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ABSTRACT. In this paper we introduce Bessel multipliers, g-Bessel multipliers
and Bessel fusion multipliers in Hilbert C*—modules and we show that they
share many useful properties with their corresponding notions in Hilbert and
Banach spaces. We show that various properties of multipliers are closely
related to their symbols and Bessel sequences, especially we consider multipliers
when their Bessel sequences are modular Riesz bases and we see that in this
case multipliers can be composed and inverted. We also study bounded below
multipliers and generalize some of the results obtained for fusion frames in
Hilbert spaces to Hilbert C*—modules.

1. INTRODUCTION

Frames for Hilbert spaces were first introduced by Duffin and Schaeffer [9] in
1952 to study some problems in nonharmonic Fourier series, reintroduced in 1986
by Daubechies, Grossmann and Meyer [8]. Fusion frames [7] and g-frames [18]
are important generalizations of frames.

Hilbert C*—modules are generalizations of Hilbert spaces by allowing the inner
product to take values in a C*—algebra rather than in the field of complex num-
bers. In [10] Frank and Larson presented a general approach to the frame theory
in Hilbert C*—modules. Also, the first author and B. Khosravi introduced fusion
frames and g-frames in Hilbert C*~modules (see [13]).

Bessel multipliers in Hilbert spaces were introduced by Balazs in [4]. Bessel
multipliers are operators that are defined by a fixed multiplication pattern which

Date: Received: Aug. 23, 2014; Accepted: Oct. 26, 2014.
* Corresponding author.
2010 Mathematics Subject Classification. 46L08; Secondary 42C15, 46H25, 47A05.
Key words and phrases. Hilbert C*—module, Bessel sequence, Bessel multiplier, modular
Riesz basis.
153



154 A. KHOSRAVI, M. MIRZAEE AZANDARYANI

is inserted between the analysis and synthesis operators. Bessel multipliers have
useful applications, for example in [5] they are used for solving approximation
problems. Bessel fusion multipliers and g-Bessel multipliers in Hilbert spaces
were introduced in [3] and [16], respectively. Also multipliers were introduced
for p-Bessel sequences in Banach spaces (see [17]). In this paper we generalize
these notions to Hilbert C*—modules. First in the following section, we have a
brief review of the definitions and basic properties of frames, fusion frames and
g-frames in Hilbert C*—modules.

2. FRAMES, FUSION FRAMES AND G-FRAMES IN HILBERT C*—MODULES

Suppose that 2 is a unital C*-algebra and E is a left 2-module such that the
linear structures of 2 and F are compatible. E is a pre-Hilbert 2(—module if
is equipped with an 2-valued inner product (.,.) : F x £ — 2 such that

(i) {ax + By, z) = alx, z) + By, z), for each o, € C and z,y, 2 € E;
(ii) (az,y) = a{x,y), for each a € A and z,y € E;
(iii) (z,y) = (y,z)*, for each z,y € E;
(iv) (z,z) >0, for each € E and if (x,z) = 0, then x = 0.

For cach z € E, we define ||z|| = ||(z,z)||z and |z| = (z,z)2. If E is complete
with ||.||, it is called a Hilbert A-module or a Hilbert C*-module over 2. We call
Z() = {a €A :ab=ba,Vb € A}, the center of 2. Note that if a € Z(2), then
a* € Z(A), and if @ is an invertible element of Z(2), then a=! € Z(2), also if a
is a positive element of Z(2l), since a? is in the closure of the set of polynomials
in a, we have a2 € Z(A). Let E and F be Hilbert 2-modules. An operator
T : F — F is called adjointable if there exists an operator 7% : F — FE
such that (T'(z),y) = (z,T*(y)), for each x € E and y € F. Every adjointable
operator 7' is bounded and A-linear (that is, T'(ax) = aT'(z) for each z € E
and a € 2A). We denote the set of all adjointable operators from E into F by
£(FE, F). Note that £(F, FE) is a C*-algebra and it is denoted by £(F). For a
unital C*—algebra 2, ¢2(I,2() which is defined by

P(1,2) = {{ai}iel CA: Zaiai*converges in H||},
i€l

is a Hilbert 2-module with inner product ({a;}icr, {bi}ier) = >_;c; aibi.

As usual £°(1,21) is the set {{ai}ie[ CA:supf{l||a;|| ;1€ [} < oo}, and Cy(I,2)

is the set of all {a;}ic; C A with this property that for each ¢ > 0 there exists a
finite set K C I with sup{||a;|]| :i € — K} <e.

