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A PROBABILISTIC APPROACH TO THE ZERO-MASS
LIMIT PROBLEM FOR THREE MAGNETIC
RELATIVISTIC SCHRODINGER HEAT SEMIGROUPS

By

Taro MURAYAMA

Abstract. We consider three magnetic relativistic Schrédinger
operators which correspond to the same classical symbol
\/ (E—A(x))*+m2+ V(x) and whose heat semigroups admit
the  Feynman-Kac-Itd  type path integral representation

Ele™S"5X)g(x + X (¢))]. Using these representations, we prove the
convergence of these heat semigroups when the mass-parameter m
goes to zero. Its proof reduces to the convergence of e~5"(%6%X)
which yields a limit theorem for exponentials of semimartingales as

functionals of Lévy processes X.

1. Introduction and Results

In a recent paper [9], we studied the zero-mass limit problem for heat
semigroup of the Weyl-pseudodifferential operator H' 4+ V' with classical symbol

\/(f — A(x))? +m? + V(x) to show that as m | 0,

7 0
Hi-m+V] _, e—’[HA+V]

el strongly, (1.1)

uniformly on every finite bounded interval in ¢ > 0. For the proof, its Feynman-
Kac-1té6 (F-K-I) type path integral formula (e.g. [19]) was used. Here m is
the mass parameter, and A:RY S RY V:RY R are the magnetic vector
potential, the electric scalar potential, which in fact were assumed to satisfy that
Ae CERYRY), Ve G(RYR).
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In this paper, we study this problem under more general assumptions on
the potentials 4 and ¥V, and treat moreover the additional case for other two
different magnetic relativistic Schrédinger operators H|' + V', together with their
respective F-K-I type formulae. The problem will be solved by discussing the
convergence of special kind of semimartingales, namely, exponentials of semi-
martingales, as functionals of Lévy processes (see Lemma 5.1 and Lemma 6.1).
To best my knowledge, such convergence does not seem to have been treated
in the framework of the limit theorems for semimartingales represented by
stochastic integrals (cf. [16]).

Now, let H{",, H)";, H3", denote the following three magnetic relativistic
Schrédinger operators correspbnding to the symbol of the classical kinetic energy

\/(f — A(x))* +m? ((¢,x) e R x RY):

(H{"1f)(x) = ﬁ”RR elm< \/ (é -4 (x; Y ) )2 +m2f(y) dydé,  (12)

(HP o f)(x) = — j Lw Y

(2m)
1 2
X \/<§—JOA((1 —0)x+0y)d0> + m?f(y) dyd¢, (1.3)
H =\ (-9 — A(x))* + m. (1.4)

H", is the Weyl pseudodifferential operator introduced in [10] and studied further
in [7], [8]. Hy", is the pseudodifferential operator defined as a modification of H{",
([12], [13], [14]). HS", is the square root of the nonnegative selfadjoint operator
(—iV — A(x))* + m? in L2(R?). Each operator H", +V (j=1,2,3) may be used
to describe the motion of a relativistic spinless 'particle with mass m > 0 in the
electromagnetic field. We have H{", = H}", = H3", = V—=A+m? for 4 =0, where
A is the Laplacian in R?. For A # 0, the operators H",, H",, H}", are different
from one another, although they coincide in the case of constant fnagnetic field,
i.e.,, when A(x) = Ax with 4 a constant symmetric matrix. Under gauge trans-
formation, H;", and H3", are covariant, but H", is not ([7, Section 2, Section 3],
[8, Section 2]). '

Let us consider the heat semigroups e~ ]g applied to a function g,
each of which is the solution u(x, 1) = (e "~ 1g)(x) of the Cauchy problem
for the heat equation

(H" —m+V
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Lu(x, 1) = —[H"y —m+ Vlu(x,1), xe RY, >0,
u(x,0) = g(x), xeR%

They are known ([10], [12], [3]) to be represented by F-K-I type formulae as
follows:

(eit[ij.”AierV]g)(X) _ E/l'" [e*S]-’_’L,,V(X,Z;X)g(x + X([))L ] = 1727 (15)
(e—t[H;T’A—m+V]g)(x) — v [e—SlA.V(xy[?Bv T)g(x + B(T(1)))]. (1.6)

Here we denote by EP[--:]=[---dP the expectation with respect to the
probability measure P. 2™ and v are some probability measures connected with
d-dimensional Lévy process X and 1-dimentional subordinator T to be intro-
duced as time change, respectively. u is the d-dimensional Wiener measure
associated with d-dimensional standard Brownian motion B. S}" 1471,(>c7 t; X),
Sy v(x,;X) and S5 4 v(x,t; B, T) are complex-valued semimartingdles given by
stochastic integrals of potentials 4 and V.

Our first result is the weak convergence of two probability measures A"
and v".

TaEOREM 1.1. (i) A™ weakly converges to 1° as m | 0.

0

(ii) v weakly converges to v° as m | 0.

Our second result is the strong convergence of the heat semigroups

e ML=Vl (7 =1,2.3) on C.(RY) = {g e C(RY); ‘ l‘im g(x) = 0} with norm
19l := sup [g(x)]: ‘

xeR?

sup ||le”"!
1<t

B g g 0 s m L0 (7

THEOREM 1.2.  Assume that g€ C.(RY) and 0 < V e C(R%;R).

() If A is locally a-Holder continuous (0 <o <1), then (1.7) holds for
j=12

(ii) If A e C'(R%RY), then (1.7) holds for j=3.

Our third result is the strong convergence of the heat semigroups e Hy—m+V]
(j=1,2,3) on L*RY):
sup [leAla=m Vg _ o= Vg — 0 as m | 0. (1.8)

1<ty
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TuEOREM 1.3.  Assume that g€ L*(RY) and 0 <V e L} (RY;R).
(i) If Ae LLP(RYGRY) for some 5 >0, then (1.8) holds for j=1,2.

(ii) If Ae L2 . (RE;R?) and V- Ae Ll (RY;R), then (1.8) holds for j=3.

Claim (i) for j=1 of Theorem 1.2 and Theorem 1.3 are direct gener-
alizations of those results of [9]. Note that Theorem 1.2 and Theorem 1.3
hold if V is bounded from below. In fact, we have only to replace V' by
V —inf V(> 0).

