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A PROBABILISTIC APPROACH TO THE ZERO-MASS

LIMIT PROBLEM FOR THREE MAGNETIC

RELATIVISTIC SCHRÖDINGER HEAT SEMIGROUPS

By

Taro Murayama

Abstract. We consider three magnetic relativistic Schrödinger

operators which correspond to the same classical symbolffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� AðxÞÞ2 þm2

q
þ VðxÞ and whose heat semigroups admit

the Feynman-Kac-Itô type path integral representation

E½e�Smðx; t;X Þgðxþ XðtÞÞ�. Using these representations, we prove the

convergence of these heat semigroups when the mass-parameter m

goes to zero. Its proof reduces to the convergence of e�Smðx; t;XÞ,

which yields a limit theorem for exponentials of semimartingales as

functionals of Lévy processes X .

1. Introduction and Results

In a recent paper [9], we studied the zero-mass limit problem for heat

semigroup of the Weyl-pseudodi¤erential operator Hm
A þ V with classical symbolffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx� AðxÞÞ2 þm2

q
þ VðxÞ to show that as m # 0,

e�t½Hm
A
�mþV � ! e�t½H 0

A
þV � strongly; ð1:1Þ

uniformly on every finite bounded interval in tb 0. For the proof, its Feynman-

Kac-Itô (F-K-I) type path integral formula (e.g. [19]) was used. Here m is

the mass parameter, and A : Rd ! Rd , V : Rd ! R are the magnetic vector

potential, the electric scalar potential, which in fact were assumed to satisfy that

A A Cy
0 ðRd ;RdÞ, V A C0ðRd ;RÞ.
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In this paper, we study this problem under more general assumptions on

the potentials A and V , and treat moreover the additional case for other two

di¤erent magnetic relativistic Schrödinger operators Hm
A þ V , together with their

respective F-K-I type formulae. The problem will be solved by discussing the

convergence of special kind of semimartingales, namely, exponentials of semi-

martingales, as functionals of Lévy processes (see Lemma 5.1 and Lemma 6.1).

To best my knowledge, such convergence does not seem to have been treated

in the framework of the limit theorems for semimartingales represented by

stochastic integrals (cf. [16]).

Now, let Hm
1;A, Hm

2;A, Hm
3;A denote the following three magnetic relativistic

Schrödinger operators corresponding to the symbol of the classical kinetic energyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� AðxÞÞ2 þm2

q
(ðx; xÞ A Rd � Rd ):

ðHm
1;A f ÞðxÞ :¼

1

ð2pÞd
ðð

Rd�Rd

eiðx�yÞ�x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x� A

xþ y

2

� �� �2
þm2

s
f ðyÞ dydx; ð1:2Þ

ðHm
2;A f ÞðxÞ :¼

1

ð2pÞd
ðð

Rd�Rd

eiðx�yÞ�x

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x�

ð 1
0

Aðð1� yÞxþ yyÞdy
� �2

þm2

s
f ðyÞ dydx; ð1:3Þ

Hm
3;A :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�i‘� AðxÞÞ2 þm2

q
: ð1:4Þ

Hm
1;A is the Weyl pseudodi¤erential operator introduced in [10] and studied further

in [7], [8]. Hm
2;A is the pseudodi¤erential operator defined as a modification of Hm

1;A

([12], [13], [14]). Hm
3;A is the square root of the nonnegative selfadjoint operator

ð�i‘� AðxÞÞ2 þm2 in L2ðRdÞ. Each operator Hm
j;A þ V ( j ¼ 1; 2; 3) may be used

to describe the motion of a relativistic spinless particle with mass mb 0 in the

electromagnetic field. We have Hm
1;0 ¼ Hm

2;0 ¼ Hm
3;0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�Dþm2

p
for A1 0, where

D is the Laplacian in Rd . For A2 0, the operators Hm
1;A, H

m
2;A, H

m
3;A are di¤erent

from one another, although they coincide in the case of constant magnetic field,

i.e., when AðxÞ ¼ _AAx with _AA a constant symmetric matrix. Under gauge trans-

formation, Hm
2;A and Hm

3;A are covariant, but Hm
1;A is not ([7, Section 2, Section 3],

[8, Section 2]).

Let us consider the heat semigroups e�t½Hm
j;A

�mþV �g applied to a function g,

each of which is the solution uðx; tÞ ¼ ðe�t½Hm
j;A

�mþV �gÞðxÞ of the Cauchy problem

for the heat equation
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q
qt
uðx; tÞ ¼ �½Hm

j;A �mþ V �uðx; tÞ; x A Rd ; t > 0;

uðx; 0Þ ¼ gðxÞ; x A Rd :

(

They are known ([10], [12], [3]) to be represented by F-K-I type formulae as

follows:

ðe�t½Hm
j;A

�mþV �gÞðxÞ ¼ E lm

½e�Sm
j;A;V

ðx; t;XÞgðxþ XðtÞÞ�; j ¼ 1; 2; ð1:5Þ

ðe�t½Hm
3;A

�mþV �gÞðxÞ ¼ E m�nm ½e�S3;A;V ðx; t;B;TÞgðxþ BðTðtÞÞÞ�: ð1:6Þ

Here we denote by EP½� � �� ¼
Ð
� � � dP the expectation with respect to the

probability measure P. lm and nm are some probability measures connected with

d-dimensional Lévy process X and 1-dimentional subordinator T to be intro-

duced as time change, respectively. m is the d-dimensional Wiener measure

associated with d-dimensional standard Brownian motion B. Sm
1;A;V ðx; t;XÞ,

Sm
2;A;V ðx; t;XÞ and S3;A;V ðx; t;B;TÞ are complex-valued semimartingales given by

stochastic integrals of potentials A and V .

Our first result is the weak convergence of two probability measures lm

and nm.

Theorem 1.1. (i) lm weakly converges to l0 as m # 0.

(ii) nm weakly converges to n0 as m # 0.

Our second result is the strong convergence of the heat semigroups

e�t½Hm
j;A

�mþV � ( j ¼ 1; 2; 3) on CyðRdÞ :¼ g A CðRdÞ; lim
jxj!y

gðxÞ ¼ 0

� �
with norm

kgky :¼ sup
x ARd

jgðxÞj:

sup
tat0

ke�t½Hm
j;A

�mþV �g� e�t½H 0
j;A

þV �gky ! 0 as m # 0: ð1:7Þ

Theorem 1.2. Assume that g A CyðRdÞ and 0aV A CðRd ;RÞ.
(i) If A is locally a-Hölder continuous ð0 < aa 1Þ, then (1.7) holds for

j ¼ 1; 2.

(ii) If A A C 1ðRd ;RdÞ, then (1.7) holds for j ¼ 3.

Our third result is the strong convergence of the heat semigroups e�t½Hm
j;A

�mþV �

( j ¼ 1; 2; 3) on L2ðRdÞ:

sup
tat0

ke�t½Hm
j;A

�mþV �g� e�t½H 0
j;A

þV �gk2 ! 0 as m # 0: ð1:8Þ
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Theorem 1.3. Assume that g A L2ðRdÞ and 0aV A L1
locðRd ;RÞ.

(i) If A A L1þd
loc ðRd ;RdÞ for some d > 0, then (1.8) holds for j ¼ 1; 2.

(ii) If A A L2
locðRd ;RdÞ and ‘ � A A L1

locðRd ;RÞ, then (1.8) holds for j ¼ 3.

Claim (i) for j ¼ 1 of Theorem 1.2 and Theorem 1.3 are direct gener-

alizations of those results of [9]. Note that Theorem 1.2 and Theorem 1.3

hold if V is bounded from below. In fact, we have only to replace V by

V � inf Vðb 0Þ.
The problem may be thought of for the operators Hm

j;A þ V , which are

bounded from below with more general scalar potential VðxÞ, for instance, a

negative Coulomb potential VðxÞ ¼ � c
jxj . In fact, Hm

j;0 � c
jxj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�Dþm2

p
� c

jxj ,

with ca 2
p
, is known to be, as a quadratic form, bounded from below (non-

negative). However, in this paper we content ourselves only with treating the

above mentioned case, partly because the mass parameter m is involved only

with the kinetic energy part Hm
j;A containing vector potential A but not with

scalar potential V , and partly because of avoiding inessential di‰culty coming

from negativity of scalar potential.

This paper is organized as follows. In Section 2, we will describe more

precisely the three F-K-I type formulae (1.5) and (1.6). In Section 3, we prove

Theorem 1.1. In Section 4, we give preliminaries to prove Theorem 1.2 and

Theorem 1.3. In Section 5 and Section 6, we prove Theorem 1.2 and Theorem

1.3, respectively.

