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VOLTERRA COMPOSITION OPERATORS ON LOGARITHMIC
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ABSTRACT. Let ¢ be a holomorphic self-map and g a fixed holomorphic func-
tion on the unit ball B. The boundedness and compactness of the Volterra
composition operator

T,of() = [ flett)Roen) T

on the logarithmic Bloch space and little logarithmic Bloch space are studied
in this paper.

1. INTRODUCTION

Let B denote the unit ball of C". Let z = (21,...,2,) and w = (wy,...,wy,)
be points in C", we write

<Z,U}> = 21W1 + -+ + ZpWhy, |Z‘ = \/|21’2 Tt |Zn|2'

Thus B = {z € C": |z| < 1}. We denote by H(B) the space of all holomorphic
functions in B. Let
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represent the radial derivative of f € H(B). Recall that the Bloch space B =
B(B), is the space of all f € H(B) for which (see [11])
b(f) = sup(l — [2*) [Rf(2)] < 0.

2€B
The little Bloch space By = By(B), comprises of all f € H(B) such that
T (1= o) [RS(2)] = 0
Under the norm || f||z = |f(0)| +b(f), B is a Banach space. It is easy to see that

By is a closed subspace of B.
Let LB = LB(B) stand for the class of all f € H(B) such that

() = sup(1 = 1) n =" ) R < .

z€B

It is easy to see that LB is a Banach space with the norm || f||z5 = |f(0)| + 5(f).
LB is called the logarithmic Bloch space.
Let LBy denote the class of f € LB such that

|ll‘m(l— || )(ln " |2)|§Rf( )| = 0.

In [13] (see also [11, Theorem 3.21]) was shown that f is a multiplier of B if and
only if f € H* and f € LB. Hence the space LB is appeared naturally.

Let ¢ be a holomorphic self-map of B. The composition operator C,, is defined
by

(Cof)(2) = (fo9)(2), [ € H(B).
It is interesting to provide a function theoretic characterization of when ¢ induces
a bounded or compact composition operator on various spaces. Recall that a
linear operator is said to be bounded if the image of a bounded set is a bounded
set, while a linear operator is compact if it takes bounded sets to sets with compact
closure. The book [2] contains plenty of information on this topic.
Suppose that g : B — C! is a holomorphic map, define

1
d (tz)
z):/f(t gz /ftz?Rgtz f e H(B), z€ B.
0

This operator is called the extended Cesaro operator (or the Riemann-Stieltjes
operator), which was introduced in [3], and studied in [1, 3, 1, 6, 7, 8, 9, 11, 12].
Motivated by the definition of operators Cy, and T, in [15] we define a more

general operator as follows
Tyof(2) / flo(tz))Rg( tz) feH(B), z€ B. (1.1)

The operator Tj , is called the Volterra composition operator. In the setting of
the unit disk D, this operator has the following form

T, f(2) = / (fop)©)g(©)de, [ e H(D), =€ D,

which was first defined and studied in [5]. It is easy to see that T, . = Tj,.
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In this paper, we study the operator T, , on the logarithmic Bloch space and
little logarithmic Bloch space. The sufficient and necessary conditions for the
operator T, to be bounded and compact are given. As a corollary, we obtain
the characterization of the boundedness and compactness of the extended Cesaro
operator on the logarithmic Bloch space and little logarithmic Bloch space.

Throughout the paper, constants are denoted by C', they are positive and may
not be the same in every occurrence.

2. AUXILIARY RESULTS

In order to prove the main results of this paper, we need some auxiliary results,
which are incorporated in the lemmas which follows.

Lemma 2.1. Let ¢ be a holomorphic self-map of B and g € H(B). Then Ty, :
LB(or LBy) — LB is compact if and only if T, , : LB(or LBy) — LB is bounded
and for any bounded sequence (fi)ken in LB(or LBy) which converges to zero
uniformly on compact subsets of B as k — oo, we have ||Ty,fellcs — 0 as
k — oo.

