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UNIQUENESS OF ROTATION INVARIANT NORMS
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ABSTRACT. If N > 2, then there exist finitely many rotations of the sphere S
such that the set of the corresponding rotation operators on LP(S™) determines
the norm topology for 1 < p < oo. For N = 1 the situation is different:
the norm topology of L?(S!) cannot be determined by the set of operators
corresponding to the rotations by elements of any ‘thin’ set of rotations of S!.

1. INTRODUCTION

K. Jarosz showed in [3] that the set of operators on LP(S'), with 1 < p < oo,
corresponding to all rotations on the circle S' determines the norm topology of
LP(SY). Following [3] we say that a set 7 of continuous linear operators on a given
Banach space X determines the norm topology of X if any complete norm |- | on
X such that the operator T: (X, |-|) — (X, ]|-]) is continuous for each T' € 7 is
equivalent to the given norm ||-|| on X. In [13] we found out the complete analogue
for Jarosz’s result for all the N-dimensional Euclidean spheres S¥: for N > 2 the
set of operators on LP(SY), with 1 < p < oo, corresponding to all the rotations
on SY determines the norm topology of LP(SY). It seems natural to study the
following question: how many rotation operators are required to determine the
norm topology of LP(SY) with 1 < p < oo and N > 17 This is the question we
address in this paper. It turns out that there exists a strong dichotomy in the
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answer to this question depending on whether N =1 or N > 2. We prove that
while the norm topology of LP(SY) with N > 2 can be determined by the set of
operators corresponding to appropriate finitely many rotations of SV, the norm
topology of L*(S') cannot be determined by the set of operators corresponding
to the rotations by elements of any ‘thin’ set of rotations of S'. It is worth
pointing out that the special feature of SV which is behind this phenomenon is
that the sets of operators on LP(SV) (1 < p < 00) corresponding to the so-called
finite Kazhdan’s sets of the group SO(N + 1) of all rotations of SV determine
the norm topology of LP(S") and that SO(N + 1) has such sets for N > 2 (see
Section 2 for the details). On the other hand, if £ C R is such that there is a
trigonometric series » |a, cos(n#) + b, sin(n#)] which converges absolutely in F
but not everywhere, then the set of those operators on L?(S!) corresponding to
the rotations of S' with angles from E does not determine the norm topology of
L*(S") (see Section 3 for the details).

It seems appropriate to point out that the results of this paper are related to
some results contained in our previous paper [I| and the third’s author paper
[13]. Nevertheless it is important to know that throughout this paper we are not

using at all the techniques developed in the seminal paper [13], which are still on
the basis of [1].

2. THE SPACE LP(SY) wiTH N > 2

Throughout this section, N > 2 and S" stands for the N-dimensional Euclidean
sphere endowed with the Lebesgue measure. We denote by LP(SV) (1 < p < o0)
the Banach space of all complex-valued functions f (or rather, equivalence classes
thereof) on SV with

= ([ e ) <o <o

1 flloo = inf{ sup |f(x)|: Z has zero measure} < 00.

zeSN\Z

Also, G stands for the so-called special orthogonal group SO(N + 1) consisting
of all rotations of S¥. Of course, such rotations are nothing but the restriction
to SV of the linear isometries of R¥+! which preserve the orientation. One may
also think of SO(N + 1) as the set of those (N + 1) x (N + 1) real matrices A
with A'A = I and det A = 1. Thus it is easy to see that it is a compact group
(with respect to the relative topology as a subset of R +1)2). Accordingly, there
is a non-zero, regular (positive) Borel measure A on G which is left invariant,
i.e. AM(tE) = A(F) for each t € G and each Borel subset E of G. This is the
so-called Haar measure of G and it is unique up to a constant multiple (we refer
the reader to [5, Section 2.2] for a full account about such a measure). From now
on, we endow G with the Haar measure A normalized so that A(G) = 1 and we
simply write [ o(-)dt for the integral with respect to this measure. We define the
rotations of every function f: SN — C by (7(t)f)(z) = f (t7(z)) for all z € S¥
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and t € G. It is easily seen that
I fllp = 11 fllps 1 <p<oo, felLP(SY), teq).