The problem may be thought of for the operators H"+V, which are
bounded from below with more general scalar potential V(x), for instance, a
- In fact, HlYy—19= \/—Aerz—ﬁ,

with ¢ < %, is known to be, as a quadratic form, bounded from below (non-

negative Coulomb potential V' (x) =

negative). However, in this paper we content ourselves only with treating the
above mentioned case, partly because the mass parameter m is involved only
with the kinetic energy part H/", containing vector potential 4 but not with
scalar potential V', and partly because of avoiding inessential difficulty coming
from negativity of scalar potential.

This paper is organized as follows. In Section 2, we will describe more
precisely the three F-K-I type formulae (1.5) and (1.6). In Section 3, we prove
Theorem 1.1. In Section 4, we give preliminaries to prove Theorem 1.2 and
Theorem 1.3. In Section 5 and Section 6, we prove Theorem 1.2 and Theorem
1.3, respectively.

2. Three F-K-I Type Formulae

In this section, we give more precise description of the three F-K-I type
formulae (1.5) and (1.6).
For (1.5), A™ is the probability measure on the path space

Do = Dy([0,0) — RY) := {X : [0, 0) — R, X is cadlag, X(0) =0},

and satisfies

E;“m [eié)((t)] _ e—t[\/ghrmzfm]’ f c Rd7 t>0. (2.1)

X is a pure-jump Lévy process with respect to 1™, i.e.,

t

xo = J . ovtasa |

J YN (dsdy), A"-as. (2.2)
0 0 Jo<|yl<1
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Nyx(dsdy) is the counting measure on (0,c0) x {|y| > 0} defined by
Ny (dsdy) .= #{ueds; X(u) — X(u—) € dy}.

It is the stationary Poisson random measure with intensity measure (compen-
sator) dsn™(dy) with respect to A", where n™(dy) is the Lévy measure having

density
H(m PR g a(mly) <0
2 ‘yl(d+1)/2 ’ ’
=9 23)
r4) 1 0

FENIE
r(d+1)/2 ‘y| +1

so that n™(dy) = n"(y) dy, and then satisfies
[t <o 550.m0
0<|yl<1

Here K, stands for the modified Bessel function of the third kind of order v
and I' denotes the gamma function, respectively. N¥(dsdy) is the compensated
Poisson random measure, i.e.,

ﬁ/{?(dsdy) := Nx(dsdy) — dsn™(dy).

Sy y(x,5,X) is a complex-valued semimartingale given by

t

smyu$xy:{J

1
y (x T X(5-) + —y) - YNy (dsdy)
0Jpyi=1 2

1

1 _
+ J A(x—l—X(s—)—FEy) - yN¥ (dsdy)
Jo Jo<)yi<1

t

+ | ds p.v. J
0 0<|y|<1

A (x +X(s) + % > : ynm(dy)]

+fvu+X@ym (24)
0

Here “p.v.” means the principal value integral. S)', ,(x,# X) is given by a
modification of S{", 1 (x,7; X) as follows:
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st ) =i [ » (L A+ X(5-) 4 09) d0) - sNlasy)

" M;J0<y|<1 ( J; A(x+ X (s=) +0p) d@) . YN (dsdy)

+ ;ds p.v. J0<y<1 <J; A(x + X (s) + 0y) d0> : yn’”(dy)}

+ J; Vix+ X(s)) ds. (2.5)
For (1.6), u is the d-dimensional Wiener measure associated with
d-dimensional standard Brownian motion B. v is the probablity measure on
D" = Dy([0,00) — R) := {T :[0,0) — R; T is cadlag, T(0) =0},
induced by the inverse Gaussian subordinator (e.g. [1])
U™(t) :=inf{s > 0; B'(s) + ms =1}, t>0.

Namely, for the Borel set E in Dél), v is defined by v"(E) := u'(U™(-) € E).
Here B' is 1-dimensional standard Brownian motion and x' is the 1-dimensional
Wiener measure. Then 7 is a subordinator with respect to v”. S3 4 v (x, 6B, T)
is a complex-valued semimartingale given by

T(1) 1 (7@
S34v(x,t; B, T) =i J A(x + B(s)) - dB(s) +§J (V-A)(x+ B(s)) ds

0

+LV@+MT@»m. (2.6)

Now, for the probability distributions of X (¢) and B(7(f)), note that
PX () € dy) = (0 x V) (B(T(1)) € dy) = kg (,1) dy. (2.7)

Here k{"(y,t) is the integral kernel of the semigroup e~ IV=A+mi=ml and has the
explicit expression

) (ﬂ)wﬂ)/zlemtl{((iﬂ>/2(m(|y2 +12)'7%)
2n

y , m>0,
(|y]? + 2)l+rs

ko' (v, 1) =
e
m(d+1)/2 (|y|2 + Z2)(d+l)/2’
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Expressions (2.7) and (2.1) imply that

k(- 0)(&) = e Vil g e je (2.9)

Here, for gpe.%(RY), we define the Fourier transform of ¢ by @(&):=
Jre €™ p(y) dy.

ReMARK 2.1. Under the assumption in Theorem 1.3 (i) (resp. (ii)), H{", —
m+V, H'y—m+V (resp. H"y—m+V) can be realized as nonnegative
selfadjoint operators in L*(RY) through the quadratic forms ([11], [8]). Then
each term in S7", 1 (x, X)), 8", (x, 6 X) (resp. S5 4,v(x, 4B, T)) is well-defined
AM-a.s. (resp. X v7-a.s.) '

REMARK 2.2. Under the assumption in Theorem 1.2 (i) (resp. (ii)), the maps
x = ST p(6X), xS, (x,6X) (resp. x+— 83 4,v(x,4B,T)) are contin-
uous A"-a.s. (resp. u x v’”-a.s;) Especially, then the third terms in S, (x, ; X),
S, v(x,X) (principal value integrals) are equal to '

rmeQPG+X@+%O—A@+ﬂm]WW@%

0

J(j ds Jo<|y<1 (J; AQx+ X(s) + Oy)d0 — A(x + X(S))> - yn™(dy),

respectively, since |, <Jyl<1 |y|"**n"(dy) < oo and n™(y) is rotatinally invariant.

