€®) + > (T 5)(Ape®) + T3(A3€?),
o1

o>
I
—

(2.13)

2 o 2 3
Jog =Y (Tz;/Ap)(Ape®) + TiAse® + E (Tap/Ap)(Ape®) + Ti3Aze’
T b=

Sl
i

_ ~ _ 2. B
(T)(Ape’) + T3 Ase® + Y (Ta)(Ape®) + Trzdse®,
1 b=1

I
M)~

-
Il

for a=1,2,3. From (2.4) and (2.13), we have

2
VQ = Z{Abeb ® > (Tu®a — Tdecba)} + A3 ®@ Y (Tu3®a — TisJ Do)
b=1 a a

2 1 ~ ~ kY ~ -~
- Z{Abeb ® Y (~T;®, + TéEJ(Da)} — 438 @ Y (~T;3®, + TgJ D).
b=1 a a

By applying the similar arguments as in the case (I), we see that {a,, Jo,} is an
orthogonal basis of T, M.

Similarly, in the case (III) we can also see that {a,,Ja,} is an orthogonal
basis at p. The case (IV) is trivial since o, =0, Ja, =0, a=1,2,3. This
completes the proof of Lemma 2.1. Q.ED.

In the remainder of this section, we assume that M is a six-dimensional
quasi-Kdhler manifold of constant sectional curvature ¢. Then from (2.2) and
(2.4) we have

(2.14)  —2c{g(y,2)g(x,w) — g(y,w)g(x,z) — g(y,Jz)g(x,Iw) + g(y,Iw)g(x,Jz)}

= Z[{dl (X)@1(y,e) — (Jar)(x)(JP@1)(p, &) + o2(x)DP2(y, ;)

= (Jo2)(x)(JD@2)(y, &) + a3(x)P3(y, €;) — (Ja3)(x)(JD3)(y,ei)}
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— {1 () @1(x,e) — (Joau ) () (JP1)(x, &) + 02 (y) P2(x, €:)

— (Jo2) () (JD2)(x, &) + a3(»)D3(x, &) — (Jo3) (»)(JP3)(x, €:) }]
X [o1(e))@1(z, w) — (Jou ) (e:) (JP1) (2, w) + 02 (e;) P2z, W)

— (Jou2)(e:)(JD2)(z, w) + a3(er)P3(z, w) — (Jauz)(e:) (JD3)(z, w)],

where x, y,z,we T,M, pe M. By substituting x, y,z,w by e, ez, e1,e; in (2.14)
respectively, we have

(2.15) a1(e1)? + oy (ea)” + a1 (e2)* + oy (es)?

+ ay(e3)(a2(e2) — az(er)) + ar(es)(oz2(es) — az(es)) = —4c.

Similarly, we have
(216)  aa(er)? + oaes)? + oa(es)? + an(es)?

+ az(e2)(a3(er) + ar(e3)) + oz(es)(as(es) + o (eg)) = —4e,
2.17)  as(e2)? + as(es)? + az(es)? + az(es)’

+ a3(er) (az(e2) — ai(es)) + o3 (ea)(a2(es) — a(es)) = —4e.

By substituting x, y,z,w by ey, ez, e1,es in (2.14) respectively, we have

(218) oq(e3)(oc2(e5) — 063(84)) + o (66)(063 (el) — Otz(ez)) = 0.
Similarly, we have

(2.19) a(ez)(x3(es) + a1 (es)) + oz(es)(—as(er) — ai(es)) =0,
(2.20) a3(er)(az2(es) — ai(es)) + o3 (ea) (a1 (e3) — a2(e2)) = 0.

