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DETERMINANTAL INEQUALITIES FOR HADAMARD
PRODUCT OF M-MATRICES AND INVERSE M-MATRICES

XIAOHUI FU'?", CHUANJIANG HE!

Communicated by F. Zhang

ABSTRACT. In this paper, we generalize some determinantal inequalities for
Hadamard product of M-matrices and inverse M-matrices obtained by Chen
[Linear Algebra Appl. 426 (2007), no. 2-3, 610-618.].

1. INTRODUCTION

Let C™*™ (R™*") be the set of all complex (real) matrices. A real matrix is
nonnegative if every entry is nonnegative. For two m x n matrices A = (a;;), B =
(b;j) € R™*™, we write A > B if A — B is nonnegative. The Hadamard product
of A= (a,-j), B= (bl]) ce(C™"is Ao B = (aijbij) e Ccmxn,

Suppose that N = {1,2,...,n} and the index set a = {i1,4s,...,is} € N. The
principal submatrix of an n x n matrix A including rows and columns 1, 7s, . . ., is
is denoted by Aliy,ia,...,is] or Ala]. In particular, the k x k leading principal
submatrix of A is denoted by Ay = A[1,2,...,k] (k € N) and we set A(k) =
AIN\{k}].

Let Zm" = {A = (a;;) € R"" 1 a;; <0,i# j,i,j € N}. A€ Z™" is called an
M-matrix if it is nonsingular and its inverse is a nonnegative matrix. We denote
by M, the class of all n xn M-matrices. If A=! € M,,, then we say A is an inverse
M-matrix. The class of n X n inverse M-matrices is denoted by M, !. Clearly, if
A€ M, then A is necessarily nonnegative.
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Chen [1, Theorem 3.3] proved the following determinantal inequalities for the
Hadamard product of an M-matrix and an inverse M-matrix: if A = (a;;) € M,
B = (bj;) € M;!, then Ao B € M,, and for any permutation iy, s, ...,i, of N,
the following inequalities hold:

det(Ao B) > det(AB)x

f[ Aj g detA[il,...,is_l] bisis det B[il,...,is_l] 1 (11)
detA[il,...,iS,l,iS] detB[z’l,...,is,l,is] ’

s=2

det(A o B) < ( a“b> X
=1 (1.2)
(1 ey i i | by bz'slisbz‘sn) '
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Very recently, Lin [3] proved that for the block positive definite matrices, a
similar result to (1.1) holds for a block Hadamard product.

In this paper, we will present two determinantal inequalities for the Hadamard
product of an M-matrix and some inverse M-matrices which are generalizations
of (1.1) and (1.2).

2. MAIN RESULTS

We give some lemmas before we give the main theorem of this paper.

Lemma 2.1. [2, p. 117 and p. 127 Problem 9] If A = (a;;) € M, U M, !, then
for any i
det A

Remark 2.2. Chen [I, Theorem 3.1] proved a stronger result as follows:
If A= (a;) € M,UM,*, then for any o = {iy,4a,...,is} C N, where iy, 4, ..., i
are mutually distinct,

1.

O < detA < 1 . |ai1i2 e a’is—lisaisil .

i i, det A(is)  — Qiyiy Qigiy ** * Qi
Lemma 2.3. [I, Theorem 3.3] If A = (a;;) € M,, B = (bjj) € M, ', then
Ao B e M,.

Now we present our main result:

Theorem 2.4. If A, = (az(»jl.)) € M, and A; = (ag)) (i=2,...,m) e M,
then the Hadamard product Ay o Ay o---0 A, € M,, and for any permutation
11,19, i, of N, the following determinantal inequalities hold:

det(AloAgo---oAm) Zdet(AlAQAm)X

ﬁ s det'Aj[il,....,isl_l] o). (2.1)
— det A;[i, ... 051,10
7j=1

s=2
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and
det(Ajo Ayo -0 A,,) < (H alVal? . --ag”>> x
i=1
| o 2.2)
n (1) (1) (1) m _(9) (4) @) (
H (1 B |a’i1i2 e ais,lisaz‘sﬂ _ H Qgm0 az’s1isaisi1>
) (1 1 NG ; :
e af)alt, - all) i al)al) )

Proof. By Lemma 2.3, it is straightforward to observe that the Hadamard product
Ajo0Ay0---0A,, is an M-matrix. Use induction on m. When m = 2, the result
is (1.1). Suppose that (2.1) holds when m =k — 1:

det(A1 O---0 Ak71> > det(A1 ce Ak,1>><
n (1) , . (k—1) : .
a; ; det Aqliq, ..., 0 a; ;. det Ap_q|i1,. .. 05—
H( At ot | G ol 1]—(k_2)>'
s=2

det Al[’Ll, I I Zs] det Ak—l[ila PN ,is_l, Zs]

When m = k, we need to prove the following inequality:
det(A1 OAQ O:--- OAk) > det(A1 ‘AQ . Ak)x

ﬁ (IESIZ)S det Al [il, Ce ,’isfl] i i CLZ(Z)S det Ak[il, Ce ,Z'Sfl] (k; 1)
s det Al[il, .. ) ) det Ak [il, .. ) ) '

. 725—1725] . 7Zs—1azs]

By (1.1), we have
det((A1 O:+-0 Ak—l) o Ak) > det((A1 O:-+0 Ak—l)Ak> X
" ( al) a5V det(Ay o0 Ay 1)[ins - isa]

isls

det(A1 O:-+0 Akfl)[il, ce ,Z'sfl, Zs]

s=2

agfi)s det Agliy, ..., i 1] .
det Ak[il,. . ,Z-sflais] .