ReEMARK 2.3. For the density of Lévy measure n”(dy) and the integral
kernel k{"(y,t) of the semigroup e /IV-A+""=7 it holds that

n"™(y) 1n’(y), k(v ) T kg(y,2) as m | 0.

In fact (e.g. [4, (21), p. 79]), since L (¢@D/12K 401 0(7)) = =T @V2K 4 1) 0(7)
<0 and L(et“NPK ) 0(7)) = e TR (K g0y (t) = K1) 2(7)) <0 for
©>0, the functions 7+ t V2K, ) (c) and 7 et 2K, 0 0(7) are
strictly decreasing. Therefore we have

_ d+1
mewmmﬁmwmwmmwwﬁ@f)mwo

Then it follows from (2.3), (2.8) that as m | 0,
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1 (d+1)/2(m|y|)(d+1)/2Kd+l Jomly))
n"(y) :2<E> |y|"(“ )/ 0,
1 \@+D/2 i
kg'(y,1) = 2(%) te— () 7=

2, 2102 2 1/21(d+1)/2 2 1/2
e (| p)2 + )Y TRK oy a(m( ]+ 2)P) (vt
" (IyP + 2P ot

3. Proof of Theorem 1.1

The proof of claim (i) of Theorem 1.1 is given in [9]. So we prove only claim
(i1). To this end, we have to verify the following three facts ([2, Theorem 13.5]):

(a) The finite dimensional distributions with respect to v weakly converge
to those with respect to v as m | 0.

(b) For each t>0, the probability measure v'(7(z) — T(s) € dy) weakly
converges to Dirac measure concentrated at the point 0 e R as s 1 ¢.

(c) There exist o >0 and f > 1, and a nondecreasing continuous function

F on [0,00) such that for m >0, 0 <r<s<t< oo, a>0,

Proor. To prove (a), we note that the Lévy exponent of v™ is given as
follows ([8, (4.26)]):

2\/§p2
é’ﬂl(p) = 1/2
[(m? + /m* 1+ 4p2) 1=+ V2m)(m? + \/m* + dp?)
2
Vap i, peR.

(m? + m4+4p2)1/2 ’
Here, for m =0, p =0, we understand {,(0) := 0. It is easy to see that {,,(p) —
{o(p) as m | 0 for any peR. Then (a) follows from this convergence and
independent and stationary increments property of subordinator 7.

Next, (b) follows from the stochastic continuity of subordinator 7.
Finally, we prove (c). Since

t 1/
vI(T(t) e dr) = \/—2_71@"";”3/2 exp{—2 <r+m2r> } dr, r>0, (3.1
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we have for 1 >0, a >0

t * 1/
VT (t) = a) = \/2_7m_e"” Jl 5732 exp{—i (% + mzas)} ds
t

2
=4/t
T

From the independent increments property of subordinator 7' and the above
estimate, we have

2
vVI'((T(s) — T(r)) A(T(¢) — T(s)) = a) < é(ﬁ—%) , 0<r<s<t<oo.
Therefore (c) holds for o:=1, f:=2 and F(¢) ::ﬁ' O

4. Change of Probability Measures

In this section, we give preliminaries to prove Theorem 1.2 and Theorem 1.3.
The main idea is to change probability measures on the right-hand sides of (1.5)
and (1.6) from A™ and uxv™ to 2% and 1O, respectively. More precisely,
we find path transformations ®,,: Dy X — ®,,(X) e Dy and ¥, : Dél) 5T —
¥,,(T) € DY such that by A" = 2°®,! and v = 0¥ !, the right-hand sides of
(1.5) and (1.6) are rewritten as

(e—f[H/-',”A—"1+V]g)(x) — g [e_Sj’??A. 1/(x~t§d)nz(X))g(x+ D,,(X)(1)] j=1,2, (4.1)
(¢ I Ig) () = 0 S B D BT (42)

Here ®,,(X)(¢) and ¥, (T)(¢) are the values of ®,,(X) and ¥, (T) at time ¢,
respectively.

In fact, in [9], the Lévy process ®,,(X) with respect to A" has already
been obtained through a mapping ¢, : R/\{0} — RY\{0} satisfying n"(dy) =
n’¢,1(dy). Namely we have a strictly increasing function 7, : (0, 0) — (0, o)
such that

t

D,,(X)(2) := Jr J221 ¢, (2)Nx (dsdz) + J

J b, (IN(dsd), i'-as.,  (43)
0 0 Jo<|z|<1

z

(d-1)/21 (d+1
/m(},) — 2 F( 2 )

_ . 4.4
m( @02 [F 4 @d=32K 41 o (mu) du 44

bn(z) = 4, (I2])

|2l
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Here defining 4,(r) := r for m = 0, we have ¢,(z) = z, @y(X) = X. Since 4,(r) | r
as m | 0 ([9, Proposition 1 (ii)]), we have

bu(2) = 2, () =4, (I2) 112l as m L0, (4.5)

Therefore we obtain the following proposition ([9, Proposition 2]):

PROPOSITION 4.1.  For every sequence {m} with m | 0, there exists a sub-
sequence {m'} such that

sup | @, (X) (1) = X ()] = 0 as m' | 0, ’-as.

1<ty

Next, by an analogous argument used to obtain ®,, in [9], we will find
‘I’m:Dél) —>D(<)1> such that v ='W ! Let ¢”(dr) be the Lévy measure of
subordinator 7" with respect to v”. It is known that

JOC @v”’(T(z) € dr) — Jm f(r)a™(dr) as t]0,

o ! 0

for any bounded continuous function f : (0,00) — R vanishing in a neighbor-
hood of the origin ([17, (6.4.11)]). Then we have by (3.1) that

a"(dr) = b 32—/ 2mr gy a"(r) dr.

V2n
Now, we will determine ,, : (0,0) — (0,00) in such a way that (i) ¢™(dr) =
oy (dr), (i) ¥, € C'((0, 00); (0, 0)), (iii) ¥,, is bijective and (iv) ¥/ (r) # 0 for
all r > 0. For any Borel set U in (0,00), we have

"(U) = j () dr, oY (U) = j AW )W () dr.