So 7(t) gives an isometry from LP(S™) onto itself for each 1 < p < oo and we
write 7,(¢) for this restriction. These operators are the rotation operators and it
was shown in [13] that the set {7,(t): LP(SN) — LP(SV), t € G} of all rotation
operators on LP(SY) determines the norm topology of LP(SV) for 1 < p < oo.

As usual, a unitary representation of G is a group homomorphism 7 from G
into the group of all unitary operators U(H,) on some complex Hilbert space
H,., which is continuous with respect to the given topology of G and the strong
operator topology on U(H,). The Banach-Ruziewicz problem for the spheres asks
whether the Lebesgue measure on SV is the unique normalized, finitely additive
rotation invariant measure on all Lebesgue measurable subsets of SY. When
solving this problem it was shown that G has the so-called strong Kazhdan’s
property (T') for N > 2 (1] in the cases N = 2,3 and [10, 12] in the case N > 4).
This means that there exists a finite set K of G’ and a positive € with the property
that, whenever a unitary representation 7 of G satisfies sup,cx ||7(t)u — ul| < €
for some unit vector u € H,, then 7 has a non-zero invariant vector. In this case,
K is called a Kazhdan’s set, € a Kazhdan’s constant, and (K, €) a Kazhdan’s pair
for G. We refer the reader to [0] for a thorough discussion of Kazhdan’s property
(T). It turned out in [1] that the strong Kazhdan’s property (7') has applications
to automatic continuity.

Let m be a unitary representation of G' on a finite-dimensional Hilbert space
H, (whose norm we denote by | - |,). We denote by LP(SY, H,;) (1 < p < 00) the
Banach space of all (equivalence classes of) functions F': S¥ — H, with

i, = ([ 1Fw ) <o <oo)

xeSN\Z

1|0 = inf{ sup |F(x)|z: Z has zero measure} < 0.

For every t € G and every function F': SV — H, we define
(rem)t)F: ¥ = H,, ((ror)t)F)@) =) (F (t_l(x))>, (z € SM).
It is straightforward to check that
I(r@m)@)Fllp, = Flly, 1<p<oo, Fel’(SY, Hy), teq).

We write (7, ® 7)(t) for the restriction of (7 ® 7)(¢) to LP(SY, H,), which gives
an isometry from LP(SY, H,) onto itself. It should be pointed out that the space
LP(SN, H,) can be algebraically identified with the tensor product LP(SY) ® H,
by means of the natural map f ® u +— f(-)u and, with this identification, it is
clear that (7, ® )(t) = 7,(t) ® 7(t) for each t € G. We now define, for every
1 < p < 00, a continuous linear operator

T, ©@m: LP(SN, H,) — LP(SN, H,)
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by
((r, © ™) F) (2) = /Gﬁ(t) (F (t_l(ac))) dt, (F e LP(SN,H,), v €SY).

Lemma 2.1. Let 1 < p < oo and let w be a unitary representation of G on a
finite-dimensional Hilbert space H,. Then

(p,®m) o ((Tp ® W)(t)) = ((Tp ® W)(t)) o(n,Om) =107

for each t € G and the operator T ® w is a continuous linear projection of norm
one from LP(SN, H,) onto

N ={F e L’(S",H,): (,@m)(t)F =F, VteG}.
Furthermore, dim 9t < oo.

