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ON THE RANGE OF SELF-INTERACTING RANDOM

WALKS ON AN INTEGER INTERVAL

By

Kazuki Okamura

Abstract. We consider the range of a one-parameter family of self-

interacting walks on the integers up to the time of exit from an

interval. We derive the weak convergence of an appropriately scaled

range. We show that the distribution functions of the limits of the

scaled range satisfy a certain class of de Rham’s functional equa-

tions. We examine the regularity of the limits.

1 Introduction

The range of random walk has been studied for a long time. Examining the

range at the time the random walk leaves an interval is a simple and natural

concern. Recently, Athreya, Sethuraman and Tóth [1] considered questions of this

kind. They studied the range, local times and periodicity or ‘‘parity’’ statistics

of some nearest-neighbor Markov random walks up to the time of exit from an

interval of N sites. They derived several associated scaling limits as N ! y and

related the limits to various notions such as the entropy of an exit distribution,

generalized Ray-Knight constructions, and Bessel and Ornstein-Uhlenbeck square

processes.

Inspired by [1], we consider the ranges of a certain class of self-interacting

random walks up to the time of exit from an interval. The study of self-

interacting walks originated from the modeling of polymer chains in chemical

physics. There are various models in this study. We consider the model defined

by Denker and Hattori [2], Hambly, Hattori and Hattori [4], Hattori and Hattori

[5], [6]. They constructed a natural one-parameter family of self-repelling and self-

attracting walks on Z and the infinite pre-Sierpiński gasket. It interpolates
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continuously between self-avoiding walk and simple random walk in the sense of

exponents.

In general, most of the studies of self-interacting walks are di‰cult due to

the lack of Markov property, even if they are one-dimensional. In the studies of

Markov walks, we can use techniques in analysis, especially, potential theory.

However, in the case of non-Markov walks, we cannot use most of the techniques

used in the studies of Markov walks. Most of the arguments in [1] depend heavily

on the Markov property. Therefore, we have to use alternative methods for our

study. We apply a recent result by the author [7] which considers a certain class

of de Rham’s functional equations.

Now we state our settings and results briefly. Let Wy be the path space of

the nearest-neighbor walk starting at 0 on Z. Let fPugub0 be a one-parameter

family of probability measures on Wy defined by [2] and [6]. We will give the

precise definitions of them in Section 2. P0 defines the self-avoiding walk on Z

and P1 defines the standard simple random walk. If u0 1, Pu defines a non-

Markov random walk on Z.

Definition 1.1. Let n A N ¼ f1; 2; . . .g and o A Wy. Let RnðoÞ be the range

of o up to the time of exit from f�2n; . . . ; 2ng, that is,

RnðoÞ ¼ ðthe number of points which o visits before it hits the points fG2ngÞ:

Note that 2n aRn a 2nþ1 � 1.

Then, we have the following results which are analogous to [1], Proposition

2.1.

Theorem 1.2. (1) Let ub 0. Then, the random variables fðRn=2
nÞ � 1gn

converges weakly to a distribution function fu on ½0; 1�, n ! y.

(2) Let u > 0. Then fu satisfies a certain class of de Rham’s functional

equations [3]:

f ðxÞ ¼ FðAu;0; f ð2xÞÞ 0a xa 1=2

FðAu;1; f ð2x� 1ÞÞ 1=2a xa 1;

�
ð1:1Þ

where we let

FðA; zÞ ¼ azþ b

czþ d
for A ¼ a b

c d

� �
; and;

Au;0 ¼
xu 0

�u2x2
u 1

� �
; Au;1 ¼

0 xu

�u2x2
u 1� u2x2

u

� �
; xu ¼

2

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8u2

p :
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(3) Let ~PPu be the probability measure on ½0; 1� such that its distribution

function is fu. If u ¼ 1, ~PPu is absolutely continuous with respect to the Lebesgue

measure on ½0; 1�. If u0 1, ~PPu is singular.

We remark that ~PP0 ¼ ~PP0
n ¼ df0g, where d denotes a point mass.

