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A CORRESPONDENCE BETWEEN OBSERVABLE HOPE
IDEALS AND LEFT COIDEAL SUBALGEBRAS

By
Hiroshi SHIGANO

1. Introduction. Let A be a commutative Hopf algebra over a field £ with
the antipode S. A Hopf ideal I of H is observable if it satisfies the following cond-
ition; for any finite dimensional right (resp. left) H/I—comodule V, there exists a
right (resp. left) H-comodule W with the the structure map iw (resp. pw) and an
injective HJI—comodule map 6: V— W, viewing W as a right (resp. left) H//—como-
dule via

XW 1®7T
W — WRQH — WRQH|I

ow X1
(resp. W—— HRQW — HIIQW),

where, in the following too, =: H——H/I is a canonical Hopf algebra map and &
means a tensor product over k.. If G is an affine algebraic group defined over k&
and K is its closed subgroup defined over &, then I = I(K), the ideal of the defini-
tion for K, is observable in H=F/[G], the coordinate ring of G over k&, if and only
if K is an observable subgroup of G in sense of [1]
A subalgebra of H which is also a left coideal of H is called a left coideal sub-
algebra.
In this paper, we give a bijective correspondence between observable Hopf ideals
and left coideal subalgebras A which satisfies
in,
*) A=Ker (H—— HR.H)
in,
and a canonical construction of W from V. In the last section where we assume
that a ground field £ is algebraically closed and H is a finitely generated domain
over k as an algebra (which we call an affine Hopf domain), we show that the con-
dition (*) on A is equivalent to the fact that if eeA is a unit in A, then ¢ is a
unit in A. Moreover, in this case, A is finitely generated over k. as an algebra
(which we call an affine k-algebra as usual.) [2] shows that A is affine if and only
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if the observable subgroup K of G satisfies “the codimention 2 condition on G/K.”
Thus our result says that every observable subgroup automatically satisfies “the
codimention 2 condition on G|K.” As a corollary, we get if G is an affine algebraic
group over £ and K is any closed subgroup of G, then k[G]X is an affine k-algebra.

2. A bijective correspondence. The structure maps, m, s, 4,¢ and S of H are a
multiplication, a unit, a comultiplication, a counit and an antipode respectively as
usual.

For any Hopf ideal I of H, we set

oH
L(I)=Ker(H —— HQH|I)
in

4 11X
where oy: H—>HRQH— H®H]I, and, for any left coideal subalgebra A of H,
J(A)=A*H=the ideal of H generated by A*=ANKere.

Then we get that L([) is a left coideal subalgebra of H and J(A) is a Hopf ideal
of H. In fact, we have only to show that L(/) is a left coideal and J(A) is closed
under the antipode. For any keL(I), the subcoalgebra of H generated by %4 is of
finite dimension. Let A =4, As, -+, #, be its k-basis. If we write

k)= 3 hy@hy, hyeH,
J=1

then
ou(h)= ZII h;Qn(hj)=h@1,
Jj=
hence
1, if j=1,
71'(/1/1) :{ .
0, otherwise .

From the coassociativity of 4, we get 4(h;)= nZ h;&Qhi, hence aH(hj,)=§f} 150 Qn(he)
t=1 =1
=h;®1. Therefore 4;eL{l) for any j.
For any aeA*, we can write

da)=aQ@1+2b;Qc;, bieH and c;e A+.
From the well-known equation pe=m(S®1)4, we get S(a)=—3IS(b;)c;, hence S(a)e
HA+=]J(A).
The following results are easy:
1) JL{I)<I and Lj(A)DA.
(2) If I, and I, are Hopf ideals such that I,c/l,, then L(I,)cL(l;). If A, and



A Correspondence Between Observable Hope Ideals 151

A, are left coideal subalgebras such that A,cA,, then J(A)cC](A,).

3) JLJ(A)=J(A) and LJL(I)=L(I).
From these results, the mappings L and J give a bijective correspondence between
the set 9 of Hopf ideals I of H such that JL(I)=I and the set _f of left coideal
subalgebras A of H such that LJ(A)=A. |

DEFINITION. M is called a left (A, H)-Hopf module if M is a left A-module
and a left H-comodule such that its H-comodule structure map
ou: M— HRQRM
is A-linear, wheve HRM is viewed as a left A-module via
pa=4dl4: A—HRA.

In the following we use the usual notation such as
Piw(x)z(rz):-’ﬂcl)@x(m
A(k):(,z,:)h“)@h“) etc.
on is A-linear iff oy(ez)=Ya g x1,Raq,xo, for any xeM and acA.