U

Therefore we have " (r) = a*(,,' (r))(,,") (r) as. r >0, and hence

m

32 W2 = (1)) PP (Y1) (1) as. > 0.

m m

We solve this differential equation under boundary condition y,, 1(oo) = oo to get

4
-1

r) = .
l//m ( ) (J‘r% u=3/2e—(1/2)m?u du)z

Since ' (r) | r, we have v, (r) 1 r as m | 0. For m =0, we put ,(r) := r. Thus

m
we determined y,,. Next, by noting [,° re’(dr) < oo, we define subordinator
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W,.(T) with respect to v by
Y, (T)(t) = Jl Jm W, (PN (dsdr) v'-as. (4.6)
for m = 0. Here

Nr(dsdr) := #{ueds;T(u) — T(u—) edr}, s>0,r>0.

It is trivial that Wo(T) =T, 0 < W, (T)(¢) < T(¢). It can been seen that v =
vO‘Pnjl. In fact, for py,...,pr e R, 0 =59 <51 < -+ <85 < 0, k € N, we have by
[1, Theorem 1.3.15] and the relation ¢”(dr) = ¢"y,,' (dr) that

e k o0 .
E[enn o =] exp{(» - sjﬂ)J (ellprtspor 1>o'"<dr>}
J=1 0

_ EVO [eizle ijlrn(T)(Sj)].

Now, we can get also the following proposition for W¥,,(T) corresponding to
Proposition 4.1 for ®,,(X). Its proof is easy since ,,(r) Tr as m | 0:
PROPOSITION 4.2.  For every sequence {m} with m | 0, we have

(0 <) sup (T(t) — Pu(T)(1) — 0 as m |0, v'-a.s.

1<t

It is to be noted that we need to take a subsequence in Proposition 4.1 but
not in Proposition 4.2.

5. Proof of Theorem 1.2

In this section, we prove Theorem 1.2. First we prove two key lemmas.

LEMMA 5.1.  Assume that 0 <V e C(R*R) and 0 <ty < o0, 0 < R < 0.

() If A is locally o-Holder continuous (0 < o < 1), then it holds that for
j=12

E@‘)He*S/@A. S, 5D, (X)) efs‘jf?A‘V(x,t;X)|] —~0 asml0,

uniformly on t <ty, |x| <R.
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(ii) If Ae C'(RY;RY), then it holds that

Euxvo“efSlAV(x,t;B,‘I‘,,,(T)) _ oS4 V(x,t;B,T)” —~0 asm]|O0,
uniformly on t < ty, |x|] < R.

Proor. (i) First we prove claim (i) for j=1. By Ng,x)(dsdy)=
Nx(dsg, ' (dy)), it follows from (2.4) that

- i” A <x D (X)(5—) + %qﬁm(z)) -4, (2)Ny (dsd=)

1

1 _
+ . J0<z<1 A (x + @, (X)(s—) + Eqﬁm(z)) - §,,(2) N (dsdz)

1

+ I, ds p.v. J0<z<1 A (x + @, (X)(s) + %(ﬁm (z)) : ¢m(z)n0(dz)}

+ t V(x+®,(X)(s)) ds
Jo

= 1[ST4(x, 5 X) + 83" (x, 6 X) + 874 (%, 5 X)) + SJ"y (x, 15 X). (5.1)

Then we have

EAO[‘e—S{7A_V(x,t:,fbm(X)) _ e—Sf’_A_,,(x,t;X)H

sup
t<to,|x[<R
70 _jqm . _ Q0 .
< E* sup |€ S (v, 6X) e tS]YA(x,t,X)|
1<19,|x|<R

+ sup E)'O |:Sup |efiSz".lA (x,X) efiSQA(x, t;X)|:|

|x|<R <ty

+ E)." sup | o ST X) efisgA(x, t;X)|
t<ty,|x|<R
0 _qm . Q0 (y 4
+E)' sup |€ Sy (v, 6,X) —e S4_V(.\,I,X)|
t<ty,|x|<R

= EX[I7"(X)] + sup EX [13"(x; X)) + EX [I"(X)] + EX (/X)) (5.2)

[x|<R
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We now show that each term in the last member of (5.2) converges to zero as
m | 0. To this end, we note that I;"(X), I}"(X) and I;"(X) are less than or
equal to 2. Let {m} be a sequence with m | 0 and {m'} any subsequence of {m}.
Then, by Proposition 4.1, there exists a subsequence {m”} of {m’} such that
sup |@,,,(X) — X(1)] — 0 as m” | 0, A-as.

1<t

For the first term of (5.2): By the definition of Ny (dsdy), we have

S, 6 X) =SP4 (x, 15 X)

= 3ty oo [ (A (3 O 05) 4 3800 (X6 - 3650 )

s<t

—A<x+X(s—) +%(X(S) —X(S—)))>

e (X6) = X(5)) 4 4 (x4 5 (X + X(6-)))

(B (X () — X(5—)) — (X(s) — X(s—»)],

which is a finite sum (e.g. [2, p. 122]). Then we have

100 = 3 syt | G0 (10 (0)(6-) = X(65)

§s<to

# 3 (05) = X(6-)) = (X(9) = X(5-)]) €a(v)

+ G (X[ (X (5) = X(5—)) — (X(s) = X(S—))I} ;

since A is locally a-Holder continuous and so locally bounded. Here C;(X), Co(X),
C3(X) are constants depending on X. Since ¢,,.(z) — z, the above sum converges
to zero as m” | 0, A%-a.s. Hence E*' [I""(X)] converges to zero as m” | 0.

For the second term of (5.2): First, for k e N, let o,(X) be the hitting time
defined by

or(X) = inf{s > 0; | X (s—)| > k}. (5.3)

Here we understand inf ¢ := oo if the set {s > 0;|X(s—)| > k} is empty. Then
it holds that o4x(X) — o0 as k — oo and |X(s—)| <k for 0 < s < g,(X). From
the relation [g = [¢" " O g 1 @) and Doob’s martingale

inequality, we have
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[0/\0'1\»<X>A0'k(fb //(X))

EX I (x; X)] < 2E" HO s

>< J
0<|z|<1

—A(x—i—X(s—)—i—%z)-z

A+ @ (6) + 3 8e(@)) )

2n0(dz)} 1/2

+ 2% (X) < 10) + 22° (03 (@ (X)) < 10). (5.4)

Note that

N =

A+ O ()(5) + 380 (2)) - e (2) — A+ X(6-) +

z> -
)] e

N —

= [A (x + @, (X)(5—) + %(/5,,1,,(2)) — A (x + X(s—) +

+A<x+ X(s—) +%z> (@ (2) — 2).