Let us denote the Hausdor¤ dimension of KH ½0; 1� by dimHðKÞ. Let us

define the Hausdor¤ dimension of a probability measure m on ½0; 1� by dimH m ¼
inffdimHðKÞ : K A Bð½0; 1�Þ; mðKÞ ¼ 1g. Let sðpÞ ¼ �p log p� ð1� pÞ logð1� pÞ
for p A ½0; 1�.

If 0 < u <
ffiffiffi
3

p
, ðAu;0;Au;1Þ satisfies the conditions (A1)–(A3) in [7], so we can

apply the results in [7] to this case and obtain the following results. We refer the

reader to [7] for details.

Theorem 1.3. (1) If u0 1 and 0 < u <
ffiffiffi
3

p
, then dimH

~PPu < 1.

(2) If 0 < u < 1, then dimH
~PPu a sðxuÞ=log 2. Moreover, ~PPuðKÞ ¼ 0 for any

Borel set K with dimHðKÞ < sð2xu=ð1þ xuÞÞ=log 2.

We also examine whether ~PPu has atoms.

Theorem 1.4. (1) Let ua
ffiffiffi
3

p
. Then, ~PPu has no atoms.

(2) Let u >
ffiffiffi
3

p
. Then, ~PPuðfxgÞ > 0 for any x A DV ð0; 1�. Here D is the set of

dyadic rationals on ½0; 1�.

In Section 2, we will describe the settings. In Section 3, we will show

Theorem 1.2 and Theorem 1.4.
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2 Preliminaries

We briefly state our settings by following [2] and [5]. See the references for

details.

For each n A NU f0g, let

WðnÞ ¼ fðoð0Þ;oð1Þ � � �oðnÞÞ A Znþ1 : oð0Þ ¼ 0;

joðiÞ � oði þ 1Þj ¼ 1; 0a ia n� 1g:
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Let W � ¼ 6y
n¼0

WðnÞ. Let LðoÞ ¼ n for o A WðnÞ. For o A W �, we define

TM
i ðoÞ, i;M A NU f0g, by TM

0 ðoÞ ¼ 0,

TM
i ðoÞ ¼ minf j > TM

i�1ðoÞ : oð jÞ A 2MZnfoðTM
i�1ðoÞÞgg; ib 1:

Let TM
i ðoÞ ¼ þy if the above minimum does not exist.

We define a decimation map QM : W � ! W �, M A N, by ðQMoÞðiÞ ¼
oðTM

i ðoÞÞ for i such that TM
i ðoÞ < þy. Let Q0 be the identity map on W �.

Let ð2�MQMoÞðiÞ ¼ 2�MoðTM
i ðoÞÞ. Then, 2�MQMo A W � and Lð2�MQMoÞ ¼

k, where k ¼ maxfi : TM
i ðoÞ < yg. Let WN;þðresp:�Þ ¼ fo A W � : LðoÞ ¼ TN

1 ðoÞ;
oðTN

1 ðoÞÞ ¼ þðresp:�Þ2Ng and WN ¼ WN;þ UWN;�.

For o A WNþn;þ, let o 0 ¼ 2�NQNo. For 1a jaLðo 0Þ, we let oj ¼
ð0;oðTN

j�1ðoÞ þ 1Þ � oðTN
j�1ðoÞÞ; . . . ;oðTN

j ðoÞÞ � oðTN
j�1ðoÞÞÞ A WN , and, ~ooj ¼

signðoðTN
j ðoÞÞ � oðTN

j�1ðoÞÞÞoj A WN;þ.

