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THE SEMICLASSICAL ESTIMATE OF THE EIGENVALUE
SPLITTING FOR THE KAC OPERATOR

By

Atsushi DoOUMEKI

Abstract. We estimate for small # > 0 the eigenvalue splitting of the
two largest eigenvalues u;(h) and u,(h) of the Kac operator

K(h) = exp (= V' (x)/2) exp (h*A) exp (- V' (x)/2)

with potentials ¥ (x) not necessarily uniformly strictly convex, by
comparing it with the eigenvalue gap of the Schrodinger operator.
The method is based on Helffer’s idea. If V(x) = |x|’, 0 < p < oo,
then we have

o (R)/uy(h) = 1 — (e — e))W??/P+2 4 O(HP*?), h |0,

where e; and e, are the two smallest eigenvalues of the Schrédinger
operator —A + |x|’.

1. Introduction and the Main Result
The Kac operator
(1.1) K(h) = exp (= V(x)/2) exp (h*A) exp (— V' (x)/2),

is a transfer operator for a Kac model [6] in statistical mechanics, where
0 <A <1 is the Planck constant, A is the Laplacian and V(x) is a real-valued
function on R4,

This model has been recently revisited by Helffer [2], [4] to consider the
large dimensional behavior of the correlation function which involves the quotient
of the two largest eigenvalues u, (%) and u,(h) of the Kac operator K(#). He has
assumed in [2] that ¥(x) is uniformly strictly convex in the sense that V(x) is a
C® function satisfying

Received April 21, 1997
Revised October 2, 1997



484 Atsushi DOUMEKI
o = inf (Hess V)(x) > 0,
xeR4

and
(12) |0*V(x)] < Cukxd@ ¥+ 0 < o] <0, V(x)=C|x>-1/C, C>0,

where (s), =sv0 and <{x)> = (1+ |x|2)1/ 2. Then he has obtained the estimate of
the eigenvalue splitting of the Kac operator for # > 0

(1.3) o (h) /1y (h) < exp (—cosh™! (#%a + 1)).

On the other hand, though already implies a semiclassical eigenvalue
splitting for the Kac operator, he has given in [3, Remark 2.3]

(1.4) pa(h)/py(h) = exp (—(Ea(h) — Er(R))) + O(h?), h— 0,

which semiclassically relates the quotient of the two largest eigenvalues (k) and
(k) of the Kac operator K(h) to the quotient of the two smallest eigenvalues
E;(h) and E,(h) of the Schrodinger operator

(1.5) H(h) = Hy(h) + V = —h*A + V().

Moreover, if we know a semiclassical asymptotic expansion of E,(h) — E(h), we
can get with a semiclassical estimate of the eigenvalue splitting for the Kac
operator K(h). The class of uniformly strictly convex potentials contains the
harmonic oscillator potential but not other important potentials like |x|4, etc.

The aim of this paper is to extend his result (1.4) to the case for some more
general potentials which may not be uniformly strictly convex, to obtain a
semiclassical eigenvalue splitting for the Kac operator K(k) with the aid of a
semiclassical asymptotic expansion of E;(h) — E;(h).

To get our result corresponding to [1.4) we assume that V(x) satisfies with
constants ¢ >0, p>0, 0 <m< oo and 0 <k <1,

(1) V(x) = Vo(x) + Vi(x), Vj(x) =0, j=0,1,
(2) Vo(x) € Cg"(R?),
(-0 (3) Vi(x) € C°(RY), Vi(x) = c{x)? on |x] > R (R» 1),
V()] < CudPDe, 0 < o] < 2,

where CJ*(R?) is the family of the m-times continuously differentiable functions
f(x) in R? with compact support whose derivatives 8°f, |x| = m, are x-Holder
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continuous. Under the condition (1.6), the Kac operator K(h) is a trace class
operator and has a simple largest eigenvalue. On the other hand, under the
condition (1.6), H(#) admits a unique nonnegative selfadjoint extension in L%(R%)
(e.g. [9, Theorem X. 28]). We denote this extension by the same notation H(#) in
(I.5). Then H(h) has only purely discrete spectrum and has a simple first
eigenvalue E;(h) (e.g. [10, Theorem XIII. 47]). Therefore it has the eigenvalue
gap E»(h) — Ey(h), where E,(h) is the second eigenvalue of H(h).

To obtain a semiclassical asymptotic expansion of E;(h) — Ej(h), we assume
further that

(1) V(x) = 0if and only if x =0,
(2) Vi(x) =0 on |x| <1/2,

(1.7) (3) Vo(x) € C°(R?\{0}), supp Vo = {x e R?||x| <1},

o0
Vo(x) ~ w(x) Z a,x*, nearx =20,
|ee|=0

with ag # 0, where w(x) is a positively homogeneous function in C®(R?\{0})
with w(Ax) = 2™ w(x) for A > 0. The condition (1) in (1.7) is essential in our
case because it assures V(x) is a one well potential. If we exclude this condition
we encounter the double well potential. The double well potential case is a future
problem for us, although Helffer has already treated it in [4] The potential
V(x) = x|, 0<p<oo, is one of the typical examples which satisfy these
conditions. In fact, putting Vo(x) = x(x)V(x), Vi(x) = (1 —x(x))V(x), where
x(x) is a C® cut-off function with 0 <y(x)<1 in R? and suppy(x) <
{xe R?||x] <1}, we see V satisfies (1.6) and (1.7) by taking m = [p] — 1 and
k = p—m. Here [p] is the largest integer that is not greater than p.
With w(x) in (3) of (1.7), we put

(1.8) H, = —A + apw(x).