Let £ and F' be Hilbert 2-modules. For each z € E,y € F, the operator 6, :
F — FE' is defined by 6, ,(z) = (z,y)x. It is easy to check that 0,, € £(F, E),
with (0,,)* = 6,,. We say that an operator T' € £(F, E) is compact if it is in
the closed linear subspace of £(F, E) spanned by {0, : 2z € E,y € F'}.

A Hilbert 2—module E'is finitely generated if there exists a finite set {x1,...,z,} C
E such that every element x € E can be expressed as an 2-linear combination
r =y ar;,a € A A Hilbert A-module E is countably generated if there
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exists a countable set {z;}ic; € E such that FE equals the norm-closure of the
2-linear hull of {z;};e;. For more details about Hilbert C*~modules, see [15].

Let E be a Hilbert 2-module. A family {f;},c; C E is a frame for E, if there
exist real constants 0 < A < B < 00, such that for each x € F,

Alz,z) <) (w, fi){finx) < Blx,x). (2.1)

i€l

The numbers A and B are called the lower and upper bound of the frame, re-
spectively. In this case we call it an (A, B) frame. If only the second inequality
is required, we call it a Bessel sequence. If the sum in (2.1) converges in norm,
the frame is called standard.

For a standard Bessel sequence F = { f; }ic; with an upper bound B, the operator
Tr: E — (*(1,2) which is defined by Tx(z) = {(z, f;) }ics is called the analysis
operator of F. It is adjointable with Tx({a;}ic1) = >_;c; aifi and | Tx|| < V/B.
T% is the synthesis operator of F. Now we define the operator Sy : £ — F
by Sr(x) = T5Tr(x) = > .. (x, fi) fi- If F is a standard (A, B) frame, then
Aldgp < Sr < B.Idg. The operator Sg is called the frame operator of F. Let
F = {fi}ier and G = {g;}icsr be standard Bessel sequences in E. Then we say
that G is an alternate dual or a dual of F, if v = Y./ (x, fi)g; or equivalently
r =73 ../, g)fi for each x € E (see [12, Proposition 3.8]).

It is casy to see that if F is an (A, B) standard frame, then F = {S7 fi}ier is an
(%, %) standard frame with z = Y, (z,S7' fi) fi = Yic;/(, fi)SF' fi, for each
x € E. Hence F = {S;lfi}iej is a dual of F called the canonical dual of F.

Note that a closed submodule M of E is orthogonally complemented if £ =
M & M*. In this case my € £(E, M), where 7y : E — M is the orthogonal
projection onto M. Now we recall some definitions from [13].

Suppose that {w; : i € I} C A is a family of weights, i.e., each w; is a positive,
invertible element from the center of 2, and {W; : ¢ € I} is a family of orthog-
onally complemented submodules of E. Then {(W;,w;)}ies is a fusion frame if
there exist real constants 0 < A < B < oo such that

A(:L’,l’> < sz2<7TW1(x)77TWz(x)> < B(:L‘,CC>,

i€l

for each x € E. In this case we call it an (A, B) fusion frame. If we only require
to have the upper bound, then {(W;,w;)}ies is called a Bessel fusion sequence
with upper bound B.

Note that if {F; : ¢ € I} is a sequence of Hilbert 2-modules, then @®;c;E; which is

the set {{xi}ig cx; € By {{wy, $i>%}iel € KQ(I,Ql)}, is a Hilbert 2-module with

pointwise operations and -valued inner product ({z; }ier, {¥itier) = D (Tis ¥i)-
A sequence A = {A; € £(E, E;) : i € 1} is called a g-frame for E with respect
to {E; : i € I} if there exist real constants A, B > 0 such that

Az, x) < Z(Aix,/\ix) < Bz, x),

el
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for each x € E. In this case we call it an (A, B) g-frame. If only the second-hand
inequality is required, then A is called a g-Bessel sequence. Note that standard
fusion frames and g-frames are defined similar to the standard frames. For a
standard g-Bessel sequence A, the operator Ty : E — ®;crF; which is defined
by Ta(x) = {Aix}ies is called the analysis operator of A. Ty is adjointable
with Tx({zi}ier) = D0 A (w5), for each {z;}ic; € ®ierEi. Now we define the
operator Sy : B — E by Sy = T{T)(x) = Y., AjAi(x). If A is a standard
(A, B) g-frame, then A.ldg < Sy < B.Idg. The operator Sy is called the g¢-
frame operator of A. For more results about frames, fusion frames and g-frames
in Hilbert C*—modules, see [10, 1, 2, 13, 19].

In this paper all C*—algebras are unital and all Hilbert C*~modules are finitely
or countably generated. All frames, fusion frames, g-frames and Bessel sequences
are standard.