By substituting x, y,z,w by e1,es,e1,e; in (2.14) respectively, we have
(2.21) az(ey)ay(er) + aa(eq)ar(eq) + az(er)ar(e2) + az(es)ar(es)

+ az(e3)(aa(ez) — az(er)) + oz (es)(oa(es) — asz(es)) = 0.
Similarly, we have
(2.22) az(ey)ay(er) + as(eq)o) (eq) + az(ex)ai(e2) + az(es)o(es)

+ a3(e3)(az2(e2) — az(er)) + az(es)(a2(es) — az(eq)) = 0,
(2.23) > (e1)o (€2) — oz (ea)an (e1) + o (e2)aut (es) — oa(es)aur (€2)

+ az(e3) (o2 (es) — a3 (eq)) + o2(es)(x3(e1) — a2(e2)) =0,
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(2.24) as(er ot (es) — o3 (ea)oty (e1) + a3 (ea)en (es) — oz (es)au (e2)
+ az(es3)(az(es) — as(eq)) + as(es)(as(er) — az(e2)) = 0,

(225)  aslen)aa(er) + os(en)an(es) + as(es)oa(es) + w3 (es)oa(es)
+ az(e2)(a3(er) + o (e3)) + az(es)(as(ea) + a1 (es)) =0,

(226)  os(er)oa(es) — o3(ea)a(er) + a3(e3)aa(es) — a3(es)aa(es)
+ a3(e2)(as(es) + o1 (es)) — a3(es)(as(er) + ai(e3)) = 0.

In the forthcoming proof of the Main theorem, we assume that the 1-forms
{o;} and unitary basis {e;} in the equality (2.4) at any point p € M are chosen in
such a way that the Lemma 2.1 holds for them.

3. Case of positive constant sectional curvature

In this section, we shall show that a six-dimensional quasi-Kahler manifold of
positive sectional curvature is a nearly Kédhler manifold of constant sectional
curvature. We assume that M is a six-dimensional quasi-Kidhler manifold of
constant sectional curvature c¢. We denote by a« the dual vectors to a,
(@a=1,2,3), and a}(e) e R® (a=1,2,3) by

ai(e) = (1 (er), ar(e2), ai(es), o1 (ea), o1 (es), o1 (es)),
o3 (e) = (az(er), x2(e2), x2(e3), x2(ea), 22(es), az(es)),
a3(e) = (a3(e1), az(e2), a3(e3), a3(ea), a3(es), az(es)).
We also set
o1 (4) = (o (er), a1 (e2), Aoy (e3), 1 (ea), o1 (e5), Aati (es)),
oy (1) = (a2(er), uaz(e2), o2(e3), o2 (ea), uora (es), o2 (es)),
a3 (v) = (vaz(er), a3(e2), as(e3), vaz(es), as(es), as(es)).

Suppose that M is of positive constant sectional curvature, i.e., c is positive. Then
from (2.15), (2.16) and (2.17), we have

(3.1) (a1(e3), a1(e6)) # (0,0), (aa(e2), aa(es)) # (0,0),
(x3(e1), a3 (es)) # (0,0).
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Also, from (2.18), and [2.20] and [3.1), we see that

(3.2) (a2(e2) — a3(er), aa(es) — az(eq)) = A(ai(e3), 1 (es)),
(3.3) (as(er) + ai(e3), az(es) + o (es)) = p(22(e2), x2(es)),
(3.4) (az2(e2) — a1 (e3), aa(es) — a1(es)) = v(as(er), a3(es)),

for some constants A,u,v. So, (2.15), (2.16) and (2.17) reduce respectively to
(3.5) a1(er)? + op(es)? + ar(e2)? + ar(es)? + Alar(e3)* + ai(eg)?) = —4e,
(3.6) ox(e1)? + aa(es)? + ploa(e2)? + aa(es)?) + aa(es)” + az(eg)? = —4c,
(3.7) v(os(er)? + as(es)?) + as(en)® + oz(es)? + a3(e3)? + as(es)? = —4c.

Further, we define Ja*(e) € R® by making use of the equalities Ja,(x) =
—a4(Jx), for x e T,M, a =1,2,3. Then by the definitions of «{(4) and Ju(e), we
have immediately

(3.8) ay (A) L Jaj (e).
From and we have |

(3.9) ay (4) LJaj(e), Jaz(e).
Similarly, from and [2.22), we have

(3.10) aj (4) Las(e), a3(e).