2. Three F-K-I Type Formulae

In this section, we give more precise description of the three F-K-I type

formulae (1.5) and (1.6).

For (1.5), lm is the probability measure on the path space

D0 ¼ D0ð½0;yÞ ! RdÞ :¼ fX : ½0;yÞ ! Rd ; X is càdlàg; Xð0Þ ¼ 0g;

and satisfies

E lm

½eix�X ðtÞ� ¼ e�t½
ffiffiffiffiffiffiffiffiffiffiffi
x2þm2

p
�m�; x A Rd ; tb 0: ð2:1Þ

X is a pure-jump Lévy process with respect to lm, i.e.,

XðtÞ ¼
ð t
0

ð
jyjb1

yNX ðdsdyÞ þ
ð t
0

ð
0<jyj<1

ygNm
XNm
X ðdsdyÞ; lm-a:s: ð2:2Þ
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NX ðdsdyÞ is the counting measure on ð0;yÞ � fjyj > 0g defined by

NX ðdsdyÞ :¼afu A ds;XðuÞ � Xðu�Þ A dyg:

It is the stationary Poisson random measure with intensity measure (compen-

sator) dsnmðdyÞ with respect to lm, where nmðdyÞ is the Lévy measure having

density

nmðyÞ ¼
2

m

2p

� �ðdþ1Þ=2Kðdþ1Þ=2ðmjyjÞ
jyjðdþ1Þ=2 ; m > 0;

G
�
dþ1
2

�
pðdþ1Þ=2

1

jyjdþ1
; m ¼ 0;

8>>>>><>>>>>:
ð2:3Þ

so that nmðdyÞ ¼ nmðyÞ dy, and then satisfies

ð
0<jyj<1

jyj1þd
nmðdyÞ < y; d > 0; mb 0:

Here Kn stands for the modified Bessel function of the third kind of order n

and G denotes the gamma function, respectively. gNm
XNm
X ðdsdyÞ is the compensated

Poisson random measure, i.e.,

gNm
XNm
X ðdsdyÞ :¼ NX ðdsdyÞ � dsnmðdyÞ:

Sm
1;A;V ðx; t;XÞ is a complex-valued semimartingale given by

Sm
1;A;V ðx; t;XÞ :¼ i

� ð t
0

ð
jyjb1

A xþ Xðs�Þ þ 1

2
y

� �
� yNX ðdsdyÞ

þ
ð t
0

ð
0<jyj<1

A xþ Xðs�Þ þ 1

2
y

� �
� ygNm

XNm
X ðdsdyÞ

þ
ð t
0

ds p:v:

ð
0<jyj<1

A xþ X ðsÞ þ 1

2
y

� �
� ynmðdyÞ

	

þ
ð t
0

Vðxþ X ðsÞÞ ds: ð2:4Þ

Here ‘‘p.v.’’ means the principal value integral. Sm
2;A;V ðx; t;XÞ is given by a

modification of Sm
1;A;V ðx; t;XÞ as follows:
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Sm
2;A;V ðx; t;XÞ :¼ i

� ð t
0

ð
jyjb1

ð1
0

Aðxþ Xðs�Þ þ yyÞ dy
� �

� yNX ðdsdyÞ

þ
ð t
0

ð
0<jyj<1

ð1
0

Aðxþ X ðs�Þ þ yyÞ dy
� �

� ygNm
XNm
X ðdsdyÞ

þ
ð t
0

ds p:v:

ð
0<jyj<1

ð1
0

Aðxþ X ðsÞ þ yyÞ dy
� �

� ynmðdyÞ
	

þ
ð t
0

Vðxþ XðsÞÞ ds: ð2:5Þ

For (1.6), m is the d-dimensional Wiener measure associated with

d-dimensional standard Brownian motion B. nm is the probablity measure on

D
ð1Þ
0 ¼ D0ð½0;yÞ ! RÞ :¼ fT : ½0;yÞ ! R; T is càdlàg; Tð0Þ ¼ 0g;

induced by the inverse Gaussian subordinator (e.g. [1])

UmðtÞ :¼ inffs > 0;B1ðsÞ þms ¼ tg; tb 0:

Namely, for the Borel set E in D
ð1Þ
0 , nm is defined by nmðEÞ :¼ m1ðUmð�Þ A EÞ.

Here B1 is 1-dimensional standard Brownian motion and m1 is the 1-dimensional

Wiener measure. Then T is a subordinator with respect to nm. S3;A;V ðx; t;B;TÞ
is a complex-valued semimartingale given by

S3;A;V ðx; t;B;TÞ ¼ i

ðTðtÞ

0

Aðxþ BðsÞÞ � dBðsÞ þ 1

2

ðTðtÞ

0

ð‘ � AÞðxþ BðsÞÞ ds
" #

þ
ð t
0

Vðxþ BðTðsÞÞÞ ds: ð2:6Þ

Now, for the probability distributions of XðtÞ and BðTðtÞÞ, note that

lmðX ðtÞ A dyÞ ¼ ðm� nmÞðBðTðtÞÞ A dyÞ ¼ km
0 ðy; tÞ dy: ð2:7Þ

Here km
0 ðy; tÞ is the integral kernel of the semigroup e�t½

ffiffiffiffiffiffiffiffiffiffiffiffi
�Dþm2

p
�m� and has the

explicit expression

km
0 ðy; tÞ ¼

2
m

2p

� �ðdþ1Þ=2temtKðdþ1Þ=2ðmðjyj2 þ t2Þ1=2Þ
ðjyj2 þ t2Þðdþ1Þ=4 ; m > 0;

G
�
dþ1
2

�
pðdþ1Þ=2

t

ðjyj2 þ t2Þðdþ1Þ=2 ; m ¼ 0:

8>>>>><>>>>>:
ð2:8Þ
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Expressions (2.7) and (2.1) imply that

dkm
0 ð�; tÞkm
0 ð�; tÞðxÞ ¼ e�t½

ffiffiffiffiffiffiffiffiffiffiffi
x2þm2

p
�m�; x A Rd : ð2:9Þ

Here, for j A SðRdÞ, we define the Fourier transform of j by ĵjðxÞ :¼Ð
Rd e�iy�xjðyÞ dy.

Remark 2.1. Under the assumption in Theorem 1.3 (i) (resp. (ii)), Hm
1;A �

mþ V , Hm
2;A �mþ V (resp. Hm

3;A �mþ V ) can be realized as nonnegative

selfadjoint operators in L2ðRdÞ through the quadratic forms ([11], [8]). Then

each term in Sm
1;A;V ðx; t;XÞ, Sm

2;A;V ðx; t;XÞ (resp. S3;A;V ðx; t;B;TÞ) is well-defined

lm-a.s. (resp. m� nm-a.s.)

Remark 2.2. Under the assumption in Theorem 1.2 (i) (resp. (ii)), the maps

x 7! Sm
1;A;V ðx; t;XÞ, x 7! Sm

2;A;V ðx; t;XÞ (resp. x 7! S3;A;V ðx; t;B;TÞ) are contin-

uous lm-a.s. (resp. m� nm-a.s.) Especially, then the third terms in Sm
1;A;V ðx; t;XÞ,

Sm
2;A;V ðx; t;XÞ (principal value integrals) are equal to

ð t
0

ds

ð
0<jyj<1

A xþ XðsÞ þ 1

2
y

� �
� Aðxþ X ðsÞÞ

� 	
� ynmðdyÞ;

ð t
0

ds

ð
0<jyj<1

ð1
0

Aðxþ XðsÞ þ yyÞdy� Aðxþ XðsÞÞ
� �

� ynmðdyÞ;

respectively, since
Ð
0<jyj<1 jyj

1þa
nmðdyÞ < y and nmðyÞ is rotatinally invariant.