Now we will define a probability measure Pu
N;G, ub 0, on WN;G by induc-

tion on N in the following manner. We recall that xu ¼ 2=ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8u2

p
Þ. Let

Pu
1;þðfogÞ ¼ uLðoÞ�2x

LðoÞ�1
u , o A W1;þ, where we adopt the conventions 00 ¼ 1

and 0n ¼ 0, nb 1. For o A WNþ1;þ, let

Pu
Nþ1;þðfogÞ ¼ Pu

1;þðfo 0gÞ
YLðo 0Þ

i¼1

Pu
N;þðf ~ooigÞ: ð2:1Þ

We define Pu
N;�ðfogÞ ¼ Pu

N;þðf�ogÞ for o A WN;�, N A N. Let Pu
N be a

probability measure on WN given by Pu
N ¼ ðPu

N;þ þ Pu
N;�Þ=2.

We denote the set of the paths of infinite length by

Wy ¼ fðoð0Þ;oð1Þ; . . .Þ A ZNU f0g : oð0Þ ¼ 0; joðiÞ � oði þ 1Þj ¼ 1; ib 0g:

Let the s-algebra on this set be the family of subsets which is generated by

cylinder sets. By [2], Proposition 2.5, there exists a probability measure Pu on Wy

such that

Puðfo A Wy : oð jÞ ¼ ~ooð jÞ; 0a jaLð ~ooÞgÞ ¼ 1

2
Pu
N;þðresp:�Þðf ~oogÞ;

for any ~oo A WN;þðresp:�Þ, Nb 1.

3 Range of Random Walk on the Interval ½�2n; 2n� and its Scaling Limit

Here and henceforth, we assume that u > 0.

First we will show Theorem 1.2. The main ingredient of the proof is to show

that guðk=2nÞ :¼ Pu
n;þðRn a 2n þ k � 1Þ satisfies (1.1) on the dyadic rationals. This
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depends heavily on the definition of Pu
n;þ in Section 2. Then, we will see that the

right continuous modification of gu satisfies (1.1) on ½0; 1�. Next, we will show

that the distribution of Rn=2
n � 1 converges to gu weakly as n ! y and examine

the regularity of gu.

We remark that PuðRn ¼ 2n þ kÞ ¼ Pu
n;þðRn ¼ 2n þ kÞ, 0a ka 2n, nb 1.

Lemma 3.1.

Pu
N;þ

RN

2N
� 1b

k

2n

� �
¼ Pu

n;þ
Rn

2n
� 1b

k

2n

� �
;

for any Nb n, 0a ka 2n and nb 1.

Proof. Let N > n. Then,

Pu
N;þ

RN

2N
� 1b

k

2n

� �
¼ Pu

N;þðfo A WN;þ : o hits the point f�2N�nkggÞ

¼ Pu
N;þðfo : QN�no hits the point f�2N�nkggÞ

¼ Pu
N;þðfo : 2�ðN�nÞQN�no hits the point f�kggÞ

¼ Pu
n;þðfz A Wn;þ : z hits the point f�kggÞ

¼ Pu
n;þ

Rn

2n
� 1b

k

2n

� �
;

where in the fourth equality we have used [2] Proposition 2.2. r

Definition 3.2. (1) Let gu be a function on D given by guððk þ 1Þ=2nÞ ¼
Pu
n;þðRn a 2n þ kÞ, �1a ka 2n � 1. By Lemma 3.1, this is well-defined. We

immediately see that guðxÞ is increasing and guð0Þ ¼ 0, guð1Þ ¼ 1.

(2) Let ~ggu be a function on ½0; 1� given by ~gguðxÞ ¼ limy AD;y>x;y!x guðyÞ,
0a x < 1 and ~gguð1Þ ¼ 1. This is right continuous.

The following is a key proposition.

Proposition 3.3. The function gu satisfies ð1:1Þ on D, that is,

Pu
nþ1;þðRnþ1 a 2nþ1 þ kÞ ¼

FðAu;0;P
u
n;þðRn a 2n þ kÞÞ �1a ka 2n � 1

FðAu;1;P
u
n;þðRn a kÞÞ 2n � 1a ka 2nþ1 � 1:

(

127On the range of self-interacting random walks on an integer interval



Proof. If k ¼ �1, we have that FðAu;0;P
u
n;þðRn a 2n þ kÞÞ ¼ FðAu;0; 0Þ

¼ 0 ¼ Pu
nþ1;þðRnþ1 a 2nþ1 þ kÞ. If k ¼ 2n � 1, we have that FðAu;0;P

u
n;þðRn a

2n þ kÞÞ ¼ FðAu;0; 1Þ ¼ FðAu;1; 0Þ ¼ FðAu;1;P
u
n;þðRn a kÞÞ. Then, it is su‰cient

to show this assertion in the following two cases. For any o A Wnþ1;þ, define

ðo 0; ~oo1; . . . ; ~ooLðo 0ÞÞ as in Section 2.

