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ON THE GAUSS MAP OF SURFACES OF REVOLUTION
IN THE THREE-DIMENSIONAL MINKOWSKI SPACE

By

Chahrazede BAaBaA-HAMED and Mohammed BEKKAR

Abstract. In this paper, we study surfaces of revolution without
parabolic points in the 3-dimensional Lorentz-Minkowski space
whose Gauss map N satisfies the condition AYN = AN, where A”
is the Laplace operator with respect to the second fundamental
form and A4 is a real 3 x 3 matrix. More precisely we prove that
such surfaces are either pseudo-Riemannian spheres S? or pseudo-
hyperbolic spaces H{.

1. Introduction

The notion of finite type Gauss map is especially a useful and an interesting
tool in the study of submanifolds. It has been introduced by B.-Y. Chen and
P. Piccinni [4] and has been investigated from various viewpoints by many
differential geometers.

F. Dillen, J. Pas and L. Verstraelen [7] studied surfaces of revolution in
Euclidean 3-space R® such that their Gauss map N satisfies the condition

AN = AN, A = (a;) € Mat(3,R), (1.1)

where A is the Laplace operator with respect to the first fundamental form and
Mat(3,R) the set of 3 x 3 real matrices. On the other hand, C. Baikoussis and
D. E. Blair [2] investigated the ruled surfaces in R> satisfying the condition
(1.1). C. Baikoussis and L. Verstraelen [3] studied the helicoidal surfaces in
R’ satisfying the condition (1.1). Also, for the Lorentz version, S. M. Choi
[5, 6] completely classified the surfaces of revolution and the ruled surfaces
with non-null base curve satisfying the condition (1.1) in Minkowski 3-space R13.
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Furthermore, L. J. Alias, A. Ferrandez, P. Lucas and M. A. Merono [1] studied
the ruled surfaces with null ruling satisfying the condition (1.1) in Minkowski
3-space R;. On the other hand, D. W. Yoon [12] studied translation surfaces in
the 3-dimensional Minkowski space whose Gauss map satisfies the condition (1.1).

Recently, Y. H. Kim, C. W. Lee and D. W. Yoon [9] studied surfaces of
revolution without parabolic points in R? satisfying the condition

A"N = AN, A4 = (a;) € Mat(3,R), (1.2)

where Al is the Laplace operator with respect to the second fundamental form.
In this article, we investigate the Lorentz version of the surfaces of revolution
without parabolic points satisfying the condition (1.2).
Throughout this paper, we assume that all objects are smooth and all
surfaces are pseudo-Riemannian, unless otherwise specified.

2. Preliminaries

Minkowski 3-space has more complicated and richer geometric structures
compared with familiar Euclidean 3-space. In particular, Minkowski 3-space has
3 distinguished axes of rotation, namely spacelike, timelike, and lightlike axes (or
null axes). Hence, one can consider three different kinds of rotations; rotations
about spacelike, timelike, and lightlike axes.

An m-dimensional vector space L = L] with scalar product {.,.) of index 1
is called a Lorentz vector space. In particular, if L =R}, m > 2, it is called a
Minkowski m-space. A vector X of L{" is said to be spacelike if (X,X) >0 or
X =0, timelike if {X,X) <0 and lightlike or null if (X,X> =0 and X #0.

Let X =(X;) and Y = (Y;) be vectors in a 3-dimensional Lorentz vector
space L;. Then the scalar product of X and Y is defined by

X, Y)=—-X11 +Xb 7 + X373, (2.1)

and it is called a Lorentz product.
Furthermore, a Lorentz cross product X x Y is given by

XXxY=(-X 3+ X:75, X3 — X\ Y3, X1 Vs — Xo 1)). (2.2)

Let M? be a 2-dimensional surface of the 3-dimensional Lorentz-Minkowski
space equipped with the induced metric. Then by saying Lorentz-Minkowski
space Rf , we mean the real vector space R® with the standard metric given by

g =ds> = —dx* + dy* + dz?,

where (x, y,z) is a rectangular coordinate system of R13.
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The map N: M? — Q%*() = R} which sends each point of M? to the unit
normal vector to M? at the point is called the Gauss map of the surface M?,
where &(= +1) denotes the sign of the vector field N and Q?(e) is a 2-dimensional
space form as follows:

QZ(E):{Sf(l){XGRfQ(,)QI} ife=1
H?(—1) = {X eR} | <X, X)=—1} ife=—1
SI(1) is called the de Sitter space, H*(—1) the hyperbolic space in R;.