Then H, also admits a unique nonnegative selfadjoint extension in L2(R?), which
is also denoted by the same notation H, as in [1.8). It also has only purely
discrete spectrum and has a simple first eigenvalue.

The main result of this paper is the following theorem.

THEOREM 1.1. Let V(x) satisfy the conditions (1.6) and (1.7) and let u,(h)
and p,(h) be the two largest eigenvalues of the Kac operator K(h). Let e, and e, be
the two smallest eigenvalues of the Schridinger operator H,. Then one has
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1~ (e2 — e)h™ + O(H""™), K+m< V2,

1.9 h h) =
(1.9) /“2( )/ﬂl( ) { 1 — (ez _ el)ha _ :ha+ﬂ + O(h(x+m)/\2), K+m> \/Z

as h— 0, with a=2(k+m)/(k+m+2) and f=2/(k +m+2), where the
constant E depends on (aa)fa‘fl:o in (3) in (1.7) and E =0 if V(x) = aow(x).

In Section 2, to get a formula like [1.4), we shall estimate the operator norm of
the difference between the Kac operator and the exponential of the Schrodinger
operator. There we use simple commutator method. In Section 3 we prove semi-
classical asymptotic expansions of the eigenvalues of the Schrédinger operator
with the conditions (1.6) and (1.7). In Section 4 we prove by using
the theorems proved in Section 2 and Section 3 and give a non-trivial example.

2. Semiclassical Error Estimate for the Kac Operator

In this section we shall observe the difference between the Kac operator K ()
and the exponential exp(—H (h)) of the Schrédinger operator H (k) in L? operator
norm. The problem has been recently studied first by Helffer for potential
V(x) satisfying |0*V(x)| < C,{x)>?71*)+ and then by Ichinose-Takanobu [3] and
Doumeki-Ichinose-Tamura [I] for some more general potentials.

This result can be used to relate the two largest eigenvalues y;(h) and u,(h)
of the Kac operator K(h) to the two smallest ones E;(h) and E,(h) of the
Schrodinger operator H(h) such as in [(1.4). Though the method of this section is
very similar to the paper [I], we include it to make the paper self-contained.

As a semiclassical error bound between the Kac operator and the exponential
of the Schrodinger operator we have the following theorem.

THEOREM 2.1. Let V(x) satisfy the condition (1.6). Let H(h) be the
Schriodinger operator with potential V(x) and let K(h) be the associated Kac
operator. Then one has

llexp (—H(k)) — K(B)|| = O(A*+™*2),

as h— 0.
To prove we shall show the following proposition.

PROPOSITION 2.1. Let V(x) and H(h) be the same as in Theorem 2.1. Then
one has the estimate for a > 0 and for small t >0
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exp (—LH(R)) — K(5; )| = b o[ +e(t+m)n2)

+ 0(t2-a(2—x—'n)+) + h—1+(p—l)+/p0(,3—a(1—(c—'n)+—(p—1)+/p))
+ h—lo(ﬁ—h(l—x—mh) + h-l+2(p—1)+/p0(t3—2(p—1)+/p)

+ BP=2D4/p o2~ (P2/p),

uniformly in h e (0,1], where
K(t;h) = exp (—% V/2) exp (—éHo(h)) exp (—% V/2).

In the beginning we prove [Theorem 2.1, accepting that Proposition 2.1 has
been established.

Proor oF THEOREM 2.1. From Proposition 2.1 we determine the asymptotic
order in A by putting t=h4. We have the following constraint among the
parameters a, k and m

a((k+m)n2)) =20, —-al-x-—m), +22=0,
~2a(l-x—m), +22>20, —a(l-x-m), +2=>0.

Here we want to take the order in 4 as large as possible. Then this constraint
determines a = 1. Thus we have proved Theorem 2.1. O

In the rest of this section we shall prove Proposition 2.1, which follows from
some successive lemmas. ‘

Let ¢(x) be a normalized smooth non-negative even function compactly
supported in the unit ball. We define for 0 < e « 1

Voe(x) =&¢ J ¢ (f;—y) Vo(y) dy,

and put V,(x) = Vo.(x) + Vi(x). Note the following identity

(2.1) exp (—-%H(h)) - K(t;h) = (exp (—%H(h)) — exp (—-;; 8(h)))

+ (exp (—-%He(h)) — K. (¢ h))
+ (Ke(t;h) — K(t;h))
= Dj(t;h) + Da(t;h) + Ds3(t; h),
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where

H,(h) = Ho(h) + V., = —h’A + V,(x),

K.(t;h) = exp (—% Ve/2> exp (—--;:Ho(h)) exp (—é 8/2).

To prove Proposition 2.1 it is enough to estimate the asymptotic orders of the
norms of D;(t;h), Dy(t;h) and Ds(t;h). To do so we should study some
properties of Vo,.

LemMa 2.1. V. defined as above satisfies the following inequalities
(1) Voe(x) = Vo(x)] < CelrmA2,
(2) 10Vo,(x)| < Cellem 1 < e <2,

where the constant C is independent of e.

Proor. (1) By the Holder continuity of Vy, the case m = 0 is trivial. We can
prove the case m > 1 by using Taylor’s theorem

m—1 1
Vo(x+2) — Vo(x) =D % (20 Vo(x) + ﬁ L dt(1 — 7)™ 1 (20)™ Vo(x + 12)
k=1"" :

and noting the fact that

J¢(x;y)(xi —i)dy =0.

