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JACOBI OPERATORS ALONG THE STRUCTURE FLOW

ON REAL HYPERSURFACES IN A NONFLAT COMPLEX

SPACE FORM

By

U-Hang Ki, Hiroyuki Kurihara and Ryoichi Takagi

Abstract. Let M be a real hypersurface of a complex space form

with almost contact metric structure ðf; x; h; gÞ. In this paper, we

study real hypersurfaces in a complex space form whose structure

Jacobi operator Rx ¼ Rð�; xÞx is x-parallel. In particular, we prove

that the condition ‘xRx ¼ 0 characterizes the homogeneous real

hypersurfaces of type A in a complex projective space or a complex

hyperbolic space when RxfS ¼ SfRx holds on M, where S denotes

the Ricci tensor of type ð1; 1Þ on M.

1. Introduction

Let ðMnðcÞ; J; ~ggÞ be a complex n-dimensional complex space form with

Kähler structure ðJ; ~ggÞ of constant holomorphic sectional curvature 4c and let M

be an orientable real hypersurface in MnðcÞ. Then M has an almost contact

metric structure ðf; x; h; gÞ induced from ðJ; ~ggÞ.
It is known that there are no real hypersurface with parallel Ricci tensors in

a nonflat complex space form (see [6], [8]). This result say that there does not

exist locally symmetric real hypersurfaces in a nonflat complex space form. The

structure Jacobi operator Rx ¼ Rð�; xÞx has a fundamental role in contact geo-

metry. Cho and the first author started the study on real hypersurfaces in a

complex space form by using the operator Rx in [3], [4] and [5]. Recently Ortega,

Pérez and Santos [12] have proved that there are no real hypersurfaces in PnC,

nb 3 with parallel structure Jacobi operator ‘Rx ¼ 0. More generally, such a

result has been extended by [13] due to them.
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Now in this paper, motivated by results mentioned above we consideer the

parallelism of the structure Jacobi operator Rx in the direction of the structure

vector field, that is ‘xRx ¼ 0.

In 1970’s, the third author [14], [15] classified the homogeneous real

hypersurfaces of PnC into six types. On the other hand, Cecil and Ryan [2]

extensively studied a Hopf hypersurface, which is realized as tubes over certain

submanifolds in PnC, by using its focal map. By making use of those results and

the mentioned work of Takagi, Kimura [10] proved the local classification

theorem for Hopf hypersurfaces of PnC whose all principal curvatures are

constant. For the case HnC, Berndt [1] proved the classification theorem for Hopf

hypersurfaces whose all principal curvatures are constant. Among the several

types of real hypersurfaces appeared in Takagi’s list or Berndt’s list, a particular

type of tubes over totally geodesic PkC or HkC ð0a ka n� 1Þ adding a

horosphere in HnC, which is called type A, has a lot of nice geometric properties.

For example, Okumura [11] (resp. Montiel and Romero [10]) showed that a real

hypersurface in PnC (resp. HnC) is locally congruent to one of real hypersurfaces

of type A if and only if the Reeb flow x is isometric or equivalently the structure

operator f commutes with the shape operator H.

Among the results related Rx we mention the following ones.

Theorem 1 (Cho and Ki [5]). Let M be a real hypersurface in a nonflat

complex space form MnðcÞ which satisfies ‘xRx ¼ 0 and at the same time

RxH ¼ HRx. Then M is a Hopf hypersurface in MnðcÞ. Further, M is locally

congruent to one of the following hypersurfaces:

(1) In cases that MnðcÞ ¼ PnC with hðHxÞ0 0,

ðA1Þ a geodesic hypersphere of radius r, where 0 < r < p=2 and r0 p=4;

ðA2Þ a tube of radius r over a totally geodesic PkC ð1a ka n� 2Þ, where
0 < r < p=2 and r0 p=4.

(2) In cases MnðcÞ ¼ HnC,

ðA0Þ a horosphere;

ðA1Þ a geodesic hypersphere or a tube over a complex hyperbolic hyper-

plane Hn�1C;

ðA2Þ a tube over a totally geodesic HkC ð1a ka n� 2Þ.

In this paper we study a real hypersurface in a nonflat complex space form

MnðcÞ which satisfies ‘xRx ¼ 0 and at the same time RxfS ¼ SfRx, where S

denotes the Ricci tensor of the hypersurface. We give another characterization
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of real hypersurfaces of type A in MnðcÞ by above two conditions. The main

purpose of the present paper is to establish Main Thoerem stated in section 5. We

note that the condition RxfS ¼ SfRx is a much weaker condition. Indeed, every

Hopf hypersurface always satisfies this condition.