Proof. We begin by proving that
(7o © m)Fllp < ([ Flp
for each F € LP(SY, H,). If 1 < p < oo, then
dt =

‘((TPQW)F)(LL’)’W S/ ‘ﬂ'(t) F(t—l(w))> i

1/p
/|F(t_ ))|_dt < (/ |F (7 \pdt)
G
and therefore
I onrly= [ [(onp @< [ [ [P )] -

// |F(t7" ()|} dadt = // |F(y)|P dydt = /HFdet [ballis

In the case where p = oo the proof is straightforward and is left to the reader.
Since the linearity of 7, ©® 7 is obvious, it may be concluded that 7, ® 7 is
continuous with ||7, ® 7| < 1.
On the other hand, for every F' € LP(SY | H,), we have

(mom(monm)@ = [ 0((5onr) (@) -

[ =0 ( [t (F (7 7)) ds) o
//Gﬂ-(tS)(F ((ts)*l(x))>dsdt:

// )))drdt /G((TPQW)F)($)dt:((TPQW)F)(:E).

—((m@w)F) (2)
This entails that (7, ®7)* =7, © 7.
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Lett € G, F € LP(SV,H,), and z € S¥. Then

(om(menOr)@ = [ x6)((6enOF) (@)

which yields ((7, ® 7)(t)) o (1, ® 7) = 7, © 7. Moreover, this identity obviously
entails that the range of 7, ® 7 is contained in M. Now, if F' € 92, then

((TpQW)F)<£E) = /G((Tp®7r)(t)F)(x)dt: / F(z)dt = F(x),

G

and so F'is in the range of 7, © 7.
Finally, we check that dim 9t? < oco. To this end we consider the linear operator

U (SN, H,) — LP(G, Hy),
U(F)(t) = 7(t™")(F(t(north pole))), (F € LP(SV H,), t€qG),

which is easily seen to be injective. Furthermore, if ' € LP(SY, H,) and s,t € G,
then

U((r,@m)(t)F)(s) = m(s™")(m(t) (F(t ' (s(north pole))))) =
m((t7's) ™) (F((t"'s)(north pole))) = U(F)(t™"s).
Hence, if F' lies in M2, then
T(F)(E ) =W(F)(), (teq),
which clearly forces that W(F') is constant. Consequently,
dim9N? < dim ¥(92) < dim H,.

Lemma 2.2. Let 1 < p < oo and let f € LP(SV) such that
(pO@m)(f©u)=0

for each unitary representation ™ of G on a finite-dimensional Hilbert space H
and for each w € H;. Then f = 0.
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Proof. Let 1 < ¢ < oo with % + é =1 and g € L4(SY). Take a unitary represen-
tation 7w of GG on a finite-dimensional Hilbert space H, and u,v € H,. For every
x € SV, we have

0= (((r, ®m)(f ®u)(),0)_ = /Gf (67 (2)) {m(t)u, )

and hence . /SN (/Gf (t‘l(x)) (W(t)u,v%dt) g(x)dx =

/G (/SN (7 (@) 9<~%’>dw) (), v)dt.

This implies that
/G (/SN [t (@) g(:):)dx) £(t)dt = 0

for each ¢ in the linear span &€ of the functions ¢ — (7(t)u,v), as 7 ranges
over all unitary representations of G on a finite-dimensional Hilbert space H,
and u,v ranges over H,. The functions in £ are the so-called trigonometric
polynomials on G and & is dense in C(G) (the Banach space of all complex-
valued continuous functions on G) (see [5, Section 5.2]) . We now claim that
the function ¢ — [y f (t7'(2)) g(x)dz is continuous, in which case it follows that
vanishes everywhere on GG, because of the density of £ on C'(G). Indeed, if p < oo,
then the claim follows from [2, Chapter VIII, §2, Example 5]. In the case when
P = 00 We write

/SN f (t*l(l‘)) g(x)dx = /SN F)g(t(y))dy

and then we can apply the preceding case.
Since [on f(t7H(x)) g(x)dz =0 Vt € G, by taking t = 1 we arrive at

N f(@)g(x)dz = 0.

Since the preceding identity holds for each g € LY(SV), we conclude that f = 0,
as required. O

Now it is important to know that [I, Lemma 4] can be rephrased as follows.

Lemma 2.3. Let (K, ¢) be a Kazhdan’s pair for G with K finite and let 1 < p <
0o. If w is a unitary representation of G on a finite-dimensional Hilbert space
H,, then

-1
sup |[(7 @ m) () F = Fllp = (3°2°7p) €| F I,
for each F € LP(SN, H,) such that (1, ® 7)F = 0.