Remark 2.3. For the density of Lévy measure nmðdyÞ and the integral

kernel km
0 ðy; tÞ of the semigroup e�t½

ffiffiffiffiffiffiffiffiffiffiffiffi
�Dþm2

p
�m�, it holds that

nmðyÞ " n0ðyÞ; km
0 ðy; tÞ " k0

0 ðy; tÞ as m # 0:

In fact (e.g. [4, (21), p. 79]), since d
dt
ðtðdþ1Þ=2Kðdþ1Þ=2ðtÞÞ ¼ �tðdþ1Þ=2Kðd�1Þ=2ðtÞ

< 0 and d
dt
ðettðdþ1Þ=2Kðdþ1Þ=2ðtÞÞ ¼ ettðdþ1Þ=2ðKðdþ1Þ=2ðtÞ � Kðd�1Þ=2ðtÞÞ < 0 for

t > 0, the functions t 7! tðdþ1Þ=2Kðdþ1Þ=2ðtÞ and t 7! ettðdþ1Þ=2Kðdþ1Þ=2ðtÞ are

strictly decreasing. Therefore we have

tðdþ1Þ=2Kðdþ1Þ=2ðtÞ; ettðdþ1Þ=2Kðdþ1Þ=2ðtÞ " 2ðd�1Þ=2G
d þ 1

2

� �
as t # 0:

Then it follows from (2.3), (2.8) that as m # 0,
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nmðyÞ ¼ 2
1

2p

� �ðdþ1Þ=2ðmjyjÞðdþ1Þ=2
Kðdþ1Þ=2ðmjyjÞ

jyjdþ1
" n0ðyÞ;

km
0 ðy; tÞ ¼ 2

1

2p

� �ðdþ1Þ=2
te�m½ðy2þt2Þ1=2�t�

�
emðy2þt2Þ1=2ðmðjyj2 þ t2Þ1=2Þðdþ1Þ=2

Kðdþ1Þ=2ðmðjyj2 þ t2Þ1=2Þ
ðjyj2 þ t2Þðdþ1Þ=2 " k0

0 ðy; tÞ:

3. Proof of Theorem 1.1

The proof of claim (i) of Theorem 1.1 is given in [9]. So we prove only claim

(ii). To this end, we have to verify the following three facts ([2, Theorem 13.5]):

(a) The finite dimensional distributions with respect to nm weakly converge

to those with respect to n0 as m # 0.

(b) For each t > 0, the probability measure n0ðTðtÞ � TðsÞ A dyÞ weakly

converges to Dirac measure concentrated at the point 0 A R as s " t.

(c) There exist a > 0 and b > 1, and a nondecreasing continuous function

F on ½0;yÞ such that for m > 0, 0a ra sa t < y, a > 0,

nmððTðsÞ � TðrÞÞ5ðTðtÞ � TðsÞÞb aÞa 1

aa
½FðtÞ � FðrÞ�b:

Proof. To prove (a), we note that the Lévy exponent of nm is given as

follows ([8, (4.26)]):

zmðpÞ :¼
2
ffiffiffi
2

p
p2

½ðm2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m4 þ 4p2

p
Þ1=2 þ

ffiffiffi
2

p
m�ðm2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m4 þ 4p2

p
Þ

�
ffiffiffi
2

p
p

ðm2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m4 þ 4p2

p
Þ1=2

i; p A R:

Here, for m ¼ 0, p ¼ 0, we understand z0ð0Þ :¼ 0. It is easy to see that zmðpÞ !
z0ðpÞ as m # 0 for any p A R. Then (a) follows from this convergence and

independent and stationary increments property of subordinator T .

Next, (b) follows from the stochastic continuity of subordinator T .

Finally, we prove (c). Since

nmðTðtÞ A drÞ ¼ tffiffiffiffiffiffi
2p

p emtr�3=2 exp � 1

2

t2

r
þm2r

� �� �
dr; r > 0; ð3:1Þ
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we have for t > 0, a > 0

nmðTðtÞb aÞ ¼ tffiffiffiffiffiffiffiffi
2pa

p emt

ðy
1

s�3=2 exp � 1

2

t2

as
þm2as

� �� �
ds

a
tffiffiffiffiffiffiffiffi
2pa

p emt

ðy
1

s�3=2 exp � 1

2
� 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

as
�m2as

r( )
ds

¼
ffiffiffiffiffiffi
2

pa

r
t:

From the independent increments property of subordinator T and the above

estimate, we have

nmððTðsÞ � TðrÞÞ5ðTðtÞ � TðsÞÞb aÞa 1

a

tffiffiffi
p

p � rffiffiffi
p

p
� �2

; 0a ra sa t < y:

Therefore (c) holds for a :¼ 1, b :¼ 2 and FðtÞ :¼ tffiffi
p

p . r

4. Change of Probability Measures

In this section, we give preliminaries to prove Theorem 1.2 and Theorem 1.3.

The main idea is to change probability measures on the right-hand sides of (1.5)

and (1.6) from lm and m� nm to l0 and m� n0, respectively. More precisely,

we find path transformations Fm : D0 C X 7! FmðX Þ A D0 and Cm : D
ð1Þ
0 C T 7!

CmðTÞ A D
ð1Þ
0 such that by lm ¼ l0F�1

m and nm ¼ n0C�1
m , the right-hand sides of

(1.5) and (1.6) are rewritten as

ðe�t½Hm
j;A

�mþV �gÞðxÞ ¼ E l0

½e�Sm
j;A;V

ðx; t;FmðXÞÞgðxþFmðX ÞðtÞÞ� j ¼ 1; 2; ð4:1Þ

ðe�t½Hm
3;A

�mþV �gÞðxÞ ¼ E m�n0 ½e�S3;A;V ðx; t;B;CmðTÞÞgðxþ BðCmðTÞðtÞÞÞ�: ð4:2Þ

Here FmðX ÞðtÞ and CmðTÞðtÞ are the values of FmðXÞ and CmðTÞ at time t,

respectively.

In fact, in [9], the Lévy process FmðX Þ with respect to l0 has already

been obtained through a mapping fm : Rdnf0g ! Rdnf0g satisfying nmðdyÞ ¼
n0f�1

m ðdyÞ. Namely we have a strictly increasing function lm : ð0;yÞ ! ð0;yÞ
such that

FmðX ÞðtÞ :¼
ð t
0

ð
jzjb1

fmðzÞNX ðdsdzÞ þ
ð t
0

ð
0<jzj<1

fmðzÞfN 0
XN 0
X ðdsdzÞ; l0-a:s:; ð4:3Þ

fmðzÞ :¼ l�1
m ðjzjÞ z

jzj ; lmðrÞ :¼
2ðd�1Þ=2G

�
dþ1
2

�
mðdþ1Þ=2

Ðy
r
uðd�3Þ=2Kðdþ1Þ=2ðmuÞ du

: ð4:4Þ
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Here defining l0ðrÞ :¼ r for m ¼ 0, we have f0ðzÞ ¼ z; F0ðX Þ ¼ X . Since lmðrÞ # r

as m # 0 ([9, Proposition 1 (ii)]), we have

fmðzÞ ! z; jfmðzÞj ¼ l�1
m ðjzjÞ " jzj as m # 0: ð4:5Þ

Therefore we obtain the following proposition ([9, Proposition 2]):

Proposition 4.1. For every sequence fmg with m # 0, there exists a sub-

sequence fm 0g such that

sup
tat0

jFm 0 ðX ÞðtÞ � XðtÞj ! 0 as m 0 # 0; l0-a:s:

Next, by an analogous argument used to obtain Fm in [9], we will find

Cm : D
ð1Þ
0 ! D

ð1Þ
0 such that nm ¼ n0C�1

m . Let smðdrÞ be the Lévy measure of

subordinator T with respect to nm. It is known thatðy
0

f ðrÞ
t

nmðTðtÞ A drÞ !
ðy
0

f ðrÞsmðdrÞ as t # 0;

for any bounded continuous function f : ð0;yÞ ! R vanishing in a neighbor-

hood of the origin ([17, (6.4.11)]). Then we have by (3.1) that

smðdrÞ ¼ 1ffiffiffiffiffiffi
2p

p r�3=2e�ð1=2Þm2r dr ¼: smðrÞ dr:

Now, we will determine cm : ð0;yÞ ! ð0;yÞ in such a way that (i) smðdrÞ ¼
s0c�1

m ðdrÞ, (ii) cm A C1ðð0;yÞ; ð0;yÞÞ, (iii) cm is bijective and (iv) c 0
mðrÞ0 0 for

all r > 0. For any Borel set U in ð0;yÞ, we have

smðUÞ ¼
ð
U

smðrÞ dr; s0c�1
m ðUÞ ¼

ð
U

s0ðc�1
m ðrÞÞðc�1

m Þ0ðrÞ dr:

Therefore we have smðrÞ ¼ s0ðc�1
m ðrÞÞðc�1

m Þ0ðrÞ a.s. r > 0, and hence

r�3=2e�ð1=2Þm2r ¼ ðc�1
m ðrÞÞ�3=2ðc�1

m Þ0ðrÞ a:s: r > 0:

We solve this di¤erential equation under boundary condition c�1
m ðyÞ ¼ y to get

c�1
m ðrÞ ¼ 4�Ðy

r
u�3=2e�ð1=2Þm2u du

�2 :
Since c�1

m ðrÞ # r, we have cmðrÞ " r as m # 0. For m ¼ 0, we put c0ðrÞ :¼ r. Thus

we determined cm. Next, by noting
Ðy
0 rs0ðdrÞ < y, we define subordinator
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CmðTÞ with respect to n0 by

