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ABSTRACT. In the present work we deal with the approximation properties
of certain linear polynomial operators in rearrangement invariant quasi Ba-
nach function spaces. We obtain some Jackson type direct theorem and sharp
converse theorem of trigonometric approximation with respect to fractional
positive order moduli of smoothness in these spaces.

1. INTRODUCTION AND THE MAIN RESULTS

Approximation by trigonometric polynomials in rearrangement invariant Ba-
nach function spaces and some rearrangement invariant quasi Banach function
spaces was investigated by many mathematicians. Denseness problems of the
trigonometric system in the Orlicz class ¢ (L) was obtained in [20]. Direct
and converse theorems of trigonometric approximation the Lebesgue spaces L,
0 < p < 1, was obtained by the intermediate approximation in [25]. Also there
is a different [22] method to obtain direct theorem of trigonometric approxima-
tion in L,, 0 < p < 1, by means of linear polynomial operators. For a complete
discussions of the problems of approximation theory for L,, 0 < p < oo, and
rearrangement invariant Banach function spaces we can refer to the book [6]. For
the variable exponent Lebesgue spaces similar problems of approximation theory
was considered in [2, 1, 3].

In this work we investigate the approximation properties of certain linear poly-
nomial operators in rearrangement invariant quasi Banach function spaces. We
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obtain some Jackson type direct theorem and sharp converse theorem of trigono-
metric approximation with respect to fractional order moduli of smoothness in
these spaces. We give some definitions.

Let M be the set of all measurable functions defined on T := [0,27] and
let M™ be the subset of functions from M whose values lie in [0,00]. By xg
we denote the characteristic function of a measurable set £ C T. A mapping
p: Mt — [0,00] is called a function norm if for all constants a > 0, for all
functions f,g,f, (n=1,2,3,...), and for all measurable subsets E of T, the
following properties hold:

() p(f) =01 f=0 ac;plaf)=ap(f);p(f+9)<p(f)+r(9)

(i) if 0 < g < f ae., then p(g) < p(f), (1) if 0 < f, T f a.e., then
p(fa) T o ()

(iv) p(xg) < oo holds for every set E having a finite Lebesgue measure |F| <
00,
(v) [y f(x)dz < Cg p(f) holds for every set E having a finite Lebesgue
measure |E| < oo, with a constant Cg € (0,00), depending on E and p but
independent of f.

If p is a function norm, its associate norm p' is defined on M™ by

p'<g>:=sup{/Tf<x>g<x>dx:feM+,p<f>s1}, ge M

If p is a function norm, then p’ is itself a function norm [5, p. 8, Th. 2.2]. Let p
be a function norm. The collection of functions

X=X (p):={feM:p(lf]) < oo}
is called Banach function space (shortly BES). For each f € X we define

1fllx == p (LFD) -

A Banach function space X equipped with the norm |||, is a Banach space [5,
p. 3,5, Ths. 1.4 and 1.6]. Let p’ be the associate norm of a function norm p.
The Banach function space X (p’) determined by the function norm p’ is called
the associate space of X = X (p) and is denoted by X'. It is well-known [5, p. 9]
that

Il =swf{ [I7@o@@ldszge X' lal <1}
T
hold. The distribution function py of a measurable function f is defined as
pr (X)) =meas{x €[0,2n] : |f (z)| > A}, A >0.

A Banach function norm is rearrangement invariant if p (f) = p(g) for every pair
of functions f, g which are equimeasurable, that is ps (A) = py (N).

Given a Banach function space X, for each r € (0,00), we define X, :=
{feM: fre X} and r-norm as

rnl/r
1l = AT

The X, spaces and generalized Orlicz spaces have been studied and used in [17,
, 21,18, 13, 11, 12]. Hardy type inequalities in X, are investigated in [10].
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Throughout this work by C| ¢, ¢; we denote the constants which are absolute
or depend only on the parameters given in their brakets.