All manifolds in this paper are assumed to be connected and of class Cy and

the real hypersurfaces are supposed to be oriented.

2. Preliminaries

We denote by MnðcÞ, c0 0 be a nonflat complex space form with the Fubini-

Study metric ~gg of constant holomorphic sectional curvature 4c and Levi-Civita

connection ~‘‘. For an immersed ð2n� 1Þ-dimensional Riemannian manifold

t : M ! MnðcÞ, the Levi-Civita connection ‘ of induced metric and the shape

operator H of the immersion are characterized

~‘‘XY ¼ ‘XY þ gðHX ;Y Þn; ~‘‘X n ¼ �HX

for any vector fields X and Y on M, where g denotes the Riemannian metric of

M induced from ~gg and n a unit normal vector on M. In the sequel the indeces

i; j; k; l; . . . run over the range f1; 2; . . . ; 2n� 1g unless otherwise stated. For a

local orthonormal frame field feig of M, we denote the dual 1-forms by fyig.
Then the connection forms yij are defined by

dyi þ
X
j

yij5yj ¼ 0; yij þ yji ¼ 0:

Then we have

‘ei ej ¼
X
k

ykjðeiÞek ¼
X
k

Gkijek;

where we put yij ¼
P

k Gijkyk. The structure tensor f ¼
P

i fiei and the structure

vector x ¼
P

i xiei satisfy

X
k

fikfkj ¼ xixj � dij ;
X
j

xjfij ¼ 0;
X
i

x2i ¼ 1; fij þ fji ¼ 0;

dfij ¼
X
k

ðfikykj � fjkyki � xihjkyk þ xjhikykÞ;

dxi ¼
X
j

xjyji �
X
j;k

fjihjkyk:

ð2:1Þ
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We denote the components of the shape operator or the second fundamental

tensor H of M by hij. The components hij;k of the covariant derivative of H are

given by
P

k hij;kyk ¼ dhij �
P

k hikykj �
P

k hjkyki. Then we have the equation of

Gauss and Codazzi

Rijkl ¼ cðdikdjl � dildjk þ fikfjl � filfjk þ 2fijfklÞ þ hikhjl � hilhjk;ð2:2Þ

hij;k � hik; j ¼ cðxkfij þ xifkj � xjfik � xifjkÞ;ð2:3Þ

respectively.

From (2.2) the structure Jacobi operator Rx ¼ ðXijÞ is given by

Xij ¼
X
k; l

hikhjlxkxl �
X
k; l

hijhklxkxl þ cxixj � cdij ;ð2:4Þ

From (2.2) the Ricci tensor S ¼ ðSijÞ is given by

Sij ¼ ð2nþ 1Þcdij � 3cxixj þ hhij �
X
k

hikhkj;ð2:5Þ

where h ¼
P

i hii.

First we remark

Lemma 1. Let U be an open set in M and F a smooth function on U. We put

dF ¼
P

i Fiyi. Then we have

Fij � Fji ¼
X
k

FkGkij �
X
k

FkGkji:

Proof. Taking the exterior derivate of dF ¼
P

i Fiyi, we have the formula

immediately. r

Now we retake a local orthonormal frame field ei in such a way that (1)

e1 ¼ x, (2) e2 is in the direction of
P2n�1

i¼2 h1iei and (3) e3 ¼ fe2. Then we have

x1 ¼ 1; xi ¼ 0 ðib 2Þ; h1j ¼ 0 ð jb 3Þ and f32 ¼ 1:ð2:6Þ

We put a :¼ h11, b :¼ h12, g :¼ h22, e :¼ h23 and d :¼ h33.