Lemma 2.4. Let {t1,...,t;} be a Kazhdan’s set for G and let 1 <p < oo. If w
1s a unitary representation of G on a finite-dimensional Hilbert space H, then
the range of the continuous linear operator

WP [P(SN H ) x . xLP(SN, H,) — LP(SN, H,)
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defined by

WP (R, Fy) = Z[FJ (r,® W)(fl)pj], (F\,...,Fye LP(SV, H,))

J
j=1

is e = {F € LP(SN,H,): (1, 0m)F =0}.

Proof. We begin the proof by observing that LP(SY, H,) can be identified in
a natural way with the dual LI(SY, Hx)* of LI(S™, Hz) where, of course, ¢ is
such that 1 +1 = 1 and 7 is the so-called conjugate representation of m. Such
a representation is defined as follows. The Hilbert space Hx is the conjugate
Hilbert space of H,, which is nothing but H, with scalar multiplication replaced
by (A, u) — Au and inner product replaced by (u, v)z = (v,u),. Then 7(t) is the
operator on H such that coincides with 7(¢) as a set-theoretical transformation
on H, for each t € G. The duality between the spaces LP(SV, H,) and L(S", Hx)
is given by

(F,G) = /SN<F(95), G(x)), dv, (Fe LIPSV, H,), Ge LIS, Hy)).

We now consider the spaces

ML ={F e LYS",Hr): (1, ©7)F =0},
NL={FeLlS", Hr): (1,07 F =F},

and the continuous linear operator
AL ML — LISY, Ho)x -7 x LY(SY, H)

defined by

ALF) = (F = (1,97 (t)F,....,F — (1, @7)(t;)F), (F e ML).
On account of Lemma 2.3, there exists 6 > 0 such that
[AZ(E)lg = 0] Fllg,  (F € M)

This implies that AL is injective and that its range is closed, which entails that
the adjoint operator (A%)* is surjective (see [3, Proposition 1.8 and Theorem 1.10
in Chap. 6, §1]).

If £ e LP(SY, H,), G € LY(SN, Hy), and t € G, then

(F, (7, @ F)(H)G) = /S {F@.70(6 (@) ) dr=

and
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/SN/G<F(9’)’W) <G (t_l(:v))>>7r dtds —
[ [ {Ferm (e ) an =
/G/SN (F (), 7(t)(GW))), dydt =

/G/SN (7 (P (). C))_dydt =
/sN </G7r(t1) (F(t(y))>dt, G(y)>ﬂdy _

/SN </G7T(5)<F(51(@/)))615>’,G(1/)>7r dy = ((r, ® T)F, G),

which show that the adjoint operators (1, ® 7)(t)* and (7, © 7)* are nothing but
the operators (1, ® m)(t™!) y 7, © T, respectively. The space (9MZ)" is identified
in a natural way with the quotient space LP(SV, H,)/ (EIR%)O, where ()" stands
for the polar. On the other hand, since 7, ® 7 is a projection from Lq(SN )
onto N, it follows that 7, © 7 = (7, ©7)* is a prOJeCtIOH from LP(SY, H,) onto
(ker(, @ﬁ))o = (sm%)o. Accordingly, M = (Sﬁ%) and (AZ)" can be thought of

as the operator

LP(SN. H
LP(SN, Hy)x -7 xIP(SN, Hy) — %
given by
J
(A%)*(Fl,..., Z[ (rp @ m)(t; 1)FJ] +

7=1
for all Fy,...,F; € LP(SV, H;). On the other hand, the operator
AP - Lp(SN7 H;)
T * m?r
is an isomorphism and clearly we have

Af o (A7) = VT,

— M, N(F+M)=F — (r,on)F, (FelL’(SY, Hy))

which proves the lemma. O

Theorem 2.5. Let N be a positive integer with N > 2. Then there exist finitely
many rotations of SN such that the set consisting of the corresponding rotation
operators on LP(SY) determines the norm topology of that space for 1 < p <
co. Specifically, the set of operators on LP(SY) corresponding to the rotations

{t1,...,t;} of any Kazhdan set for SO(N + 1) determines the norm topology of
LP(SYN).