On the other hand, we denote by E, F, G; L, M, N the coefficients of the
first and second fundamental form, respectively, of this surface. If ¢ : M?> — R,
(u,v) — ¢(u,v) is a smooth function and A" is the Laplace operator with respect
to the second fundamental form of M?, then from [11] we have

AH¢:— 1 N¢u_M¢v _ M¢u_L¢v (23)
VILN = M?[ | \/ILN —M?[) ~ \\/ILN — M?] ], '

where LN — M? # 0 since the surface has no parabolic points.
The mean curvature H and the Gaussian curvature Kg can be computed by
the well-known classical formulas

GL+ EN —2FM LN — M?
- Ke=<NNY—
20EG —F?| ° °° NN =

(2.4)

Now, we give a definition of a surface of revolution in a 3-dimensional
Lorentz-Minkowski space Rj.

For an open interval J, let y: J — IT be a curve in a plane IT in R; and let
[ be a straight line in IT which does not intersect the curve y. A surface of
revolution M? in R13 is defined to be a non-degenerate surface revolving a profile
curve y around the /. In other words, a surface M? of revolution with axis / in R}
is invariant under the action of the group of motions in R13 which fixes each point
of the line /.

From definition, we can derive four types of the surfaces of revolution in R13.
When the axis / is spacelike (resp. timelike) there is a Lorentz transformation by
which the axis / is transformed to the z-axis (resp. the x-axis). So we may suppose
that the axis is the z-axis (resp. the x-axis). First of all, we consider that the axis
of revolution is spacelike. Since the surface M? is non-degenerate, it suffices to
consider the case that the plane I is spacelike or timelike. Hence without loss
of generality, we may suppose that IT is the yz-plane or the xz-plane. Then the
profile curve y is parametrized as

() = (0, f(u),g(u)) or p(u) = (f(u),0,9(u)),



196

Chahrazede BaBa-HAMED and Mohammed BEKKAR

where f is a positive function and g is a function on J. In the rest of this paper
we shall identify a vector (a,b,c) with its tanspose ‘(a,b,c).
On the other hand, a subgroup of the Lorentz group which fixes the vector

(0,0,1) is given by

coshv sinhv 0
sinhv coshv 0
0 0 1
for any ve R, (hyperbolic group). Hence the surface M? of revolution can be
written as
coshv sinhov 0 0
r(u,v) =| sinhv coshv 0 f(u)
0 0 1 g(u)
or
coshv sinhv 0 f(u)
r(u,v) = | sinhv coshv 0 0
0 0 1 g(u)

That is, M? can be parametized by

r(u,v) = (f (u) sinh v, f(u) cosh v, g(u)), (2.5)

or
r(u,v) = (f (u) cosh v, f(u) sinh v, g(u)), (2.6)

which is called a surface of revolution of zype I or II.
Next, if the axis is timelike then we may suppose that IT is the xy-plane
without loss of generality. Then the profile curve y is parametrized as

() = (g(u), f (), 0),

where f is a positive function and ¢ is a function on J. In this case, the subgroup
of the Lorentz group which fixes the vector (1,0,0) is given by

1 0 0
0 cosv —sinv
0 sinv cosv

for any v e R, (elliptic group). Hence the surface M? of revolution can be written
as
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I 0 0 g(u)
r(u,v) = 0 cosv —sinwv f(u)
0 sinv cosv 0

So, M? is parametrized by

r(u,v) = (g(u), f(u) cos v, f(u) sin v), (2.7

which is called a surface of revolution of type III.

Last of all, if the axis [ is lightlike then we may suppose that it is the line
spanned by the vector (1,1,0). Since the surface M? is non-degenerate, it suffices
to consider the case that the plane IT is timelike. So, we may assume that IT is
the xy-plane without loss of generality. Then the profile curve y is parametrized
as

where f and ¢ are functions such that f # g on J. We notice here that the
subgroup of the Lorentz group which fixes the vector (1,1,0) consists of the

matrices
)2 )2
142 2y
2 1-% p |, veR (parabolic group).
v —v 1

way
1+ % —% v f(u)
rwo)=|{ 2 1-2 g(u) |,
v —v 1
so that
2 02
r(u,v) = (f(u) + Eh(u), g(u) + Eh(u), vh(u)), (2.8)

where we put 1= f —¢g on J. This surface is called a surface of revolution of
type 1V

3. Surfaces of Revolution of Type I, II and II1

In this section we are concerned with non-degenerate surfaces of revolution
M? without parabolic points satisfying the condition (1.2). We distinguish three
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cases according to whether these surfaces are given by (2.5), (2.6) or (2.7). That is
M? is of type I, II or III.