Proof. The result follows by standard arguments similar to those outlined in

Proposition 3.11 of [2]. We omit the details. O
Lemma 2.2. A closed set K in LBy is compact if and only if it is bounded and
satisfies
e
lim sup(1 — |z*)In Rf(z)| = 0.
tim sup(1 = %) In =T R 2)

Proof. The proof is similar to the proof of [10, Lemma 1]. We omit the details. O
Lemma 2.3. Let f € LB. Then there exists a positive constant C' such that

4
|f(2)] < Clnlnl_—’Z‘QHf“cB-

Proof. Assume that f € LB. Let |z| > 1/2, z =r( and ¢ € 0B. We have
Rf(tz) ! |z|dt
— 2 d 4
£6) = 16/ < [ t< e | -

1/2 t 1—t|Z|)ln1+t‘Z|

1

By the standard estimate of the last integral, we have

FE < mas 1)+ 41 flles i . (2.1)

l2|<1/2
Let |z| < 1/2. From [7] we see that
ma |£(2) — £(0)] < C max [RF(2)].

21<1/2 |21<3/4

Hence,

max |f(z)] < [f(0)] + Clfllcs. (2.2)

l2|<1/2
Then the result follows from (2.1) and (2.2). O
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Lemma 2.4. Let f € LBy. Then
e )\

zl=1 Inln =7 ‘zlg

Proof. Since f € LBy, it follows that for any ¢ > 0 there is a 6 € (1/2,1) such
that

(1 —1z])In

=T (2)| < e, (2.3)

whenever § < |z| < 1.
From (2.3), when 1/2 < 6 < |z| < 1, we have that

6 = |perh+ [ wrenf
5

1
< Ma(f,1/2) +2 / IRF(t2)] |2]dt +2 / RF(t2)] |2|dt
2]

1/(2]=])
] |2|dt ! |2|dt
< Mo(f,1)2 +2||f||w/ 2 /
(:1/2) o U=ty s Tt e
e e
< Inl 2¢1nl — 2eInl
< (f1/2)—|—2||f||53nn 5+ 5nn1_|z| elnln -—,

where My (f,7) = sup,cp|f(rz)|. Dividing the above inequality by Inln repl

using the fact that the quantity M. (f,1/2) is finite, and letting |z| — 1, we
obtain

[/ (2)l
1—|z|

from which the lemma follows. O

< 2, as |z] — 1,

3. MAIN RESULTS AND PROOFS

Now we are in a position to state our main results and proofs in this paper.

Theorem 3.1. Let ¢ be a holomorphic self-map of B and g € H(B). Then the
following statements are equivalent.

(1) Ty, : LB — LB is bounded;
(2) T, : LBy — LB is bounded;

(3)

4
M = sup(1 — |2[*) In ¢ Inln Rg(2)| < oo. 3.1
sup(1 = %) n =T Il =R () (3.1)

Proof. (3) = (1). Suppose that (3.1) holds. A calculation with (1.1) gives the
following fundamental and useful formula (see e.g. [3])

R[To0(N](2) = fe(2))Ry(2).
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For any f € LB, using Lemma 2.3 we have
e
(1—12*)In 1_—|Z‘2!§R(Tg,¢f)(z)|

= (1- |z|2)ln1%W|%g(Z)|‘f(¢(z))|
e 4
1— |22 Inln 1— [o(2)]2 [Rg(2)II|.f[| c5- (3.2)

Using the fact that 7, ,(f)(0) = 0 and the condition (3.1), the boundedness of
the operator T, : LB — LB follows by taking the supremum in (3.2) over B.
(1) = (2) is clear.
(2) = (3). Assume that T, : LBy — LB is bounded. For a € B, set

fa(z) =Inln

< C(1-|z)n

1—{(z,a)
It is easy to check that f, € LB and sup,cp || fallcs < 00. Moreover,
e e 1 |za)
(I=[zhIn—=Rfa(z)] = (1—[z))In
1— |z 1—|z|lnm|1—<z,a>|
1 1
< (1—|))ln—5 0

_)
1—1|z/In21— |a
as |z| — 1. Therefore f, € LBy. For b € B, we have

e
00 > [[Tyufowlles = Slelg(l - |Z’2)1n1_—|z|2|%(Tg,wfw(b)>(Z)|

= sup(l = |2) In s Rg(3) 1o (9(2))

4
> (1— b)) In——Inln R (b)),
(1= 1) n = Wl 1 Rg(0)
from which we obtain that (3.1) holds. The proof of this theorem is completed.
O]

Theorem 3.2. Let ¢ be a holomorphic self-map of B and g € H(B). Then the
following statements are equivalent.