A quasi Banach function norm is a mapping p : M+ — [0, oo] such that it sat-
isfies (ii)-(iv) of above definition of function norm but (i) satisfies as a quasinorm,
namely, p (f) = 0iff f=0ae;p(af)=ap(f)ip(f+g9) <clp(f)+p(g) Ifa
quasi Banach function norm p is rearrangement invariant then the collection of
functions X (p) = {f € M : p(|f]) < oo} will be called rearrangement invariant
quasi Banach function space (shortly RIQBFS). A quasi BFS X is said to be

p-convex for some p € (0,1] if there is a ¢ such that for all f1,..., fxy € X we
have
N 1/p N 1/p
(o) | =e(Sowm) 1)
i=1 . i=1

In this case the condition (1.2) is equivalent to the fact that X/, is a rearrange-
ment invariant BFS. From (1.1) one can be see that ||-|| be equivalently repre-
sented [3] as

1/p
1]l x = sup { </T |f (@) g (2) dl’) 1920, |lglly < 1} (1.3)

where Y is the associate space of the rearrangement invariant BFS Y = X,
There are examples [9] of quasi BFS which are not p-convex for any p > 0.
A(z) < B(z) will be mean that there exist constants ¢ and C' such that
cA(z) < B(z) < CA(x) holds.
Let X be quasi BFS. A function f € X is said to have absolutely continuous
norm if

Tim [fxa,llx =0

for every decreasing sequence of measurable sets (A,) with x4, — 0 a.e. If every
f € X has this property we will say X has absolutely continuous norm.
Hereafter throughout this work we will assume that X := X (AC,p) is a
RIQBFS which has absolutely continuous norm and p-convex for some p € (0, 1].
These assumptions on the function space are not very restrictive. For example
Orlicz spaces, classical Lorentz spaces LP9, p,q € (0,00) (in particular LP spaces
with p € (0,1)), Zygmund spaces L? (log L)%, p € (0,00), a € R, Lorentz A spaces
and Marcinkiewicz spaces satisfy [3] these conditions. For a complete treatise of
rearrangement invariant BFS and RIQBFS we refer to [16, 5, 15, 7, 14, 19].

Remark 1.1. Let X be a RIQBFS. The following conditions are equivalent:

(i) The set of trigonometric polynomials is dense in X. (ii) The set of continuous
functions is dense in X. (iii) Translation operator Ty, f (x) := f(x+h) is a
bounded operator in X, namely,

IThfllx < cllfllx

for every f € X and h € R.
(iv) X has absolutely continuous norm.
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These properties are proved for rearrangement invariant BFS in [5, p. 157,
Lemma 6.3] and they hold also for RIQBFS X which has absolutely continuous
norm.

Let z,h € R, a € RT := (0,00), f € X and we set

A (a f; v (4) s+ amn

=0

with Binomial coefficients ( Z ) — alezl)- (o‘ R for k > 1 and ( g ) = 1.
[

If a_+1 < p < 1, then using [24, p.14]
+
(3]s vez
we obtain
IR (@) 1.4
kz_o 1 _c(a,p)kz_okp(aﬂ) < 0. (1.4)

On the other hand if nonnegative g belongs to Y’, the associate space of the
rearrangement invariant BFS Y = X ,, then using Levi’s Monotone Convergence
Theorem and Remark 1.1 (iii) we have

/§<—1>k<2)f<w+< )| o) ds
= A /;(Z)WH on)| g ) da

and hence from (1.3) and (1.4)

AR llx < cllfllx- (1.5)
This last inequality signifies that if f € X, « € R*, (o +1)"" <p < 1land h € R,
then A f € X.

Now, if a e R*, f e X, (a+1)"" < p<1andh e R, then we can define the
a-th modulus of smoothness of a function f as

Wa (f6)y = Sup 1A fllx, 6>0.

Remark 1.2. The a-th modulus of smoothness wy, (f,9)y, @ € RY, (o + 1)_1 < p,
of f€X=X(AC,p) has the following properties.
(1) wa (f,0)5 is non-negative and non-decreasing function of 6 > 0. (i)

wﬁ (fl +f27')X < wg (fl")X +w£ (f%')X' (”Z> (lsi_I>I(l)+wa (f75>X = 0.