Since (a + b)* < 24>+ 2b* (a,b € R) and |@,,+(z)| < |2|, the first term on the right-
hand side of (5.4) is less than or equal to

W2 (Ei“

to
J dsJ sup
0 0<|z|<1 [w|, [w'|<R+k+1/2;
[w—w’| <[ @, (X)(s=) =X (s=)|+(1/2)|,n (2)—2]

x |A(w) — A(w’)|2|z|2n0(dz)1

+1)  sup |A(w)|2J
[W|<R+k+1/2 0<|z|<1

1/2
|G (2) — leno(d2)> -

This converges to zero as m” | 0 since A4 is locally uniformly continuous. Then we
have by (5.4) that

limsup sup E* [I" (x; X)] < 24°(0k(X) < to) + 22° <1im sup {61 (D (X)) < z0}>
m"|0  |x|<R m" |0

<2201 (X) < 10) + 22°(ar_1 (X) < 10),



A Probabilistic Approach to the Zero-Mass Limit Problem 15

which converges to zero as k — oo because of op(X)— oco. Hence

sup E}'O[Iz’””(x; X)] converges to zero as m” | 0.
Ix<R . .
For the third term of (5.2): In view of Remark 2.2, we have

S;””;(x’ L X) - S_?,A(xv L X)

= JI ds L<z<1 {A (x + D, (X)) (s) + %qﬁ (z)> — A(x + @y (X) (S))]

0

(P (2) — 2)n°(dz)
+ JI ds qu HA <x + @, (X)(s5) + %qﬁmn(Z)) —A(x+ <Dm~(X)(s))]

0
— [A (x + X(s) + %z) —A(x+ X(s))” - zn’(dz).
It follows from the above expression and the local a-Ho6lder continuity of A that
L (X)

< HCX) J

0<|z|<1

(316 1) 1 2) — )

+ Lj ds ka sup {A (x + Dy (X)(s) + %¢ (z)) —A(x + D (X) (s))}

— {A (x + X (s) + %z) — A(x+ X(s))} |z|n°(dz)

1

4 C(X) J T (=) + J " ds J0<|7<1 I (5,7 X)n®(d=).

0<|z|<1 0

Here C(X) is a constant depending on X. For J"'(z), since |¢,,/(z)| <|z| and
.[0<|z\<l |2|"n%(dz) < o0, f0<\z|<l J" (z)n’(dz) converges to zero as m” | 0. For
Jz’”"(s, z; X), it is easy to see that Jz’””(s7 z; X) converges to zero as m” | 0 -as.
for fixed s and z. On the other hand, we have

(5,200 < CON (1e021) + (5181) )bl < €00 2

Therefore f(;“ ds f0<‘z‘<1 JJ" (s,2)n°(dz) converges to zero as m” | 0 A’-a.s. Hence
E’IO[I;””(X)] converges to zero as m” | 0.
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For the fourth term of (5.2): Note that ¥ e C(R%;R) is locally uniformly
continuous. Then we have

t
10 < | sup V04 @0 (0)(0) Vo X)) s
x|<
which converges to zero as m” | 0 %-a.s.. Hence E*’ [I;""(X)] converges to zero
as m"” | 0.

Thus we have seen that the four terms of (5.2) converges to zero as m | 0,
which shows claim (i) for j=1.

The convergence for j =2 can be proved in the same way as for j=1
above. In fact, we have only to replace A(x + @y (X)(s—) + 5,0 (2)) - $r(2)
and A(x+ X(s—) +12) -z by (Jy A(x + ©pr (X)(5=) + O, (2)) dO) - §,(z) and
(fol A(x+ X(s—) + 0z) dO) - z, respectively. This shows claim (i) for j = 2, ending
the proof of claim (i).

(i) By (2.6), we obtain

S3,A,V(x7 t; B, le(T))

W,.(T)(1) 1 (¥n(DO)
= z“ A(x + B(s)) 'dB(S)+§J (V-A)(x+ B(s)) ds
0 0

+ J(: V(x+ BW,(T)(s))) ds

L A[S] (%, 1 B, T) + Y (x, 1: B.T)] + S3', (x, 15 B, T). (5.5)
Then we have

Sup EﬂXVO HeiSS’A‘ V(x‘ I;B,\P,,,(T)) _ 6753'/4’ V(x, t; B, T) ”

t<ty,|x|<R
< E"O sup En [Sup|e—i5w(xﬁz;3ﬁ T) _e—iSﬂA(x:t;B, T):|
[x|<R 1<1o
i Er sup |e—iSé{7A(x,t;B, T) e—iSQA(x,t;B, T)|
1<to,|x|<R
+ E;txvo sup |87S3’T’V(,¥,I;B, T) 67S§{ (X, 5B, T)|
t<1,|x|<R
= E" | sup EM[I["(x; B, T)]| + E*"[I]"(B, T)] + E*"[I]'(B, T)].  (5.6)

[x|<R
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We now show each term in the last member of (5.6) converges to zero as
m ] 0.
For the first term of (5.6): Note that ¥,,(T)(¢) < T(¢). From the relations

)

W (T) (1) Aok (B) W (T)(1)
State 8 T) = | +]
’ 0 \ym(T>(t)/\ak<B>
T(1) Aok (B) (1)
S{{A(x,z;B,T)ZJ +J
0

)

T(t)rok(B)
and Doob’s martingale inequality, we have

1/2

|A(x + B(s))|* ds

T(to) oy (B)
By (B, 1) < 227 |

q’rn(T)(tO)/\ﬂk (B)

+ 2u(or(B) < ¥ (T) (%)) + 2u(ox(B) < T(t9)).  (5.7)
From Proposition 4.2 and the fact that A4 is locally bounded, we have

—0 as m]0as,

sup |A(x + B(s))|* ds

J‘T(fo)Aﬂk(B)
¥,,(T)(to) Aok (B) |x|<R

< sup |A(2)|*T (1) < .
|z|<R+k

By the above and (5.7), we have

limsup sup E*[I]"(x; B, T)] < 4u(or(B) < T(t)),
ml0 |x|<R

which converges to zero as k — oo. Hence E | sup E“IM(x; B, T))

|x|<R

converges

to zero as m | 0.
For the second and third terms of (5.6): Note that V-4 and V are locally
bounded. Then we have

L'(B,T) < C(B,T) sup (T(r) = ¥u(T)(1)),

1<n

R(B.T) < [ sup V(s-+ BORL(T)0) = Vs + B

which converge to zero as m | 0 u x v’-a.s. Here C(B, T) is a constant depending
on B, T. Hence E**" [1"(B,T)] and Ew [I7"(B, T)] converge to zero as m | 0.
This shows claim (ii), completing the proof of Lemma 5.1. O
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LEmMMA 5.2. f‘y‘sz(;"(y,t) dy converges to zero as R — oo, uniformly on
m=0, t<t.