By the induction hypothesis, it follows
det Al O - OAk 1)Ak)

( iade (k 1) det(Al O - Ak‘—l)[ila Ce ,is_l] CLEZ)S det Ak[’il, e ,is_l] 1)

:::

=9 det Al O:--0 Akfl)[l'l, Ce 72'5717 ZS] det Ak[’il, R 7723717 Zs]
> det(A1 s Akfl) det AkX (23)
f[ z( is det Al 217 e 77;3—1] n (IZ(ZZI) det Ak—l[ila Ce ;is—l] (k; 2)
=9 d tAl Zl,.. Zs_l,i ] detAk_l[il,...,’iS_l,’is]
ﬁ lsls .. (k 1) det(A O0-++-0 Ak—l)[i17 . ,7:5_1] i affl)é det Ak[’il, e ;is—l] 1
=9 det Al O - OAk_l)[il,...,is_l,iS] detAk[il,...,is_l,is] ’
D det Ayfiy, ... is " det A yli, - yis
o — ay!) det Ayfiy, ... i) R e T = (k—2)

det Al[il, ce ,is_l,is] o det Ak—l[ily PN ,is_l,is]
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) o) o a D det(Ay o0 Ay ))[ins - is]
o det(AlO---OAk_l)[il,...,iS_l,is]
CLZ(Z)5 det Ak [il, Ce 7i5—1]

—1.
det Apfiy, ... is_1,1s]
By Lemma 2.1, we have
D det Ayfi '
alsls € . l[ll7'>"7zsf1] > 1’ I = 17' ,k7
detAl[Zl,...,Zsfl,ZS]
M) gD oAy o+ 0 Ay 1)[in, i
Qi i Q; s, ( 10 © k_l)[“’ ’ZS_I] > 1’ (24)

det(A1 O---0 Akfl)[lll, Ce ,2'571, ZS]
and so
as > (k—1)—(k—2)=1, bs>1.

Using a simple scalar inequality ab > a+b—1 for a,b > 1, we obtain the following
inequality:

det(A1 ©:-+0 Ak)

> det(A; -+ Ap_q1) det Ay X Hasbs (by (2.3))
s=2

Z det(A1 cee Ak) X H(CLS -+ bs — 1)

Z det (Al Ak)X

ﬁ ( det Al[ll, e ,is_l] _— az(fi)s det Ak[il, Ce 71.5—1] _ (k _ 1)>

—g det Al 21,...,25,172-3] det Ak[il,...,isfl,is]

This completes the proof of (2.1).
Next we verify that the inequality (2.2) holds by induction on m.
When m = 2, the inequality (2.2) is (1.2). We assume that it is true when

m = k — 1; namely,

det(Aj0Ago0-+-0A;q) < (Ha (2) .. k U)X

n (1) (1) (1) (2) (2) (2) (k—1) (k=1) (k—1)

H ( iy " Qg i Qigiy | Qg " By~ 4, iy iy " 70 Qg1 Ay
1 (@D 1) (2) (2 (2) (k=1) (k-1) (k—1)

s=2 azluang o azszs aililaigig Wy g aiﬂ'l aiziz e aisis
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When m = k, we need to show that

det(Aj0As0---0A;) < H a;; a (k) X
n (1) oMW (2) @ (2 (k) (k) (k)
II 1_|anm" i1 Qi | Gy i G Qi " G, By
JR S I ) N ) N C I ) RN ) MO0
s=2 ’ilil iziz is’is il’il ’iQiQ ’isis ilil i2i2 isis

By (1.2) and the induction hypothesis, we have
det(Aj0As0---0Ap 10A;) =det((AjoAg0-- 0 A1) 0 Ag)

n
k
S H(AloAgo-- OAk 1) () X
i=1
n 1 2) k—1 1 2 k—1 1 2 k—1 aF) gk ()
H (1 _ ‘(aglzga‘ilzg B '05112 >)(a£223a§223 B (15213 )) ) (aigzlaisil B .a§5i1 >)| . 1112 15 1%s 'lel)
@ @ =1y, ,(2) kD 1 ,@ (k—1) a®) k) a'®)
s= ( 1191 1121 -”ailil )( 1212 7,222 o 1212 ) ( ists 'ngg “'a‘isis ) 7,121 2212 o 'ngg
n
2 k
H a ( ) . () X
n (1) PAORC) (2) (2 (2) (k) (k) (k)
II 1__‘amm" i vis igin | iy Qi Gigs Qi G0, By
1 1) 1) (2) (2) (2) (k) (k) (k)
s=2 a’zlzla’zgzg o a’isis azlzlazgzg o aisis azlzla’zgzg T aisis
This completes the proof of (2.2). O

Remark 2.5. The inequalities (2.1) and (2.2) in Theorem 2.4 are generalizations
of the inequalities (1.1) and (1.2), respectively.
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