CmðTÞðtÞ ¼
ð t
0

ðy
0

cmðrÞNTðdsdrÞ n0-a:s: ð4:6Þ

for mb 0. Here

NT ðdsdrÞ :¼afu A ds;TðuÞ � Tðu�Þ A drg; s > 0; r > 0:

It is trivial that C0ðTÞ ¼ T , 0aCmðTÞðtÞaTðtÞ. It can been seen that nm ¼
n0C�1

m . In fact, for p1; . . . ; pk A R, 0 ¼ s0 < s1 < � � � < sk < y, k A N, we have by

[1, Theorem 1.3.15] and the relation smðdrÞ ¼ s0c�1
m ðdrÞ that

E nm ½eiT
k

j¼1 pjTðsjÞ� ¼
Yk
j¼1

exp ðsj � sj�1Þ
ðy
0

ðeiðpjþ���þpkÞr � 1ÞsmðdrÞ
� �

¼
Yk
j¼1

exp ðsj � sj�1Þ
ðy
0

ðeiðpjþ���þpkÞcmðrÞ � 1Þs0ðdrÞ
� �

¼ E n0 ½eiT
k

j¼1 pjCmðTÞðsjÞ�:

Now, we can get also the following proposition for CmðTÞ corresponding to

Proposition 4.1 for FmðXÞ. Its proof is easy since cmðrÞ " r as m # 0:

Proposition 4.2. For every sequence fmg with m # 0, we have

ð0 �Þ sup
tat0

ðTðtÞ �CmðTÞðtÞÞ ! 0 as m # 0; n0-a:s:

It is to be noted that we need to take a subsequence in Proposition 4.1 but

not in Proposition 4.2.

5. Proof of Theorem 1.2

In this section, we prove Theorem 1.2. First we prove two key lemmas.

Lemma 5.1. Assume that 0aV A CðRd ;RÞ and 0 < t0 < y, 0 < R < y.

(i) If A is locally a-Hölder continuous ð0 < aa 1Þ, then it holds that for

j ¼ 1; 2

E l0 ½je�Sm
j;A;V

ðx; t;FmðX ÞÞ � e�S 0
j;A;V

ðx; t;XÞj� ! 0 as m # 0;

uniformly on ta t0, jxj < R:
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(ii) If A A C1ðRd ;RdÞ, then it holds that

E m�n0 ½je�S3;A;V ðx; t;B;CmðTÞÞ � e�S3;A;V ðx; t;B;TÞj� ! 0 as m # 0;

uniformly on ta t0, jxj < R.

Proof. (i) First we prove claim (i) for j ¼ 1. By NFmðXÞðdsdyÞ ¼
NX ðdsf�1

m ðdyÞÞ, it follows from (2.4) that

Sm
1;A;V ðx; t;FmðX ÞÞ

¼ i

� ð t
0

ð
jzjb1

A xþFmðXÞðs�Þ þ 1

2
fmðzÞ

� �
� fmðzÞNX ðdsdzÞ

þ
ð t
0

ð
0<jzj<1

A xþFmðXÞðs�Þ þ 1

2
fmðzÞ

� �
� fmðzÞfN 0

XN 0
X ðdsdzÞ

þ
ð t
0

ds p:v:

ð
0<jzj<1

A xþFmðXÞðsÞ þ 1

2
fmðzÞ

� �
� fmðzÞn0ðdzÞ

	

þ
ð t
0

VðxþFmðXÞðsÞÞ ds

¼: i½Sm
1;Aðx; t;X Þ þ Sm

2;Aðx; t;XÞ þ Sm
3;Aðx; t;X Þ� þ Sm

4;V ðx; t;X Þ: ð5:1Þ

Then we have

sup
tat0; jxj<R

E l0

½je�Sm
1;A;V

ðx; t;FmðX ÞÞ � e�S 0
1;A;V

ðx; t;X Þj�

aE l0 sup
tat0; jxj<R

je�iS m
1;A

ðx; t;X Þ � e�iS 0
1;A

ðx; t;XÞj
" #

þ sup
jxj<R

E l0 sup
tat0

je�iS m
2;A

ðx; t;X Þ � e�iS 0
2;A

ðx; t;XÞj
� 	

þ E l0

sup
tat0; jxj<R

je�iSm
3;A

ðx; t;XÞ � e�iS 0
3;A

ðx; t;X Þj
" #

þ E l0

sup
tat0; jxj<R

je�Sm
4;V

ðx; t;X Þ � e�S 0
4;V

ðx; t;X Þj
" #

¼: E l0

½I m1 ðXÞ� þ sup
jxj<R

E l0 ½I m2 ðx;XÞ� þ E l0 ½I m3 ðXÞ� þ E l0 ½I m4 ðXÞ�: ð5:2Þ
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We now show that each term in the last member of (5.2) converges to zero as

m # 0. To this end, we note that I m1 ðX Þ, I m3 ðXÞ and I m4 ðX Þ are less than or

equal to 2. Let fmg be a sequence with m # 0 and fm 0g any subsequence of fmg.
Then, by Proposition 4.1, there exists a subsequence fm 00g of fm 0g such that

sup
tat0

jFm 00 ðXÞ � XðtÞj ! 0 as m 00 # 0, l0-a.s.

For the first term of (5.2): By the definition of NX ðdsdyÞ, we have

Sm 00

1;Aðx; t;XÞ � S0
1;Aðx; t;X Þ

¼
X
sat

1jX ðsÞ�Xðs�Þjb1

��
A xþFm 00 ðXÞðs�Þ þ 1

2
fm 00 ðX ðsÞ � X ðs�ÞÞ

� �

� A xþ X ðs�Þ þ 1

2
ðX ðsÞ � X ðs�ÞÞ

� ��

� fm 00 ðXðsÞ � Xðs�ÞÞ þ A xþ 1

2
ðXðsÞ þ Xðs�ÞÞ

� �
� ðfm 00 ðXðsÞ � Xðs�ÞÞ � ðXðsÞ � Xðs�ÞÞÞ

	
;

which is a finite sum (e.g. [2, p. 122]). Then we have

I m
00

1 ðX Þa
X
sat0

1jX ðsÞ�Xðs�Þjb1

�
C1ðXÞ

�
jFm 00 ðX Þðs�Þ � Xðs�Þj

þ 1

2
jfm 00 ðXðsÞ � Xðs�ÞÞ � ðX ðsÞ � X ðs�ÞÞj

�a
C2ðX Þ

þ C3ðXÞjfm 00 ðXðsÞ � Xðs�ÞÞ � ðXðsÞ � Xðs�ÞÞj
	
;

since A is locally a-Hölder continuous and so locally bounded. Here C1ðX Þ, C2ðXÞ,
C3ðXÞ are constants depending on X . Since fm 00 ðzÞ ! z, the above sum converges

to zero as m 00 # 0, l0-a.s. Hence E l0 ½I m 00

1 ðX Þ� converges to zero as m 00 # 0.

For the second term of (5.2): First, for k A N, let skðXÞ be the hitting time

defined by

skðXÞ :¼ inffs > 0; jX ðs�Þj > kg: ð5:3Þ

Here we understand inf q :¼ y if the set fs > 0; jXðs�Þj > kg is empty. Then

it holds that skðX Þ ! y as k ! y and jX ðs�Þja k for 0 < sa skðX Þ. From

the relation
Ð t
0 ¼

Ð t5skðXÞ5skðFm 00 ðX ÞÞ
0 þ

Ð t
t5skðXÞ5skðFm 00 ðXÞÞ and Doob’s martingale

inequality, we have
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E l0 ½I m 00

2 ðx;X Þ�a 2E l0

� ð t05skðX Þ5skðFm 00 ðX ÞÞ

0

ds

�
ð
0<jzj<1





A xþFm 00 ðX Þðs�Þ þ 1

2
fm 00 ðzÞ

� �
� fm 00 ðzÞ

� A xþ Xðs�Þ þ 1

2
z

� �
� z




2n0ðdzÞ	1=2

þ 2l0ðskðX Þ < t0Þ þ 2l0ðskðFm 00 ðXÞÞ < t0Þ: ð5:4Þ

Note that

A xþFm 00 ðXÞðs�Þ þ 1

2
fm 00 ðzÞ

� �
� fm 00 ðzÞ � A xþ X ðs�Þ þ 1

2
z

� �
� z

¼ A xþFm 00 ðXÞðs�Þ þ 1

2
fm 00 ðzÞ

� �
� A xþ Xðs�Þ þ 1

2
z

� �� 	
� fm 00 ðzÞ

þ A xþ X ðs�Þ þ 1

2
z

� �
� ðfm 00 ðzÞ � zÞ:

Since ðaþ bÞ2 a 2a2 þ 2b2 (a; b A R) and jfm 00 ðzÞja jzj, the first term on the right-

hand side of (5.4) is less than or equal to

2
ffiffiffi
2

p
 
E l0

" ð t0
0

ds

ð
0<jzj<1

sup
jwj; jw 0 j<Rþkþ1=2;

jw�w 0 jajFm 00 ðXÞðs�Þ�Xðs�Þjþð1=2Þjfm 00 ðzÞ�zj

� jAðwÞ � Aðw 0Þj2jzj2n0ðdzÞ
#

þ t0 sup
jwj<Rþkþ1=2

jAðwÞj2
ð
0<jzj<1

jfm 00 ðzÞ � zj2n0ðdzÞ
!1=2

:

This converges to zero as m 00 # 0 since A is locally uniformly continuous. Then we

have by (5.4) that

lim sup
m 00#0

sup
jxj<R

E l0

½I m 00

2 ðx;XÞ�a 2l0ðskðX Þ < t0Þ þ 2l0 lim sup
m 00#0

fskðFm 00 ðX ÞÞ < t0g
 !

a 2l0ðskðX Þ < t0Þ þ 2l0ðsk�1ðXÞ < t0Þ;
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which converges to zero as k ! y because of skðXÞ ! y. Hence

sup
jxj<R

E l0

½I m 00

2 ðx;XÞ� converges to zero as m 00 # 0.

For the third term of (5.2): In view of Remark 2.2, we have

Sm 00

3;Aðx; t;X Þ � S0
3;Aðx; t;XÞ

¼
ð t
0

ds

ð
0<jzj<1

A xþFm 00 ðXÞðsÞ þ 1

2
fm 00 ðzÞ

� �
� AðxþFm 00 ðX ÞðsÞÞ

� 	
� ðfm 00 ðzÞ � zÞn0ðdzÞ

þ
ð t
0

ds

ð
0<jzj<1

�
A xþFm 00 ðX ÞðsÞ þ 1

2
fm 00 ðzÞ

� �
� AðxþFm 00 ðX ÞðsÞÞ

� 	

� A xþ XðsÞ þ 1

2
z

� �
� Aðxþ XðsÞÞ

� 		
� zn0ðdzÞ:

It follows from the above expression and the local a-Hölder continuity of A that

I m
00

3 ðXÞ

a t0CðXÞ
ð
0<jzj<1

1

2
jfm 00 ðzÞj

� �a
jfm 00 ðzÞ � zjn0ðdzÞ

þ
ð t0
0

ds

ð
0<jzj<1

sup
jxj<R





�A xþFm 00 ðXÞðsÞ þ 1

2
fm 00 ðzÞ

� �
� AðxþFm 00 ðXÞðsÞÞ

	

� A xþ XðsÞ þ 1

2
z

� �
� Aðxþ X ðsÞÞ

� 	



 jzjn0ðdzÞ
¼: t0CðX Þ

ð
0<jzj<1

Jm 00

1 ðzÞn0ðdzÞ þ
ð t0
0

ds

ð
0<jzj<1

Jm 00

2 ðs; z;X Þn0ðdzÞ:

Here CðXÞ is a constant depending on X . For Jm 00

1 ðzÞ, since jfm 00 ðzÞja jzj andÐ
0<jzj<1 jzj

1þa
n0ðdzÞ < y,

Ð
0<jzj<1 J

m 00

1 ðzÞn0ðdzÞ converges to zero as m 00 # 0. For

Jm 00

2 ðs; z;X Þ, it is easy to see that Jm 00

2 ðs; z;X Þ converges to zero as m 00 # 0 l0-a.s.

for fixed s and z. On the other hand, we have

Jm 00

2 ðs; z;XÞaCðX Þ 1

2
jfm 00 ðzÞj

� �a
þ 1

2
jzj

� �a� �
jzjaCðXÞ 1

2a�1
jzj1þa:

Therefore
Ð t0
0 ds

Ð
0<jzj<1 J

m 00

2 ðs; zÞn0ðdzÞ converges to zero as m 00 # 0 l0-a.s. Hence

E l0 ½I m 00

3 ðXÞ� converges to zero as m 00 # 0.
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For the fourth term of (5.2): Note that V A CðRd ;RÞ is locally uniformly

continuous. Then we have

I m
00

4 ðX Þa
ð t0
0

sup
jxj<R

jVðxþFm 00 ðX ÞðsÞÞ � Vðxþ X ðsÞÞj ds;

which converges to zero as m 00 # 0 l0-a.s.. Hence E l0 ½I m 00

4 ðXÞ� converges to zero

as m 00 # 0.

Thus we have seen that the four terms of (5.2) converges to zero as m # 0,

which shows claim (i) for j ¼ 1.

The convergence for j ¼ 2 can be proved in the same way as for j ¼ 1

above. In fact, we have only to replace A
�
xþFm 00 ðXÞðs�Þ þ 1

2 fm 00 ðzÞ
�
� fm 00 ðzÞ

and A
�
xþ Xðs�Þ þ 1

2 z
�
� z by

�Ð 1
0 AðxþFm 00 ðX Þðs�Þ þ yfm 00 ðzÞÞ dy

�
� fm 00 ðzÞ and�Ð 1

0 Aðxþ Xðs�Þ þ yzÞ dy
�
� z, respectively. This shows claim (i) for j ¼ 2, ending

the proof of claim (i).

(ii) By (2.6), we obtain

S3;A;V ðx; t;B;CmðTÞÞ

¼ i

� ðCmðTÞðtÞ

0

Aðxþ BðsÞÞ � dBðsÞ þ 1

2

ðCmðTÞðtÞ

0

ð‘ � AÞðxþ BðsÞÞ ds
	

þ
ð t
0

Vðxþ BðCmðTÞðsÞÞÞ ds

¼: i½Sm
1;Aðx; t;B;TÞ þ Sm

2;Aðx; t;B;TÞ� þ Sm
3;V ðx; t;B;TÞ: ð5:5Þ

Then we have

sup
tat0; jxj<R

E m�n0 ½je�S3;A;V ðx; t;B;CmðTÞÞ � e�S3;A;V ðx; t;B;TÞj�

aE n0 sup
jxj<R

E m sup
tat0

je�iSm
1;A

ðx; t;B;TÞ � e�iS 0
1;A

ðx; t;B;TÞj
� 	" #

þ E m�n0 sup
tat0; jxj<R

je�iSm
2;A

ðx; t;B;TÞ � e�iS 0
2;A

ðx; t;B;TÞj
" #

þ E m�n0 sup
tat0; jxj<R

je�Sm
3;V

ðx; t;B;TÞ � e�S 0
3;V

ðx; t;B;TÞj
" #

¼: E n0 sup
jxj<R

E m½I m1 ðx;B;TÞ�
" #

þ E m�n0 ½I m2 ðB;TÞ� þ E m�n0 ½I m3 ðB;TÞ�: ð5:6Þ
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We now show each term in the last member of (5.6) converges to zero as

m # 0.

For the first term of (5.6): Note that CmðTÞðtÞaTðtÞ. From the relations

Sm
1;Aðx; t;B;TÞ ¼

ðCmðTÞðtÞ5skðBÞ

0

þ
ðCmðTÞðtÞ

CmðTÞðtÞ5skðBÞ
;

S0
1;Aðx; t;B;TÞ ¼

ðTðtÞ5skðBÞ

0

þ
ðTðtÞ

TðtÞ5skðBÞ
;

and Doob’s martingale inequality, we have

E m½I m1 ðx;B;TÞ�a 2E m

ðTðt0Þ5skðBÞ

CmðTÞðt0Þ5skðBÞ
jAðxþ BðsÞÞj2 ds

" #1=2
þ 2mðskðBÞ < CmðTÞðt0ÞÞ þ 2mðskðBÞ < Tðt0ÞÞ: ð5:7Þ

From Proposition 4.2 and the fact that A is locally bounded, we have

ðTðt0Þ5skðBÞ

CmðTÞðt0Þ5skðBÞ
sup
jxj<R

jAðxþ BðsÞÞj2 ds
! 0 as m # 0 n0-a:s:;

a sup
jzj<Rþk

jAðzÞj2Tðt0Þ < y:

8<:
By the above and (5.7), we have

lim sup
m#0

sup
jxj<R

E m½I m1 ðx;B;TÞ�a 4mðskðBÞ < Tðt0ÞÞ;

which converges to zero as k ! y. Hence E n0 sup
jxj<R

E m½I m1 ðx;B;TÞ�
" #

converges

to zero as m # 0.