3. BESSEL MULTIPLIERS, G-BESSEL MULTIPLIERS AND BESSEL FUSION
MULTIPLIERS

In this section, we introduce Bessel multipliers, g-Bessel multipliers and Bessel
fusion multipliers in Hilbert C*—modules and we get some of their basic prop-
erties. We also generalize some of the results obtained for Bessel multipliers in
Hilbert and Banach spaces to Hilbert C*—modules. We begin with the following
proposition:

Proposition 3.1. Let m = {m;};e; € ¢°(I,) with m; € Z(A), for each i € I.
Then the operator M,, defined on @;crF; by My ({x;}tier) = {mix;}ier is well-
defined, adjointable with M}, = M« and || My, || < ||m||oo, where m* = {m};cs.

Proof. Let {x;}icr € ®ierE;. Then

N

1
0 < (myzi, mazy) = (z, ;) 2mum (g, )2 < ||ml||2 (2, 74),

for each ¢ € I. Thus for each finite subset K C I, we have
Z<mi$i,mi$i> = Z <$i7$i>%mimf<$i,xi>% < [[mllZ, Z(%Jﬁ
i€k ieK €K
Hence )., (m;x;, m;z;) converges in norm and
2
Z<mz‘$z‘; mzxz>
i€l
Therefore M,, is a well-defined and bounded operator with ||[M,,| < [|m|s-
Similarly we can see that {m;z;}icr € ®icrE; and the operator M,,,» : @/ E; —
®icr E; which is defined by M.« ({x; }ier) = {mfx;}ies is well-defined and bounded.
Now for each © = {z; }icr, vy = {¥i }icr € ®icrEi, we have

icl i€l

so Mr = M,-. O

Z(xi, i)

el

< [lmll
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In this note m is always a sequence {m;};c; € £>°(1,2) with m; € Z(2), for
each ¢ € I. Fach sequence with these properties is called a symbol. We denote
the set of all symbols by N(I,2) which is a C*—subalgebra of ¢>°(1,2).

Note that a unital C*-algebra 2 is a Hilbert 2l-module with the inner product
(a,b) = ab*, so if E; = 2, for each i € I, then ®,c;E; = (*(1,2). Hence in this
case M,, is an adjointable operator on ¢*(I,2l).

Definition 3.2. Let F; and E; be Hilbert -modules, and let F = {f; };e; C F4
and G = {g;}iec;r C E5 be standard Bessel sequences. We call the operator
My, g7+ E1 — E, which is defined by M,, g7 = Tg M, T, the Bessel mul-
tiplier for the Bessel sequences F and G. It is easy to see that M, ¢ r(z) =
Y icr Milw, fi)gi. We denote M, 5 7 by M, 7.

The following theorem is a generalization of parts (1), (2), (3) of Theorem 6.1
in [4], part (1)(a) of Theorem 8.1 in [4] and Lemmas 3.1, 3.6 and Theorem 3.7 in
[17] to Hilbert C*~modules.

Theorem 3.3. (i) Mg r € £(E1, Es) and M}y, g 7 = My 7 g. Also
|Mm.g.7l| < VBD|m|e, where B and D are the upper bounds of F and
G, respectively.

(i) If m € Co(1,A), then M,, g F is a compact operator.

(iii) If {m®}, C N(I,2) and m'9 — m, then | M, g 5 — Mmgr|| — 0.
Proof. (i) From Proposition 3.1, it is clear that M, g r € £(E1, Ey), and My,  » =
Ty Mo Tg = M 7.6, also we have || My g 7[| < [T || Mmll[|T#]| <V BD|[m/|o
(i) For each = € Fy and i € I, we have

Og,mz .(x) = (z,mi fi)gi = miz, fi)gi,
80 Mg () = D i 0g,mr s, (x). Let € > 0. Then there exists a finite set K C I
such that [[{m;}icr—klloo < \/%‘ Therefore

HMm,g,fu) =S Oy ()

€K

< [Hmitier-xllo VBD||z| < efl]-

This means that M, g 7 is a compact operator.
(iii) We have

Mg, = Mo g #ll = 1T (M — My ) Tx|| < VBDm' —m|loc — 0,
and the result follows. O

Corollary 3.4. Let F = {fi}ier be a Bessel sequence for E. If m; = m} (resp.
m; > 0), for each i € I , then M, r is a self-adjoint (resp. positive) operator.