PrOOF. Let y be a nonnegative C° function with 0 < y(y) <1 in RY
such that x(y) =1 if |y| < I'and x(y) =0 if |y| > 1. The function y satisfies
1y<r > (%) and x(%)(&) = RZ(RE). Then it follows from Parseval’s equality
and (2.9) that

leZRkS’(y, 1) dy < Ld (1 —;((%))kén(% ) dy

1
- Wme)e-fwﬂ”mﬂ"z-m} dn

I
(2m)

JRII F(me /R gy

which converges to zero as R — oo. This ends the proof of Lemma 5.2. []

Finally we prove Theorem 1.2. First, we show claim (i). Suppose g € C., (R?)
and consider the case j =1 or 2. Then we have by (4.1) that

) 0
_t[Hj_”A_m+V]g _ e—t[H/._A+V

e 9.

< ||EX [Je™ar 500 _o=SLar B0 g X ()],
+ E”[lg(- + Du(X)(1) — g(- + X ()] ]- (5.8)

Since ¢ is uniformly continuous on R, the second term on the right-hand side of
(5.8) converges to zero as m | 0 uniformly on ¢ < 5. On the other hand, the first
term on the right-hand side of (5.8) is less than or equal to

lgll,. sup EX[|eSarot@n) _ o=S vty 2 sup EX[lg(x + X (1)]]

[x|<R [x|>R
for R > 0. Therefore we have from Lemma 5.1 (i) that

HH" 7m+V]g _

0
"y —z[f1j1A+V

e lgll.,

lim sup sup|le”
m|0 1<ty

<2 sup E”[jglx+ X (1))

t<ty,|x|>R
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=2 sup (&7 lgte+ X1 )| < 5

t<ty,|x|=R

£ |lgte+ X)) 01> 5 )

< 2( sup g(2)| + llgll.. SUPJ ko (v,1) dy)-
|z|=R/2 t<to J|y|=R/2

This converges to zero as R — oo by Lemma 5.2, showing claim (i).

Claim (ii) can be proved in the same way as above by using (4.2) and
applying Lemma 5.1 (ii) and Lemma 5.2. In fact, we have only to replace
A0S (DY), SP, (o X), X() by wx)°, ST (x, 5B, T),

Sg)y Av(x, 6B, T), B(T(t)), respectively and note the relation (2.7). O

6. Proof of Theorem 1.3

In this section, we prove Theorem 1.3. The proof of L?-convergence for heat
semigroups as m | 0 is not so easy as that of C,-convergence ([9]). The reason
for this is that, for example, it is not trivial that

exp{i [ a(v+ o064 50,6): ¢m<z>@<dsdz>}

0

0

t _~
—>exp{iJ J A(x—&—X(s—)—&—lz)-zNg,(dsdz)} as m| 0,
0<lzl<1 2

since A may not be continuous. To overcome this difficulty, we note the following
facts:

(1) If 0 < ¥V e L. (R%R), then there exists a sequence {V,} C CF(R%;R)
such that

0<V,(x)<V(x)as, V,—V in L (R%R).

(2) If Ae L2(RY;R?) for some § > 0, then there exists a sequence {A,} C

loc

Cy(RY;RY) such that
A, — A in LI7°(RY;RY).

loc

(3) If AelL?

loc

{4,} € C¥ (R RY) such that

(R%RY), V-AelLl

loc(Rd;R), then there exists a sequence

A, —A in L2 (RGRY), V-4, —V-4 in L. (R%R).
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Lemma 6.1. Let {V;} € CF(RYR) be an approximate sequence of scalar
function V' as in (1). Then for any 0< 1ty < oo, 0< R < oo, the following
holds:

(i) Let {A,} C C¥(RYRY) be an approximate sequence of vector func-
tion A as in (2). Furthermore, let {m} be a decreasing sequence such that
sup | D, (X) (1) — X (1)) = 0 as m | 0 %as. Then for j=1,2, it holds that as

1<ty

{ — o0,
limsup sup J EX | St ®n(X0) _ =S, 60Dy gy g, (6.1)
m|0 1<ty J|x|<R

supJ EX [lemStar(etX) _ 7Sl 5N g 0. (6.2)
|x|<R

<t

(i) Let {A4;} C Cgo(Rd;Rd) be an approximate sequence of vector function
A as in (3). Then it holds that as { — oo,

lim sup supj E/‘XVOHe*S,%.A,V(XA,[:B-,\PW(T)) — =S4, V/(X.I:B.,‘PW(T))H dx—0, (6.3)
ml0 1<ty J|x|<R
supJ ER o Suar (BB T) _ o Ssann GEB T gy 0. (6.4)
1<t J|x|<R

Proor. (i) We may assume without loss of generality that 0 < < 1 because
LI c L for 1<p<gq<co. First, we prove (6.1) for j=1. By (5.1), we
have

lim sup supJ EX (| Sta v t0m(X)) _ =Sy, (5@ g
ml0  1<io J|x|<R

<E"

i —is" (x,1; —iSP" (%, X
lim sup supj e SiabetiX) o 1, >| dx
m|0 1<ty J|x|<R

+ lim sup supj E*0[|g*sz”,’A<X»t%X) _ oS, (xat:,X)H dx
ml0 1<ty J|x|<R

+E¥

1 —iSy" (v, X S, (x5 X
llmsup Supj |e I 3.A()‘rt’ ) —e 3,A/( )| dx
m|0 t<to J|x|<R

+E”

lim sup supj e~ Siv (et X) _ oSy, (X)) gy
m|0  t<tyJ|x|<R
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=: EAO[IK(X)] + limsup sup Jl ‘ Rlzm"((x, 1) dx
X<

m|0 <t
+ EX [ (X)) + E* [I] (X)) (6.5)

We now show each term in the last member of (6.5) converges to zero as / — oo.
To this end, we note that I/ (X), I{(X) and I](X) are less than or equal to
2 vol(R) < oo. Here vol(R) is the volume of the ball with radius R.