(2) We can obtain (2), noting

|@oE)nway =0, 1u>0 0

&

First we shall evaluate the norm of Di(t;h).

LEMMA 2.2. One has
|1 Dy (£ B)|| = <™ 2R~ O(),

uniformly in he (0,1].
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Proor. We have

exp (—% s(h)) — exp (—%H(h))

= 2] exp (~ g ) ) - B exo (-5 L) ) s

= ;] exp (3 5.9) (o00) — Vautoyexp (- 52 ) s

Use (1), then we get the desired estimate for D;(t;h).
Next we evaluate the norm of D;(t;h).

LEMMA 2.3. One has
|1D3(t; ) || = e**™ 2R~ O(2),

uniformly in h e (0,1].

489

Proor. This evaluation can be done immediately by considering the identity

K.(t;h) — K(t; h)
— exp(— £ Vi/2)exp(—£ Hoh))exp (1 V./2)
— exp(~ £ ¥./2)exp(~ £ Ho(h))exp (1 7/2)
+ exp((—5 Ve/2)exp(— ; Ho() ) exp(~ 5 ¥//2)
— exp(— £ ¥/2)exp (1 Ho(h Yexp(~ £ 712)

= (exp(—% V£/2) - exp(—% V/2) exp(—%Hdﬁ))exp(—% V/2)

)
+ exp(—% B/Z)exp(—%Ho(h)) (exp(——% ,,/2) - exp(—-ht— V/Z)).

Here we note the formula
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exp(—;tl 8/2) - exp(—% V/Z)

- % J; exp(—— % Ve/2) (Vo(x) = Voe(x)) exp(— t ; 2 V/Z) &

Then we have O
Finally we make a semiclassical estimate of the norm of Dj(¢;h).
LemMMA 2.4. One has
ID2(5; )| = & @™+ 0(£2) + &~ == =1+ (0=D/p g (P~ (p=1)1/p))

+ g 21==m) g1 O(P) 4 plP=D4/P O(2~(P=2)1/p)

+ h—1+2(p—1)+/p0(,3—2(p—1)+/p),

as t — 0, uniformly in he (0,1].

Proor. Since K,(t;h) is strongly continuous in t, elementary calculation
yields

d 1
S K1) = — 2 H(WK.(1;h) — Re(1; ).

Solving this differential equation, we get

@3) Dalin) = exp (~ 3 8u(h) - Kutish) = [ exp (- L5 L r0h) Ry s
where

Re(t; 1) = Ry (1 h) + Ro(8 ),
Ria(t:4) = [exp (3 ¥2/2), Ho()/h] exp (~  Ho(®)) exp (=3 ¥2/2),

Ry.(t;h) = exp (—% 3/2) [exp (—-%Ho(h)), Ve/(2h)] exp (—% V,,/Z).

Then to prove it is enough to show
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(2.4) |R:(t; B)|| = g (2—x—m), o(1) + 8~(1—k—m)+h~1+(p~1)+/p0(,2—(p—1)+/p))
+ g 2(1—x—m), p—1 0(t2) + h(p—2)+/po(t1—(p—2)+/p)
+ h—1+2(p—1)+/P0(t2—2(p—1)+/p)’ t— 0,

uniformly in % € (0, 1}.

First we study R;.(¢;h). Writing Hy(h) = thj2 by use of the summation
convention, where D; = —id/0x;, we have by a simple commutator calculus

(2.5) [Djz,exp(—-% /2)]

-~ Lot ren(-{ i)

t? t
~ (D, Ve 21D, Ve/ 2 exp (-3 V2/2)
t t
— 25Dy, Ve/ 2Dy exp(— 3 Vi/2)
t t t t
= = 71D, 1), Vou/2llexp(— £ V2/2) = 2Dy, (D, Vi /2| exp(— 5 V2/2)
12 t
— 31Dy, ¥0./21[D), Voo/ 2 exp (3 V/2)
12 t
~ (D, vi/21D;, V2 /2] exp(- Ve /2)
£? t
~ 25D, Vo, /21D;, ¥1/2] exp(— 7 V./2)
t t
=22 [Dj, Ve/2]D;exp (—5 Vg/2)-
By (2) we can obtain the inequalities
(2.6) | [DJ" [Dj’ VO,G]] | < Ce—(z—x—m)+’
(D}, Vo,]| < Ce=(—*=m),
From (1.6) we have

(2.7) | [D;, V1]| < Ci<x)P D+,

l [Dj’ [Dja Vl]] I < C2<x>(P—2)+.
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We note for 0 < a < p,

2.8) exp (—£7.) oy < c(?)a/p, £ 0.

Then as an immediate consequence from (2.5) ~ (2.8) we get

(2.9) Ruo(t;h) = 1Dy, Ve]DiK,(t; h) + & @7+ 04 (2) + 72wt~ 04 (£7)
+ g (momm) =1+ =1 /p gy (A=(P1)1/0) 4 jP=Dilp Oy (£1=(0=2)4/p)
+ AN P gy (272~ /P) 0,

uniformly in 4 € (0, 1], where Op(#%) is a bounded operator whose order in t is a.
Second we evaluate R;.(;#). To this end we express the commutator factor
in Ry.(t;h) by the following integral formula

(2.10) [exp(—%Ho(h)),Ve/Zh]

=~ [ exp(~ 3 Ho) r1(h), V22 exp (- 5L o)) s

= [[exp(~ 3 Ho(h) 02, Ves2lexp (-5 L o) ) .