APPROXIMATION IN R. I. QUASI BANACH FUNCTION SPACES 117

By means of Remark 1.1 (ii) and (iv) let
E,(f)x ::T1é17f_n]|f—THX, fexX,n=0,12,...,

where 7, be the class of trigonometric polynomials of degree not greater than n.
We denote by X%, a € RT, the linear space of 2w-periodic real valued functions
f € X such that f(® € X a.e.
We say that a function g = f®, o € R, is the ath (Grunwald-Letnikov)
derivative of f € X if there is a function g € X such that

Ay (f)
ha
If a.e. equal functions are identified, then the last condition determines ath
derivative uniquely. Also ath derivative is additive with respect to finite number

of functions.
The ath Weyl’s derivative (o« € RT) of a trigonometric polynomial

=0.
X

lim -
h—0+

n
- nyveivxj n>1lzeR

of class 7,, is defined as
T{Oé} Z ’YU ZU Oéewac
vEZY,

a.e. on R, where Z* := {£1,£2,...,4n} and (iv)™ := |v| @ el71/2miasignv zq
principal value.

Remark 1.3. Let

= Z e, (n > 1)
be a trigonometric polynomial of class 7, with complex coefficients ,,. Then for
every a € R™ and z € R we have

T (2) = T\ (2) .

Using Dominated Convergence Theorem this follows from the following equal-
ities in X =X (AC, p)

p
. |lAYT, sin (vh/2)\* .
1 “hin T{a} — 1 v twah/2 2 _ o
| e DR R G e I
X
p
, _ _sin (h/2)\Y
_ e [ _ =0.
SIS o
VELn, X

Throughout this work we will denote by ¢x the upper Boyd’s indice of X. Let
us denote by [z] the integer part of a real number x and {z} =z — [z].

For a,t € R" and f € X we define for n = 1,2,3,..., the Polynomial K-
functional

Ka (f7 1/TZ, X: Xa) = infTETn {Hf - THX + n_a HT(OC)HX} :
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The main results of this work are

Theorem 1.4. I[fa € RT, f e X, p! <min{a+ 1,2 — {a}} and ¢x < oo, then
the equivalance

Wa (f: 1/n)X = Ka (f: 1/n7X7Xa)
holds.

The following Jackson type direct theorem of trigonometric approximation
hold.

Corollary 1.5. Ifa € R, f € X, p7! < min{a+ 1,2 - {a}} and ¢x < oo,
then there exists a constant ¢ > 0 dependent only on o and X such that for
n=123,...

By (Dx < e (1.7)
X

holds.

The following converse estimate of trigonometric approximation holds.

Theorem 1.6. If « € RT, f € X, (a+ 1)_1 < p and qgg < oo, then forn =
1,2,3,...

™

Wa (f, _>X < (ZLO (v+ 1P EP (f)X)l/p (1.6)

n ne
hold, where the constant ¢ > 0 dependent only on o and X.

Corollary 1.7. Under the conditions of Theorem 1./ the estimate
E,(f)x=00n"),1>0>0,n=12,...,
holds if and only if
wa (f,0)x = O (7).

Corollary 1.8. Under the conditions of Theorem 1.j the converse inequality
(1.6) is sharp in the sense that

sup  wi (f,0),, =B (n(1/6)"", 0<p<1. (1.7)
En(f)Lpgl/n
Exactness of (1.7) can be seen by 27 periodic function f (z) = |x\1_(1/p), lz| <
TT.

Theorem 1.9. Let f € X and ¢x < oo. If f € (0,00) and
S () < o0 (18)
v=1

then the derivative ) € X exists. Further, denoting by T, € T,, n > 1, the
best approzimating polynomial of f in |||y metric we have

Hf(ﬁ) —_ T;B)HX <c|n’E, (f)x + ( i ypﬁ_lEg (f)X) 1/p

v=n-+1

where the constant ¢ > 0 dependent only on 5 and X.
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As a corollary of Theorems 1.9 and 1.6
Corollary 1.10. Let f € X, 5 € (0,00), gx < 00 and

Y VTER(f)x < o0
v=1

for some o« > 0. In this case for n = 1,2,..., there exists a constant ¢ > 0
dependent only on o, B and X such that

n 1/p
1 1 atB)—
W (f(a),ﬁ) <c m (E (V+1)p( ) 1E5(f)x> +
X

v=0

00 1/p
(5 min)

v=n+1

hold.