Case 1. 0a ka 2n � 1. We have

Pu
nþ1;þðRnþ1 a 2nþ1 þ kÞ ¼

Xy
m¼1

Pu
nþ1;þðfo : Lðo 0Þ ¼ 2m;Rnþ1ðoÞa 2nþ1 þ kgÞ:

Since 0a ka 2n � 1, we see that o 0 A W1;þ does not hit �1 for any o A Wnþ1;þ
with Rnþ1ðoÞa 2nþ1 þ k. Then we see that

fo : Lðo 0Þ ¼ 2m;Rnþ1ðoÞa 2nþ1 þ kg

¼ fo : o 0 ¼ ð0; 1; 0; 1; . . . ; 0; 1; 2Þ;Lðo 0Þ ¼ 2m;

Rnð ~oo2i�1Þa 2n þ k; 1a iamg:

By (2.1), we see that

Pu
nþ1;þðfo : Lðo 0Þ ¼ 2m;Rnþ1ðoÞa 2nþ1 þ kgÞ

¼ Pu
1;þðfz : z ¼ ð0; 1; 0; 1; . . . ; 0; 1; 2Þ;LðzÞ ¼ 2mgÞ � Pu

n;þðRn a 2n þ kÞm:

¼ u2m�2x2m�1
u Pu

n;þðRn a 2n þ kÞm:

Then,

Pu
nþ1;þðRnþ1 a 2nþ1 þ kÞ ¼

Xy
m¼1

u2m�2x2m�1
u Pu

n;þðRn a 2n þ kÞm

¼ FðAu;0;P
u
n;þðRn a 2n þ kÞÞ;

which is the desired result.

Case 2. 2n a ka 2nþ1 � 1.

Since Lðo 0Þ ¼ 2m, we can write o 0 ¼ ð0; e1; 0; e2; . . . ; 0; em�1; 0; 1; 2Þ,
ei A fG1g, 1a iam� 1. Then we see that

fo : Lðo 0Þ ¼ 2m;Rnþ1ðoÞa 2nþ1 þ kg

¼ 6
m�1

i¼0

fo : ]ð j : ej ¼ �1Þ ¼ i;Lðo 0Þ ¼ 2m;Rnþ1ðoÞa 2nþ1 þ kg:

We remark that the union in the above is disjoint.
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For 1a iam� 1,

fo : ]ð j : ej ¼ �1Þ ¼ i;Lðo 0Þ ¼ 2m;Rnþ1ðoÞa 2nþ1 þ kg

¼ 6
1an1<n2<���<niam�1

fo : f j : ej ¼ �1g ¼ fn1 < n2 < � � � < nig;

Lðo 0Þ ¼ 2m;Rnþ1ðoÞa 2nþ1 þ kg:

We remark that the union in the above is disjoint.

By (2.1),

Pu
nþ1;þðfo : f j : ej ¼ �1g ¼ fn1 < n2 < � � � < nig;

Lðo 0Þ ¼ 2m;Rnþ1ðoÞa 2nþ1 þ kgÞ

¼ Pu
nþ1;þðfo : f j : ej ¼ �1g ¼ fn1 < n2 < � � � < nig;

Lðo 0Þ ¼ 2m;Rnð ~oo2nj Þa k; 1a ja igÞ

¼ Pu
1;þðfo 0 : f j : ej ¼ �1g ¼ fn1 < n2 < � � � < nig;