Then easy calculation yields
(2.11) [D?,V./2] = [D;, V.|Dj + D}, [D;, V./2]] = A+ B.
Substituting (2.11) into (2.10) and taking commutator, we get
(2.12) Ry, (t;h) = —tAK,(t;h) — Ra1(t; h) — Raa(t; h) — Ras(t; h),
where

Rai(t;4) = t[exp(~ £ V2/2), 4] exp(— 3 Ho()exp(— 7 V2/2),

Ras(th) = exp(~5 V2/2) [ exp(— 3 Hoh)) Benp(— 5L (i)

X exp(—% V£/2)ds',
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t

Ru(i) = exp(~ 5 V2/2) |

0

(- 140).4]

(t—s) ot
X exp(— : Hy(h) exp( 5 B/Z)ds.
The commutator factor in Ry (#;4) is calculated as
t t
o(~47.13), 4] =0, Y[y e0(-£ )]
t t
= 21D, VD, Ve/2lexp(— 3 V2/2)
t t
=505 Vol[Dj, Vo/2] exp(- 5 Ve/ 2)
t t
+£[Dj, Vo’g][Dj’ V1] exp(—-ﬁ 8/2)
t t
+ 703, VilIDy, Vi/2)exp( - £ V./2).
Then from (2.6) ~ (2.8) we can evaluate Ry;(z;h) as
(2.13)  ||Rau(5;h)|| = e 20=* M=l 0(£2) 4 g~ (o=mi =1+ /o o2~ (P 1)1 /p)
+ h—1+2(P—1)+/P0(t2—2(P—1)+/P)’ t—0,
uniformly in # € (0,1]. By and (1.6) we have

|B| < Ce=@m=0)s 4 Cp(x)P~2x,

To evaluate Ry (t;h) we use this fact and the next lemma, which we shall show
later.

LEMMA 2.5. For every nonnegative number I, one has

(1) ||<x>~Texp (-~ Ho(w) x| = 0(1), 0,

2) ”(x)“’exp(—%Ho(h))Dj(x)I” =1 20(1/2), t — 0,
uniformly in he (0,1].

Decompose B as B = (xY P 2+/2(x)~(r=D+/2 B xy=(P=2+/2(x\(0=2)./2 apnd yse
and Lemma 2.5 (1). Then Ry(t;%) takes the form
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l (p-2),/2 ' (p—2),/2 !
exp(~ £ ¥,/2) <D L 0s(1) dsxyP+ exp(~ 2 V./2)

t
g Crem), jo 0s(1) ds,

where 0(1) is some bounded operator whose order in ¢ is 0. From the condition
(1.6) we obtain

(2.14) | Rz (£ B)|| = &= @ %™+ 0(t) + HP~2+/PO(=(P=Ds/P) 1 — 0,

uniformly in % € (0, 1].
We shall prove that Ry;(f;h) obeys almost the same bound as (2.13) and
(2.14). To this end we rewrite Ry3(#;#) as an integral expression

(2.15) Ras(t;h) = exp (—é V./2) J; F(s; B) exp (— (# - ) Ho(h))dsexp(—% /2),

where

T

(2.16)  F(s; h)=—Eexp( hHo(h))[Ho(h)/h,A] exp(— (s=7) Ho(h))dr.

h
We can calculate the commutators
(2.17) [Ho(h), 4] = K*[D}, A,
[DZ, 4] = [Dx, [y, Vo\D;D + DDy, [Dy, V]|,
[Di, [Dj, Vell = [Dx, [Dj, Vol + [Dx, [Dj, V]l
By (2) and we rewrite F(s;h) as

S
F(s;h) = s’(z"“"')+hj W20y (e V)R 204 ((s — 7)) de
0
S
e [ 5205(s - )7 de B
0
+ <x>(”‘2)+/2hj H20y( )R 20y((s — 7)7V2) dedayloDs 2
0

A
+ ()P p JO hY20,((s — 1)7Y?) dr HY?

= @m0 (1) 4 g 20y (512) HY

+ <x>(ﬂ—2)+/20b(1)<x>(p—2)+/2 + <x>(”_2)+hl/z‘Ob(sl/z)Hé/z,
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where Hy = —A and O,(t?) is a bounded operator whose order in ¢ is a. From
(2.8) we get the estimate

(2.18) [ Ras(t; )| = &~ @+ O(2) + BP=2+/P (21~ (0=2/P)) | 1 0,

uniformly in % € (0, 1].

From (2.13), [2.14) and [2.18) we have with [2.12)

(2.19) Ra.(t; ) = —t[D;, VDK, (t; B) + e 207" 5710y (2)
+ g~ (U=x=m), j=1+(0=1)/p O, (£~(0= 1)+ /P)
+ &~ @)y 0, (£) + BO=D+/P Oy (1 (P=D1/P)
+ h'1+2(”"1)+//’Ob(tz“z(”‘l)+/”), t— 0,

uniformly in # e (0, 1]. Summing up (2.9) and we have the estimate (2.4).
In view of (2.3) we have thus proved O

PROOF OF PrROPOSITION 2.1. From Lemma 2.2 ~ 2.4 we have Proposition 2.1
by putting ¢ = t* with a > 0. ]

Finally we give the proof of Lemma 2.5, which we have used in the proof of
Lemma 2.4.

ProoF oF LEMMA 2.5. By interpolation, it suffices to prove (1) and (2) only
for every integer / > 0.