2. LINEAR PoOLYNOMIAL OPERATORS IN X

Linear polynomial operators are powerful approximants in approximation the-
ory and they are commonly used to solve various approximation problems. For

2N +1

example, among others, in [22] the linear operators V,, , of a real parameter A
5 2N
Vo (f, ) = S FE+HN WO (z =ty = N), fel0<p<lzeR
i=0

are defined and used to prove a direct theorem of trigonometric polynomial ap-
0 :n =20,
n(l+1)—101 ;n=1,23,..., "~
ti, =2mi/ (2N +1),i=0,1,2,...,2N, n=0,1,2,3,... and W,\"’ € Ty is certain
even trigonometric polynomial. This polynomial operator has the following useful
properties for A € R and n =0,1,2,3,.. .

Remark 2.1. 1) V,x € Tp; ii) Vo (T',0) = T'(+) for T' € T3 i) Vi apar, = Vars 1v)

Ty 0o Vor = Vaaop o1y for h € R and v) Ty, o Var = Va0 T, where fio fo
denotes composition of functions f; and fs.

proximation in L, 0 < p < 1. Here N := {

In this section, on the bases of these facts we will use the operators V,, \ (f,-)
as an apparatus of approximation to f € X and prove some auxiliary lemmas.

Lemma 2.2. If f € X=X (AC,p), k =1,2,... and (a+1)"" < p, then there
exists a constant ¢ > 0 such that
1/p

/ War (£ AN ] <ellfllx
J

holds where n =0,1,2,....
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Proof. Since [22, Theorem 1.2]

T s

/x |Wék) (ac)|p dr <c(n+1)""" and / ’WT(L’“) (x)‘pdx <c(n4 1)
0 0
we have

/nm I dr =
2N

<

_c/sup /2N—|—1 >

T T

p

A
X

9 2N _ _
N+1Zf(t§V+A)W,§”(-—t§V—>\)
1=0

p

g (x)dz :

(ty + A\) W (x =ty — A)

1920, [lgllx < 1}dA

cof (sete) S [t

T

g 0, 9]l < 1} dA

4P 2N
szsup / /|f T —u) ’du lg (z)| d :
=0
920, gl <1}
4Pc r P
<2 Il [ W @ du< Ol
0

and the result follows. O

Theorem 2.3 (Extrapolation Theorem). [3, Theorem 2.1] Let 0 < py < 0o and
let F be a family of couples of nonnegative functions such that

[rari<c [g@ras (rgeF

T

holds with the left hand side is finite. We suppose that X is a RIQBFS which is
p-convez for some p € (0,1] and gx < co. Then

Ifllx <Cligllx. (f,9)eF
holds when the left hand side is finite.

Lemma 2.4. Let X be a RIQBFS which is p-convex for some p € (0,1]. If
T, € To,n>1 a€RY gx < oo, 0 <h < 2n/n, then there exist constants
c,C' > 0 such that

() n " Ae
1700, < e (5o ) 1Tl 2.

and
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IANT | < CR || TS|

Proof. Since the inequalities

1T < e

n RN
<<(gartaz) 1840

and

AT, || e < CRY|| T

are hold for every ¢ € [1,00) we obtain from the Extrapolation Theorem that

() _n YA
70 < e (Gt ) 1AM

N

14Tl < Ch T -
O
Corollary 2.5. (i) Taking h = w/n in (2.1) we have
1T < en® |85, Tl (2.3)
and hence fractional Bernstein Inequality
}T,§a>||X < en® || Th] - (2.4)
(ii) Combining (2.2) and (2.3) we have
Wo (T, m/n)y < c HA;’;/TLT,LHX : (2.5)
Lemma 2.6. If f € X, gx < o0 and k = 1,2,..., then there exists a constant
¢ > 0 such that
1/p
1
I:= Vi, Tn] (f, ) |5 dAdh < , ——
| [ivsmia <o (fg)

TT
holds where n = 0,1,2,... and [A, B] (f,") = (Ao B)(f,:) — (Bo A)(f,-).