Cast 1. Suppose that the immersed surface M? in R13 is given by (2.5). For
the sake of simplicity, we suppose that the curve y is parametrized by the arc-
length, so

fPw) +g”w)=1, VYuel. (3.1)
Then we have the natural frame {r,,r,} given by
ry = (f'(u) sinh v, f'(u) cosh v, g’ (u)),
ry = (f (u) cosh v, f(u) sinh v,0).
Accordingly we see
E=1, F=0, G=-f%

which implies that the surface M? is timelike. The unit normal vector to M? is
defined by

Ty X1y
N= Xl
J
so we get
N = (¢'(u) sinh v, g’ (u) cosh v, —f"(u)).

Then N is the spacelike unit normal vector to M? and hence it can be regarded as
a Gauss map of M? into the 2-dimensional de Sitter space Si(1). Moreover, we
get

g
L=gf"~f'g", M=0, N=Jfy', 2H=gf"~[g"~%

Since the relation (3.1) holds, there exists a smooth function 7= #(u) such
that
f'(u) =cos t(u), ¢'(u)=sint(u) VYuel.
Therefore
L=—t'(u), N=f(u)sint(u), 2H=—t'(u)— f"(u)sint(u), (3.2)

and since the surface has no parabolic points we must have #’(u) f'(u) sin ¢(u) # 0.
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Then by using (2.3) and (3.2) we get

2 1 2 "

cos“t t'cos“t t'cost 1

A (g'(u) sinh v) = , —1'sin t —— ) sinh
(¢9'(u) sinh v) < o] + > sin 1 + o sin 7 sinh v

2 ! 2 "
cos“t t'cos*t t'cost . 1
A" (g’ (u) cosh v) = ( —1'sint— —) cosh v

T YT 7

tsint 3t cost t"sint
AH vy _ COS .
(') =25 e

Hence
AN = (A" (g’ (u) sinh v), A" (g'(u) cosh v), A" (—f'(u))). (3.3)
Let A = (a;), i,j=1,2,3 be a 3 x 3 matrix with real entries. The equation (1.2)

by means of (2.5) and (3.3) gives rise to the following system of ordinary dif-
ferential equations:

cos? t+ t' cos? - t" cos t sin 1 1\ . b
- —t'sint——]sinho
2f 2sin ¢ 2t f

= aj1g’ sinh v + ajpg’ cosh v — apzf’ (3.4)

cos? t t' cos? t t" cos t  sin ¢ 1 cosh
: - —— v
2f 2 sin ¢ 2t f
= ay1g’ sinh v+ axng’ cosh v — a» f’ (3.5)

costsint 3t cost t”sint
2f 2 2t

= a3 g’ sinh v + azpg’ cosh v —azzf'.  (3.6)

In order to classify the surfaces M? of revolution satisfying (1.2) and (2.5)
we may solve the above system. It is remarkable that this classification depends
strongly on the function ¢ = #(u). From the equation (3.6) we easily deduce that
az; = ax = 0. On the other hand, from (3.4) and (3.5) we get that a;3 = ax =
ap = ax = 0. So the system is reduced to

<0052 t t'cos’t t"cost

o + > sin + 577 t'sint— }) sinh v = ay1¢’ sinh v (3.7)

2 / 2 "
t t t t t . 1
(COZ; + ch(i)lsl ; + ;;),S — ¢t sint— ?) cosh v = a»xg’ cosh v (3.8)

costsint 3t cost t"sint

2f 2 T (3:9)
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Comparing now the equations (3.7) and (3.8), we deduce that a;; = axn =4,
AeR. We put as3 =, u€ R. Then the system becomes

cos? z‘+ t' cos? z+ " cos t
2f 2sin t 2t

. 1 .
—t'sint— 7= /g’ = Asin ¢ (3.10)

costsint 3t cost t"sint
o 2 5y =—uf’ = —pcost (3.11)

If we multiply (3.10) by sin¢ and (3.11) by —cos ¢ and add up the resulting
equations, we get

—1'(u) — £ (u) sin 1(u) = A sin® 1(u) + p cos? 1(u). (3.12)
That is,
2H = Asin® t + pcos® t = () — p) sin® 1 + p.

A. Let A=pu=0, then H =0 which means that the surfaces of revolution
are minimal. In this case

!'(u) = —f"(u) sin t(u) and ¢"(u) = 2f >(u) cos t(u) sin t(u).