(1) The proof is done by induction. The case / = 0 is trivial. We assume the
case 0 </ <k. If it is shown that

(2.20)

ey~ [exp (— 2 Ho(h)), <x5*1]

! =0(1), t—0,

then the case / =k + 1 follows at once and the proof is complete. To prove
(2.20), we represent the commutator as

exp (= L How), %]

= [|exp (=3 £ o)/, <o+ exp (-5 o)) s
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The commutator in the integrand takes the form
[Ho, <xY**1] ~ by(x)D; + bo(),
where b;(x) = O(|x|*) and bo(x) = O(|x|*"!) as |x| — co. Noting D;(Hp + 1)~/
is bounded, we have [2.20). This ends the proof of (1).
(2) Noting that ||D;(Ho(k) +1)""/?|| = O(1/h) and
1/2 4 B2 1/2
Ho(h)'/* exp(—z Ho(h) ) | = #"/20(7'/2), ¢~ 0,

uniformly in A€ (0,1], the case / =0 follows at once. We assume the case
0 <!/ <k. Then by Lemma 2.5 (1) we have

(2.21) Cxy~<+Dexp (- %Ho () ) Dyt
= Op(1) + (x>~ ®+Hexp (— %Ho(h)) (x)k‘”Dj.

We take the commutator between exp(—(t/h)Hy(h)) and {x>**! in [2.21). Then

(2.22)
Cx>~®*Dexp((— 2 Ho(h) ) <xy<1D

= ey H ey exp (2 Ho(R) ) Dy

— ey [ exp(— 5 Hoh)) to(h) o+ exp (— L5 o) ) s

The second term in (2.22) takes the form

—(x)~k+Dp J: exp(— %Ho(h)) (Djbj(x) + bo(x)) exp (— (s ; ) Ho(h)) D;j ds.

where bj(X)=0(IX|k) and bo(x) = O(Jx|*"") as |x| —» co. Therefore by the
assumption of the induction

- t
(x>0 exp((— = Ho(h) ) <x*+'
t
=n"'20,(7'?) + hJ W1 20,(s7 2 20y (8 — 5)7V%) = 17120 (7112).
0

This ends the proof of (2). 0O
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REMARK 2.1. From Proposition 2.1, one can also obtain an error bound of
the operator norm for the Trotter-Kato product formula such as in or [1]

O(N-(+m/DAQ2/p)) = 0,1,

(2.23)  llexp(—2H(1)) — (K(t/N; 1)) = { O(N-Clp A1), m>2,

as N — oo. This estimate corresponds to the result of the paper [5] but the paper
[1] did not include the case m = 0, 1. In fact, set A= 1 in Proposition 2.1. Then
we have

lexp(—tH (1)) - K(51)]
= O(+alterm)n2)y 4 o(R-a@-r-m),) 4 O(£-2a(1-x-m), )
+ 0(t3—a(l—k—m)+—(p—l)+/p)) + 0(,2—(p—2)+/p) + 0(t3—2(p—1)+/p), t— 0.
Then we have the constraint conditions in a such as
a((k+m)A2)+120, —a2-x—m) +220,
—2a(l-x-m), +32>0, 3—-a(l—-x-m), —(p—1),/p=20.

We should take the order in ¢ as large as possible. Therefore we choose a = 1/2.
Then we have

O({1+em/ D A (1+2/p)) 1 = 0, 1,

lexp(—tH(1)) — K(£;1)|| = {

at t — 0. This estimate and standard telescope argument yield the desired error
bound (2.23) of the operator norm for the Trotter-Kato product formula. [

3. Semiclassical Asymptotic Expansions of Eigenvalues for the Schrédinger
Operator

In this section we see semiclassical asymptotic expansions of the eigenvalues
for the Schrodinger operator with one well potential. For this purpose we have
assumed the asymptotic expansion (3) in (1.7) for the potential Vj(x). Under the
assumptions (1.6) and (1.7), H(h) has only discrete spectrum. We label these
eigenvalues by E;(h), where we list the eigenvalues in increasing size, including
multiplicity,

E\(h) < Ex(h) < Es(h) < -
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Under the condition (1.7) H, in also has only discrete spectrum. Let (e;)2,
be the eigenvalues of H, listed in increasing size, including multiplicity,

eg<ep<e3x< -,

and let (¢;)72, be the set of distinct values &;, ordered by size, with multiplicity m;,
so that ¢; = e; and e; = e;. Then we can determine explicitly the first asymptotic
coefficient of Ej(h).

THEOREM 3.1. Let V(x) satisfy the conditions (1.6) and (1.7). Then there exist
mj not necessarily distinct eigenvalues Ey(;(h) of the Schrodinger operator H(h)

satisfying

. Epy(h)
L
with
a_2(x+m) g 2
T k+m+2 T k4+m+2

Moreover we have

THEOREM 3.2. Let V(x) satisfy (1.6) and (1.7). For each €; there are m; not
necessarily distinct eigenvalues Ey;)(h) of H(h) satisfying

© -
Ey(j)(h) ~ K (éj + '>,
I=1

as h — 0, with the same a and B as in Theorem 3.1, where the cf(j ) are some
constants depending on (a“)T:I=0 in (3) in (1.7) and c;‘(’) =0, (1<l<w) if
V(x) = apw(x).

This type of theorems has been proved by [7], [8] and others for double
well or multiple well potentials. Though their results include one well potential
case, we want to treat some more general one well potentials. In the first place we
shall prove by a method similar to that used by Simon [11] to prove
the tunneling effect. We modify two lemmas used in his proof.