Proof. Since [Vyx, Ty] = Tj o Allw\ o Vo for hy A € R we get
H[Vn,MTh] (f7 )HX = ||A111,)\ © Vn,/\ (f7 )”X for h7 AER.

Here and below A}, will denote kth difference operator with step & in variable
A and [|-|| i , will denote the quasinorm in the variable . Since

(2m)/m

/\\A;f<x>\\§dhgcm / |ASF @) dh, Bom=12,...
T 0
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we have by Lemma 2.2 and (iii) of Remark 2.1 that

ty
I? < c(2N + 1)// [ A (Vi (f (2)))|[  dhda
T 0 ’
2N P
=c(2N +1) 12&’; (f (B + N WD (z =ty = N))||  dhda.
=0 X,
Using

=0
we have
ty
I’ <c(2N +1) ( )// Ai’j;” (tx + A+ vh) x
- T O
X AR W >(:c—ﬁ )HXkdhda:
2 2N
c(2N+1)Z< )// 2N+1ZA§’3“f(t’+A+vh)
v=0
X AY, W (2=t = N) ||, dhdx

1
tN

2k
c(2N+1)Z(2f) //HA“hoVn,\oA% Vo Ty (f, )| dAdh.
v=0

Since V,, x o A2*7 (f, ) € Ty inz, by (2.3) we havefor 0 < h < th, v =0,1,...,k
and A € R that

HAUhOV)\OA2kU Th

v 2k—v v
¢, © Va0 Ao Ty

Iy < )

=c|[VaroTiony oap
N

Then from (iv) of Remark 2.1 and Lemma 2.2
2k p N
IP<c@2N+1)) 2k ‘
< A
U= 0

(2N + 1) <2k) /HA o AZFY ,-)dehSC(wk(fﬁv)X)p

X .

Viao Ty o Af 0 A2V (f,) Hp d\dh
X

and Lemma 2.6 is proved. O
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Lemma 2.7. If f € X, gx < o0 and k = 1,2, ..., then there exists a constant
¢ > 0 such that

1/p

H 1
N+ 1) [ [[Run AL ()% drdn | < e <f, —)
O/T/ * n+1/x

holds where Ry, == Vy,x—1,n=20,1,2,... and I s identity operator.

Proof. By (iv) of Remark 2.1 and any real A\ we have

i+1

oON N
/ Vo Tl (£ ) e dh = 3 / Vo To] (£ |12
T =0 tzj-v

Ty, o Vs T (£, ah

VY ) on
Sy ([T Y
i=0 =0

1
tN

= N+ 1) [ [V T (£ b
= (2N + 1)/||((Vn,>\ — Do (Th = 1) = (Th = 1) o (Vo — 1)) (f, )l dh

=N+ 1) [ [Ruro )] (79 an
0

Hence Lemma 2.6 completes the proof. Il

We define the following two auxiliary functions

1)
1
Melr. )y = [ 185 (5. an
0

d 0
1
O (1.8)x = 5 [ [ 18 o0 8L) (1) | -
0 0

and prove that these are equivalent to moduli of smoothness wy (f, ) of f € X.
Lemma 2.8. If fe X, gx < oo and k=1,2,..., then
wi (f,0)x <t (f,0)x < el (f,0)x < cawr (f,0)x - (2.6)
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Proof. First inequality can be obtained [0, p. 184] from

T

Af ()= (=1 [AL (f.x+jh) — Af . (f2)], s €R.