If we substitute these values in Equ. (3.11) we get cos #(u) sin #(u) = 0, that is
f’g’ = 0 which is a contradiction. So there are no surfaces of revolution in this
case.

B. Let 2 =pu #0, then 2H = A which means that M? is a surface of rev-
olution with non-zero constant mean curvature (abbreviated to cmc).

These surfaces have been studied by S. Lee and J. H. Varnado in [10]. They
studied certain ODEs that characterize timelike cme surfaces of revolution in R;.
They obtained examples of such surfaces from the numerical solutions. In [§],
J. Hano and K. Nomizu also classified cmc spacelike surfaces of revolution in
R13 by studying profiles curves. Timelike cmc surfaces are physically interesting
because they are the solutions of nonhomogeneous wave equation —ry + ry, =
y2HN, where 7 is a positive function called the conformal factor, H is the mean
curvature and N is the unit normal vector of the timelike cmc surface r(z,v).
Timelike cme surfaces are also interesting from the string theory point of view.
A string evolves in time while sweeping a surface in spacetime so-called a
worldsheet. Hence, string worldsheet are in fact timelike surfaces. A closed string
is an object in the configuration space, that is homeomorphic to S!. Timelike
cme # 0 surfaces may be interpreted as worldsheets that are swept by closed
strings in spacetime.
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More precisely, in this case we have
t'(u) = =2 — f~1(u) sin t(u) (3.13)
and thus
t"(u) = f~*(u) cos t(u)(Af + 2 sin t(u)). (3.14)
Substituting (3.13) and (3.14) in (3.11) we get
J2f 44l sintf +4sin® 1 =0, (3.15)
from which

f(u) = _§ sin (). (3.16)

So, using (3.13) we find ' = —1/2, that is

;\,
t(u):—zu—&-k, keR. (3.17)

On the other hand, since g'(u) = sin #(u), we deduce that

A
g'(u) = sin(—zu + k),
and then

g(u):icos<—§u+k)+b, beR. (3.18)

Accordingly, from (3.16) and (3.18) we get

4
2
with b= (0,0,5). (3.19)

r(u,v) = b, r(u,0) — by = f2(u) + (g(u) — b)* = — >0,

This means that the surface M? is contained in the pseudo-Riemannian sphere
S2(b,2/
matrix.

C. Let 1 # u. By (3.12) we get

N
A

) centered at b with radius 2/|1|, and 4 = Al; where I3 denotes the unit

1'(u) = (u— ) sin® t(u) — p— £~ sin 1(). (3.20)
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Taking the derivative we have

" =2(u— )t sintcos t — f~2(ft' cos t — sin ¢ cos ?)

If we substitute the values of # and ¢” in Equ. (3.11) we get

3 , .2
3 (u—A)costsin” t—pcost—

cos ¢ sin® ¢
2Pf

sin 7 cos ¢

7 ]+[(u—i)costsinzt+

= —pcost

where P = (u— A)f sin® t — uf — sin r. Multiplying now this equation by Pf, we
obtain the following algebraic equation of second order

wfi4 o f+ou=0, (3.21)
where
ap =4sin® 1, o = —8usin’® r+4usint, on = 50®sin® 1 — 6uo sin® 1 4 12,
and
o=pu—2

Differentiating now the algebraic equation (3.21), using (3.20) and f’ = cos 7, we
get the algebraic equation of third order

Bif 4+ Byf?+ B f +By=0 (3.22)
where
By = —8sin’*t, B} =24usin® 71— 8u sin ¢,
B = —344” sin* ¢ + 280 sin® 1 — 247,
Bs = 200 sin® ¢ — 32u0” sin® 1 + 1242w sin ¢.

Then if we multiply (3.21) by 2 and add (3.22), we find an algebraic equation of

the form
Bof* + Bif + By =0, (3.23)
The equation —2(B,f2 + Bif + Bo) + a(oaf? + o f + o) = 0 gives us
oLf +3do = 0. (3.24)

On the other hand, combining the equations (3.21), (3.22) we have
(1By — o)) f + cofy — 02y =0
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and then we obtain an algebraic equation of first order of the form
o1f +a9=0. (3.25)

Hence if we multiply (3.24) by —o; and (3.25) by J; and add up the resulting
equations, we obtain

(7()(51 — 0'15() =0.
That is the following polynomial
—54% sin’ 1 + 24u0° sin” 1 — 42u%0* sin’ ¢ + 32p30° sin® 7 — 9uto® sin ¢

must be equal to zero. Since this polynomial vanishes for every ¢, all its co-
efficients must be zero. Hence we conclude that either « = 0 (equivalently A = y)
or A =u=0. So we have a contradiction and therefore, in this case there are no
surfaces of revolution of Rj.