Thus, from ~ (3.10) and [Lemma 2.1, we see that «f(4)//«f(e), and hence
we may set

(3.11) ol (A) = to (e)

for some ¢t e R. Since (a)(e3),1(es)) # 0, from [3.2] and [3.8] we have

(3.12) A=t

If (a1(e1),a1(ex), a1 (eq), 21(es)) # 0, then, from (3.11) and (3.12) we get t =4 = 1.
But, this and (3.5) yield a contradiction. Hence, we have

(3.13) (a1 (er),a1(e2), a1 (eas), a1(es)) = 0.

Similarly, we have

(3.14) (062(61),OC2(€3),062(64),062(€6)) =0
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and

(3.15) (a3(e2), az(e3), az(es), az(es)) = 0.

Thus, from (3.5), (3.6) and (3.7), we have
(3.16) Moal]? = plloa)|? = vl|as)|® = —4e, A, u,v < 0.

Taking account of (3.13) ~ (3.15), we may set

a; = v/4c/A'(cos Ee3 + sin Ee"),
(3.17) @y = \/4c/p'(cos ne? + sinre’),
a3 = \/4c/v'(cos e' + sine?),

for some &,7,{ € R, here we put ' = -4, ' = —u, v/ = —v. From and
(3.17), we get

vV 1/u' cosn —+/1/v cos{ = —\//?cosé,
V1@ sing — /1/v' sin¢ = —v/ A sin &.

Similarly, from [3.3), [3.4) and [3.17), we get

(3.18)

V1/v cosl +1/1/2 cos& = —/u’ cosn,

(3.19)
V1/v'sinl +4/1/A"sin& = —/u'siny,
V1/i' cosy — /1/4 cos& = —V/v' cos¢,
(3.20)

V1/u'sing — 4/1/A siné = —V/V/sin.

From (3.18), (3.19) and (3.20), we have

(3.18") V1 cos(€ — ) — \/1/v cos (¢ — &) = —V/ A,
(3.19") V1/vicos(n =) +1/1/A cos (& —n) = =/,
(3.20") V1 cos(n — §) — 1/ 1/4 cos ({ — &) = =V,

(3.18") Vi — /1] cos(n — &) = =V’ cos (£ — 1),
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(3.19") 1/v/ + /1)1 cos({ — &) = —/u’ cos (7 — {),
(3.20") V1 cos(& —n) —1/1/A = =V cos({ — &).

From (3.18') ~ (3.20'), (3.18") ~ (3.20"), we obtain also
(3.21) ~ (VT 4112y cos(& = n) = Vi + /T,
(3.22) (VI + /1) cos(n — ) = Vv + 1]V,
(3.23) (W + VIV cos(C — &) = VA +/1/1.
From (3.18) ~ (3.20"), we have
cos(& —n) = —\/A'u'/2, cos(n—{) = —/u'V'/2,
cos(¢ — &) = Vvia'/2.

Thus, from (3.21) ~ (3.23) and (3.24), we have

(3.24)

(3.25) A -Dy'=2, (W—1w=2 -1I=2

From [3.25), we can see that A’ = u’ =v' =2, and hence A = u = v = —2. Thus,
from [(3.17) we have finally

oa; = v2c(cos&e® + sin&e), ay = V2c(—cose? — sin&e®),
= V2¢(cos Ee! + sin Ee?),
and hence
(326) VQ=ce*@ (' rne?—e* Ae’)—e® @ (el Ae’+et Ae?)
+e2 @@ nel—eSnet) -’ @@ Ae* +6% nel)
+el @A —ené®)—e* ®(e? A e +e° A dY),
where &3 = cosZe? + sin£e® and é% = —sin &e® + cos fe®. Therefore, by (3.26) we

can see that M is a nearly Kihler manifold.