Promise. Hereafter the indeces p; q; r; s; . . . run over the range f4; 5; . . . ;
2n� 1g unless otherwise stated.
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Since dxi ¼ 0, we have

y12 ¼ ey2 þ dy3 þ
X
p

h3pyp;

y13 ¼ �by1 � gy2 � ey3 �
X
p

h2pyp;

y1p ¼
X
q

fqphq2y2 þ
X
q

fqphq3y3 þ
X
q;r

fqphqryr:

ð2:7Þ

We put

y23 ¼
X
i

Xiyi; y2p ¼
X
i

Ypiyi; y3p ¼
X
i

Zpiyi:ð2:8Þ

Then it follows from df2i ¼ 0 that Ypi ¼ �
P

q fpqZqi or Zpi ¼
P

q fpqYqi. The

equations (2.4) and (2.5) are rewritten as

Xij ¼ �ahij þ h1ih1j þ cdi1dj1 � cdij;ð2:9Þ

Sij ¼ hhij �
X
k

hikhjk � 3cdi1dj1 þ ð2nþ 1Þcdij;ð2:10Þ

respectively.

3. Real Hypersurfaces Satisfying ‘xRx ¼ 0 and RxfS ¼ SfRx

First we assume that ‘xRx ¼ 0. The components Xij;k of the covariant

derivativation of Rx ¼ ðXijÞ is given by

X
k

Xij;kyk ¼ dXij �
X
k

Xkjyki �
X
k

Xikykj:

Substituting (2.9) into the above equation we haveX
k

Xij;kyk ¼ �ðdaÞhij � adhij þ ðdh1iÞh1j þ h1iðdh1jÞð3:1Þ

þ a
X
k

hkjyki � ah1jy1i � bh1jy2i � cdj1y1i

þ a
X
k

hikykj � ah1iy1j � bh1iy2j � cdi1y1j:

In the following, we assume that b0 0.
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Our assumption ‘xRx ¼ 0 is equivalent to Xij;1 ¼ 0, which can be stated as

follows:

e ¼ 0; adþ c ¼ 0; h3p ¼ 0;ð3:2Þ

ðb2 � agÞ1 � 2a
X
p

h2pYp1 ¼ 0;ð3:3Þ

ðb2 � ag� cÞX1 þ a
X
p

h2pZp1 ¼ 0;ð3:4Þ

ðah2pÞ1 þ a
X
q

hpqYq1 þ ðb2 � agÞYp1 � a
X
q

h2qGqp1 ¼ 0;ð3:5Þ

ah2pX1 �
X
q

ðahqp þ cdpqÞZq1 ¼ 0;ð3:6Þ

�ðahpqÞ1 þ ah2qYp1 þ a
X
r

hrqGrp1 þ ah2pYq1 þ a
X
r

hprGrq1 ¼ 0:ð3:7Þ

Hereafter we shall use (3.2) without quoting.

Furthermore we assume that RxfS ¼ SfRx. Under the assumption ‘xRx ¼ 0,

we have the following additional equations

ðhd� d2 þ ð2nþ 1ÞcÞh2p ¼ 0;ð3:8Þ

eRxRx
~ffA ¼ 0;ð3:9Þ

eRxRx
~ff ~SS ¼ ~SS ~ff eRxRx:ð3:10Þ

where A ¼ tðh24; h25; . . . ; h2;2n�1Þ, eRxRx ¼ ðXpqÞ, ~ff ¼ ðfpqÞ, ~SS ¼ ðSpqÞ.
Now, properly speaking, we should denote the equation (2.3) by, e.g., ð23Þijk.

In this paper we denote it by ðijkÞ simply. Then we have the following equations

(112)–ðq1pÞ.

a2 � b1 ¼ 0;ð112Þ

b2 � g1 � 2
X
p

h2pYp1 ¼ 0;ð212Þ

ða� dÞg� bX2 þ ðg� dÞX1 � b2 �
X
p

h2pZp1 ¼ �c;ð312Þ

a3 þ 3bd� ab þ bX1 ¼ 0;ð113Þ

b3 � adþ gdþ ðg� dÞX1 � b2 �
X
p

h2pZp1 ¼ c;ð213Þ
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bX3 þ d1 ¼ 0;ð313Þ