(1) T, : LB — LB is compact;

(2) T, : LBy — LB is compact;

(3) g € LB and

. 2
ot D I
Proof. (1) = (2) is clear.

(2) = (3). Suppose that T, , : LBy — LB is compact. Then it is obvious that
Ty LBy — LB is bounded. Taking the function f(z) = 1, and employing the
boundedness of T, , : LBy — LB we obtain that g € LB. Let (¢(2x))ken be a
sequence in B such that limy . [p(2x)] = 1. Set

fulz) = (lnln my(mm m>

Rg(2)| = 0. (3.3)

4
Inln
2 L —[p(2)[?

-1
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Similarly to the proof of Theorem 3.1 we see that f; is a bounded sequence in
LBy. Moreover, f — 0 uniformly on compact subsets of B as k — oco. By
Lemma 2.1,

Jim |7y frll s = 0. (3.4)
We have
e
1Ty fillcs = sup(l—|2[*)In 5| (T fi)(2)]
z€B 1 - |Z|
e
= sup(l — |2*) In ——5 | fi(0(2)Rg(2)]
z€B - |’Z|
e
> (1— |z In ——— Inln ———— [Rg(z)],
= ( | k| ) 1— |Zk:|2 1— |Q0(Zk)|2| g( k>|
which together with (3.4) imply
4
lim (1 — |2/*) In —— In1 R = 0.

This proves that (3.3) holds.

(3) = (1). Suppose that g € LB and (3.3) holds. Let (fx)ren be a sequence in
LB with supyey || fellzs < L and suppose fi, — 0 uniformly on compact subsets
of B as k — oo. By Lemma 2.1 we only to show that

Ty fillcs — 0 as k — oo.

By (3.3) we have that if given ¢ > 0, there is a constant §(0 < 6 < 1), such
that when ¢ < |p(2)| < 1 we have

e 4
1—|2|*)In Inln Rg(2)| < e. 3.5
Let G ={w € B : |w| < ¢}. (3.5) along with the fact that g € LB shows that
e
T fill s = sup(L — [21*) In ———5 [R(Ty fi) (2)]
2€B 1- |Z|
sup(l — [z[*) In 5 1Rg(2) fi(e(2))]
z€B 1— ‘Z’

(s o+ s )0 )Rl (2))

{2€B: |p(2)|<8}  {z€B: 5<|p(2)| <1}

e

IN

IN

9]l 5 sup | fi(w)]|
weG

e 4
+C\ fellzs sup 1—z)n Inln Rg(z
I {zeB: 5§|go(z)|<1}( 121 1 — |22 1 - \%0(2)|2| )l

< |lglles sug | fr(w)| + CLe.
we

Observe that G is a compact subset of B, then it gives that
lim sup | fx(w)| = 0.
G

k—00 e
By letting £ — oo in the last inequality, we can deduce that
limsup || T, fxll e < CLe.

—00
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Since € > 0 is an arbitrary positive number it follows that the last limit is equal
to zero. Therefore, T, , : LB — LB is compact. The proof is finished. 0

Theorem 3.3. Let ¢ be a holomorphic self-map of B and g € H(B). Then
Ty : LBy — LBy is bounded if and only if T,, : LBy — LB is bounded and
g € EBO

Proof. Suppose that T, , : LBy — LBy is bounded. It is obvious that T}, :
LBy — LB is bounded. Taking the function f(z) = 1, and employing the bound-
edness of Ty, : LBy — LB, we see that g € LB,.