4. Case of negative constant sectional curvature

In this section, we shall show that there does not exist six-dimensional quasi-
Kidhler manifold of negative constant sectional curvature. Let M be a six-
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dimensional quasi-Kdhler manifold of negative constant sectional curvature c.
First of all, from (2.15) ~ (2.17), we see that aj,a,a3 # 0 at each point pe M
(i.e., the rank of W is 6 everywhere on M). We suppose that (a;(e3),a;(es)) # O.

Then, by (2.18), we see that

ax(es) — az(eq) = Ay (es),
(4.1)

az(er) — ax(e2) = —Aoy(es),

for some real number A. In this case, by the similar arguments as in section 3, we
can see that af(A) = Aaf(e) for some real number A. If («1(e1),1(e2),x1(es),
a1(es)) # 0, then we have A = 1. Thus, from (4.1), we have

ai(e3) — ax(e2) + az(er) =0,
(4.2)
ay(es) — aa(es) + az(eq) = 0.

From (2.4) and (4.2), by direct calculations, we can easily check that M is an
almost Kihler manifold. However, by the result of T. Oguro ([4]), we see that
this case can not occur. Thus, in this case, it must follow that (a;(e;),a;(e2),
a1(es),a(es)) = 0. Similarly, if (ax(e2),a2(es)) # 0 (resp. (x3(e1),a3(es)) # 0), then
we have (az(e1),aa(e3), aa(es), az(eg)) = 0 (resp. (a3(e2), as(es), az(es), as(es)) = 0).
We here suppose that (a;(e3),ai(eg)) # 0, (a2(e2),a2(es)) # 0, (x3(er),x3(es)) # 0.
In this case, by modifying the arguments in section 3 slightly, we can see that M
is a non-Kdéhler nearly Kidhler manifold. However, it is known that a six-
dimensional non-Kihler, nearly Kéahler manifold is an Einstein manifold with
positive scalar curvature ([4]). Therefore, we see that one of {(x)(e3),ai(es)),
((Xz(ez),az(es)), ((‘X3(€1),a3(€4))} must be 0 € R2.

First, we suppose that (a;(e3), o (es)) # 0, (x2(e2),a2(es)) = (az(er), x3(es)) =
0. In this case, we have (aj(e;),ai(e2),a1(es),1(es)) =0 and further, (ax(es3),
az(e)) = (a3(e3),x3(es)) = O by virtue of Lemma 2.1. Since oy, a3 # 0, we have

a5 (e) = (az(e1),0,0,a2(e4),0,0),
a;(e) = (0,a3(e2),0,0,a3(es),0).

Thus, from (2.25), and (4.3), we have

(4.3)

az(ex)ay(e3) + az(es)ai(es) = 0,
(4.4)
az(ez)or(es) — az(es)ay(esz) = 0.
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Since (oy(e3),o1(e6)) #0, by (4.4) we have (as3(ez),a3(es)) =0 (and hence
aj(e) =0, by (4.3)), But, this is a contradiction. Similarly, we see that the case
(o2(e2), a2(es)) # 0, (x1(e3), t1(eq)) = (a3(er), a3(eq)) = 0 (resp. (az(e1), az(es)) #
0, (a1(e3),ai(es)) = (a(e2),2(es)) = 0) can not occur. Next, we suppose that
(1(e3),a1(eg)) # 0, (a2(e2),a2(es)) #0 and (az(er),a3(es)) =0. In this case
we have (aj(e;),a1(ez),o1(esq),1(es)) =0 and (az(ey),xz(es), oua(es),x2(eg)) = 0.
From Lemma 2.1, since oj(e) Lof(e), Jaj(e), a;(e), Joj(e), we have therefore
(a3(e2), a3(es)) = (a3(es),a3(es)) = 0 (and hence af(e) = 0). But, this is a con-
tradiction. Similarly, we see that the case (a2(e2),a2(es)) # 0, (az(er),as(es)) # 0
and (o (e3),o1(ee)) = 0 (resp. (a3(e1),a3(es)) # 0, (o1(e3),o1(es)) # 0 and (oz(e2),
oz(es)) =0) can not occur. Therefore, it must follow that (o;(es3),ai(es)) =
(062(82),&2(85)) = (063(61),063(64)) = 0. Then, taking account of (2.4) and (42), we
see that M is an almost Kdhler manifold. Again, by the result of T. Oguro ([4]),
we see that this can not occur. Summing up the arguments in this section, we see
finally that there does not exist six-dimensional quasi-Kédhler manifold of negative
constant sectional curvature.