For the second and third terms of (5.6): Note that ‘ � A and V are locally

bounded. Then we have

I m2 ðB;TÞaCðB;TÞ sup
tat0

ðTðtÞ �CmðTÞðtÞÞ;

I m3 ðB;TÞa
ð t0
0

sup
jxj<R

jVðxþ BðCmðTÞðsÞÞÞ � Vðxþ BðTðsÞÞÞj ds;

which converge to zero as m # 0 m� n0-a.s. Here CðB;TÞ is a constant depending

on B, T . Hence E m�n0 ½I m2 ðB;TÞ� and E m�n0 ½I m3 ðB;TÞ� converge to zero as m # 0.

This shows claim (ii), completing the proof of Lemma 5.1. r
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Lemma 5.2.
Ð
jyjbR

km
0 ðy; tÞ dy converges to zero as R ! y, uniformly on

mb 0, ta t0.

Proof. Let w be a nonnegative Cy
0 function with 0a wðyÞa 1 in Rd

such that wðyÞ ¼ 1 if jyja 1
2 and wðyÞ ¼ 0 if jyjb 1. The function w satisfies

1jyj<R b w
� y
R

�
and dw� �

R

�
w
� �
R

�
ðxÞ ¼ Rd ŵwðRxÞ. Then it follows from Parseval’s equality

and (2.9) thatð
jyjbR

km
0 ðy; tÞ dya

ð
Rd

1� w
x

R

� �� �
km
0 ðy; tÞ dy

¼ 1� 1

ð2pÞd
ð
Rd

ŵwðhÞe�t½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2=R2þm2

p
�m� dh

a 1� 1

ð2pÞd
ð
Rd

ŵwðhÞe�t0ðjhj=RÞ dh;

which converges to zero as R ! y. This ends the proof of Lemma 5.2. r

Finally we prove Theorem 1.2. First, we show claim (i). Suppose g A CyðRdÞ
and consider the case j ¼ 1 or 2. Then we have by (4.1) that

ke�t½Hm
j;A

�mþV �g� e�t½H 0
j;A

þV �gky

a kE l0 ½je�Sm
j;A;V

ð�; t;FmðX ÞÞ � e�S 0
j;A;V

ð�; t;XÞj jgð� þ X ðtÞÞj�ky

þ E l0

½kgð� þFmðXÞðtÞÞ � gð� þ XðtÞÞky�: ð5:8Þ

Since g is uniformly continuous on Rd , the second term on the right-hand side of

(5.8) converges to zero as m # 0 uniformly on ta t0. On the other hand, the first

term on the right-hand side of (5.8) is less than or equal to

kgky sup
jxj<R

E l0

½je�Sm
j;A;V

ðx; t;FmðX ÞÞ � e�S 0
j;A;V

ðx; t;XÞj�42 sup
jxjbR

E l0

½jgðxþ XðtÞÞj�

for R > 0. Therefore we have from Lemma 5.1 (i) that

lim sup
m#0

sup
tat0

ke�t½Hm
j;A

�mþV �g� e�t½H 0
j;A

þV �gky

a 2 sup
tat0; jxjbR

E l0 ½jgðxþ X ðtÞÞj�
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¼ 2 sup
tat0; jxjbR

E l0
�
jgðxþ X ðtÞÞj : jXðtÞj < R

2

� 	

þ E l0

jgðxþ XðtÞÞj : jX ðtÞjb R

2

� 	�

a 2 sup
jzjbR=2

jgðzÞj þ kgky sup
tat0

ð
jyjbR=2

k0
0 ðy; tÞ dy

 !
:

This converges to zero as R ! y by Lemma 5.2, showing claim (i).

Claim (ii) can be proved in the same way as above by using (4.2) and

applying Lemma 5.1 (ii) and Lemma 5.2. In fact, we have only to replace

l0, Sm
j;A;V ðx; t;FmðXÞÞ, S0

j;A;V ðx; t;XÞ, XðtÞ by m� n0, Sm
3;A;V ðx; t;B;TÞ,

S0
3;A;V ðx; t;B;TÞ, BðTðtÞÞ, respectively and note the relation (2.7). r

6. Proof of Theorem 1.3

In this section, we prove Theorem 1.3. The proof of L2-convergence for heat

semigroups as m # 0 is not so easy as that of Cy-convergence ([9]). The reason

for this is that, for example, it is not trivial that

exp i

ð t
0

ð
0<jzj<1

A xþFmðXÞðs�Þ þ 1

2
fmðzÞ

� �
� fmðzÞfN 0

XN 0
X ðdsdzÞ

( )

! exp i

ð t
0

ð
0<jzj<1

A xþ X ðs�Þ þ 1

2
z

� �
� zfN 0

XN 0
X ðdsdzÞ

( )
as m # 0;

since A may not be continuous. To overcome this di‰culty, we note the following

facts:

(1) If 0aV A L1
locðRd ;RÞ, then there exists a sequence fVlg � Cy

0 ðRd ;RÞ
such that

0aVlðxÞaVðxÞ a:s:; Vl ! V in L1
locðRd ;RÞ:

(2) If A A L1þd
loc ðRd ;RdÞ for some d > 0, then there exists a sequence fAlg �

Cy
0 ðRd ;RdÞ such that

Al ! A in L1þd
loc ðRd ;RdÞ:

(3) If A A L2
locðRd ;RdÞ, ‘ � A A L1

locðRd ;RÞ, then there exists a sequence

fAlg � Cy
0 ðRd ;RdÞ such that

Al ! A in L2
locðRd ;RdÞ; ‘ � Al ! ‘ � A in L1

locðRd ;RÞ:
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Lemma 6.1. Let fVlg � Cy
0 ðRd ;RÞ be an approximate sequence of scalar

function V as in (1). Then for any 0 < t0 < y, 0 < R < y, the following

holds:

(i) Let fAlg � Cy
0 ðRd ;RdÞ be an approximate sequence of vector func-

tion A as in (2). Furthermore, let fmg be a decreasing sequence such that

sup
tat0

jFmðX ÞðtÞ � XðtÞj ! 0 as m # 0 l0-a.s. Then for j ¼ 1; 2, it holds that as

l ! y,

lim sup
m#0

sup
tat0

ð
jxj<R

E l0 ½je�Sm
j;A;V

ðx; t;FmðXÞÞ � e
�Sm

j;Al ;Vl
ðx; t;FmðX ÞÞj� dx ! 0; ð6:1Þ

sup
tat0

ð
jxj<R

E l0

½je�S 0
j;A;V

ðx; t;X Þ � e
�S 0

j;Al ;Vl
ðx; t;XÞj� dx ! 0: ð6:2Þ

(ii) Let fAlg � Cy
0 ðRd ;RdÞ be an approximate sequence of vector function

A as in (3). Then it holds that as l ! y,

lim sup
m#0

sup
tat0

ð
jxj<R

E m�n0 ½je�S3;A;V ðx; t;B;CmðTÞÞ � e�S3;Al ;Vl
ðx; t;B;CmðTÞÞj� dx ! 0; ð6:3Þ

sup
tat0

ð
jxj<R

E m�n0 ½je�S3;A;V ðx; t;B;TÞ � e�S3;Al ;Vl
ðx; t;B;TÞj� dx ! 0: ð6:4Þ

Proof. (i) We may assume without loss of generality that 0 < d < 1 because

L
q
loc � L

p
loc for 1a p < q < y. First, we prove (6.1) for j ¼ 1. By (5.1), we

have

lim sup
m#0

sup
tat0

ð
jxj<R

E l0

½je�Sm
1;A;V

ðx; t;FmðXÞÞ � e
�Sm

1;Al ;Vl
ðx; t;FmðXÞÞj� dx

aE l0 lim sup
m#0

sup
tat0

ð
jxj<R

je�iS m
1;A

ðx; t;X Þ � e
�iSm

1;Al
ðx; t;XÞj dx

" #

þ lim sup
m#0

sup
tat0

ð
jxj<R

E l0

½je�iSm
2;A

ðx; t;XÞ � e
�iS m

2;Al
ðx; t;XÞj� dx

þ E l0 lim sup
m#0

sup
tat0

ð
jxj<R

je�iS m
3;A

ðx; t;XÞ � e
�iS m

3;Al
ðx; t;X Þj dx

" #

þ E l0 lim sup
m#0

sup
tat0

ð
jxj<R

je�Sm
4;V

ðx; t;X Þ � e
�Sm

4;Vl
ðx; t;X Þj dx

" #
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¼: E l0

½I l1 ðXÞ� þ lim sup
m#0

sup
tat0

ð
jxj<R

I m;l
2 ðx; tÞ dx

þ E l0

½I l3 ðXÞ� þ E l0 ½I l4 ðX Þ� ð6:5Þ

We now show each term in the last member of (6.5) converges to zero as l ! y.

