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1. Introduction.

In 1970, D. Ferus gave an estimation on the codimension of a totally
geodesic foliation on a sphere and a complex projective space, and successively
P. Dombrowski improved his results. Moreover, R. Escobales classified
Riemannian foliations satisfying a certain condition on a sphere and a complex
projective space in a series of his papers [2], [3], [4], [5]

On the other hand, F. Kamber and Ph. Tondeur [7], studied the index
of harmonic foliations with bundle-like metric on a sphere from a view point of
harmonic mappings. '

Recently, H. Nakagawa and R. Takagi showed that any harmonic
foliations on a compact Riemannian manifold of non-negative constant sectional
curvature is totally geodesic if the normal plane field is minimal.

In this paper we will prove

THEOREM. Let P,(C) be a complex projective space of complex dimension m
with the metric of constant holomorphic sectional curvature. If F is a harmonic
foliation on P, (C) snch that the normal plane field is minimal, then F is totaily
geodestc.

I am grateful to professor Ryoichi Takagi for his kind guidance and constant
encouragement.

2. Preliminaries.

We first establish some basic notations and formulas in the theory of foliated
Riemannian manifolds. For details, see [9], [10], [11], [13].

Let (M, g) be an n-dimentional Riemannian manifold and ¥ a foliation with
codimension ¢ on M. Considering & as an (n—g¢)-dimensional integrable dis-
tribution on M, we denote the orthogonal distribution of & by &+, which is called
the normal plane field.
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Therefore if we denote the space of vector fields on M by X(M), each
Xex(M) can be decomposed as X=X+ X", where X;=%, and X/e%; for
each x&M. Then two tensor fields A and h of type (1.2) on M are defined by

AKX, Y) = =(Tp.X"Y,
X, Y)= "y XY, X, Yex(M).

(L.1)

The ristriction of & to each leaf of F is so-called the second fundamental form
of the leaf.

Now, according to [II], we express them with respect to locally defined
orthonormal frame field.

As for the range of indices the following convention will be used throughout
this paper unless otherwise stated :

A B, C,---=1,2,3, -, n
ir ]'y k; =1; 2; 3, Tty p
a, ﬁy 7) ot :p+17 ) n,
where p=n—q is the dimension of &.
Let {e, e,, -+, e,} be a locally defined orthonormal frame field of M such
that ey, e,, ---, e, are always tangent to ¥. Denote its dual by {w,, @s, -, @,}.

The Riemannian connection form {w.z} with respect to {w,} are defined by
the followings:

wapt+wp,s =0,

dw4+2wu/\w3 =0.

1.2)

A relation between w,z and V is given by
(1.3) Ve 88 = 2wcp(eqec .

Then the components hfic (resp. Agp) of h (resp. A) with respect to {e,} and
{w,} are given by

(1.4) h$ = wqai(e;) (resp. Abg = wailep)),

and any other components vanish.
Since the distribution w,=0 is integrable,

(1.5) he; = hs, .

The foliation & is said to be harmonic or minimal (resp. totally geodesic)
provided that 3JA%=0 (resp. h%=0), and owing to [9], [13], the normal plane
field g+ is said to be minimal provided that >3 A%,=0.
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A necessary and sufficient condition for the distribution @;=0 to be integra-
ble is ALz=A%,. On the contrary, the Riemannian metric g is bundle-like if
and only if

(1.6) Ay = —Ab, .
The curvature form 2=(2,5) of M is defined by
(L7 Q45 = dosp+ZwacNwcs,
and we define its components R ,gzcp by
(1.8) Qs = —1/2)ZR 4pcpwc Nwp, Rugep+ Raspe = 0.

Then the equalities RABCD:_RBACD:RCDAB hold.
Now for an (r, s)-tensor field T=(T#142::4r) on M, we define the coveriant

derivative VT =(T#142::47p) by
(1.9) STagefrowe = dT R4 4r

8

r
Ay A4, _1CA e 4
— 2 Tgrdaziflart i frapo,,

-

Then we have followings ([11]):

(1.10) ' h?jk_ ?kj = Raijk ’
(1.11) hes—Abg;—Zhhf;— S AL Al = Raijp,
(1.12) Abpy— Al s+ h§(As,—Afg) = —Rairs .

From now on, we consider the case where M is the complex projective
space P,(C) of complex dimension m (=n/2) with the metric of constant holo-
morphic sectional curvature 4c.

Let J denote the complex structure of P,(C) and put J(e,)=>Jzs(ep). Then
(Jap) satisfies

Jas+Jpa =0,
(1.13)
ZJAC.]CB — '—5AB,-
(1.14) dJas=2X JacWcs—JpcWc4) .

The last equation means that V/=0. Moreover the curvature form Q=(2,5)
and its components R p;p defined by and respectively are given by

(1.15) Q45 = cosNOg+cZ(Jac]ap+ JusJop)wc Awp,
(1.16) Rapep = ¢(04p0sc—04c08p)+c( JanSsc— Jac sp—2 a8 JcD) -
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Therefore we obtain

(1-17) RABCDE =0.

3. Proof of the main theorem.

In this section we give the proof of our main theorem. In the case where
p=1, any harmanic foliation is necessarily totally geodesic. Therefore we may

assume p=2.
Consider the global vector field v=>v4e4 on P,(C) defined by

Ve = Ehgjhgjk; v, = 0.
We first calculate the divergence dv of v.