g3 � 2bdþ 2
X
p

h2pYp3 þ ðg� dÞX2 � bg�
X
p

h2pZp2 ¼ 0;ð223Þ

X
p

h2pZp3 � d2 � ðg� dÞX3 ¼ 0;ð323Þ

ap þ bYp1 ¼ 0;ð1p1Þ

bp þ 2
X
q; r

h2qfrqhrp þ bYp2 þ a
X
q

fqph2q ¼ 0;ð12pÞ

�2dh2p þ bYp3 þ ah2p � bXp ¼ 0;ð13pÞ

gp þ 2
X
q

h2qYqp � h2p2 �
X
q

hqpYq2 þ b
X
q

fqph2q þ gYp2 þ
X
q

h2qGqp2 ¼ 0;ð22pÞ

dXp þ bh2p � gXp þ
X
q

h2qZqp � h2p3 �
X
q

hqpYq3 þ gYp3 þ
X
q

h2qGqp3 ¼ 0;ð23pÞ

dp þ h2pX3 �
X
q

hqpZq3 þ dZp3 ¼ 0;ð33pÞ

bp þ
X
q; r

h2qfrqhrp � h2p1 �
X
q

hqpYq1 þ gYp1 þ
X
q

h2qGqp1 ¼ 0;ð21pÞ

�dh2p þ ah2p � bXp þ h2pX1 �
X
q

hqpZq1 þ dZp1 ¼ 0;ð31pÞ

dXp þ bh2p � gXp þ
X
q

h2qZqp þ h2pX2 �
X
q

hpqZq2 þ dZp2 ¼ 0;ð32pÞ

2
X
r; s

hrpfsrhsq � a
X
r

frphrq þ a
X
r

frqhrp � bYpq þ bYqp ¼ �2cfpq;ð1pqÞ

h2pq þ
X
r

hrpYrq � b
X
r

frphrq � gYpq �
X
r

h2rGrpq � h2qpð2pqÞ

�
X
r

hrqYrp þ b
X
r

frqhrp þ gYqp þ
X
r

h2rGrqp ¼ 0;

X
r; s

hrqfsrhsp � a
X
r

frqhrp � bYqp � hpq1ðq1pÞ

þ h2qYp1 þ
X
r

hrqGrp1 þ h2pYq1 þ
X
r

hrpGrq1 ¼ cfpq;

h3qp � eYqp � dZqp �
X
r

h3rGrqp � h2qXp þ
X
r

hqrZrp � hqp3ðq3pÞ

þ hq2Yp3 þ hq3Zp3 þ
X
r

hqrGrp3 þ hp2Yq3 þ hp3Zq3 þ
X
r

hprGrq3 ¼ 0:
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Remark. We did not write ðp2qÞ, ð3pqÞ and ðpqrÞ since we need not use

them.

4. Formulas and Lemmas

Promise. In the following, we shall abbreviate the expression ‘‘take account

of the coe‰cient of yi in the exterior derivative of � � �’’ to ‘‘see yi of d of � � �’’.

In this section we study the crucial case where b0 0. By (3.6) and ð31pÞ we

have

bXp ¼ ða� dÞh2p:ð4:1Þ

This and ð13pÞ imply that

bYp3 ¼ dh2p:ð4:2Þ

The equation (3.9) can be rewrittened as

X
q; r

ðahpq þ cdpqÞfqrhr2 ¼ 0;ð4:3Þ

which, together with (4.2), implies

b
X
q; r

ðhpq � ddpqÞZq3 ¼ d
X
q; r

ðhpq � ddpqÞfqrYr3 ¼ 0:

Hence it follows from ð33pÞ and ð1p1Þ that

dp ¼ �h2pX3 and ap ¼ �bYp1:ð4:4Þ

Thus since (4.4) and apdþ adp ¼ 0 obtained from (3.2) we have

bdYp1 ¼ �ah2pX3;ð4:5Þ

and so
P

p h2pZp1 ¼ 0. By (4.2), we have

X
p

h2pZp3 ¼
X
p;q

h2pfpqYq3 ¼
d

b

X
p;q

h2pfpqh2q ¼ 0:ð4:6Þ

From (3.6), (4.3) and (4.5) we have

h2pX1 ¼ 0:ð4:7Þ

Now we shall prove the following key lemma.

Lemma 2. Hðe2Þ A spanfe1; e2g.
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Proof. Suppose that h2p 0 0. Then from (4.7) we have X1 ¼ 0. We can

select the vector e4 so that h24 0 0 and h25 ¼ � � � ¼ h2;2n�1 ¼ 0. We put e5 :¼ fe4

and r :¼ h24ð0 0Þ. Note that f54 ¼ 1. Then by (4.3) we have

h55 ¼ d; hp5 ¼ 0 ðp0 5Þ:

Put p ¼ 5 in ð32pÞ. Then by above equation and (4.1) we have X5 ¼ 0 and so

Z45 ¼ 0. Thus we have Y55 ¼ 0. Furthermore, put p ¼ q ¼ 5 in ðq1pÞ. Then, since
G551 ¼ Y55 ¼ 0, we have

a1 ¼ d1 ¼ 0:ð4:8Þ

Thus, from (313), (323), (4.6) and (112) we have

X3 ¼ 0;ð4:9Þ

a2 ¼ d2 ¼ 0;ð4:10Þ

b1 ¼ 0:ð4:11Þ

By (4.4) and (4.9) we have ap ¼ dp ¼ 0. Thus it follows from ð1p1Þ that

ap ¼ dp ¼ Yp1 ¼ Zp1 ¼ 0:ð4:12Þ

Now we put F ¼ a, i ¼ 1 and j ¼ p in Lemma 1. Then, from (2.7), (4.8),

(4.10) and (4.12) we have

0 ¼ a1p � ap1 ¼
X
k

akGk1p �
X
k

akGkp1 ¼ a3ðG31p � G3p1Þ ¼ a3h2p:

Thus we have a3 ¼ 0. Hence it follows from (4.8), (4.10) and (4.12) that a and d

are constant, which, together with ð113Þ, imply

a ¼ 3d:ð4:13Þ

On the other hand, seeing y15y3 of d of y23, we have

X2 ¼ �2b:ð4:14Þ

Thus, from ð312Þ and (4.13) we have

2dgþ b2 ¼ �c:ð4:15Þ

Seeing y1 and y2 of d of (4.15) and taking account of (4.8), (4.11) and ð212Þ, we
have

g1 ¼ 0; b2 ¼ 0 and g2 ¼ 0:ð4:16Þ
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Moreover, seeing y5 of d of (4.15), we have

dg5 þ bb5 ¼ 0:ð4:17Þ

From (3.5) and (4.12) we have

h2p1 �
X
q

h2qGqp1 ¼ 0:

This, together with ð21pÞ and ð12pÞ, implies

bp þ rh5p ¼ 0;

bp þ 2rh5p þ arf4p þ bYp2 ¼ 0:

Put p ¼ 4; 5; 6; . . . ; 2n� 1 in above two equations to get

bp ¼
0 ðp0 5Þ
�rd ðp ¼ 5Þ

�
; Yp2 ¼

0 ðp0 5Þ
rða� dÞ=b ðp ¼ 5Þ

�
;

Zp2 ¼
0 ðp0 4Þ
�rða� dÞ=b ðp ¼ 4Þ

�
:

ð4:18Þ

Hence from (4.1), (4.2), (4.17) and (4.18) we have

Xp ¼
0 ðp0 4Þ
rða� dÞ=b ðp ¼ 4Þ

�
; Yp3 ¼

0 ðp0 4Þ
�rd=b ðp ¼ 4Þ

�
;

Zp3 ¼
0 ðp0 5Þ
�rd=b ðp ¼ 5Þ

�
; gp ¼

0 ðp0 5Þ
�rb ðp ¼ 5Þ

�
:

ð4:19Þ

Now, by (213), (223), (4.15) and (4.19) we have

b3 ¼ b2 � gd ¼ �ag� c ¼ 3dðd� gÞ;

g3 ¼ 3bg� 4r2d=b:
ð4:20Þ

On the other hand, if we put F ¼ b and g in Lemma 1, then from (4.11),

(4.12), (4.15), (4.16), (4.18) and (4.19) we have

gb3 þ rb5 ¼ 0;

gg3 þ rg5 ¼ 0:
ð4:21Þ

Eliminating b3, b5, g3, g5, r and b from (4.17), (4.18), (4.20) and (4.21), we have

4g2 � 6gd� c ¼ 0:

Consequently, g is constant, which contradicts g5 ¼ rb. r
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Owing to Lemma 2 the matrix ðhpqÞ is diagonalizable, that is, for a suitable

choice of a orthonormal frame field fepg we can set

hpq ¼ lpdpq:

Then it is easy to see

~RRx ¼ �ððalp þ cÞdpqÞ;

~SS ¼ ðfhlp � ðlpÞ2 þ KgdpqÞ;
ð4:22Þ

where we put K ¼ ð2nþ 1Þc.
Here we shall sum up all equations obtained from Lemma 2.