Lðo 0Þ ¼ 2mgÞPu
n;þðRn a kÞ i

¼ u2m�2x2m�1
u ðPu

n;þðRn a kÞÞ i:

Since the number of choices fn1 < n2 < � � � < nigH f1; . . . ;m� 1g is equal to

m� 1

i

� �
, we see that

Pu
nþ1;þðfo : ]ð j : ej ¼ �1Þ ¼ i;Lðo 0Þ ¼ 2m;Rnþ1ðoÞa 2nþ1 þ kgÞ

¼
X

1an1<n2<���<niam�1

Pu
nþ1;þðfo : f j : ej ¼ �1g ¼ fn1 < n2 < � � � < nig;

Lðo 0Þ ¼ 2m;Rnþ1ðoÞa 2nþ1 þ kgÞ

¼ m� 1

i

� �
u2m�2x2m�1

u ðPu
n;þðRn a kÞÞ i; 1a iam� 1:

This is also true for i ¼ 0.

Therefore, by summing up over i, we see that

Pu
nþ1;þðfo : Lðo 0Þ ¼ 2m;Rnþ1ðoÞa 2nþ1 þ kgÞ

¼ u2m�2x2m�1
u ð1þ Pu

n;þðRn a kÞÞm�1:

129On the range of self-interacting random walks on an integer interval



By summing up over m, we see that

Pu
nþ1;þðRnþ1 a 2nþ1 þ kÞ ¼

Xy
m¼1

u2m�2x2m�1
u ð1þ Pu

n;þðRn a kÞÞm�1

¼ FðAu;1;P
u
n;þðRn a kÞÞ:

This completes the proof. r

Next, we will show that ~ggu, which is the right continuous modification of gu,

satisfies (1.1) on ½0; 1�, not only on D. We define some notation. Let XnðxÞ ¼
b2nxc � 2b2n�1xc and znðxÞ ¼

Pn
k¼1 2

�kXkðxÞ, x A ½0; 1Þ, nb 1. Then, znðxÞa x <

znðxÞ þ 2�n, x A ½0; 1Þ, nb 1. Let gu ¼ 1=FðAu;0; 1Þ. Let pu;0ðzÞ ¼ ðzþ 1Þ=ðzþ guÞ
and pu;1ðzÞ ¼ 1� pu;0ðzÞ for z > �gu. Let

pu;nðxÞ qu;nðxÞ
ru;nðxÞ su;nðxÞ

� �
¼ Au;X1ðxÞ � � �Au;XnðxÞ; x A ½0; 1Þ; nb 1:

Proposition 3.4. (1) guðzmðxÞÞ ¼ FðAu;X1ðxÞ � � �Au;XmðxÞ; 0Þ and

guðzmðxÞ þ 2�mÞ ¼ FðAu;X1ðxÞ � � �Au;XmðxÞ; 1Þ; x A ½0; 1Þ; mb 1.

(2) ~ggu ¼ gu on D.

(3) ~ggu satisfies the equation ð1:1Þ on ½0; 1�.

Proof. (1) Using ð1:1Þ, we can show the assertion by induction in n.

(2) By noting the definition of gu and ~ggu, we have that ~gguð1Þ ¼ 1 ¼ guð1Þ.
Let x A DV ½0; 1Þ. Then, there exists N such that XnðxÞ ¼ 0, n > N.

Then, by using the assertion (1),

lim
l!y

guðxþ 2�lÞ ¼ lim
l!y

guðzlðxÞ þ 2�lÞ

¼ lim
m!y

FðAu;X1ðxÞ � � �Au;XN ðxÞ;FðAm
u;0; 1ÞÞ:

Since FðAu;0; �Þ is a contraction map on ½0; 1�, limm!y FðAm
u;0; 1Þ ¼ 0. Then, by

using the assertion (1),

lim
m!y

FðAu;X1ðxÞ � � �Au;XN ðxÞ;FðAm
u;0; 1ÞÞ ¼ FðAu;X1ðxÞ � � �Au;XN ðxÞ; 0Þ ¼ guðxÞ:

Thus we obtain the assertion (2).
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(3) Since ~gguð1Þ ¼ 1 and FðAu;1; 1Þ ¼ 1, (1.1) holds for x ¼ 1.