We can take C* functions j°(x) and j!(x) such that 0 < j¥(x) <1, £k =0,1,
(°(x)? + (j'(x))> =1 and j°(x) satisfies

ﬁw={

1, |x] <1,
0, |x]=2.
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Then we put JO(#) = j(h~°x) and J'(k) = j'(h°x) for some constant § > 0. Set
(Um)S)(x) = WPf(WPx), feL*(RY).

Let (¢j(x))]f'il be the orthonormal eigenfunctions of H, in with eigenvalues
(¢/)2, and put vi(x) = (J°(B)U (h)‘l¢j)(x). Then we shall see below that
(¥;(x));2, are asymptotically approximated eigenfunctions for H (k).

LeMMA 3.1. Set Hy(h) = —h*A + apw(x). Then one has

Yy, (H(h) — He(h)Y> = ORPE™HD),

Proor. Simple calculation leads us to the identity

¥, (H(h) — He(R) YD

- L.,(V(x) — agw(x))¥; (x)¥ (%) dx

= JRd(V(X) — aow(x))J°(R)U(R) ™' ¢;(x)J° () U (1) ™" () .

Here supp J(#) is a neighborhood of the origin in R? and ¥V, satisfies the
condition (2) in (1.7), so we have

Jlx|<2h" (Vo — apw(x)) UM)A?‘]’@)W dx

N J|x|<2h" w(x)lx|0(1) U(h)_l¢j(x)m dx

[, w1 08,098 av
|nBy|<2#

—#Em [ )00 )R

Iy|<2#®-

[* 0]

Since by the exponential decay property of (#;,(») =1, We have

“|y|<2;,6—ﬂ w(y)|y| O(1)¢;(»)éx(») d}" < |lwgs| I y|éell < oo,
we obtain

<Yy, (H(R) — He(B)) Yy = O(RP*TmTD), O
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LEMMA 3.2. We have asymptotic orthogonality of the asymptotically
approximated eigenfucntions (lﬁj(x))tl

Wy, ¥ = G + O (exp (—ci*F)),

for an arbitrary constant é with 0 < d < B, where c is a positive constant and dj is
Kronecker’s delta.

PROOF. One can verify this lemma by a similar method used to prove
and the exponential decay property of (4,)2;- O

PrOOF OF THEOREM 3.1. To prove we shall show that we can
get the value & as both the upper bound and the lower bound.

(1) limsup;_ Ek(j)(h)/ha < e

First of all, we shall estimate <{y;, H(h)y,), using the same notations as in
Section 1. To this end we estimate <{y;, Hy(h)¥; ).

Recall the fact that (qij)j‘-’_';1 are the eigenfunctions of H, with eigenvalues
(¢j)72,. Then we have

Wy He(B) > = I U™ (W), He()T° (W)U (B>
= WU (W, TR He(R) U™ (R) >
2 TR HL (B U ()6, TORY U (R)ed + <y (VI () >

= L e + 5 e > + Wy VIR .

Since we have (VJ°(h))? = O(h=%) by the definition of J°(h), we get, for any
constant d < (2 — a)/2 = B, the semiclassical estimate

Wy, He(WW> = <, We Yy + O 7).
Thus we have by Lemmas 3.1 and B.2]
(3.1) Wy HBW> = Herdjp + O(HE-2 7 Bletmt)y

From we conclude that (¥;);_; span an r-dimensional subspace for
small 4. Then we can find, for arbitrary (&;) j;} < L2(R?) and for sufficiently small
h, a linear combination ¥ of (¥, Vs, .. .,¥,) such that ¥ € [¢1,&,,...,&_1]". Note
H(h) has only pure discrete spectrum, then the semiclassical estimate enables

us to use the min-max principle to estimate the upper bound for Ej;)(h).
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(2) liminfy_9 Ex(;(h)/h* = &. We use the following localization formula with
the semiclassical parameter to obtain the lower bound.

LEMMA 3.3. One has the formula

H(h) = J' (W H(h)J' (h) + J°(h)H (h)J°(h) — i h2(VJ%(h))?

a=0

in the form sense.

Proor. It is easy to see for an arbitrary C* function f

[f, Lf, H(B)]) = —2k*(Vf)?.

Then taking J!(h) and J°(h) as f and summing them up, we obtain the formula.
|

From the condition for Vj(x), we have the following asymptotic evaluation
I7° () (H (B) — Hi(h))T°()|| = OH D).
Then we have
JO(R)H (R)J°(R) = JO(h)R(R)J°(h) + he(J°(h))> + O(HFm+))

where R(h) is the restriction of H,(h) to the span of all eigenfunctions of the
H,(h) with eigenvalues lying below #”e for e € (é;-1,€;) and the rank of R(h) is at
most 1+Z’,:; m;. Moreover, since |x| > ch’ on supp J!(#), we see for any &
satisfying d(x +m) < «

T R H(h)J" () = cx(x)|x*™ (I (1)) + c(1 — x(x))
> #0etm (71 (h))? > hte(J (h))?,

with sufficiently small # and every e e (€_1,¢;), where x(x) is a C* cut-off
function with 0 < y(x) <1 in R? and supp y(x) = {xe RY||x| < 1}.

From Cemma 3.3, summing up and using (VJ%(h))*> = O (5 %), a=0,1, we
obtain for a/(k +m+1) < < B,

H(h) = Kel + J°(B)R(h) J°(h) + O (R2~ ) A3lctm+1)y

where 1 is the identity operator. This inequality shows the lower bound.
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From (1) and (2) we have proved [Theorem 3.1 by taking the constant d so as to
satisfy B(k + m)/(k+m+1) <d < B, noting B(k +m)/(k+m+1)=a/(k +m+1).
O

Next we proceed to obtain the asymptotic expansion of the eigenvalue of the
Schrodinger operator. We shall recall some notations used in the proof of
Theorem 3.1. We put

Bi(W =5 (H() -2 dz,
270 ) prg—z=hoe
where ¢ >0 is so small that there are no other eigenvalues in the disc

{z e C||z — h%¢;| < h* &} except for Ej;(h). For higher order perturbation the
next lemma is crucial.