To this end, we note that I l1 ðXÞ, I l3 ðXÞ and I l4 ðX Þ are less than or equal to

2 volðRÞ < y. Here volðRÞ is the volume of the ball with radius R.

For the first term of (6.5): Since jfmðzÞja jzj, we have

I l1 ðXÞa
X
sat0

1jXðsÞ�X ðs�Þjb1jXðsÞ � Xðs�Þj
ð
jwj<RþCðXÞ

jAðwÞ � AlðwÞj dw;

with a constant CðXÞ depending on X . Therefore, here, since Al ! A in

L1þd
loc ðRd ;RdÞ and so in L1

locðRd ;RdÞ, it follows that E l0 ½I l1 ðX Þ� converges to zero

as l ! y.

For the second term of (6.5). For convenience of notation, we put

Wm;lðx; s; y;XÞ :¼ A xþFmðXÞðs�Þ þ 1

2
y

� �
� Al xþFmðXÞðs�Þ þ 1

2
y

� �
:

Let Gm;lðx; t;X Þ be a subset of ð0; t� � fz; 0 < jzj < 1g defined by

Gm;lðx; t;XÞ :¼ fðs; zÞ; jWm;lðx; s; fmðzÞ;X Þ � fmðzÞj > 1g:

Let skðX Þ be the hitting time as defined in the proof of Lemma 5.1 (i). By the

relation
Ð t
0 ¼

Ð t5skðFmðX ÞÞ
0 þ

Ð t
t5skðFmðX ÞÞ, we have

I
m;l
2 ðx; tÞ

aE l0
ð t5skðFmðXÞÞ

0

ð
0<jzj<1

1Gm; lðx; t;X ÞW
m;lðx; s; fmðzÞ;X Þ � fmðzÞfN 0

XN 0
X ðdsdzÞ














" #

þ E l0

ð t5skðFmðXÞÞ

0

ð
0<jzj<1

1
Gm; lðx; t;X Þ!W

m;lðx; s; fmðzÞ;XÞ � fmðzÞfN 0
XN 0
X ðdsdzÞ














" #

þ 2l0ðskðFmðX ÞÞ < tÞ

¼: Jm;l;k
1 ðx; tÞ þ J

m;l;k
2 ðx; tÞ þ 2l0ðskðFmðXÞÞ < tÞ: ð6:6Þ
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For J
m;l;k
1 ðx; tÞ, since jfN 0

XN 0
X ðdsdzÞjaNX ðdsdzÞ þ dsn0ðdzÞ and E l0 ½NX ðdsdzÞ� ¼

dsn0ðdzÞ, we haveð
jxj<R

J
m;l;k
1 ðx; tÞ dx

a 2

ð
jxj<R

E l0
� ð t5skðFmðX ÞÞ

0

ð
0<jzj<1

1Gm; lðx; t;X Þ

� jWm;lðx; s; fmðzÞ;XÞ � fmðzÞj dsn0ðdzÞ
	
dx

a 2t0

ð
0<jzj<1

jzj1þd
n0ðdzÞ

ð
jwj<Rþkþ1=2

jAðwÞ � AlðwÞj1þd
dw: ð6:7Þ

For J
m;l;k
2 ðx; tÞ, from the Schwartz inequality, we have

J
m;l;k
2 ðx; tÞ2

aE l0
� ð t5skðFmðX ÞÞ

0

ð
0<jzj<1

1
Gm; lðx; t;XÞ! jW

m;lðx; s; fmðzÞ;XÞ � fmðzÞj
2
dsn0ðdzÞ

	

aE l0
ð
0<jzj<1

jzj1þd
n0ðdzÞ

ð t5skðFmðX ÞÞ

0

jWm;lðx; s; fmðzÞ;XÞj1þd
ds

" #
:

It follows from the Schwartz inequality thatð
jxj<R

Jm;l;k
2 ðx; tÞ dx

a volðRÞt0
ð
0<jzj<1

jzj1þd
n0ðdzÞ

ð
jwj<Rþkþ1=2

jAðwÞ � AlðwÞj1þd
dw

 !1=2
: ð6:8Þ

By (6.6), (6.7) and (6.8), we have

lim sup
l!y

lim sup
m#0

sup
tat0

ð
jxj<R

I
m;l
2 ðx; tÞ dxa 2l0 lim sup

m#0
fskðFmðXÞÞ < t0g

 !

a 2l0ðsk�1ðXÞ < t0Þ;

which converges to zero as k ! y. Hence lim sup
m#0

sup
tat0

ð
jxj<R

I m;l
2 ðx; tÞ dx con-

verges to zero as l ! y.

22 Taro Murayama



For the third term of (6.5): Note that n0f�1
m ðdyÞ ¼ nmðdyÞ ¼ nmðyÞ dy and

jf�1
m ðyÞj ¼ lmðjyjÞ (cf. (4.5)). Then we have

jSm
3;Aðx; t;X Þ � Sm

3;Al
ðx; t;XÞj

¼
ð t
0

ds p:v:

ð
0<jyj<l�1

m ð1Þ
Wm;lðx; s; y;X Þ � ynmðyÞ dy














a

ð t
0

ds p:v:

ð
0<jyj<l�1

m ð1Þ
jWm;lðx; s; y;XÞj jyjðn0ðyÞ � nmðyÞÞ dy

þ
ð t
0

ds p:v:

ð
0<jyj<l�1

m ð1Þ
Wm;lðx; s; y;X Þ � yn0ðyÞ dy














¼: Km;l
1 ðx; t;XÞ þ Km;l

2 ðx; t;X Þ: ð6:9Þ

Here we used the fact that nmðyÞ < n0ðyÞ (cf. Remark 2.3) in the second

inequality. For K
m;l
1 ðx; t;XÞ, since

Ð
jyj>0ðn0ðyÞ � nmðyÞÞ dy ¼ m ([6, Lemma 3.1

(iii)]), we haveð
jxj<R

K
m;l
1 ðx; t;X Þ dxa t0l

�1
m ð1Þm

ð
jwj<RþCðXÞ

jAðwÞ � AlðwÞj dw: ð6:10Þ

For K
m;l
2 ðx; t;XÞ, note that y ¼ ðy1; . . . ; ydÞ 7! yin

0ðyÞ is the Calderon–

Zygmund kernel ([5, p. 275]) for any i ¼ 1; . . . ; d. Then from Hölder’s inequality

and the Calderon–Zygmund theorem ([20, Theorem 2]) with a constant Cd

depending only on d, we haveð
jxj<R

Km;l
2 ðx; t;X Þ dx

a volðRÞd=ð1þdÞ
ð t
0

ds

�
ð
jxj<R

p:v:

ð
0<jyj<l�1

m ð1Þ
Wm;lðx; s; y;XÞ � yn0ðyÞ dy













1þd

dx

0@ 1A1=ð1þdÞ

a volðRÞd=ð1þdÞ
t0Cd

ð
jwj<RþCðX Þ

jAðwÞ � AlðwÞj1þd
dw

 !1=ð1þdÞ

: ð6:11Þ

By (6.9), (6.10) and (6.11), I l3 ðXÞ converges to zero as l ! y and so does

E l0 ½I l3 ðXÞ�.
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For the fourth term of (6.5): Since 0aVlðxÞaVðxÞ a.s., we have

I l4 ðXÞa t0

ð
jwj<RþCðX Þ

ðVðwÞ � VlðwÞÞ dw:

It converges to zero as l ! y since Vl ! V in L1
locðRd ;RÞ. Hence E l0 ½I l4 ðXÞ�

converges to zero as l ! y.

Therefore we have (6.1) for j ¼ 1. Putting m ¼ 0 in the above proof, we

obtain (6.2), showing claim (i) for j ¼ 1.

For j ¼ 2, (6.1) and (6.2) can be proved in the same way as for j ¼ 1 above.

This ends the proof of claim (i).