THEOREM 1. Let M be a left (A, H)-Hopf module. We have an isomorphism
of left (H, H)-Hopf module,
O H@AM—l HRMIAM, hQ@sx+— Shx,QRF o, ,
where HRQuM and HRM|A*M are left H-comodules via

HQaM — HRQHRQ M), hQz — 2heyra, @(Aay Qa4 coy)
and

HOMIAM -2 HQHQH/A+M

respectively. In particular, since H and B=LJ(A) are left (A, H)-Hopf modules, we
get

ot HR.H > HQH|J (A), and
5: HR4B —> H, h®b+—> hb,
Proor. We have mutually inverse mappings

yr
HQ(aM) Z-@:’ A(HQM)

where V(aQQx)=2hx1,Qxw, and O(ARx)=2XhS(x1,)R®xw. Notice that they are H-
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linear and A-linear where A-module structures of them are indicated in the above

1&Xcan.
diagram, moreover that the canonical mapping HRM HRRM|A*M is not
only H-linear but also A-linear viewing as 4(HXM ) and J(HRM/A*M)= HRQM]A*M.
o

v can.
HRQM — HRM — HRM]A M induces ¢y : HQM —> HRMIA'M. HRQM —
can.
HRM — HR 4M induces HIQM/A*M — HRAM and it is obvious that they are

I{-linear, mutually inverse and also left H-comodule maps.

ReEmaRrk. If A is a sub-Hopf algebra of H, a (A, H)-Hopf module is introduced
by [6]. (H, H)-Hopf module M is a Hopf module in sense of [5]. By this theorem,

G M HQuM > HQM/H M

as (H, H)-Hopf modules. Let MY ={zxe M|pu(x)=1Rz}, then ¢u(M7)=k&Q M|H" M.
Hence this theorem is an another form of the structure theorem of Hopf modules

[51

Notice that a similar argument is true for right coideal subalgebras of H. In
particular, S(A) is a right coideal subalgebra, hence we get H®S(A)H—,\;>H/ J(ARH.

in,
CorOLLARY. AcC_L, ie. A=LJ(A) iff A=Ker(H —Z3HQ4H).

n
In fact, we get a commutative diagram, ’
0 > AC—s g T L FRWH
A
RN ORI
0 s LJAC——s> H —— 5 H®HJA)

where the first row is a zero sequence and the second one is exact.

In the rest of this section, we show that a Hopf ideal I is observable iff Ic g,
i.e. JL(I)=1, and the canonical construction of a H-comodule W from a H/I-como-
dule V.

ProrosiTiON 2. If a Hopf ideal I is observable, then Ie 9.

Proor. Since ou(I)cI®H/I, I is a right H/I-subcomodule of H. It is enough
to show that 7cJL(I), hence VcJL(I) for any finite dimensional right H/I-subcomo-
dule V of I. Let vy, ---,v, be the k-basis of V. If we write

ou(v;)= i:lvj®bji, bjiGH/], (1)
j=
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we get A(by)= f‘_, b;®b,; and <(bj;)=d; from the definition of a comodule. Let T'*
be a dual space:“cl)f V. V* has the structure of a left H/I-comodule which is called
a transposed one. If its dual basis is denoted by »,*,---,v,*, then the structure map
tvs is given by

/tV*(Uz*) = Z bi; Qv *,
J=1

where b;;/s are those of (1). Since I is observable, there is a (finite dimensional)
left H-comodule W and an injective left H/I-comodule map 6#: V*—W. If we
take the k-basis of W as w;=0(v,*), -+, wa=0(0n*), wn.1, -+, wx and write its structure
map as

N
w; ——> Z hij®w]', hijGH,
Jj=1

N

then we get d(h;;)= 3 hiQ®h:; and e(h;;)=0;; as above. From the equation (1&Q8)ey.
t=1

=(r®1)40, we get

N

3 5@ = 3 wlhi)@w; (1<i<n),

J=1
hence

bi; (1<j<n)

Tf(hij)={ ) (2)
0 @®<Jj<N).

If we show 3 ,5(h)eL(I)*(L<t<N), then vie L(I)*H=JL(I)1<i<n), for
Jj=1

LZ jZ 0;Shihu= vie(hy)=vs (1<i<n).
=1 j=1 i=1

Now, from (2) and the equation ps=m(1RQS)4,

n n

Z v«;:S(h,;;)@biﬂT(S(hjs))

J=1

1

=y

Il
M=

ié 0:S(5)X g:l bi;S(bjs)

8

1

3

=2, v:S(hi)R1,
i=1

1

I

and &(»;)=0 (1<j<n). Therefore ¥ v;5(k)eL(I)*.

Notice that for a right comodtjﬂé V over a coalgebra C, the structure map py:
V—V®C is an injective right C-comodule map where V®C is a right C-comodule
via 1®4. If dim V=#n<co, then VRC~®"C as a right C-comodule (which depends
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on the choice of the k-basis of V7). Therefore to get the canonical construction of
H-comodule W from H/I-comodule V, it is enough to show it when V=FH]/L
Let A be any left coideal subalgebra of H. H®4H is a right H-comodule via
d

1®4 where H H is viewed as a A-module through A—H® A and HR HX) H,
J‘.’,
through A— HRHRA.