From (4.1), (4.2) and (4.4) we have

Xp ¼ Yp1 ¼ Zp1 ¼ Yp3 ¼ Zp3 ¼ 0; ap ¼ dp ¼ 0:ð4:23Þ

This, together with (3.3) and (3.4), imply

ðb2 � agÞ1 ¼ 0;ð4:24Þ

ðb2 � ag� cÞX1 ¼ 0:ð4:25Þ

Put p ¼ q in (3.7). Then we have

ðalpÞ1 ¼ 0:ð4:26Þ

Moreover, from ð112Þ–ð32pÞ we have

a2 � b1 ¼ 0;ð4:27Þ

b2 � g1 ¼ 0;ð4:28Þ

ða� dÞg� bX2 þ ðg� dÞX1 � b2 ¼ �c;ð4:29Þ

a3 þ 3bd� ab þ bX1 ¼ 0;ð4:30Þ

b3 � adþ gdþ ðg� dÞX1 � b2 ¼ c;ð4:31Þ

d1 þ bX3 ¼ 0;ð4:32Þ

g3 � 2bdþ ðg� dÞX2 � bg ¼ 0;ð4:33Þ

d2 þ ðg� dÞX3 ¼ 0;ð4:34Þ

bp ¼ 0;ð4:35Þ

Yp2 ¼ 0; Zp2 ¼ 0;ð4:36Þ

gp ¼ 0:ð4:37Þ
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It follows from ðq1pÞ and (3.7) that

abYqp ¼ alplqfpq � a2lpfpq þ a1lpdpq � cafpq:ð4:38Þ

From this, ð2pqÞ and ðq3pÞ we have

b2ðlp þ lqÞfpq � ðlp � gÞðlplq � alq � cÞfpqð4:39Þ

� ðlq � gÞðlplq � alp � cÞfpq ¼ 0;

ðlq � dÞ½afðlqÞ2 � alq � cgdpq þ a1lqfpq� � abfhqp3 þ ðlp � lqÞGqp3g ¼ 0:ð4:40Þ

If p ¼ q in above equation, then we have

ðlp � dÞfðlpÞ2 � alp � cg � bðlpÞ3 ¼ 0:ð4:41Þ

5. Proof of Main Theorem

In this section we prove

Main Theorem. Let M be a real hypersurface of a complex space form

MnðcÞ, c0 0, nb 3 which satisfies ‘xRx ¼ 0. Then M holds RxfS ¼ SfRx if and

only if M is locally congruent to one of the following:

(I) in case that MnðcÞ ¼ PnC with hðHxÞ0 0,

ðA1Þ a geodesic hypersphere of radius r, where 0 < r < p=2 and r0 p=4,

ðA2Þ a tube of radius r over a totally geodesic PkC ð1a ka n� 2Þ,
where 0 < r < p=2 and r0 p=4;

(II) in case that MnðcÞ ¼ HnC,

ðA0Þ a horosphere,

ðA1Þ a geodesic hypersphere or a tube over a complex hyperbolic hyper-

plane Hn�1C,

ðA2Þ a tube over a totally geodesic HkC ð1a ka n� 2Þ.

Proof. First step. We prove b ¼ 0.

Suppose that b0 0. It follows from (4.22) that (3.10) is equivalent to

ðrpsq � sprqÞfpq ¼ 0;

where rp ¼ alp þ c, sp ¼ hlp � ðlpÞ2 þ K . Therefore if fqp 0 0, then we have

ðlp � lqÞf�chþ alplq þ cðlp þ lqÞ þ aKg ¼ 0:ð5:1Þ
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Here we assert that if fpq 0 0, then lp ¼ lq. To prove this, we assume that

there exist indices p and q such that

fpq 0 0; lp � lq 0 0:

First we prepare three Lemmas.

Lemma 3. ðKa2 � cahÞ1 ¼ 0.

Proof. From (5.1) we have

ða2K � ahcÞ þ ðalpÞðalqÞ þ cðalp þ alqÞ ¼ 0:

Lemma 3 follows from this and (4.26). r

Lemma 4. 4naa1 � ðagÞ1 ¼ 0.

Proof. From (4.26) we have ða
P

p lpÞ1 ¼ 0. Combining this equation with

h ¼ aþ gþ dþ
P

p lp, we have

ðaðh� a� g� dÞÞ1 ¼ 0:

Eliminate h from this and Lemma 3. r

Lemma 5. ðg� d� 2naÞa1 ¼ 0 and ðg� d� 2naÞb1 ¼ 0.

