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ON THE PRESENTATIONS OF THE FUNDAMENTAL
GROUPS OF 3-MANIFOLDS

By

Moto-0 TAKAHASHI

In this paper we shall treat the closed 3-manifolds obtained by Dehn sur-
geries along certain links and find presentations of their fundamental groups.

§ 1. The 3-chain link.

First we consider the 3-chain link K, illustrated in the Figure 1.

vooPs
X3 7s
Figure 1

We do Dehn surgery along each component of K,. Let p,/ri, Do/7s, Ds/7s
be the surgery coefficients along three components L,, L,, L, of K, respectively,
where p; and r; are co-prime integers (=1, 2, 3). We denote the resulting 3-
manifold by My(pi, 71; pe, 723 Ds, 7).

We shall find presentations of the fundamental group @,(My(p., 71; P2, 72 Ds, 73))
of Mi(pi, 713 Ds, 72} s, 73), by the following way.

First we shall find a presentation of the link group G of K.

The Wirtinger presentation of G is:

X1, Xay X3, Y1, Voo Yo | YaX1=X1Xs, VsX2=2XsXs, V1X3=X3Xy,

X1Y2=Y2V1, X2Ys=Y3V2, X3V1=Y1Ys) . (1)
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The meridian m; and the longitude /; of each component L; are:

my=x1, L=Ysxs, ([m, ;,]=1)
Me=2Xs, lo=ys%1, ([my, [1]=1)
My=2%x3, ly=y1%s. ([ms, l;]=1)

A presentation of w(M(p1, 71} D2, 72} Ds, ¥s)) is obtained from (1) by adding
the relators m;Pi;"i=1 (=1, 2, 3). But we improve this presentation.

Since (p:, r:)=1, there are integers s; and ¢; such that »;s;—p.q;=1. Let
a;=m;*;%. Then

mi=a;"*, li=a;~Pt,
So,
x,=a,"?, X,=a,"?, X;=0a;"3

and

yi=lx, ' =ay"P3a,7"2,
ye=U1xy" ' =a,"P1a;7"8,
Ves=lyx,"'=a,"P2a,”".
Substituting these in the relators of (1), we get the following three relators:
a,P1*"a,2a," a3 =1,
a,’**"2a,"a,""2a,"1=1,
a;P3*"a,\"a;" a2 =1
Therefore we obtain the presentation:
T (Mi(D1, 715 D2y 725 Ds, 73)) =K@y, Qs Gy | a,P1*"a,2a,""a,"3=1,
a,P2*m2q,"3a,""2a,"1=1, asP¥*"3a,"a;""a,e=1). (2)
REMARK. This presentation is induced by the following RR-system (c.f.
[1]) illustrated in the Figure 2 and hence corresponds to a Heegaard splitting
of genus 3. Actually we can easily construct a Heegaard splitting of
M(py, 71; D2, 723 Ps, ¥s) With this RR-system.
Next we eliminate the generator a, in the presentation (2). From the first

relator of (2),

as"3=a,"a,""2a," P17, 3

Substituting it in the second relator, we obtain

a,P**"2a,"a,""a," P "a,"2a,"1=1. 4)
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Figure 2

Moreover, from the third relator and (3),

ayP3ti=gq,""2q,"1a, " "2a,” (P1HID | (5)

But

[aita,"2a, "1™, @y "2a, " a, "2 e, P ] =1

is a consequence of (4). So we can eliminate a; by (3) and (5) (since (ps+rs,7s)
=1) and we obtain

(a171a2~72a1-prfl)ps-i-rs:(az-rzalnaz—”za1—<P1+2T1>)Ts .

In order to simplify this equality, we multiply a,”"* from the left and a,™
from the right. Then,

(a,7"2a," PP TI=(a,7"1a,7 20,1, T2, TP (6)

By (4),

al‘l‘laz—'rzal-—(p1+‘r1):az—(p2+7'2)a1—1'1a27'2 .
Substituting this for the underlind part in (6), we obtain

(a""2a ["P1)PatTs— (g, "T1q,"(P2+2T2) g, "T1q,T2)T8

or
(@,P1a,72)Ps+To =(a,"T1a," PO @, 1A, )

Now, since
a,""1a,” PR 0, Mgy e = (0T e PR T PP ) (0P a ™)

and
[a,P1a,"2, a, Tla," PP g, ~ Pt ]=1,
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by (4) it follows that

(@,7"1a,™ Pt g, 1) s=(a, "M a, T PR g T (PO Ys(g, P1g,Te)s
So, by (7)
(a1P1a272)—(P3+27‘3)__—_(a1-Tlaz—(Pz+2F2)al-(P1+T1))Ts .

Taking the inverse we obtain

(all’xazfz)l’3+2Ts:(a1P1+Tla21’2+27‘20171)rs .
Hence

T(Mi(P1, 715 Doy 725 Ds, 7e))=Kay, a4 |
a,"2*"2q,"1a,""2a,"P1+70 g, T2q, "1=]
(a1P1azfz)1’3+2Ts:(a1P1+T1a21’2+2'zalrl)rs> .