UNIQUENESS OF ROTATION INVARIANT NORMS 93

Proof. Let K = {t1,...,t;} be a Kazhdan set for G and let || - || be a complete
norm on LP(S") with the property that the operator 7,(¢;) from (LP(SV), || - ||)
into itself is continuous for each j = 1,...,J. It is an immediate restatement of
the closed graph theorem that the norms || - || and || - ||, are equivalent if and
only if 0 is the only function f in LP(SY) with the property that there exists a
sequence of functions (f,) in LP(SY) converging to 0 with respect to || - || and
converging to f with respect to || - ||,. Our procedure consists in proving that for
such a function f, we have 7, ® 7(f ® u) = {0} for each unitary representation =
of G on a finite-dimensional Hilbert space H, and for each u € H,. Then Lemma
2.2 yields f = 0 and so the equivalence of || - || and || - ||,.

It should be noted that the Banach isomorphism theorem entails that the
operators 7, (t;71) : (LP(SV), || - |) — (LP(SY), ]| -|) (j = 1,...,J) are also
continuous.

Let m be a unitary representation of G on a finite-dimensional Hilbert space
H,. We consider the norm | - ||, on LP(SY, H,) defined by

1F NIz = sup{[{F (), W)all: u € Hr, |ulz=1}.

Let 9P and 9 the subspaces of LP(SY, H,) introduced in Lemmas 2.1 and
2.4. On account of Lemma 2.1, we have

LP(SN, Hy) = 9 & 0

and dim? < oo. We consider the operator W2 given in Lemma 2.4 acting on
LP(SN | H,) equipped with the new norm || - ||, i.e.

W (LP(S™, H ), || - [le) x 2o X (LP(S™, Ha), || - ) = (L7(8™, Ha), |- ),

J
V(R ... Fy) = Z[Fj — (1 @W)(tj—l)pj]? (F,...,Fye LSV, H,)),
j=1

which, according to our hypothesis, is obviously continuous. On account of
Lemma 2.4, the range of that operator is 9, which is finite-codimensional. From
[11, Lemma 3.3] it follows that 9 is a closed subspace of (LP(SY, H.), || - ||x)-
Since P is also closed in (LP(SY, H,), || - ||=) (because it is finite-dimensional), it
may be concluded that the map

(O, [ 1) > (O, 1|+ [le) — (L°(S™, Ha), ||+ |Ix), (F.G) = F+G

is an isomorphism.

Let (f,) be a sequence of functions in LP(S") converging to zero with respect
to the norm || - || and converging to some function f € LP(SY) with respect to the
norm || - ||,. Let v € H,. We now write

fa®@u=G,+H,, G,eMl H,ecN (neN)

with
|“|lx— lim G, =0 and |-|,— lim H,=0.

n—oo n—oo

Since dim MNP < oo, it follows that the norms ||-||. and || - ||, are equivalent on this
space. Consequently, (H,,) also converges to zero with respect to the norm || - ||,
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and therefore (G,,) converges to f ® u with respect to || - ||,. Since the operator
7, © 7 is continuous on (LP(SN, H,), | - ||,), it follows that

- llp = lim (7 © )Gy = (T Om)(f @u)
n%ooﬁg_/
and so (1 © 7)(f ® u) = 0, as required. O

3. THE SPACE L?*(S') AND THIN SETS OF ROTATIONS

Throughout this section we restrict our attention to the spaces LP(S'). As
in the preceding section, we denote by 7,(t)f the rotation of f € LP(S') by
t € SO(2). Of course, S' can be thought of as the set of complex numbers
T ={z € C: |z| =1}, which turns into a compact abelian group with respect to
the usual multiplication of complex numbers. This is the so-called circle group.
On the other hand, the map 6 — (Z?j((z)) ;z;‘gg)) gives an isomorphism from the
group R/277Z onto SO(2). Moreover, R/2x7Z can be identified with the group T
by mean of the natural map 6 — e?, so that the action 7, of T on LP(S') is given
by

(B2 ) (w) = f(="'w), (f € LP(SY), 2w e ).