Proof. From (4.24) we have 2bb1 � ðagÞ1 ¼ 0. Hence it follows from

Lemma 4 that

2naa1 � bb1 ¼ 0:ð5:2Þ

On the other hand, by (4.32) and (4.34) we have ðg� dÞd1 � bd2 ¼ 0, and

therefore ðg� dÞa1 � ba2 ¼ 0. Thus Lemma 5 follows from (4.27) and (5.2).

r

We need to consider four cases.

Case I. Suppose that a1 0 0 and X1 ¼ 0. Owing to Lemma 5, we have

g� d� 2na ¼ 0. Seeing y3 of d of this equation and making use of (4.29), (4.30)

and (4.33), we have

2na2ð2na2 � d2 þ 2ncÞ þ b2f3d2 þ ð6nþ 4Þc� 2na2g ¼ 0:ð5:3Þ

51Jacobi operators along the structure flow on real hypersurfaces



Seeing y1 of d of (5.3) and taking account of (3.2) and (5.2), we have

4n2a4 þ 2na2f3d2 þ ð8nþ 4Þcg � b2ð3d2 þ 2na2Þ ¼ 0:ð5:4Þ

Eliminating b from (5.3) and (5.4), we have a polynomial of degree four with

respect to d containing the term 12na2d4 0 0. This shows that d is constant since

adþ c ¼ 0, which contradicts the assumption of Case I.

Case II. Suppose that a1 0 0 and X1 0 0. By (4.25) we have

b2 � ag� c ¼ 0:

Then from (4.39) we have

ð�lplq þ 2cÞðlp þ lqÞ þ 2ðaþ gÞlplq � 2cg ¼ 0:

Multiply above equation by a3 and see y1 of d of this equation. Then, from

Lemma 4 and (4.26) we have

cðalp þ alq � agÞ þ ð2nþ 1ÞðalpÞðalqÞ � 2cna2 ¼ 0:

Again, seeing y1 of d of above equation, we have cnaa1 ¼ 0, which is a con-

tradiction.

Case III. Suppose that a1 ¼ 0 and b2 � ag� c0 0. From (4.24), (4.25),

(4.27), (4.28), (4.32) and (4.34) we have

d1 ¼ a2 ¼ d2 ¼ X3 ¼ b1 ¼ g1 ¼ b2 ¼ X1 ¼ 0:ð5:5Þ

Seeing y25y3 of d of y23 we have b3 � 2b2 ¼ gdþ 2c, which, together with (4.31)

and (5.5), imply

ad� gd� b2 ¼ gdþ c:

Substituting of (4.14) and (5.5) into (4.29) we have

ag� gdþ b2 ¼ �c:ð5:6Þ

Eliminating b from above two equations, we have

ad� 3gdþ ag ¼ 0:ð5:7Þ

Seeing y2 of d of (5.6) and (5.7), we have ða� dÞg2 ¼ 0 and ða� 3dÞg2 ¼ 0.

Hence we have g2 ¼ 0.

Now put F ¼ a; b; g and i ¼ 1, j ¼ 2 in Lemma 1. Then, we have

a3g ¼ b3g ¼ g3g ¼ 0:
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If g0 0, then from (4.14) and (4.33) we have a contradiction. Thus g ¼ 0, which

contradicts (5.7).

Case IV. Suppose that

a1 ¼ 0;ð5:8Þ

b2 � ag� c ¼ 0:ð5:9Þ

Seeing y2 of d of (5.9), we have

ðb2 � agÞ3 ¼ 2bb3 � ga3 � ag3 ¼ 0:ð5:10Þ

From (4.29)–(4.31), (4.33) and (5.9) we have the following:

�dg� bX2 þ ðg� dÞX1 ¼ 0;ð5:11Þ

a3 þ 3bd� ab þ bX1 ¼ 0;ð5:12Þ

b3 þ ðg� dÞX1 þ gd� ag� c ¼ 0;ð5:13Þ

g3 � 2bdþ ðg� dÞX2 þ bg ¼ 0:ð5:14Þ

Substituting of (5.12)–(5.14) into (5.10) we have

ðd� gÞðX1 � 4aÞ ¼ 0;

by virtue of (5.11). If d ¼ g, then by (5.9) we have a contradiction. Thus

X1 ¼ 4a:ð5:15Þ

Substituting of this equation into (5.11)–(5.13) we have

bX2 ¼ 4aðg� dÞ � dg;ð5:16Þ

a3 þ 3bdþ 3ab ¼ 0;ð5:17Þ

b3 þ 3ag� 3adþ gd ¼ 0:ð5:18Þ

It follows from (4.33), (5.9) and (5.16) that

ag3 þ bð3ag� 6ad� gdÞ ¼ 0:ð5:19Þ

From (4.32), (5.2) and (5.8) we have X3 ¼ 0 and b1 ¼ 0 and therefore a2 ¼ d2 ¼ 0

because of (4.27). Hence, seeing y1 of d of (5.9), we have g1 ¼ 0, and so b2 ¼ 0.