Let x A ½0; 1=2Þ. Then there exists a sequence fxngn HDV ½0; 1=2Þ such that

xn # x. By using Proposition 3.3 and the assertion (2), ~gguðxnÞ ¼ FðAu;0; ~gguð2xnÞÞ,
nb 1. Since FðAu;0; �Þ is continuous and ~ggu is right continuous, we have that

~gguðxÞ ¼ FðAu;0; ~gguð2xÞÞ.
In the same manner, we see that ~gguðxÞ ¼ FðAu;1; ~gguð2x� 1ÞÞ for x A ½1=2; 1Þ.

Thus we obtain the assertion (3). r

Proof of Theorem 1.2. First, we show the assertion (1). Let ~PPu
n ¼

Pu � ððRn=2
nÞ � 1Þ�1. Let ~PPu be the probability measure on ½0; 1� whose distri-

bution function is ~ggu and satisfying ~PPuðf0gÞ ¼ 0. In other words, we will show

that the function fu in the statement in Theorem 1.2 is equal to ~ggu. It su‰ces

to show that ~PPu
n converges weakly to ~PPu, that is, for any continuous function f

on ½0; 1�,

lim
n!y

ð
½0;1�

f ðxÞ ~PPu
n ðdxÞ ¼

ð
½0;1�

f ðxÞ ~PPuðdxÞ: ð3:1Þ

Let e > 0. Then, max1aka2m j f ðk=2mÞ � f ððk � 1Þ=2mÞj < e for some m. We

have that

ð
½0;1�

f ðxÞ ~PPu
n ðdxÞ �

X2m

k¼1

f
k

2m

� �
~PPu
n

k � 1

2m
;
k

2m

� �� ������
�����< e; ð3:2Þ

and,

ð
½0;1�

f ðxÞ ~PPuðdxÞ �
X2m

k¼1

f
k

2m

� �
~PPu k � 1

2m
;
k

2m

� �� ������
�����< e; ð3:3Þ

where we have used ~PPu
n ðf1gÞ ¼ PuðRn ¼ 2nþ1Þ ¼ Pu

n;þðRn ¼ 2nþ1Þ ¼ 0 for the first

inequality, and, ~PPuðf0gÞ ¼ 0 for the second.

Let n > m. Then, by using Lemma 3.1, we see that for 1a ka 2m,

~PPu
n

k � 1

2m
;
k

2m

� �� �
¼ ~PPu

m

k � 1

2m
;
k

2m

� �� �
¼ gu

k

2m

� �
� gu

k � 1

2m

� �
:

By using Proposition 3.4(2), we see that for 1a ka 2m,

~PPu k � 1

2m
;
k

2m

� �� �
¼ ~ggu

k

2m

� �
� ~ggu

k � 1

2m

� �
¼ gu

k

2m

� �
� gu

k � 1

2m

� �
:
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Therefore, we see that

X2m

k¼1

f
k

2m

� �
~PPu
n

k � 1

2m
;
k

2m

� �� �
¼

X2m

k¼1

f
k

2m

� �
~PPu k � 1

2m
;
k

2m

� �� �
:

Recalling (3.2) and (3.3), we see that for any n > m,ð
½0;1�

f ðxÞ ~PPu
n ðdxÞ �

ð
½0;1�

f ðxÞ ~PPuðdxÞ
�����

�����< 2e:

Thus we see (3.1) and the proof of (1) completes.

The assertion (2) immediately follows from the definition of ~PPu and

Proposition 3.4(3).

Finally, we show the assertion (3). Let u ¼ 1. Then, the absolute continuity of
~PP1 follows from [7], Theorem 1.2(1).

Lemma 3.5. Let u0 1. Let x A ½0; 1�nD. If ~ggu is di¤erentiable at x and

~gg 0
uðxÞ A ½0;þyÞ, then, ~gg 0

uðxÞ ¼ 0.