j=1

For the second inequality we obtain

1A8 A @WXSC<W¥ Hx+§:W$ﬂJ }u),k—zauu

These inequalities follow from

O 1

AfiloA}lZ: 2:: )Dz 1OA10AI€+WT(1 k)hOE

where 3, = Z’z gv(v+ 1),k = 2,3,. Ek) are nonnegative integers with
k 7 (]
Oégi)—LVkZZi:o% ) Z:<Z) ZhoAk OAtvE Zﬁ Ztokal
AF o AL
Let us assume that the second inequality in (2.6) holds for k = s — 1, s =
2,3,.... Then
5 5
1 c
=5 [ i) v S [ A (adro),
0 0
5 o
c .
:ﬁ//\mt YALS ()5 didh
0 0
o 00
¢ P (f.5) Aj ? dtdh
S PO oy W A INRE
v=079 0

Using transformation w = h and g = (h+vt) / (v + 1) we get for v =1,2,3,.

5 6 O 5 6

[ 18t @ dtan < 22 [ [t @]

0 0 0 0

+1
g“vq/w+n+”.1Mom<m@wgwggmx

and hence required inequality follows. The last inequality in (2.6) is obvious. [

At this stage we need a Jackson type theorem for integer order moduli of
smoothness to obtain fractional order ones (Corollary 1.5).
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Lemma 2.9. If f € X, gx < o0 and k = 1,2, ..., then there exists a constant

¢ > 0 such that
1
b'e

n+1
holds where n = 0,1,2,....

Proof. 1t is easily seen that
A, 0 0A} o Ry = (2.7)
:RH;AOA}HO'”OA}LS+ZZ~:0A’111o"'o [A}L'L’RIHA} O-..oA}LS
for s =1,2,3,... and A\, hy,..., hy € R. We prove that if k =1,2,..., then

[k’E//HRU,)\lOORU,)\k (fax)“};(d)\ld)\kSCQi (fat}V)X (28)

We suppose that £ = 1. By (ii) of Remark 2.1 and Lemma 2.2 we find that

15 @) = Vas (2.0l a1 = /n (£)) = Vi (F — t5, 2)|% dA

< cE, (f)y + / WVar (F = £2,2) % dX < e (En ()" (2.9)

where ¢} is the best approximating trigonometric polynomial to f € X.
On the other hand

on p</||f —Vir ()|l dX
c n+11‘p/!|f (+h) = Ol [WE ()| dh <

cn4+1)"7PuP (f ?) /ﬂ(1+n|h|)|Wék)(h)\pdh

oo () "

Hence from (2.9), (2.10) and Lemma 2.8 we get

B<e(B ()5 < (w7 ?) )pﬁc(wl(f>t11v)x)p @2.11)

< e (@ (/) y)"
This is (2.8) for k = 1. Now we suppose that (2.8) holds for £ = s Then from
(2.7), (2.11) and Lemmas 2.7 and 2.8

2

T < e / (% (Rur () 1) )" A

0
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ty  ty
C(2N+1)s /"'//”Rn;AOAfILlO"'A}LS(fﬂ?)H];(d/\dhl”'dh

+Z/ //HA o [AL, Run] o+ 0 AL (f,2)|[% dAdhy - - dh,

ty oty
c(2N +1)° /-“/Qf(A}lllo---A}llS(f),t]l\,)dhl---dhs
0 0

YNt / /HA;ORM o AL (f)|[l, dAdhis - dh,
=1
< Qi (fity) +c@N+1)°) 2N +1)7" x
i=1

1 1
th th

></ /Q§+1 (A}W o AL (f) ,t}v) dhigy - dhy < e (F1h)

0 0
Since for any real \y,--- ;A

Ry, 00 Ry, (fr2) =T (x) + (=1)" [ ()
we obtain
EY (fx S0 S (fotn) x < ewpl (fotn) i
and this completes the proof. O

3. PROOFS OF THE MAIN RESULTS

Proof of Theorem 1./. Starting with upper inequality we take a ¢t € (0,27). Then
there exists n € Z" such that 7/n <t < 27/n. Let t} be the best approximating
trigonometric polynomial to f € X.