ProrositioN 3. Let
u

0: HIJ(AS—>HQH/JA) —> HRH, and

y: HIJA)— HIJAQH —> HRsay H

thewn ) (vesp. n) 1S an injective vight (resp. left) H|J(A)-comodule map. Therefore J(A)
is observable.

In fact, paying attention to that ¢y is induced by ¥ as in the proof of theorem
1, we can show that ¢ is a required one by the routine calculation. The remark
after theorem 1 suggests that a similar augument shows that 5 is a required one.

3. The condition A=LJ(A).

In this section we assume that . is an algebraically closed field and H is an
affine Hopf domain. Let A be a left coideal subalgebra of H which is an affine k-
algebra. Let G be a connected affine algebraic group defined by H,K be a closed
subgroup of G defined by J(A), Y be an irreducible affine variety defined by A and
p: G—>Y be a dominant morphism of affine varieties defined by the inclucion A
——H. G acts morphically on Y and p is G-equivariant. It is well-known that
k[G|K]=k[G]¥ =the algebra of all functions on G constant on the cosets of K in
G. It is easy to show E[G]¥=LJ(A).

LEMMA. Let the notations be as above, then p(G) open in Y and p(G):—>G/K.
In fact, p(G) contains an open dense subset U of Y, hence p(G)= U zxU is open.

Notice that p is really an open map. Now, if we show that p: G——ﬁfi(;(G) is a se-
parable morphism whose fibres are cosets xK, then G/K—’—\;p(G) from the universal
property of G/K. Let e be the unit element of G, then p-( p(e)) is the variety de-
fined by HR.A/A -—>HIA*H. Hence p=Y(ple)) =K.

From the generic flatness, there exists 0% fe A such that H; is A,-free. Since
H@AB:»H, h@b—>nhb by theorem 1, we get By=A,;. Hence their fields of quo-
tients are equal. By the theorem 3 in[1], 2(G)X coincides with the field of quotients

of B. Clearly k(G) is seprable over k(G)X. Hence p is a separable morphism.
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REMARK. K is an observable subgroup of G in sense of [1] shows that i
is observable if and only if G/K is quasi-affine. This lemma and the following
theorem show that there is the canonical embedding of G/K into an affine variety,
namely, one defined by A[G)X=LJ(A).

THEOREM 4. Let A be a left coideal subalgebra of H and X (H) be the group
of all the group-like elements of H (hence, the group of the rational characters of
G). If X(A)=XH)NA is the subgroup of X(H), then A=LJ(A) and A is an affine
k-algebra. For any left coideal subalgebra A of H, LJ(A) satiesfies the hypothests,
hence LJ(A) is always an affine k-algebra.

We need the following lemma due to M.E. Sweedler :

LeMmMAa ([4], Collary 2.2). Let [I be as above, then U(H )=U(k)X X(II) and X(H)
is a finitely gemervated free abelian group, where U(H) and U(k) are the unit groups
of H and k respectively. ‘

Proor. Let @;eA (1<i<n) be a system of generators of an ideal J(A). Since
X(H) is a finitely generated free abelian group, so is X(A). Let z; (1<j<¢?) be a
generators of X(A). The left subcoideal of A generated by a:(1<i<#n) and z;(1<
j<t) is of finite dimension, hence the k-algebra generated by the left coideal is
finitely generated over k as an algebra and also satisfies the hypothesis. Therefore
we may assume A is an affine k-algebra. By the above lemma, £[G/K]=S"'A, where

S={feA|f(y)=0 for all yep(G)}.

In particular, Sc U(H). But by Sweedler’s lemma and by the hypothesis on A, Sc U(A).
Therefore kG/K]=A.

COROLLARY. Let G be an affine algebraic group over k and K be a closed sub-
group of G. Then EGIX is an affine k-algebra.

In fact, we may assume that G is connected. Let /=I(K) be an ideal of de-
finition for K, then L(/)=k[G]X. Since LJL(I)=L(I) and JL(I) is obsevable and
satiesfies the hypothesis of theorem, we get the required result.

Remarks. (1) In [2], the obsevable subgroup K of a connected affine algebraic
group G is said to satisfy the codimension 2 condition on G/K iff E[G]¥ is affine.
Hence our result shows that every obsevable subgroup automatically satisfies the
codimension 2 condition on G/K.

(2) Let A be a left coideal subalgebra of H. Assume that H is faithfully flat
over A. Then O-—»A—»Hﬁl——lj-diH@AH is exact, hence A=LJ(A). By the theorem
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4, A is an affine k-algebra. It follows from the faithfully flatness that Y=p(G) in
the lemma, hence G/K is affine. So we get the bijective correspondence between
the set of left coideal subalgebras A of H such that H is faithfully flat over A and
the set of closed subgroups K of G such that G/K is affine.
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