Then we have proved the following theorem

THEOREM 1. The only surfaces of revolution of type 1 whose Gauss map
satisfies
AN = AN, A4 = (a;) € Mat(3;R),
are locally the pseudo-Riemannian sphere S3.

Cast 2. Suppose now that the surface M? is given by (2.7). The tangent
vector of the revolving curve satisfies the relation

G (), W)y = () — g% () = £1, Vueld.

Consider that

1) —g"”(u) = -1, Vuel. (3.26)
Then the induced pseudo-Riemannian metric on M? is obtained by

E=-1, F=0, G=f~
which implies that the surface M? is timelike. The Gauss map N of the surface
M? is given by
N = (—f"(u), —g'(u) cos v, —g' (u) sin v).

In this case again, N is spacelike and hence it can be regarded as a Gauss
map of M? into the 2-dimensional de Sitter space Si(1). On the other hand
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we get

!

g

f

From the relation (3.26) we deduce that there exists a smooth function 7 = #(u)
such that

L=/f'g"—gf", M=0, N=fg', 2H=gf"-f"g"+

f'(u) = sinh t(u), g¢'(u) = cosh t(u) Vueld.
Therefore
L=—t(u), N=f(u)cosht(u), 2H =1"(u)+ f"(u)cosht(u), (3.27)

and since the surface has no parabolic points we must have #'(u)f(u) cosh #(u)
#0.
Then using (2.3) and (3.27) we get

inh fcosh ¢t 3¢ sinh¢ " cosht
AT (_f1(y)) = S _ _
(/) - : =

sinh>¢ ¢ sinh®>¢ ¢ sinh¢
2f 2 cosh ¢ 2t

1
A" (—g'(u) cos v) = ( — 1" cosh 1 — 7) COS v

sinh®>¢ ¢ sinh®>¢ ¢ sinh ¢
2f 2 cosh ¢ 2t

AT (—g'(u) sin v) = < — ¢t cosh t — %) sin v.

The condition (1.2) leads to the following system

sinh fcosht 3¢ sinh¢ ¢” cosh¢
+ +

= ayf'(u) + ajng’ (u) cos v+ aj3g’'(u) sin v

2f 2 2t
sinh? l+ t' sinh? t+ ¢” sinh t+ ! cosh 4+ 1 cos
2f 2 cosh ¢ 2¢ f v

= ay f'(u) + axng’(u) cos v+ axg'(u) sin v

t' cosh 1+ —
2f Jr2cos.ht+ 2t +icos Jrf

(sinhzt ¢ sinh? ¢ ¢ sinh ¢ 1).
Sin v

= as1 /' (u) + asg’(u) cos v+ azzg’(u) sin v.

Applying similar algebraic methods, used in the first case, this system is reduced
equivalently to the following equations
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sinh zcosh¢ 3¢ sinht ¢ cosht
+ + =

2f 2 Sy = 4 () = psinh i(u) (3.28)

sinh? tJr ¢’ sinh? tJr t" sinh ¢
2f 2 cosh ¢ 2¢

+ 1’ cosh t+} = Ag'(u) = Acosh t(u) (3.29)

where ayn = u, axp = azz = l, ,u,/l e R.
If we multiply (3.28) by sinh 7 and (3.29) by —cosh ¢ and add up the resulting
equations, we get

—t'(u) — £~ (u) cosh t(u) = (u — 1) cosh® t(u) — p. (3.30)
That is
—2H = (u— 1) cosh® t — pu.

A. Let A=pu =0, then H =0 which means that the surfaces of revolution
are minimal. In this case

t'=—f'coshs and " =22 cosh tsinh r.

By Equ. (3.28) it follows that cosh 7 sinh # = 0. This is a contradiction and thus
there are no surfaces of revolution in this case.

B. Let 2 =pu#0, then 2H = A which means that M? is a surface of rev-
olution with non-zero constant mean curvature. In this case we have

t'=)—f'cosht and ¢" = f~?sinh t(—Af + 2 cosh 7). (3.31)
Using (3.28) we obtain
J2f% —4J cosh tf + 4 cosh? 1 =0, (3.32)

from which

f(u) :% cosh #(u). (3.33)

Using (3.31) we obtain #' = A/2 and then #(u) = (1/2)u+k, keR.
Since ¢'(u) = cosh #(u) = cosh((4/2)u + k), we deduce that

2 A
g(u) = i sinh <§u + k) +¢, ceR. (3.34)
Consequently, from (3.33) and (3.34) we get

Cr(uyv) — ¢, r(u,0) — e = f2(u) — (g(u) — ¢)? = % >0, with ¢=(c,0,0).
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This means that the timelike surface M? is contained in the pseudo-Riemannian
sphere Si(c,2/|A|) centered at ¢ with radius 2/|4|.