This presentation corresponds to a Heegaard diagram of genus two.

§2. Some other links.

We do the same thing as did in § 1 for some other links.

We describe only
the results.

2.1. Consider the link K, illustrated in the Figure 3.

Figure 3

Let My(p., 713 Do, 72 Ds, 753 Ds, 7o) be the 3-manifold obtained by Dehn sur-

gery along each component of K, with surgery coefficients p,/r,, D2/72, Ds/7s,
p«/rs. Then

T(My(Ds, 715 Doy T2 Doy 735 Day 7o) =Lay, a,, as, a, |
a,"ta,\"1a,""2=1, a,""1a,"2a,"3=1,
a;"2a P3a,""+=1, a,""a,Pa,"1=1)
=<ay, a; | (a;"P2) 4=(a,"2a,P1)P4,

(a,"P1)"s=(a,"P2a,"1)?s, [a,?1, a,P2]=1).

The corresponding RR-system is illustrated in the Figure 4.
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2.2. Consider the link Kj illustrated in the Figure 5.

Figure 5
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Let My(ps, 715 P2y 725 D3, 735 Da, 74) be the 3-manifold obtained by Dehn sur-
gery along each component of K, with surgery coefficients p./7,, D2/T2y Ds/7s,

bps/7s. Then,
(Ms(P1, 715 D2y 25 Das 7s3 Dy o)) =L@, Ay, as, a, |
a2‘7'2a1"p1a4"'4_—_—_1, a2?2+7201rla4"(p4+74)a11’1+r1:1’
aa""aal"la‘i‘pll—_—l,»a3p8+73(14p4+"4a1‘(171+71)04"4:1>
E<alt (14 |
(@,™P1a,74)P2+72( g, 1q, " PerTO g PrETY)Ta ]
(01710, PP T5(a,Pet 4, =P TG, Ty =1,

La:"P1a,™4, a,"1a,~Pet7og,P1+1]=1)
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2.3. Consider the link K, illustrated in the Figure 6.

Let M(p1, 71} P2, 723 D3, 73} Pas ¥4} Ds» ¥s; De» 76) be the 3-manifold obtained
by Dehn surgery along each component of K, with surgery coefficients p,/r,,

D2/Ve, Ds/Ts, Da/7s, Ds/vs, De/Te- Then,
Ty(My(ps, 715 Doy 723 D3y 735 Das Va3 Dsy 755 Des V6))
={a,, a,, A3, G4, s, g | A" "1A,720573=1,
a,"2asPa," =1, a;""2a,Pa;5"5=1, a,"as"5a,""6=1,
as""sa.Pea,"1=1, a,"sa,P1a,""2=1>.

Note that
a,”2a,P4a.Ps=1 and a,Pa,PasP5=1

are consequences of the relators of this presentation. This presentation is ex-

pressed by the following 4-regular planar graph with labels (Figure 7).

Figure 7

2.4. Consider the link L., illustrated in the Figure 8.
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Figure 8

Let M3u(ps, 715 Do, 725 -5 Pan, 720) De the 3-ma:
gery along each component of L,, with surgery
Den/72.. Then,

T (M3 (D1, 71 P2 P25 05 Dans Ton))
E<ah Az, "'+, Qg ‘ aﬁ“aziﬁﬁﬂau:g?%z:
aIiti-ra.Ptay =1, (/=1,2, -, n) (n

For example, if n=5 then the presentation is exp:
4-regular graph with labels (Figure 9).

Figure 9
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the results in § 2.
:ted planar graph with the following label for
aere p, r are co-prime integers. We call such

_p I d
Figure 10

rable. We color the faces by two colors (say, red
4-color problem. We assume that G is drawn on
)%,
copies of G. We assume that G,, G,, G;, G, are

Figure 11



On the presentations of the fundamental groups 183

drawn on the boundaries of the 3-disks Di, D3, D, G2, respectively, and the
faces of G,, G,, G;, G, are colored in the same way as G. Moreover we assume
that G,, G, are mirror images of G,, G;, The Figure 11 is an example. (This
figure is symmetric with respect to the lines / and m.)

We glue the corresponding points of 0D%, 0D3, oD3i, dD3, in the following
way. The corresponding points in the red faces of G, and G, are glued
together ; the corresponding points in the red faces of G, and G, are glued
together ; the corresponding points in the blue faces of G, and G, are glued
together; the corresponding points in the blue faces of G, and G, are glued
together.

red faces blue faces
Gl > Gz Gl > G4
Gg <> G4 GZ > G3

Then the corresponding vertices of G,, G,, Gs, G, are glued together. We
remove the interiors of regular neighborhoods of these vertices. Then we ob-
tain a 3-manifold, whose boundary consists of the same number of tori as the
number of vertices of G. We denote this manifold by M’(G).

In the neighborhood of a vertex the situation is as shown in the Figure 12.

B pe A
ps“/'/p \\\>pl —_—
c I p
A p, B’
D Ds
D | C
G,

DI
b

A’

Figure 12
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Here, if the label at a vertex is

L

then we do Dehn surgery (Dehn filling) on the corresponding boundary torus
along the loop of slope p/r. Examples are shown in the Figure 13.