Proof. We assume that there exists a point x A ½0; 1�nD such that ~ggu is

di¤erentiable at x and ~gg 0
uðxÞ A ð0;þyÞ.

Since ~ggu is strictly increasing and x B D, we have that

~gg 0
uðxÞ ¼ lim

n!y
2nð~gguðznðxÞþ 2�nÞ� ~gguðznðxÞÞÞ ¼ lim

n!y
2nðguðznðxÞþ 2�nÞ� guðznðxÞÞÞ:

Since ~gg 0
uðxÞ A ð0;þyÞ,

lim
n!y

guðznþ1ðxÞ þ 2�ðnþ1ÞÞ � guðznþ1ðxÞÞ
guðznðxÞ þ 2�nÞ � guðznðxÞÞ

¼ 1

2
:

Then, by using Proposition 3.4(1),

pu;Xnþ1ðxÞ
ru;nðxÞ
su;nðxÞ

� �
¼ guðznþ1ðxÞ þ 2�ðnþ1ÞÞ � guðznþ1ðxÞÞ

guðznðxÞ þ 2�nÞ � guðznðxÞÞ
;

and, limn!y pu;Xnþ1ðxÞðru;nðxÞ=su;nðxÞÞ ¼ 1=2. Since pu;1 ¼ 1� pu;0,

lim
n!y

pu; iðru;nðxÞ=su;nðxÞÞ ¼ 1=2 for i ¼ 0; 1.

Now we see that limn!y ru;nðxÞ=su;nðxÞ ¼ gu � 2. Since x B D, there exists infi-

nitely many natural numbers n such that XnðxÞ ¼ i for each i ¼ 0; 1. Since

ru;nþ1ðxÞ=su;nþ1ðxÞ ¼ Fð tAu;Xnþ1ðxÞ; ru;nðxÞ=su;nðxÞÞ, we see that Fð tAu; i; gu � 2Þ ¼
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gu � 2 for each i ¼ 0; 1. This is true if and only if u ¼ 1. But this contradicts the

assumption. r

Let u0 1. Then, by noting Lemma 3.5 and the Lebesgue di¤erentiation

theorem, we see that ~gg 0
u ¼ 0 a.e. and ~PPu is singular. These complete the proof

of (3). r

Proof of Theorem 1.4. In this proof, we write Fu; iðzÞ ¼ FðAu; i; zÞ, i ¼ 0; 1.

We first explain the meaning of the value u ¼
ffiffiffi
3

p
. By explicit calculation, we see

that if u <
ffiffiffi
3

p
, then, 0 < F 0

u;1ðzÞ < 1, z A ½0; 1�, namely, Fu;1ð�Þ is a contraction

map on ½0; 1�, and de Rham’s theory [3] is applicable to ðAu;0;Au;1Þ in the form

of [7]. In contrast, this property fails if ub
ffiffiffi
3

p
. In fact, F 0 ffiffi

3
p

;1
ðzÞa 1, with

F 0 ffiffi
3

p
;1
ðzÞ ¼ 1 implying z ¼ 1. If u >

ffiffiffi
3

p
, there exists z0 ¼ z0ðuÞ A ð0; 1Þ such that

F 0
u;1ðzÞ < 1 for z < z0, and F 0

u;1ðzÞ > 1 for z > z0.

We now turn to the proof of the theorem. We denote f mþ1 ¼ f � f m, mb 1,

for f : ½0; 1� ! ½0; 1�.
(1) If 0 < u <

ffiffiffi
3

p
, then, ðAu;0;Au;1Þ satisfies the conditions (A1)–(A3) in [7]

and hence ~PPu has no atoms.

Let u ¼
ffiffiffi
3

p
. Let hi ¼ F ffiffi

3
p

; i, i ¼ 0; 1. Then we have the following results by

computations.