REMARK. If we considered that the surface M? is spacelike, that is
S (u) — g”(u) = +1 (instead of (3.26)), we find

4
<r(u,1)) —C,V(M,U) —c)= _?< 0,
so M? is contained in the pseudo-hyperbolic space HE(c,—2/|1).

C. Let 1 # u. By (3.30) we get
t'(u) = (2 — w) cosh? t(u) + pu — f~"(u) cosh t(u). (3.35)
Taking the derivative we have
t" = 2(4 — p)t’ sinh ¢ cosh t — f~2(ft' sinh ¢ — sinh ¢ cosh 7).
If we substitute the values of ¢/ and ¢’ in Equ. (3.28) we get

sinh ¢ cosh ¢ 2 cosh? ¢ sinh ¢
——— | —acosh” ¢tsinh t ———————

3 > .
— = | cosh” ¢ sinh ¢ + y sinh 7 +
2 A 201
= p sinh ¢

where
0 = of cosh’ t + puf + cosh
and
o=Ai—pu
Then we obtain the following algebraic equation of second order
wfi4of+ou=0, (3.36)

where

ug =4 cosh® ¢, oy = —8u cosh? 7 — 4u cosh ¢,

oy = 5% cosh* 1 + 6ua cosh? 1+ pi?.

Differentiating now the algebraic equation (3.36), using (3.35), we get the al-
gebraic equation of third order

Bif 4+ Byf*+Bif +By=0 (3.37)
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where

By = —8 cosh? 7, B; = 240 cosh® ¢ + 8u cosh ¢,
B> = —340” cosh* 1 — 28u0 cosh? 1 — 242,
B3 = 200 cosh® 1 + 32ua” cosh® ¢ + 124%0 cosh 1.

Then if we multiply (3.36) by 2 and add (3.37), we find an algebraic equation of
the form

Bof* + Bif + By =0. (3.38)
The equation 2(B,f% + Bif + By) — a(oaf? +arf +op) = 0 gives us
o1f +60 =0. (3.39)
On the other hand, combining the equations (3.36), (3.38) we have
(1fy — w2fy) f + aofy — 0Py =0,
and then we obtain an algebraic equation of first order of the form
o1f +00=0. (3.40)

If we combine (3.39), (3.40) we find that the following polynomial must be equal
to zero:

50° cosh® 1 + 24u0° cosh’ 1+ 42p%a* cosh® 1+ 32434 cosh® 1+ 9u*or® cosh ¢t = 0.

Hence we have a contradiction and therefore, in this case there are no surfaces of
revolution of R;.

Next, for the case of surfaces of revolution of type /I, we have the same
results. So,

THEOREM 2. The only timelike (resp. spacelike) surfaces of revolution of type
Il or I whose Gauss map satisfies
AN = AN, A4 = (a;) € Mat(3;R),
are locally the pseudo-Riemannian sphere S} (resp. the pseudo-hyperbolic space
HY).
4. Surfaces of Revolution of Type IV

Finally surfaces of revolution of type IV in Rf are characterized in this
section. Let M? be a surface of revolution of type IV whose axis / is the lightlike
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straight line spanned by (1,1,0). Then the profile curve y is given by y(u) =
(f(u),g(u),0) where f # g. Suppose that it is parametrized by the arc-length, i.e.,
it satisfies —f"?(u) + ¢*(u) = +1, Yu e J. In this case the surface M? is given by
(2.8) that is

2 2
r,0) = (00 + 5 0.0 + 5 G000 ).

where i = f — g on J. Since the function / has no zero points, we may assume
that & is positive without loss of generality.
Consider that

/() + ¢ () = -1, Vuel, (“.1)

(the case —f"?(u) + ¢g"*(u) = +1, Yu € J is treated with the same way). The natural
frame {r,,r,} is given by

1 1
_ / So2p ) 22 I
ru—<f +212h,g +212h7vh),
r, = (vh,vh, h).
Then the induced pseudo-Riemannian metric on M? is obtained by

E=-1, F=0, G=h%

which implies that the surface M? is timelike (for the case —f"> + g"> = +1, M? is
spacelike). The Gauss map N of the surface M? is given by