LemMa 3.4. ||(1 — Pj(h))Y,ll — O as h — O for every positive integer j, where
ke (ki(j),k1(J),- - km () = (ki (), ks () + 1, Ka () + my — 1).

ProoF. We show the lemma by induction on j. Suppose the lemma has been
proved for all i <j. Then for every i with i <j, P;(h)y, — ¢y, — 0 as h — O for
s € (s1(2), 52(), ..., Sm(i)). From we see that (Y, )i, is linearly
independent and hence (P;(h)y,,);%, span an m;-dimensional subspace Ran P;(h).
Take an orthonormal basis ()], of Ran P;(h). Then we can write u =
> 1 af Pi(h)y, . Then for ke (ki()), k2(}),-- ., km(j)) we have

P =3 P udm
I=1

= KRB Y a PR, Y P,
I=1 p=l 7=1

m; my m;

=3 S0 @, Pih), YPih)Y, .

I=1 p=1 g=1

On the other hand, since ||| = 1, we have from la’| < C, where
C is independent of small 4. Then it follows from the assumption of the induction
and that

Y, Pi(h)Ys, > = Wi, (Pi(R) — 1), > + ¥, ¥, > — 0,

as h — 0. Therefore we have that P;(h)y, — 0 as h — 0 from every i with i <j
and for k € (k1(j), k2(j),- - - ,km,(j)). That is, P(~00,é — &)y, — 0 as h — 0 for
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every positive ¢, where P(A) is the spectral measure of A~*H (k). If we preserve
the consistency with the fact that {y,,h *H(h)y,)> — é, we conclude that
|P(€; — &,&; + &)y, || converges to 1 for k € (k1(j),k2(j), - ., km;(j)), which implies
the lemma for ;. O

We are going to prove first in the case &; is simple and then in
the case ¢; is degenerate.

(1) The case ¢ is simple.

In this case we have m; = 1. Let k = ki(j) = km,(j). Put

(k) = K URHB U R,
d Hh) - 2)7 ' de.
fi;,:,_,,#( (h) -2 dz

Pi(h) = 7

If ¢, is the k-th eigenfunction of H, in with the eigenvalue e; = €, then by
Lemma 3.4 we have P;(h)g; — ¢, as h — 0. Thus <{gy, Pj(h)¢;) is convergent to
1 and so it is non-vanishing. Note the trivial relation

<ﬁ(h)¢1i, Pi(h)dr> .
&, Pi(R)d>

Then for the proof of Theorem 3.2 we need further to obtain the LZ2-
asymptotic expansion of P;(h)g,.

(3.2) h_aEk(j) (h) =

LEMMA 3.5. For each fixed positive integer 1, {xY(H,—z)"(x)~" is a
bounded operator.

Proor. The case [ =0 is trivial. Let / = 1. Then we can show the lemma
noting that

[<x3, (He = 2) '] = (Hy — 2) 7' [Hy, GO (He — 2) 7'

and 0; is H, bounded. Assume the case / = k is valid. Then we can show the case
I=k+1 in the same way as the case / = 1. |

PROOF OF THEOREM 3.2 (The simple case). Note A~ *U(h)H,(h)U (h)_1 = H,.
If V(x)=aow(x) then from we have h™“Ey;(h) = ex = é;. Therefore
cf(j) =0, (1 </ <) in the case V(x) = apw(x). If V(x) # apw(x) we expand
the resolvent of H(h) as a geometric series

I-1
(H() —2) "' =D ta(h) + ru(h),

n=0
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where
ta(h) = (=1)"(Hc — 2)' [V (Hic — 2)"']"y,,
r(h) = (- (H(H) - 2)7 [V (He — 2) "'V s,
V = %V (hPx) — apw(hPx)).

Therefore we need to estimate ||z,(h)|| and ||ri(h)].
Recall Vp(x) has an asymptotic expansion in (1.7) in a neighborhood of the
origin. Let y(x) be an C® function such that

1, |x| <1/2,
X(x)z{ x| <1/

0, |x|=1,
and put y;, = x(hﬂx). Then we have

o0
XV ~ 0wt x) Y a,hx
ly|=1

as h — 0, that is, near x = 0. This implies that y,¥ takes for / > 0 the form
XV = 2,Qi(h; x) + Ry(h; x),

where

-1
Qi(h; x) = i *w(hPx) >~ a,p"Px7.
lyl=t

Then we have on supp x(h’x)
(3.3) |Ri(h; x)| < Crh'P|x|*mHD,
where Cr is some positive constant. Put
in(h) = (=1)"(Hx — 2) "' [xaV (He — 2) "' "4
Fi(h) = (=)' (H#®) = 2)7 1V (He = 2) 76y
We obtain by and exponential decay property of ¢,,
B4 1AM = I(=1'HEB) = 2)7 <D (o™ Dy, V) (Hie — 2) 7 ey~
(<D™ Dy VYYD (Hy — 2) 7 ey 720 - Gyl g

= O(n'#).
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On the other hand, we have

(3.5)
ri(h) — ri(h)