A straightforward consequence of [3] is the following result.

Theorem 3.1. Let E be a subset of SO(2) for which one of the following asser-
tions holds:

i. E is a measurable set of positive Lebesque measure.

ii. SO(2)\ E is of the first category.
Then the set of rotation operators on LP(S') corresponding to the rotations of St
by elements of E determines the norm topology of LP(S') for each 1 < p < oo.

Proof. Let 1 < p < oo and let | - | be any complete norm on LP(S'). Tt is easily
seen that the set of those z € SO(2) such that the rotation operator 7,(z) from
(LP(SY),] - ]) into itself is continuous is a subgroup of SO(2).

If E satisfies one of the properties of the theorem, then it is well known that
the subgroup generated by E is SO(2) (see [15, Vol. I, p. 250], for example).

Consequently, if the norm | - | makes the operators 7,(z) with z € E continuous,
then it makes all operators 7,(z) with z € SO(2) continuous. Hence [3, Theorem
3.5] gives the desired conclusion. 0J

Our next objective is to prove that the set of operators corresponding to any
thin set of rotations of S* does not determine the norm topology of L?(S'). To
this end we involve the following two results.

Lemma 3.2. Let 7 be a set of continuous linear operators on a Banach space
X. Suppose that there exist a non-zero vector xo € X, a discontinuous linear
functional ¢ on X, and a family (Ar)rer of complex numbers such that

i. Txg = Arxg for each T € T;

. ¢(Tx) = Apd(x) for allT € T and z € X.

Then T does not determine the norm of X.
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Proof. Pick a € C\ {0, ¢(xg)}. It is easily seen that the map ®: X — X defined
by ®(z) = ax — ¢(x)xg is a discontinuous invertible linear map. Consequently,
the map | -| defined on X by |z| = ||®(z)]|| for each z € X is a complete norm on
X which is not equivalent to the given norm || -||. On the other hand, for every
T € T we have

T(@)| = [T () = o(Tx)wo| = [|aT (x) = $(x)Arao =
laT(z) = ¢(x)T (o) || = 1T (@(x)) | < [T ()]| = [T]]]

for each x € X, which shows that T is continuous with respect to the norm
|- 1. OJ

Lemma 3.3. Let (k,) be a strictly increasing sequence of positive integers and
let (p,) be a sequence of real numbers such that p, > 0 and >~ p, = 00.
Then there exists a discontinuous linear functional on L*(T) which vanishes on

~ ~

{f e LA(T): >0 /Palf(kn)] < oo}, where f(k) stands for the Fourier trans-
form of f at k for each k € Z.

Proof. Write M = {x € (*(Z): 37| \/Puln,| < 00}. Itis clear that M is dense
in (%(Z). If it were M = (*(Z), a standard application of the uniform boundedness
theorem (see [11, Example 2 in Section 7.6]) would give >, p, < oo, contrary
to our assumption. Thus M # ¢*(Z) and there exists a discontinuous linear

-~

functional ¢ on ¢*(Z) vanishing at M. Of course, the linear functional f +— ¢(f )
defined on L?*(T) satisfies our requirements. O

Let us recall that a set £ C R (or rather, E C R/27Z thereof) is said to
be a N-set if there exists a trigonometric series » [a, cos(nf) + b, sin(nd)] which
converges absolutely in £ but not everywhere (see [15, Vol. I, Chapter VIJ). It
is well known that countable sets are N-sets. Let p > 0, let (k,) be a sequence
of positive integers, and let (a,) be a sequence of real numbers with a,, > 0 for
cach n € Nand >  a, = co. Then the set

{9 € R: Zan }1 —eik"ﬂp < oo}
n=1

is shown in [7, Section 2.5] to be a Borel subgroup of R which is a N-set. Further-
more, this later group is uncountable in the case where > 7 ay(kp/kni1)? < o0
and p = 2. It is well known that N-sets have Lebesgue measure zero. Never-
theless, it is also known that there are N-sets supporting continuous probability
measures. It is even known that there are N-sets which have Hausdorff dimension
1.