In general H. Nakagawa and R. Takagi showed the following lemma ([117]):

LEMMA 2.1. Let (M, g, F) be a faliated Riemannian manifold and v a vector
field on M defined above. Then
(1) the divergence dv of v is given by

ov = Wi Aba+Zhiehiir+2hGRaijne
+ShGRariny+ DhGhERE s+ DA AR,
+3WhBRapsr+h&Rijn+h&huijn)he

+2hgjhgkhfjhﬁl'k +233hEhEhg hEs,
and
(2) if the foliation F is harmonic,

Shée = —23hE,he hE, .

Therefore if the foliation & is harmonic and the normal plane field *

minimal, we obtain

2.1) 0v = Dhhi+Zhihihihf
+23Tr(H*H*HFHP—H*HPH*H#)
+D(hbeRagjn+htRuju+hiiReu)hy,

where H* denotes the pXp matrix (hf).
The essential part of the proof is to show that v is non-negative on P,(C).

For it, putting
X = (B Rapr+hiaRiuje +hHRe i),

we have only to show X=0, since
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Tr(H*H*HPHE—H*HPH*H#) =0 holds ([11]).

For simplicity we put

Eijn = Ehfjfak s Nipg = Zh?j],sj, uni = Zh?k]kj.
Then from (1.13), we have

(2.2) X= 3 eplhti+ey

+3e 22t + et ui)}

where we put

Y = Zh?jh’igk(fa kfﬁj—fajfﬁk ‘“2]a/sfjk) .

Next lemma gives the key inequality.
LEMMA 2.2. For the Y above, the following inequality holds:
Y Z —{(p=1r+D/(p—D} 3 (he)
=2 FEr +3 Z @t
+3 ot H—1 T (7).

PROOF of lemma 2.2. For any real number ¢+0, an inequality (! 23h% Jap—
t133hEy J;)?=0 holds, which implies

—23hEhEs JapTie = — 1 ShE JaghlJrs—t 2 hhe Jinhfi ] .
By the right hand side of this equation is equal to

= —1®DAGR(— D JarJre+0ar)—t 2 hE hBi(— Jar Jur+011)
= (1 T B+ T g+ B (R
Therefore, putting t=+/p—1, we obtain
Y+{((13‘1)2+1)/(P—1)}i%a(h?j)z
= i.§k5tjk$ikj_i'§k6ijj$ikk+(p_l)i'%k(éijk)z'*'(p‘”l)_li'g}ﬂ(ne’a)z
= 20&4;; 220 20 Eijnbins— 2206152 —221 20655561k
i.j i <k i,J 1 <k
+(p_1)§(eijj)2+(p—l);jgk(éijk)2+(p—1)—1“a2'ﬁ(7}€a)2

= (=22 2 (Ei)*+2 Dt +30 D= (-1 3 (9ha),
j* i <k 1 <k i,a,p
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which is the required inequality. (q.e.d.)

We are now in a position to complete the proof of the theorem. Owing to

lemma 2.2, and we obtain

oz 3 (kg B (ShGhar+2 S Tr(H H H HA —~HHPH"H?)
v Js IRy b & a,

, a

+c{(p—2)/(p—1D} 3 (i) +c(p—2)2 2 (Eij0)*+c20 2 (Eiju+Einy)?
15 T 5k T i<k

+¢33 D=8 +H{c/(p—D} 2 (nha)
T i<k t,a,8

+3e{2Duer+ 3 (b)) 20,

i<k, a

since p=2 by assumption.
Since P,,(C) is orientable and compact, we have

S sl =0,
Pm

where x1 denotes the volume element of P,(C). This together with the above
inequality shows

ShEhy =0, and so h§=0.

The theorem is now completely proved. (q.e.d.)
Next corollary is now obvious:

COROLLARY. Let P,(C) be the complex projective space of complex dimension
m with the metric of constant holomorphic sectional curvature. Let F be a harmonic
foliation for which the metric is bundle-like. Then the foliation F 1is totally

geodesic.

4. Some other results and remarks.

In this section the preceding notations are kept.
We call a foliation on P, (C) Kdhler (resp. totally real) if J,;=0 (resp.
Ji;=0) at each point.
Let F be a totally geodesic foliation on P,(C). Then from [1.10) and [1.16)
we obtain
jakjij_jaj]ik_zjai]jk =0.
Therefore

0= 2X jak]ij_]ajjik_zjaijjk)jaj]ik
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== B(Sesta) =, B Lesh

which implies

3.1 Je;=0 or Ji,=0 at each point.

PROPOSITION 3.1. Let F be a totally geodesic foliation on Pn(C). Then &
is Kdhler or totally real. '

PROOF.
Set K={x<P(C)|F is Kidhler at x} and T={x<P,(C)| < is totally real at x}.

Then (3.1) implies the followings :
(a) K and T are open in P,(C),
(b) KNT = @,
(¢) KUT =P,(C).

These (a), (b), (¢c) and connectedness of P,(C) show the assertion. (q.e.d.)

REMARK 1. There is a well-known example of a foliation on a complex
projective space which is induced by the fiber bundle

P,(C) ——— P34:(C)

l

P.(H)

where P,(H) denotes the quaternionic projective n-space.

R. Escobales has proved that the above example is the only non-trivial
Riemannian foliation on P,(C) by P,(C) by making use of his results , 4]
and Ucci’s result [15].

REMARK 2. The above example is totally geodesic and Kidhler. The auther
does not know examples of totally geodesic and totally real foliations on a
complex projective space.

Does there exist a totally geodesic foliation on a complex projective space
which is totally real ?

This question seems to be of interest.
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