5. Locally flat case

In this section, we shall show that a six-dimensional locally flat (¢ = 0) quasi-
Kdhler manifold is a locally flat Kédhler manifold. We assume that M is a six-
dimensional locally flat quasi-Kéhler manifold. At first, we show that there is no
point in M such that the rank of ¥ is 6 or 4.

Suppose that there exist a point p € M such that the rank of ¥ is 6 at p.
Then from (2.15) ~ (2.17) (with ¢ =0), we see easily that (o;(es3),a(es)) # O,
(x2(e2),x2(es)) # 0 and (a3(er), x3(es)) # 0. Thus, by (2.18) ~ (2.20), we see that

az(es) — az(es) = Aoy (es),
az(er) — az(e2) = —Aay(e3),
a3(es) + a1 (es) = paz(es),
a3(er) + on(es) = paz(e2),
az(es) — ay(eg) = vas(es),
o1 (e3) — oa(e2) = —vaz(er),

holds for some real numbers A,u,v. Thus, again from (2.15) ~ (2.17), taking
account of (5.1), we have
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(5.2) ar(er)? + ar(es)® + oy (e2)? + or(es)? + A(ar(e3)® + oy (eg)?) = 0,
(5.3) aa(er)? + oa(es)? + p(oa(e2)? + aa(es)?) + oa(es)® + aa(es)’ = 0,
(54)  v(os(er)? + as(es)?) + az(ea)® + az(es)® + az(es)? + az(es)” = 0.

From ~ (5.4), we see that A, u,v <0. First, we suppose that (4,u,v) #
(0,0,0). Without loss of essentiality, we may suppose that A < 0. Then, from

(2.18), and (2.24), we have
(5.5) aj () LJaf(e), Joas(e), Joaz(e).
Further, from (2.15), [2.21) and [2.22), we have also

(5.6) ai(A) Laj(e), o5(e), wi(e).

From [5.5] and [5.6), taking account of Lemma 2.1, we have «;(4) =0, and
hence af(e) =0 (i.e., af = 0), since 4 < 0. But, this contradicts to the hypothesis
that rank ¥ =6 at p. Thus, it must follow that (4,u,v) =(0,0,0). Then, by
(5.1) ~ (5.4), we see easily that aj(e) = a;(e) = a3(e) = 0. But, this contradicts
also to our hypothesis.

Next, we suppose that there exists a point p € M such that the rank of ¥ at p
is 4. Then taking account of and [Lemma 2.1, without loss of essentiality, we
may assume that a3 = Jay = 0 and aj,a; # 0. Then, by [2.18), we have

(5.7) ay(e3)aa(es) — ay(eg)az(ez) = 0.

Since a; # 0, from (2.15), we see that (a;(e3),a1(es)) # 0. Thus, from (2.16) and
(5.7), we have

(5.8) (o2(e2), az(es)) = Ao (e3), a1 (es)),
for some real number A < 0. Thus, from (2.15) and [5.8), we have

(5.9) af(e) Lot (A).
From [2.21), and [5.8), we have also
(5.10) aj(A) Las(e), Jas(e).

Since ajf(A) L Jaf(e), from [5.9] and [5.10), it follows that

(5.11) aj(A) Lof(e), Jaj(e), as(e), Jas(e).

Next, we consider «5(1/4). By (2.16) and with a3 =0, we have
(5.12) as(1/A) Los(e).
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By substituting x, y,z,w by e}, es, €1, e2 in (2.14) respectively, and taking account
of a3 = Jaz = 0, we have
(5.13) ax(e1)ay (es) — aa(ea)ar(er) — ar(es)ar(e2)
+ oy (e3)ay (es) — ax(eg)o (€3) + az(es)ai(es) = 0.
Thus, from [5.13), taking account of [[5.8), we have
(5.14) Jay(1/A) Laj(e) and hence a;(1/4) L Jag(e).