Theorem 3.4. Let E be a N-set of R/2xZ. Then the set of rotation operators
on L*(S) corresponding to rotations of S' by angles from E does not determine
the norm topology of L*(S!).

Proof. We first observe that 75(2)(1) = 1 for each z € T.
It is well known (see [15, Vol. I, Chapter VI|) that there exists a series of
sines > o | ppsin(nf) converging absolutely on E but with p, > 0 (n € N) and

220:1 Pn = OO.
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Let 01,...,0; € E, fi,...,f; € L*(T), and let f = Y7 (ma(2) —I)(f;), where
we are writing z; = €% for j = 1,...,J. Then
J

f2n) => (7" = 1) f;(2n)

=1

and so

n

Flom)| < i Von |2 =] | Fiten)|.

Therefore

n=1

oo J o] 1/2 S 2 1/2
S vlfen|< 32| (Soi-t) (Sfpenf) | <

J 00 1/2 J 00 1/2
> Il (Z pn2 |1~ Z?”|> => Il (Z Pt ISin(n9j)|> < 0.
j=1 n=1 j=1 n=1

By Lemma 3.3, there is a discontinuous linear functional on L?(T) which vanishes
on Yo p(ma(e) = I)(L*(T)) and so it satisfies condition (ii) in Lemma 3.2, which
completes the proof. O

A closed subset F C R/27Z is said to be a Dirichlet set if there is a strictly

increasing sequence (k) of positive integers such that

lim sup |1 — eikne} =0.

n—00 gep
We refer the reader to [9] for a thorough discussion about such sets. Dirichlet
sets are N-sets and our next goal is to show that those thinner sets are useless for
determining the norm topology even when considering the convolution operators
corresponding to all the measures carried by such sets. Note that the convolution
operators corresponding to the point mass measures are nothing but the operators
corresponding to the rotations.

Theorem 3.5. Let E be a Dirichlet subset of E C R/2nZ. Then the set

{fH e AR duw)}

of convolution operators on L*(S') corresponding to all bounded complez-valued
reqular Borel measures p of R/2nZ which are concentrated on E does not deter-
mine the norm of L*(S').

Proof. Let © denote the set of all measures described in the theorem and let
7 ={T,: p € O} be the set of convolution operators corresponding to measures
of ©.

Note that T},(1) = 2(0)1 for each p € ©.

On account of the definition of Dirichlet set, we can construct a strictly in-
creasing sequence (k,) of positive integers such that ‘1 — ek < 477 for all



UNIQUENESS OF ROTATION INVARIANT NORMS 97

0 € FEandn € N. Let py,...,u5 € O, f1,...,f; € L*S'), and let f =
371 (Tuy = @5(0)1)(f;)- Then

and so

Flka) Fithkn)] -

J
< 1 (k) — f25(0)]
j=1
On the other hand, if © € ©, then

[ 1) )] < [ e 1] alulto) < -l

for each n € N. Consequently, we deduce that

J
<Y AT
j=1

~

which clearly implies that Y >°  2"|f(k,)[* < co. Lemma 3.3 yields a discon-
tinuous linear functional on L?(T) vanishing on > oD — 1(0))(L*(T)). Tt is
straightforward to check that such a functional satisfies condition (ii) in Lemma
3.2 and therefore 7 does not determine the norm topology of L?(S!). OJ

(k) = 1(0)] =

Flka) Filha)

Y

Remark 3.6. One question still unanswered is whether or not there is a subgroup
of SO(2) of Lebesgue measure zero such that the set consisting of the correspond-
ing rotation operators on L%(S') determines the norm topology of that space.
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