1 1
N= (_g’ + 5uzh', —f'+ EUZh’, vh’> )

In this case again, N is spacelike and hence it can be regarded as a Gauss
map of M? into the 2-dimensional de Sitter space Sj(1). On the other hand
we get

L:g{f‘/l_flgl/’ MZO, N:_hhl7 2H:f/gl/_g{f//_z'

From the relation (4.1) we deduce that there exists a smooth function ¢ = #(u)
such that

f'(u) = cosh t(u), ¢g'(u)=sinh t(u), Vuel.
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Therefore
L=—t(u), N=-huh'(u)=—h(u)exp(—t(u)), 4.2)
2H = () — b~ (k' () = ¢'(u) — ™" (u) exp(—t(u)),

and since the surface has no parabolic points we must have ¢ (u)h(u)h'(u)
# 0.
Then using (2.3) and (4.2) we get
AP

1 1 hlz t//h/ h/ /
AH<—g’+§vzh’):—vz{——+3l’h’— ]_ f+ +-L g

1
4 h ¢ 2h " h 2 YT

4 h ¢ 2h ' h 21

1 n "t
AT (vh') = iv(—% +3¢h — ttf’ )

1 1 12 "y !0 1 I /o
AH<f+ 2/1) 2[_/l_+3t,h,_lh}_hg+ +th—l'f/—tg

By the assumption (1.2) and the above equation we get

IR N R O R i
3" [‘7*3”1 R 2
1 21/ I
= daii g +2U h' )+ an v2h' + ajzvh’, (4.3)
1 ) h/2 ' [//h/ h’g’ 1 g/ s [//g/
3" [h””’ tat o T
1
—021( 2vzh’)+a22( —f'+= vzh>+a23vh’, (4.4)
1 h/ / // !/
1 1
= as (—g’ +§vzh’) +asn (—f’ + Evzh’> + as3vh’. (4.5)

So we can regard the above equations as polynomials with variable v and from
the coefficients we get

2(6111 +a12)h’ _ ( B2 L3n nh) —0
ash’ =0 (4.6)

N )/ "
ang' +anf' — 12’,; +h+[f t'g’ — 2{/ 0,
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2(5121 + (lzz)h/ - <_hh_'2 + 3¢ — %) —0
sl =0 4.7

/ r_hg 1ty e g
ang' +anf' -y +;+5 —1f =57 =0,

(a31 + a32)h' =0
2a3h’ — (—% + 30 — ’I;l,’/> =0 (4.8)
azrg' +anf' =0,

Since A’ has no zero points, from (4.6) and (4.7) we get aj3 = a3 = 0, and by
(4.8) as; +ax =0 and asg’ + a3 f’' =0. Hence we get a3 = a3 =0. On the
other hand, by the first equations of (4.6) and (4.7) and the second equation of
(4.8), we have

ai +app = ax + axn = ass. (4.9)

Also, by the third equations of (4.6) and (4.7), we get

L1 e i
(ai1 —az)g' + (ai —an)f' + 3 (—7 +3t'h' — T ) =0.

Therefore, from the second equation of (4.8) and since 4’ = ' —¢g’ we get
(a11 — ax — az3)g’ + (@12 — an +as3) f' =0, s0 az3 = a1 — az = axp — aiy and by
(4.9) it follows that

(6111 + 6122) and djp = —daypy. (410)

N —

asy =

We put a;; =4 and ax»n =, (4, u€R). Then

1 1
ass =§(ﬂ+,u) and a1 = —an Zi(ﬂ—ﬂ).
Consequently the matrix A4 satisfies
Lo dw=2) 0
A=|30-w  n 0
0 0 1(A+np)

Thus, by the first equation of (4.6) and the last equation of (4.7) we
get
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"

=0, (4.11)

A+ +}i/—3t’+t—
R 7

1 / , g 1ty v g _
E(i*ﬂ)g +ﬂf*2h +}—Z+T*l‘f *z—l,—o (412)
If we multiply (4.11) by (1/2)g’ and add (4.12) we obtain
2 +uf =ty *t’f’ﬂ%:O-
Since f'(u) = cosh t(u) and ¢'(u) = sinh #(u), we deduce that
h/
t'(u) — n (u) = (4 sinh #(u) + p cosh t(u)) exp(—t(u)). (4.13)

That is
2H = (Asinh ¢ + p cosh t) exp(—1).

A. Let A=pu =0, then H =0 which means that the surfaces of revolution
are minimal. In this case

t'=h'exp(—t) and "= -2k exp(-21).