For the first term of (6.5): Since |¢,,(z)| < |z|, we have

00 < 3t 6) — X6 | A(w) — A/ (w)] dv,
s<ty [w|<R+C(X)

with a constant C(X) depending on X. Therefore, here, since 4, — A in
LE9(RYRY) and so in Ll (R?;RY), it follows that E*[I{ (X)] converges to zero

loc
as / — oo.

For the second term of (6.5). For convenience of notation, we put

1 1
Wl (x,s, y; X) = A(x+ D,,(X)(s—) +§ > — A, <x+(Dm(X)(S—) +2y)-
Let G™/(x,t;X) be a subset of (0,1] x {z;0 < |z| < 1} defined by
G™ (x, 6, X) = {(5,2); [ (x,5,4,,(2): X) - 4, (2)] > 1}

Let ox(X) be the hitting time as defined in the proof of Lemma 5.1 (i). By the

relation J-Ot _ J-(;/\O'k(d)m(/\,)) _;'_J‘[[Aak((bm(x)); we haVe
LM (x,1)
0 2 J/c(q)m(x)) ’ "\6
<E J J Lome(e, ) W™ (x,8,¢,,(2); X) - 4,,,(2) Ny (dsdz)
0 0<|z|<1
20 70 (@n (X)) m,/ A(/)
+ E” J() JO<"<11GH1,/(X7[;X)CW ‘/(X7S7 ¢111(Z);X) '¢)11(Z)NX(deZ)

+ 2204 (@, (X)) < 1)

= R0 + IR (x 1) 4 220 (04 (@,(X) < 1). (6.6)
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For J"K(x,1), since |N%(dsdz)| < Ny(dsdz) + dsn®(dz) and E*[Ny(dsdz)] =
dsn®(dz), we have

Jl ‘ RJ{"‘/’k(x, 1) dx
X<

o[ ptnoe(@n(X)
< 2J E* |:J J lG"’«/(x,r;X)
[x|<R 0 0<|z|<1

X W38, 60 (2); X) - f(2)] dsn®(dz) | dx

< 2[0J \z|1+5n°(dz)J 1A(w) — A,(w)|" T dw. (6.7
0<|z|<1 [w|<R+k+1/2

For J;" "/’k(x, t), from the Schwartz inequality, we have

sz, /, k(x, [) 2

0 sz(qnmm)
<E

[ o 7 5 202 oI o)
0 0<|z|<1 '

0
< E’

(NG (D (X))
1460
z| n”(dz J
J0<z|<l| | ( ) 0

W (6,5, (2); X0 dS] :

It follows from the Schwartz inequality that

J IR (1) dx
[x|<R

1/2
s<vol(R)tOJ |z|1+(5n0(dz)J |A(w) — A, (w)|'F° dw> . (6.8)
0<|z|<1 [w|<R+k+1/2
By (6.6), (6.7) and (6.8), we have

lim sup limsup sup J LM (x, 1) dx < 22° (hm sup {ox (P (X)) < to}>
[x|<R

/— 0 m|0 1<ty ml0

< 2°(or-1(X) < 10),

which converges to zero as k — co. Hence lim sup supJ I;”/(x, t) dx con-
[x|<R

0 1<
verges to zero as / — 0. ml 0
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For the third term of (6.5): Note that n4,,'(dy) = n"(dy) = n"(y) dy and
|6 1(0)| = Zm(|¥]) (cf. (4.5)). Then we have

185746, 5, X) = 5374, (3, 15 X))

t
:J ds p.v. J W (x,s, y; X) - yn"™(y) dy
0 0<|yl<t, (1)
t p
< j ds p.v. J 7 (3,5, 93 X)) 91 00°(9) — 0" () dy
0 0<]yl<t; (1)
t
+J ds p.v. J Wl (x,s, y; X) - yn®(y) dy
0 0<|y|<s, 1 (1)

= K" (x, 6 X) + K" (x, £ X). (6.9)

Here we used the fact that n”(y) <n®(y) (cf. Remark 2.3) in the second
inequality. For K"’ (x,#; X), since II}\>0 (n°(y) —n"(y)) dy = m ([6, Lemma 3.1
(iii)]), we have

J K" (x,6 X) dx < lof,;l(l)mj |A(w) — As(w)| dw.  (6.10)
|x[<R

[W[<R+C(X)

For sz’/(x, t;X), note that y= (y1,...,yq)— yn’(y) is the Calderon—
Zygmund kernel ([5, p. 275]) for any i = 1,...,d. Then from Hélder’s inequality
and the Calderon-Zygmund theorem ([20, Theorem 2]) with a constant C;
depending only on ¢, we have

J ‘ RKZ’”’/(X7 t; X) dx
x|<

< vol(R)/1+9) J ds
0

X J p.v.
[x|<R

< vol(R) 1, ¢ <J

W™ (x,s, p;X) - yn°(p) dy

J0<}|</ Y1)

m

4o 1/(1+6)
dx)

1/(1+6)
|A(w) — A, (w)|"F° dw . (6.11)
|w|<R+C(X)

By (6.9), (6.10) and (6.11), I(X) converges to zero as / — oo and so does
EX (X)),
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For the fourth term of (6.5): Since 0 < V;(x) < V(x) a.s., we have

I[(X) < IOJ (V(w) — Vi(w)) dw.
w|<R+C(X)

It converges to zero as / — oo since ¥, — V in L} (R R). Hence E¥ (1] (X)]
converges to zero as / — oo.

Therefore we have (6.1) for j=1. Putting m =0 in the above proof, we
obtain (6.2), showing claim (i) for j = 1.

For j =2, (6.1) and (6.2) can be proved in the same way as for j = 1 above.
This ends the proof of claim (i).