= (-V)'(H®) =) A= xp)V(He —2) ' V(He—2)7" - V(Hc—2) 7'
+(=1'H®) —2) "V (He—2)" (1= xp) V(He—2)" - V(Hc = 2) ' ¢y
+o o+ (D HB) = 2) "V (He—2) "V - (L= 1) V(He = 2) 7 e

Noting |V| < Ch*(x)**™+*DVr  the exponential decay property of ¢,
(1 = %) <x>7Y]|,, = O(BYP) for all N >0 and implies

Iri(R) — Fi(B) |

= (=D (HH) = 2)" (1 = 1) <x> ™) (x> P)
x YN (Hye — 2) 7y () V)N (He — 2)7
e VPN (H, — )71 ey~ (DN ey HHDN g )
+ - (=D (Hie(B) — 2)7 ()N g V) OV (Hie — 2) 7 )™
X (>N V) - (1= xa) ™M) (VP y "IN (e (HDN
X (He — 2) 7 Ge)DIN ey =N g |

— O(h(—I“+Nﬂ)),

for all N> [(k+m+1)vp]+ 1.
Hence we conclude that

Ir:(h) — 7i(h)|| = O(A™)
so that ||r;(h)|| = O(#%) from (3.4).
Similarly we have ||t,(h) — 2,(h)| = O(A™).
Moreover we put
tn(h) = (=1)"(Hx = 2)7' [Q(h; x) (Hye = 2) "y
Then it is seen from that
172(R) — ()| = O(H?)

holds for all 1 <n</!—1. Since #,(h) is a polynomial in #”  this yields the
asymptotic expansion of Ej;). O
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(2) The case e; is degenerate.
We prove in the degenerate case.

LEMMA 3.6. Let C(h) be an r x r Hermitian matrix whose elements have
asymptotic expansion in h® for B>0. Then the eigenvalues of C(h) have
asymptotic expansion in he.

Proor. See [11, Lemma 5.2].

ProOF OF THEOREM 3.2 (The degenerate case). Since the multiplicity of e; is
my;, we can take m; eigenfunctions of Hy, (¢, ):';1. We construct m; eigenfunctions
of Hy(h), ¢, (h) = U(h)'l¢sp for pe(1,2,...,m;) such that {g  (h), P;(h)¢,, (h))
— Oy for p, g€ (1,2,...,m;) as h — 0. As in the proof of [Theorem 3.2 we can
show that the matrices

A(h) = <¢,,(h), Pi(h) g, (R)>, M(h) = {¢,,(h), H(h)P;(h)g, (R)>

have the asymptotic expansion in n? for p, ge(1,2,...,m;), noting A(h) =
(Spg) + o(HP).

Therefore A(h)~"/>M (h)A(h)~'/? has asymptotic expansion in #°. By
3.6 we conclude the eigenvalues (E j)(h)):'i , have asymptotic expansion in he.
Moreover if V(x) = apw(x) then M (h) = €;0py, A(h) = Jy,, that is, h™*Ey ;(h) =
e, ki(j) <k(j) <ki(j)+m;—1. Hence cf(j) =0, (1<l/<o0) in the case
V(x) = apw(x). O

4. Proof of and Example

In this section we prove Theorem 1.1. This can be done by using
2.1 and [Theorem 3.2,

ProOOF OF THEOREM 1.1. Recall E;(h) and E,(h) are the two smallest eigen-
values of H(h). Applying and min-max principle, we have

exp (—Ej(h)) — gi(h) = O™ ™%, h—0, j=1,2.
Hence
(4.1) pr(h) /1 () = exp (—(Ea(h) — Er(h))) + O(RU*™ ")
=1 — (Ex(h) — E\(h)) + O(K*T™"2), h — 0.

This is a generalization of the estimate [(1.4).
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Applying [Theorem 3.2, we have the asymptotic expansion of Ej(#) and E, (k)
such that

o0
Ej(h) ~ " ( T Zczhkﬂ), i=12,
k=1

where c,{ =0, (1 <k<oo,j=1,2) if V(x) =aow(x). Since the ground state of
the Schrodinger operator H(h) is simple, it follows that

(4.2)  Ei(h) — Ex(h) ~ (e1 — e2)h* + (c} — cHa*P + () — 2)n*+ % + O(h*+3F),

where ¢! —c¢? =0 if V(x) = aow(x).

If x + m = o+ B, where o and B are the same notations as used in
3.1, then x +m = /2, so that k + m < o + 8 (resp. ¥ +m > « + f) if and only if
K+m <2 (resp. k+m > +2). Then from [4.1] and (4.2) we obtain for the
semiclassical eigenvalue splitting of K(#) the expressions in (1.9) and E = ¢? —
cl =0 if V(x) = aow(x). |

ExaMPLE. Consider the Kac operator K(h) with potential V(x) =
1x|”/1+ ]x|2, 0 < ¢ < 00. Using a cut-off function y(x) with 0 < x(x) < 1 which
is supported in {xeRY||x| <1}, we put Vo(x)=yx(x)¥(x) and V;i(x)=
(1 —x(x))V(x). Then V(x) satisfies the assumptions (1.6) and (1.7) with m =
[6] -1, k=06 —m and p =0+ 1. So we can apply [Theorem 2.1. We have from

Theorem 1.1 with
1 — (e — e))h* + O(K°), o< V2,

ﬂz(h)/ﬂl(h) = +B oA
1— (e — e))h* — B + O(H°*2), o> /2,

as h — 0, where e; and e, are the first two eigenvalues of the Schrédinger
operator —A + |x|” and a = 2g/(0 +2), B =2/(c +2).
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