Conversely, assume that T, , : LBy — LB is bounded and g € LB,. Then, for
each polynomial p(z), we have that

2 € 2 €
_ - < (1 — -
(1= o) 0 = R ) () < (1= ) I = R ) e

from which it follows that T}, ,p € LB,. Since the set of all polynomials is dense
in LBy, we have that for every f € LB, there is a sequence of polynomials (p)ren
such that || f — pr||cs — 0, as kK — oo. Hence

HTg,sof - Tg,sopkHllB < HTg,sOHHf — Pelles — 0

as k — oo, since the operator T, , : LBy — LB is bounded. Since LB is closed
subset of LB, we obtain
T, ,(LBy) C LB,.

Therefore T, , : LBy — LBy is bounded. O

Theorem 3.4. Let ¢ be a holomorphic self-map of B and g € H(B). Assume
that Ty, : LB — LBy is bounded. Then the following statements are equivalent
(1) T, : LB — LBy is compact;
(2) T, : LBy — LBy is compact;
(3)
lim (1— [2P)In—C Inln— " |Rg(z)| = 0. (3.6)
21 1— 12| 1 —e(2)]
Proof. (1) = (2). It is obvious.
(2) = (3). Suppose that T, , : LBy — LB is compact. Then it is clear that
Ty LBy — LB, is bounded. Taking f(z) =1 we obtain

By the compactness of T, , : LBy — LBy we see that T, : LBy — LB is
compact. From Theorem 3.2 we have
e 4

lim (1—[z*)n Inln Ra(2)| = 0. 38
(1) In g I g R ) (33

In terms of (3.8), for every € > 0, there exists an r € (0,1), such that when
r<le(z)] <1,

(1= [z In Rg(2)| < e (3.9)

5 Inln

e 4
— 2] 1 —[p(2)[?
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According to (3.7), there exists a 6 € (0,1), such that when § < |z] < 1,

€ £
-2 In ———|R < — 3.10
(1= =) =R < (310)

1—r2

Therefore, if § < |z| < 1 and r < |¢(z)| < 1, by (3.9) we have

4
1— 12" 1n ¢ Inln Rag(2)| < e. 3.11
(1= o) = i s (o) (311)

If § < |z] < 1and |p(z)] <r, by (3.10) we obtain

1—1z|*)1n ¢ Inln Rg(z
(1 ) I = s Ry (o)
(&

Combining (3.11) with (3.12), we obtain (3.6), as desired.
(3) = (1). From the proof of Theorem 3.1 we have

(1= 12 s RN )

(1~ [=)In

< Inl
nln-—-2

e 4

< (- | — I Ro) I flles. (3.13)
L=[z2 1= lp(2)”

Taking the supremum in (3.13) over all f € LB such that ||f||zz < 1, by letting

|z| — 1, we arrive at

e

lim sup (1—]z/*)In
=1l cs<t 1— [z

’%(Tg,sof)(z)‘ = 0.

Combining this with Lemma 2.2 we see that T, , : LB — LB, is compact. The
proof is completed. O

Let ¢(z) = z. From Theorems 3.1, 3.2, 3.3, 3.4, we immediately get the
following results.

Corollary 3.5. Assume that g € H(B). Then the following statements are
equivalent.

(1) T, : LB — LB is bounded;

(2) T, : LBy — LB is bounded;

(3)

9 e 4
32][3)(1 —|2]%) In EE Inln 1_—|Z|2|§Rg(z)| < 00.
Corollary 3.6. Assume that g € H(B). Then T, : LBy — LBy is bounded if
and only if T, : LBy — LB is bounded and g € LB,.

Corollary 3.7. Assume that g € H(B). Then the following statements are
equivalent.

(1) T, : LB — LB is compact;

(2) T, : LBy — LB is compact;

(3) T, : LBy — LBy is compact;
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11.
12.

13.

14.

15.
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(4) T, : LB — LBy is compact;
()
lim (1 — |z|*)In . Y L|§]‘Eg(z)| = 0.
2| —1 1 —z|? 1—1z]2
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