(i) By (5.5), we have

hm sup sup J Eﬂxvo [|e_S3.A,V(X~,t§ B.\P,”(T)) _ e_S3.A/,V/(X7I: B«,\Pm(T))H dx
m|0 1<ty J|x|<R

< Elro lim sup sup J E’u[|€7iS1n,1A<x' B T) eiiSl".IA/ (x,4 B, T)” dx
m|0 <ty J|x|<R
+E’u><"0 lim sup sup J |€7iS2".1A<x" tB,T) e_iS2”.7A/(x't; B, T)| dx
m|0 <ty J|x|<R
+ E/IXVO lim sup SupJ |€7S§’_7V(x,t;3, T) efS_{_”V/(x,t:B, T)| dx
m|0 1<ty J|x|<R
:= E" |lim sup sup J 1™ (x, 6B, T) dx
m|0 1<ty J|x|<R
+ EC 1 (B, T)] + EX (1 (B,T)). (6.12)

We now show each term in the last member of (6.12) converges to zero as
{ — 0.

For the first term of (6.12): By the relation [, = L;Fm(T)OMUk(B) + f‘i‘m<T)(r)mk(B)
and (a+ b)* <242 +2b* (a,b e R), we have

|A(x + B(s)) — A/ (x + B(s))|* ds

, , ¥, (T)(1) Aok (B)
I (x,t;B,T)" <2E* J

0

=+ 4/1(0'/C(B) < le(T)(l))z.
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It follows from the Schwartz inequality that

lim sup sup J Ilm’/(x, t;B,T) dx
[x|<R

m|0 1<ty

< vol(R)'? <2T(f0)J |A(w) — As(w)|* ds
[w|<R+k

1/2
+ 4 vol(R)u(or(B) < T(to))z)

— 2 vol(R)u(ox(B) < T(ty)) as £/ — oo

— 0 as k— oo.

,0
Hence E"

lim sup sup J Ilm’/(x7 t;B,T) dx| converges to zero as / — o0.
ml0 1<t J|x|<R

For the second and third terms of (6.12): Note that V-4, - V-4 and
V,— V in L, (R%R) as / — co. Then we have

HBD)ST0) | 940~ (VA 0] i

I;(B, T) < IOJ (V(w) = Ve(w)) dw,
[w|<R+C(B,T)

which converge to zero as / — co. Hence E#*'[I{(B,T)] and E*[I{(B,T)]
converge to zero as / — oo.

Therefore we have (6.3). Putting m = 0 in the above proof, we obtain (6.4).
This ends the proof of claim (ii), completing the proof of Lemma 6.1. O

Now we prove Theorem 1.3. First, we prove claim (i). Consider the case
j=1 or j=2. Let geL*RY), AeL’(R%R?) and 0<VeLl (R4R).
Choose a sequence {g,} C C*(R?) such that g, —g¢ in L*(R?) as n— co.
Choose sequences {4/} C C(R%RY) and {V,} ¢ C(R%;R) as in (2) and (1)
at the beginning of this section, respectively. Then we have

[ 0
_t[ij’A —m+ V]g . e—r[H/_A+V]

lle gll

< ‘|eft[[{f(l;,m+V]g - e—t[H]'_’;—erV]gnnz + ”efz[ij”AferV]g” . eit[Hf""Af"HV/]gn||2
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—m+V/] —tH?, 1V, {H? | +V/] 7t[H0A+V]

+ e 1 gn — ¢ Vg, |1, + [le” g, — e~ g, |
+ [l iat g, — e~ g,
—. Ijm,n(t) +ij,n,/([)+I<il11‘n,/([)+tzlp,n,/(t)+IjO,n([). (613)

We now estimate each term in the last member of (6.13).
For the first and fifth terms of (6.13): By the strong continuity of the
semigroup, we have

() + 17" (1) < 2)lgn — gl (6.14)

For the third term of (6.13): Let R > 0. From the Minkowski inequality,
we have

_ m — 0
Kj;n,n./(Z) < He t[I_Ij.A/ "HV/]gn —e f[H/.A/+V/]gnHL2(|x\<R)
V]
+ ||€ Hy —m+ /gn”L \x\>R)+ ||e /A/ ‘]gn 2(|x|=R)
< VOI(R)1/2||€7th 7m+V/]gn - [H/ A/+V/]gn [5¢)

+J de k' (v, 0)lgn(x + »)* dy

|x|=R R?

] ax] ROl
Ix|= R !

From Theorem 1.2 (i), the first term in the last member of the above converges to
zero as m | 0 uniformly on ¢ < ). By the argument in [9, Proof of Theorem 2],
the second and third terms in the last member of the above converges to zero,
uniformly on ¢ < #, 0 <m < 1. Therefore we have

lim sup ij”/()—O. (6.15)
m|0 1<t
For the second and fourth terms of (6.13): Let R > 0. From the Minkowski
inequality, we have for m >0

Jm,n-f( ) < He H" —m+V] [H,'"A/ —m+V/]

i gn — € gn||L2(|x\<R)

—t[H]" ~m+V] —t[H", —m+V/]
+ ”e gn —e ~hY gﬂ”LZ(\x\zR)
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1/2
< \/§||9n||oo (J E/“~°HE*S,-’.”A.V(«YJ;@W(X)) _ e—S/,”A/,.V/(x,z;d’m(X))” dx)

[x|<R

12
+2<J a [ KO lan(e+ P dy) .
|x|>R R?

From Lemma 6.1 (i), we have

lim sup sup ij’""/(t) —0 as /— oo,
m|0 1<ty

(6.16)
sup JJ-O"”/(I) —0 as /— oo,
1<t
where {m} is a decreasing sequence such that sup|®,,(X)(r) — X(¢)] — 0 as
m]0 2l-as =
Now let {m'} be any subsequence of {m} with m | 0. Then, by Proposition
4.1, there exists a subsequence {m”} of {m’} such that sup |®,, (X)(¢) — X(¢)] = 0
<1y

as m | 0 2’-as. By (6.13), (6.14) and (6.15), (6.16), we have

. —([H" —m"+V —t[H?
limsup sup |je =" Vg, o=+

m"|0 1<l

Gn gnlla < 2[lg = gl

. . _AHM sV
which converges to zero as n — oo. This concludes that sup|je Vg —

e MatVgl, — 0 as m | 0, so showing claim (i). 1=
Claim (ii) can be proved in the same way as above by applying Lemma 6.1
(i), without taking a subsequence {m’}. O
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