(ii) By (5.5), we have

lim sup
m#0

sup
tat0

ð
jxj<R

E m�n0 ½je�S3;A;V ðx; t;B;CmðTÞÞ � e�S3;Al ;Vl
ðx; t;B;CmðTÞÞj� dx

aE n0 lim sup
m#0

sup
tat0

ð
jxj<R

E m½je�iS m
1;A

ðx; t;B;TÞ � e
�iSm

1;Al
ðx; t;B;TÞj� dx

" #

þ E m�n0 lim sup
m#0

sup
tat0

ð
jxj<R

je�iSm
2;A

ðx; t;B;TÞ � e
�iS m

2;Al
ðx; t;B;TÞj dx

" #

þ E m�n0 lim sup
m#0

sup
tat0

ð
jxj<R

je�Sm
3;V

ðx; t;B;TÞ � e
�Sm

3;Vl
ðx; t;B;TÞj dx

" #

:¼ E n0 lim sup
m#0

sup
tat0

ð
jxj<R

I
m;l
1 ðx; t;B;TÞ dx

" #

þ E m�n0 ½I l2 ðB;TÞ� þ E m�n0 ½I l3 ðB;TÞ�: ð6:12Þ

We now show each term in the last member of (6.12) converges to zero as

l ! y.

For the first term of (6.12): By the relation
Ð t
0 ¼

Ð CmðTÞðtÞ5skðBÞ
0 þ

Ð t
CmðTÞðtÞ5skðBÞ

and ðaþ bÞ2 a 2a2 þ 2b2 (a; b A R), we have

I m;l
1 ðx; t;B;TÞ2 a 2E m

ðCmðTÞðtÞ5skðBÞ

0

jAðxþ BðsÞÞ � Alðxþ BðsÞÞj2 ds
" #

þ 4mðskðBÞ < CmðTÞðtÞÞ2:
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It follows from the Schwartz inequality that

lim sup
m#0

sup
tat0

ð
jxj<R

I m;l
1 ðx; t;B;TÞ dx

a volðRÞ1=2
 
2Tðt0Þ

ð
jwj<Rþk

jAðwÞ � AlðwÞj2 ds

þ 4 volðRÞmðskðBÞ < Tðt0ÞÞ2
!1=2

! 2 volðRÞmðskðBÞ < Tðt0ÞÞ as l ! y

! 0 as k ! y:

Hence E n0 lim sup
m#0

sup
tat0

ð
jxj<R

I
m;l
1 ðx; t;B;TÞ dx

" #
converges to zero as l ! y.

For the second and third terms of (6.12): Note that ‘ � Al ! ‘ � A and

Vl ! V in L1
locðRd ;RÞ as l ! y. Then we have

I l2 ðB;TÞaTðt0Þ
ð
jwj<RþCðBÞ

jð‘ � AÞðwÞ � ð‘ � AlÞðwÞj dw;

I l3 ðB;TÞa t0

ð
jwj<RþCðB;TÞ

ðVðwÞ � VlðwÞÞ dw;

which converge to zero as l ! y. Hence E m�n0 ½I l2 ðB;TÞ� and E m�n0 ½I l3 ðB;TÞ�
converge to zero as l ! y.

Therefore we have (6.3). Putting m ¼ 0 in the above proof, we obtain (6.4).

This ends the proof of claim (ii), completing the proof of Lemma 6.1. r

Now we prove Theorem 1.3. First, we prove claim (i). Consider the case

j ¼ 1 or j ¼ 2. Let g A L2ðRdÞ, A A L1þd
loc ðRd ;RdÞ and 0aV A L1

locðRd ;RÞ.
Choose a sequence fgng � Cy

0 ðRdÞ such that gn ! g in L2ðRdÞ as n ! y.

Choose sequences fAlg � Cy
0 ðRd ;RdÞ and fVlg � Cy

0 ðRd ;RÞ as in (2) and (1)

at the beginning of this section, respectively. Then we have

ke�t½Hm
j;A

�mþV �g� e�t½H 0
j;A

þV �gk2

a ke�t½Hm
j;A

�mþV �g� e�t½Hm
j;A

�mþV �gnk2 þ ke�t½Hm
j;A

�mþV �gn � e
�t½Hm

j;Al
�mþVl�gnk2
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þ ke�t½Hm
j;Al

�mþVl�gn � e
�t½H 0

j;Al
þVl�gnk2 þ ke�t½H 0

j;Al
þVl�gn � e�t½H 0

j;A
þV �gnk2

þ ke�t½H 0
j;A

þV �gn � e�t½H 0
j;A

þV �gk2

¼: I m;n
j ðtÞ þ J

m;n;l
j ðtÞ þ K

m;n;l
j ðtÞ þ J

0;n;l
j ðtÞ þ I

0;n
j ðtÞ: ð6:13Þ

We now estimate each term in the last member of (6.13).

For the first and fifth terms of (6.13): By the strong continuity of the

semigroup, we have

I
m;n
j ðtÞ þ I

0;n
j ðtÞa 2kgn � gk2: ð6:14Þ

For the third term of (6.13): Let R > 0. From the Minkowski inequality,

we have

Km;n;l
j ðtÞa ke�t½Hm

j;Al
�mþVl�gn � e

�t½H 0
j;Al

þVl�gnkL2ðjxj<RÞ

þ ke�t½Hm
j;Al

�mþVl�gnkL2ðjxjbRÞ þ ke�t½H 0
j;Al

þVl�gnkL2ðjxjbRÞ

a volðRÞ1=2ke�t½Hm
j;Al

�mþVl�gn � e
�t½H 0

j;Al
þVl�gnky

þ
ð
jxjbR

dx

ð
Rd

km
0 ðy; tÞjgnðxþ yÞj2 dy

þ
ð
jxjbR

dx

ð
Rd

k0
0 ðy; tÞjgnðxþ yÞj2 dy:

From Theorem 1.2 (i), the first term in the last member of the above converges to

zero as m # 0 uniformly on ta t0. By the argument in [9, Proof of Theorem 2],

the second and third terms in the last member of the above converges to zero,

uniformly on ta t0, 0ama 1. Therefore we have

lim
m#0

sup
tat0

K
m;n;l
j ðtÞ ¼ 0: ð6:15Þ

For the second and fourth terms of (6.13): Let R > 0. From the Minkowski

inequality, we have for mb 0

Jm;n;l
j ðtÞa ke�t½Hm

j;A
�mþV �gn � e

�t½Hm
j;Al

�mþVl�gnkL2ðjxj<RÞ

þ ke�t½Hm
j;A

�mþV �gn � e
�t½Hm

j;Al
�mþVl�gnkL2ðjxjbRÞ
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a
ffiffiffi
2

p
kgnky

ð
jxj<R

E l0 ½je�Sm
j;A;V

ðx; t;FmðXÞÞ � e
�Sm

j;Al ;Vl
ðx; t;FmðX ÞÞj� dx

 !1=2

þ 2

ð
jxjbR

dx

ð
Rd

km
0 ðy; tÞjgnðxþ yÞj2 dy

 !1=2
:

From Lemma 6.1 (i), we have

lim sup
m#0

sup
tat0

J
m;n;l
j ðtÞ ! 0 as l ! y;

sup
tat0

J 0;n;l
j ðtÞ ! 0 as l ! y;

ð6:16Þ

where fmg is a decreasing sequence such that sup
tat0

jFmðXÞðtÞ � XðtÞj ! 0 as

m # 0 l0-a.s.

Now let fm 0g be any subsequence of fmg with m # 0. Then, by Proposition

4.1, there exists a subsequence fm 00g of fm 0g such that sup
tat0

jFm 00 ðX ÞðtÞ � XðtÞj ! 0

as m # 0 l0-a.s. By (6.13), (6.14) and (6.15), (6.16), we have

lim sup
m 00#0

sup
tat0

ke�t½Hm 00
j;A

�m 00þV �gn � e�t½H 0
j;A

þV �gnk2 a 2kg� gnk2;

which converges to zero as n ! y. This concludes that sup
tat0

ke�t½Hm
j;A

�mþV �g�
e�t½H 0

j;A
þV �gk2 ! 0 as m # 0, so showing claim (i).

Claim (ii) can be proved in the same way as above by applying Lemma 6.1

(ii), without taking a subsequence fm 0g. r
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[18] K. Sato: Lévy Processes and Infinitely Divisible Distributions, Cambridge University Press, 1999.

[19] B. Simon: Functional Integration and Quantum Physics, Academic Press, New York, 1979.

[20] E. M. Stein, Singular Integrals and Di¤erentiability Properties of Functions, Princeton Univ.

Press 1970.

Institute of Science and Engineering

Kanazawa University

Kakumamachi, Kanazawa, Ishikawa, 920-1192, Japan

Current Address: Department of General Education

National Institute of Technology, Ishikawa College

Kitachujo, Tsubata, Ishikawa, 929-0392, Japan

28 Taro Murayama