Lemma 3.6. (1) h0ðzÞ < h1ðzÞ for z A ½0; 1�.
(2) h 0

i , i ¼ 0; 1, are strictly increasing on ð0; 1Þ.
(3) h 0

0ðzÞa 3h 0
1ðzÞ for z A ð0; 1Þ.

(4) h 0
0ðzÞa h 0

1ðzÞ for zb h21ð0Þ.

Now it is su‰cient to show the following.

lim
m!y

max
1aka2m

g ffiffi
3

p k

2m

� �
� g ffiffi

3
p k � 1

2m

� �� �
¼ 0: ð3:4Þ

Let mb 3 and 1a ka 2m. Let xi ¼ Xiððk � 1Þ=2mÞ, 1a iam. Then,

g ffiffi
3

p k

2m

� �
� g ffiffi

3
p k � 1

2m

� �
¼ hx1 � � � � � hxmð1Þ � hx1 � � � � � hxmð0Þ

¼
ð1

0

ðhx1 � � � � � hxmÞ
0ðxÞ dx

¼
ð1

0

h 0
x1
ðhx2 � � � � � hxmðxÞÞ � � � h 0

xm�1
ðhxmðxÞÞh 0

xm
ðxÞ dx
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a

ð1

0

h 0
x1
ðhm�1

1 ðxÞÞ � � � h 0
xm�1

ðh1ðxÞÞh 0
xm
ðxÞ dx

a

ð1

0

h 0
1ðhm�1

1 ðxÞÞ � � � 3h 0
1ðh1ðxÞÞ3h 0

1ðxÞ dx

¼ 9

ð1

0

ðhm
1 Þ

0ðxÞ dx ¼ 9ð1� hm
1 ð0ÞÞ;

where we have used Proposition 3.4 (1) for the first equality, Lemma 3.6 (1)

and (2) for the fourth inequality, and, Lemma 3.6 (3) and (4) for the fifth. Since

hn
1 ð0Þ ¼ n=ðnþ 1Þ, nb 1, we see that limn!y hn

1 ð0Þ ¼ 1. Thus we see (3.4) and the

proof of the assertion (1) completes.

(2) Let x A DV ð0; 1Þ. Let xi ¼ XiðxÞ, ib 1. Then, there exists a unique

mb 1 such that xm ¼ 1 and xi ¼ 0, ibmþ 1. Let f ¼ Fu;x1 � � � � �Fu;xm�1
�Fu;0.

Let n > m and yi ¼ Xiðx� ð1=2nÞÞ. Then, we have that yi ¼ xi, 1a iam� 1,

ym ¼ 0, yi ¼ 1, mþ 1a ia n, and, yi ¼ 0, i > n. By noting Proposition 3.4 (1)

and Fu;0ð1Þ ¼ Fu;1ð0Þ, we have that

guðxÞ ¼ fð1Þ; gu x� 1

2n

� �
¼ fðFn�m

u;1 ð0ÞÞ: ð3:5Þ

Note that Fu;1 is increasing and strictly convex, Fu;1ð0Þ > 0, Fu;1ð1Þ ¼ 1,

and, F 0
u;1ð1Þ > 1. Therefore, there exists z1 A ð0; 1Þ such that

Fu;1ðz1Þ ¼ z1; Fu;1ðzÞ > z; z A ð0; z1Þ; Fu;1ðzÞ < z; z A ðz1; 1Þ:

Then, z1 ¼ limn!y Fn
u;1ð0Þ and Fn

u;1ð0Þa z1 < 1, nb 1.

We have that for n > m,

~PPu x� 1

2n
; x

� �� �
¼ guðxÞ � gu x� 1

2n

� �

¼ fð1Þ � fðFn�m
u;1 ð0ÞÞ

b fð1Þ � fðz1Þ;

where we have used Proposition 3.4 (2) for the first equality, and, (3.5) for the

second. Letting n ! y, we have that ~PPuðfxgÞb fð1Þ � fðz1Þ > 0.

We can show that ~PPuðf1gÞ > 0 in the same manner. These complete the

proof of the assertion (2). r
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