Similarly, substituting x, y,z,w by e4,es,€1,e2 in (2.14) respectively, and taking
account of a3 = Jaz = 0, we have

(5.15) ay(1/A) Laj(e).
Since a3(1/4) LJoj(e), from [5.12], [5.14) and (5.15), we have therefore
(5.16) ay(1/4) Laj(e), Juj(e), az(e), Joy(e).

From ([5.11), since af(A) Laj(e), we have

(5.17) a1 (e1)oz(er) + o (e2)aa(e2) + A(xi(e3)az(es) + o1 (es)az(es))
+ oy (es)oa(eq) + oy (es)az(es) = 0.

From (5.17), taking account of «f(e) L aj(e), we have

(/1 — 1)(0(1(83)062(63) + 061(66)062(66)) =0,

and hence

(5.18) ay(e3)on(es) + or(es)oa(es) = 0.
From [5.16), since of(1/4) Laj(e), we have also

(5.19) a1 (ex)an(er) + ay(es)as(es) = 0.
Since of(e) Las(e), from [5.18) and [5.19), we have further
(5.20) ar(er)on(er) + og(es)aa(es) = 0.

Taking account of (5.18) ~ (5.20), we have immediately
(5.21) ay(1/4) Laj(4).

Similarly, taking account of «f(e) LJaj(e), af(A) LJas(e) and ajy(1/4) LJuaf(e),
we have also

(5.22) Jod(1/4) Lar(A)
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and hence a3(1/4) L Jaj(4). Since aj(e) # 0, it follows that of(4) # 0. Thus, by
(5.16), and [5.22), it must follow that «;(1/4) =0 and hence a;(e) = 0.

But, this is a contradiction.

Finally, we suppose that rank ¥ < 2 at each point in M and there is a point
at which the rank of ¥ is 2. Then we see that the subset W of M on which the
rank of ¥ is 2 is a non-empty open set in M. We discuss our arguments on a
neighborhood N(p) of a point p of W. Then, taking account of and Lemmal
2.1, without loss of essentiality, we may assume that ay = Ja; = a3 = Jaz = 0 and
o) #0. Then, by (2.15), we have

(5.23) (a1 (e1), 21 (e2), a1 (eq), a1 (es)) = 0,

and (o(e3),o1(es)) # 0. From [5.23), we see that there exists a local unitary
frame field {e;} on N(p) such that

(524) VQ=||VJ||/2V2{* @ (¢! A e? —e* A e’) —ef @ (e* A 2 +e' A €%)}.
We put
ViQj = ViJu = g((Ve,J)ej, ex)
and
Viidie = 9((V2, o )ejs ex),

where (V. ,J)ej = Vo,((VeJ)e) — (Vy, ed)ej — (Ve J)Ve,e;. Then, since M s
locally flat, by using the Ricci identity we have

(5.25) Viidik = Vi = 0.
Further, since M is a quasi-Kdhler manifold we have
(5.26) (Vix)Jy = —=(VxJ)y

for any tangent vector field x and y on N(p). Now we define two holomorphic
distributions ©® and D' on N(p) by

D= span{e3, € = Je3'}, Q'L = span{e1 ,62,€64 = Jel,e5 = Jez}.

Then from (5.24), [5.25) and [5.26) we can show after some long but straightfor-
ward computations that both ® and D' are parallel distributions. So, W is
a locally product space of a 2-dimensional flat Kdhler manifold and a 4-
dimensional flat quasi-Kdhler manifold. But it is known that a 4-dimensional
quasi-Kédhler manifold is an almost Kéhler manifold and further that a flat
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almost Kédhler manifold is a flat Kédhler manifold. Thus it follows that W is a
locally flat Kédhler manifold, which is a contradiction. Therefore we see that the
rank of ¥ is 0 whole on M, and hence M is locally flat Kdhler manifold.
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