Using Lemma 2.9 we get

% 1
E, (f)x =|f- thX < CWaj+1 (f, —) =c sup
n/x

0<h<(1/n)

A,

=c sup
0<h<(1/n)

T
<c suwp (ALl =ewn (£.7) (3.1

0<h<(m/n)
From (2.3) and (3.1) we have

B < e |ag

A @) e s 18371l

X 0<h<(1/n)

<
¥ >

e/t {el@ ) 1F =l + 1837} < el B, (£.7)

n’/x

7r/n n
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and therefore

KOé (fataX’Xa) S ||f_t:;||X +ta

t;kl(a) HX S c (O-/a X) We (f7 t)X .
The lower inequality is easy. Il

Proof of Theorem 1.6. Let T,, € T, be the best approximating polynomial of f
and let m € Z*. We write

Up(z) =Ty (x) — Ty (x), Uy (x) = Tov (z) — Tov-1 (x), v > 1. (3.2)
Then

m

Tym () =Ty (x) + Y U, (2).

v=0

In this case
wh (f, 7T/n)x < Wb (f — Tom, 7T/n)x + Wk (T2’"77T/n>x )

wh (f = Tom,m/n)x < cEoym (f)x

and
m

B (Tym,mfn)x < W (Uo,m/n)y + Yok (Uyym/n)x

v=1

<e()” (HUOHéz 3o ||UU||§(> -
On the other hand
10l < cEG (f)x
and
10l < 2E5- (f)x -

It is easily seen that

qu—1

2PER L (fly<c Y. BN (f)x. v=2,3,... (3.3)
M

:21)—2+1

and therefore

ol (Tym, /)y < o (T)" {Eé’ (F)x+ D27 B, <f>X} -

If we choose 2™~ 1 < n < 2™, then

W8 (Tom, 7/ (n+ 1)) < C(:];QX) "+ DB ()
v=0
and
B (f)x < Ehs (F)x <~ D (0 + 1P B ()
v=0

Last two inequalities complete the proof. O
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Proof of Theorem 1.9. By Levi’s theorem and (3.2)

x) + ZU“ (x)

X

r p

Ty (z) + Y U, (x)

v=0

= lim
T—00

X
< || To ()% +chmZ||U Wi < cES (f)x+e> By (f)y <0

From (1.8) and (3.3) the last series converges and therefore

f(z) = lim Ty (x )+ Z Uy (

r—00

Analogously using Levi’s Theorem

0 P oo >
STUP @) <X U @] <> 27 |U, ()15
v=0 X v=0 v=0

( x T ZQUW o1 ) < 00
and the series

f} U (x)
v=0

converges a.e., its sum ¢ is of class X. Now we prove that ¢ = f® a.e.
For 0 # h € R we have

3 . p N 8
N1l <L ( ) (o+ (8~ k) h) — g (2)
X k=0 *

In this case

(o]

N—o0

1 oo
I < |h|ﬁp Z

k=N+1

and hence

Now by Levi’s theorem

X
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The last series converges uniformly in N > 1, because its vth term doesn’t exceed

|h|ﬁpz'< )| (e o) <. (Ujﬁpﬂ) 2P ED ().

From Lebesgue Dominated convergence theorem we have

= || anu, (@) ’

: — “hZv Y 17(B)

Jm Y =2 | = 0@
v=0 X
and then

Arr P & At ’

Zh) v _ 7178)

]| I >3 Uy
X v=0 X

. AYo, = AP,
B h Uy B)
sc 1B U() tc Z 1B T Z HU( Hx
v=0 X v=s+1 v=s5+1

U

’U

+c Z 2P ER L (F)x -
v=s+1

For given positive € the last term is less than ¢ for sufficiently large s. By Remark
1.3 we get

AU,
li h=v _ 17(8) —
hoot || P U 0
X
and therefore
A f
li “hel
hg(r)l+ hB <€
X

This implies that g = f® a.e.
Let m € Z1 be such that 2™~ 1 < n < 2™. We have

R (S ST

0o P
P
79— 1 = |70 = S| <]
v=0 v=m+1
<c (2mp5E5 (f)x + Z 2P0 EP, (f)X>
v=m+1
<c (nﬁpEﬁ (Nx+ Y, W E; (f)x)

p=n-+1

and the result is proved. O
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