P B D
[
P2 3
. )

Figure 13

Then we obtain a closed orientable 3-manifold, which we denote by M(G).
We say that the graph G represents M(G). For this the following theorem
holds.

THEOREM 1. Let M be a closed orientable connected 3-mainfold. In order
for M to be representable by an M-graph it is necessary and sufficient that M is
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homeomorphic to the 2-fold branched covering space of S* branched along a link.

ProoF. [Necessity] Suppose that M is represented by an M-graph G. We
change G to a link L in the following way.

For every vertex of G with label as shown in the Figure 14 (we can assume
»=0, »=0) we insert the rational tangle shown in the Figure 15. (The Figure 16

p=1, r=0 =0, r=1

Figure 16
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shows examples.)

Now it is not hard to see that M is homeomorphic to the 2-fold branched
covering space of S® branched along the link L now constructed.

[sufficiency] Suppose that M is the 2-fold branched covering space of S*
branched along a link L. Consider a regular projection P of L on a plane.
We change P to an M-graph G by changing each crossing point to a vertex
with label as shown in the Figure 17.

/
Figure 17
Then as above M is represented by this M-graph. q.e.d.

Next we shall find a presentation of the fundamental group of M’(G).

Let & be the set of all faces of G and let &, (resp. &,) be the set of all
red (resp. blue) faces of G. Let <V be the set of all vertices of G. For each
vertex V we correspond generators by, ¢y and write the following at the
vertex V.

red face

Cy
blue face by Xby' blue face
'
red face
Figure 18

For each face 4 of G, we correspond the relator »,=1 in the following
way as illustrated in the Figure 19.

r4=X1X2XsX4 " Xn

Figure 19

THEOREM 2.
T (M (G))={by, cv: VeF} | {{by, cv]=1: VeV}, {ry=1: deF}>.

Each relator ry=1 (deF;) is a consequence of {rp=1: 4'cF,—{d}}, for i=
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1, 2. So two of the relators of the above presentation are redundant.

PROOF. Let
Ji=Di—{vertices}, (=1, 2,3, 4).

Let X be the space obtained from J; and J, by glueinng the corresponding points
of the red faces of them.

n(X) is a free group. Now we take a base point O in the interior of J,
and define a loop by for each VecV as follows.

by starts from O, proceeds in J, and reaches a point A; of a red face 4,
with vertex V, and then proceeds in J; and reaches a point A, of another red
 face 4, with vertex V and again proceeds in J, and returns to O.

J N Je

by: 0 —> A —> A, —> O

It is easy to see that

T (X)={by: VeV} | {ryg=1:4eF,}>,

and that each »,=1 is a consequence of {ry =1:4'eF,—{4}}.

Next let Y be the space obtained by glueing the corresponding points of
blue faces of J, and J;. We define the loop ¢y (VeV) as follows. ¢y starts
from O, proceeds in J, and reaches a point B, of a blue face 4, with vertex V,
and then proceeds in J; and reaches a point B, of another blue face 4, with
vertex V and again proceeds in J, and returns to O.

Je Js J

cy: 0O —> B, —> B,—> O.
As before, we have that
r(YV)={cey: VeV]|{rg=1: 4eF,}),

and that each r,=1 is a consequence of {rs=1: 4'¢F,—{4}}.

Next let Z be the space obtained from J,\U/J,\UJ; by glueing the correspond-
ing points of red faces of J, and J, and by glueing the corresponding points of
blue faces of J, and J..

Then,

Z=XUY , XNY=],.
By using van Kampen theorem we obtain
n(Z)=m(X)xm (V)
={{by, cy: VeV} | {ry=1:deF}).
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Finally let U be the space obtained from Z\UJ, by glueing the correspond-
ing points of blue faces of J;, and J, and by glueing the corresponding points

of red faces of J; and J,. Then,
UNJ,=aD3i— {vertices}.

By using van Kampen theorem again, we obtain
. {U)={by, cv: VeV} | {[by, cv]=1: VeV}, {ra=1:deF}).
Hence we have the theorem.

Now it is obvious that =,(U)=z,(M'(G)).
Next let G be an M-graph, and let V be a vertex with label as shown in

the Figure 20.

Figure 20
To this vertex we correspond a generator ay and write the following at

the vertex V.

Figure 21

For each face 4 of G we correspond a relator s;=1 in the following way.

-
- -
~.

Figure 22
SA:an’lan?' ann

Then we have the following theorem.
T (M(G)={ay: VeV}|{sy=1: deF}>. Each relator s;=1

THEOREM 3.
(deF,) is a consequence of other s =1 (4"eF;) for i=1,2. So two of the relators

of the above presentation is redundant.
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PROOF. A presentation of m,(M(G)) is obtained from that of =,(M’(G)) in
Theorem 2 by adding the relator b,’v=c,"v for each Vecy. Since [by, cv]=1,
by=ay"V, cy=ay,"v for some ayem,(M(G)), asin §1. So the theorem is obvious
from Theorem 2.
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