From (4.11) we deduces that exp(—¢) = 0 which is impossible. Then, there are no
surfaces of revolution in this case.

B. Let 2 =pu#0, then 2H = A which means that M? is a surface of rev-
olution with non-zero constant mean curvature. In this case we have

' =2+hexp(—t) and " =—h2(Ah+2exp(—1)) exp(—1). (4.14)
Using (4.11) we get
J2h* 4+ 4) exp(—h+4 =0, (4.15)

from which
2
h(u) = — exp(—1). (4.16)
Using (4.14) we obtain ' = A/2 and then #(u) = (1/2)u+k, k € R. Thus,

Sf(u) = cosh(%u—i—k) and ¢'(u) = sinh(%u—i—k).
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We deduce that

f(u):jsinh<;u+k>+d and g(u):zcosh(;u—klc)—kd, deR.

A
So,

r(uyv) —d, r(u,v) — d) = (g(u) — d)? — (f(u) —d)* = iz >0, with d=(d,d,0).

This means that the timelike surface M? is contained in the pseudo-Riemannian
sphere S7(d,2/|4|) centered at d with radius 2/|4).

On the other hand, if the surface M? is spacelike we get

<r(u,v)7d,r(u,v)7d>*

?7

which means that M? is contained in the pseudo-hyperbolic space HZ(d,—2/|2|).
C. Let 1 # u. By (4.13) we get

!'(u) = <i sinh #(u) + p cosh #(u) +

Taking the derivative we have

ﬁ) exp(—t(u)). 4.17)

"= ((A—wt'h —h 't —h2h') exp(—1).

If we substitute the values of ¢ and ¢’ in Equ. (4.11) we get

Rh[A + p— 34 sinh t exp(—?) — 3p cosh ¢ exp(—1) + (4 — ) exp(—21)]
—3Rexp(—t) —exp(—t) = 0.
where

R = Jh sinh t + ph cosh ¢ + 1.
Then, after some calculus, we find the following algebraic equation of second
order

wh? + ayh+ oy =0, (4.18)
where

og = —16 exp(—1), o1 = —8f+ 16a exp(—21),

oty = —f% exp t + 6aff exp(—1) — 5a° exp(—31),
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and

Differentiating now the algebraic equation (4.18), using (4.17), we get the al-
gebraic equation of third order

Ash® + Aoh> + Ajh+ 4y =0 (4.19)
where
Ao =16 exp(=2t), A, = —240 exp(—31),
Ay = =387 — 1008 exp(—21) + 21a> exp(—4t),
Az = % [—p* exp 1 — 5087 exp(—1) + 210%f exp(—31) — 154> exp(—51)].
Then if we multiply (4.18) by exp(—¢) and add (4.19), we find an algebraic
equation of the form A3/i® + Cyh?> + Cih =0 which we divide by 4 to obtain
Boh* + Bih+ By =0, (4.20)
where
By = Cou,
B = —8% — 8up exp(—21) + 320% exp(—41),
By = —p* exp t — 5af? exp(—1) + 21af exp(—31) — 150% exp(—51).
The equation C(oah? + oth+ ag) — (Boh> + Bih+ By) = 0 gives us
O01th+3dp =0. 4.21)
On the other hand, combining the equations (4.18), (4.20) we have
(fy — 0afy)h + aofy — 02y =0,
and then we obtain an algebraic equation of first order
o1h+ oy =0. (4.22)

If we combine (4.21), (4.22) we find o109 — g¢odp = 0; that is the following
polynomial must be equal to zero for every ¢

725% exp(—31) — 256a” exp(—>51) + 3360>24% exp(—T71)

— 19208 exp(—9¢) + 400* exp(—11¢) = 0.
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So we have a contradiction. Therefore, in the case A # u, there are no surfaces of
revolution of R; satisfying the condition (1.2).
Then we have proved the following theorem

THEOREM 3. The only timelike (resp. spacelike) surfaces of revolution of type
IV whose Gauss map satisfies

AN = AN, A4 = (a;) € Mat(3;R),

are locally the pseudo-Riemannian sphere S} (resp. the pseudo-hyperbolic space
H?).

Finally, using the results of S. M. Choi [6], one can state the following
characterization theorem:

THEOREM 4. Let M? be a timelike (resp. spacelike) surface of revolution
without parabolic points in R]3. Then for some non-singular matrices A, Aj €
Mat(3;R) the following are equivalent:

1. AN = AN.

2. AN = 4yN.

3. M? is locally a pseudo-Riemannian sphere (resp. a pseudo-hyperbolic space).
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