Now put F ¼ a and b in Lemma 1. Then we have

a3ðgþ X1Þ ¼ 0; b3ðgþ X1Þ ¼ 0:
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If gþ X1 0 0, then we have a3 ¼ b3 ¼ 0. It follows from (4.23) and (4.35) that a,

b and d are constant and that ai ¼ bi ¼ 0 for i ¼ 1; 2. Furthermore, by (5.9) we

see that g is constant. Thus from (5.17)–(5.19) we have

aþ d ¼ 0;

3ag� 3adþ gd ¼ 0;

3ag� 6ad� gd ¼ 0:

Hence, by (3.2) and (5.9) we have a2 � c ¼ 0 and 2b2 þ c ¼ 0, which is a

contradiction. Therefore X1 ¼ �g, which, together with (5.15), implies g ¼ �X1 ¼
�4a. Thus it follows from (5.17) that g3 ¼ �4a3 ¼ 12bðdþ aÞ. Hence from (5.19)

we have a contradiction ad ¼ 0.

Consequently, for all p, q such that fpq 0 0, we have lp ¼ lq. We take p, q

such that fpq 0 0. Then by (4.39) we have

b2lp � ðlp � gÞfðlpÞ2 � alp � cg ¼ 0:ð5:20Þ

Furthermore, from ðq3pÞ, (4.38) and (4.26) we have

ðlpÞ1ðlp � dÞ ¼ 0:

If ðlpÞ1 ¼ 0, then (4.26) implies a1 ¼ d1 ¼ 0. Thus it follows from (4.32), (4.34)

and (4.27) that X3 ¼ a2 ¼ d2 ¼ b1 ¼ 0. Seeing y1 of d of (5.20), we have

fðlpÞ2 � alp � cgg1 ¼ 0. If ðlpÞ2 � alp � c ¼ 0, then from (5.20), we have lp ¼ 0,

which contradicts the assumption. Hence we have g1 ¼ 0. Thus, from (4.28) we

have b2 ¼ 0. If X1 ¼ 0, then by the same argument as that in Case III, we have

a contradiction. Thus we have X1 0 0 and therefore b2 � ag� c ¼ 0 because of

(4.25). By the same argument as that in Case IV, we have contradiction. Hence

we have lp ¼ d. From (4.41) and ð113Þ we have ðlpÞ3 ¼ d3 ¼ a3 ¼ 0 and

X1 ¼ a� 3dp. Thus by (4.25) we have ðb2 � ag� cÞða� 3dÞ ¼ 0. If a� 3d ¼ 0,

then a and d are constant and therefore by the argument as above, we have a

contradiction. Thus b2 � ag� c ¼ 0. From (5.20) we have ðaþ dÞðd� gÞ ¼ 0. If

aþ d ¼ 0, then a and d are constant, which is also a contradiction. Hence

d� g ¼ 0. However from (5.20) we have b ¼ 0, which is a contradiction.

Consequantly we proved b ¼ 0.

Second step. Since (2.6) and b ¼ 0, we see that a is constant in M (see [7]).

Thus from (3.1) our assumption Xij;1 ¼ 0 is equivalent to ahij;1 ¼ 0. Put j ¼ 1 in
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(2.3). Then by above equation we have ahi1;k ¼ �cafik. Therefore since (2.1) and

dxi ¼ 0, we have

a
X
k; l

hikflkhkj þ a2
X
k

fkihkj ¼ �ahi1; j ¼ cafij ;

which implies that a2ðfH �HfÞ ¼ 0.

Here, we note the case a ¼ 0 corresponds to the case of tube of radius p=4

in PnC (see [2]). However, in the case of HnC it is known that a never vanishes

for Hopf hypersurfaces (cf. [1]). Owing to Okumura’s work or Montiel and

Romero’s work stated in the Introduction, we complete the proof of our Main

Theorem. r
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