Proof. 1t m; = mj, for each i € I, then by the above theorem My, » = My« 7 =
M,, . Hence M,, r is self-adjoint. Now let m; > 0, for each ¢ € I. Since m; > 0,
we have (x, fiym;{f;, z) = (x, fiym;(z, f;)* > 0, for each i € I and € E. Thus

<$7 Mm,]:x> = <:U7Zmz<x7fz>fl> - Z(ma fl>m1<fl7$> 2 07
iel iel
and the result follows from Lemma 4.1 in [15]. O
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Recall from Example 3.2 in [13] that if W = {(W;,w;) }ier is a standard Bessel
fusion sequence (resp. standard fusion frame) for E, then Ay = {wimw, }ics is
a standard g-Bessel sequence (resp. standard g—frame) for £ with respect to

{Witier.

Definition 3.5. Let A = {A;}ic; and I' = {I'; };¢; be standard g-Bessel sequences
for E with respect to {E;}ie;. Then the operator M,,,rp : £ — E which
is defined by M,,ra = TyM,, Ty is called the g-Bessel multiplier for the g-
Bessel sequences A and I'. We have M, rx(z) = >, mil7Ai(x). Also if W =
{(Wi,w;) bier and V' = {(V;, v;) }ier are standard Bessel fusion sequences for E, we
call the operator My, viw (x) = My Ay (2) = D c; miviwiTy, mw, (), the Bessel
fusion multiplier for W and V.

Similar to the proof of Theorem 3.3, we can see that M,,r € £(E), M, 1\ =

My ar and || My, rall < ||m|leocVBD, where B and D are upper bounds of A
and T, respectively. Also, we have M, vw € £(E), M} vy = Mpy-wy and

| M vl < |lm|lVBD, where B and D are upper bounds of W and V', respec-
tively. We denote M, o o by M, o and if m; = 1g, for each ¢ € I, then M, vw
is denoted by My .

Remark 3.6. Let m = {m; };e; be a symbol and let F = {f;}icr,G = {gi}ier C E
be standard Bessel sequences. It was shown in Example 3.2 in [13] that if A;, T :
E — A are defined by A;(z) = (z, f;), ['i(x) = (z,¢;), then A = {A;};,c; and
[' = {T';};es are standard g-Bessel sequences. Now we have

mFA Zsz*A Zmlel gi = mg]-'( )

i€l el

Note that if a € Z() and T € £(E, F), then the operator a7 : £ — F
which is defined by (aT")(x) = aT(x) is adjointable with (aT')* = a*T™.
The following proposition and corollary are generalizations of Theorem 4.5 in [6]
to Hilbert C*—modules:

Proposition 3.7. Suppose that m = {m;}icr is a symbol such that each m; is a
weight and there exists a positive number o with aly < m;, for each v € I. Then
the following are equivalent:

(i) A = {A;}ier is a standard g-frame.

(i) {m?A;}ier is a standard g-frame.
(ili) My, A is a bounded, positive and invertible operator.

Proof. Since aly < m; < ||m||sla, for each i € I, we have

a(Mi(@), Ai(@)) < (m? Ailx), m? i) < [mloo(As(w), Ai(2))-

1
Therefore A is a standard g-frame if and only if {m?A;}.cs is a standard g-frame.

1
Let {m}A;}ic; be a standard g—frame. For each = € E, we have

> (m 2A) = mATA( A (2).

el el
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1
This means that M,,  is the g-frame operator of {m}A;}c;. Hence it is positive
and invertible, so (ii) == (iii). Note that (ili) = (ii) can be obtained from the
following inequality and Lemma 4.1 in [15],

1M AT s < Mia < (| M all1dg.

Since frames are special cases of g-frames, we have the following result:

Corollary 3.8. Suppose that m = {m;};c; is a symbol such that each m; is a
weight and there exists a positive number o with aly < my;, for each i € I. Then
the following are equivalent:

(i) F ={fi}ier is a standard frame.

(i) {m? fi}ier is a standard frame.
(ili) M, # is a bounded, positive and invertible operator.

Proposition 3.9. Let A and I" be standard g-Bessel sequences.

(1) If My, r.a is bounded below, then A is a standard g-frame.
(ii) If there exists A > 0, such that A||z||* < ||(Mpraz,z)|, for each x € E,
then I' and A are standard g-frames.

Proof. (i) Suppose that R > 0 such that R||z|| < ||Mraz|, for each nonzero
element x € E and D is a Bessel bound for I'. Now for each x € E, we can
choose some y € E with [|y|| = 1 and R|z| < |[{Mmraz,y)||. Hence by using
the Cauchy-Schwarz inequality in Hilbert C*~modules, we have

Rljz]| < [[{(Mpraz, y)ll = Z<Ai$am}krz’y>

iel
: :
< Z(Aix, Ax) Z mym; Ly, iy)
iel =
< VD|mllwl|[ Y (A, Aiz)
iel
Therefore || >, (Aix, Ajx)|| > ﬁ“x”? Now by Theorem 3.1 in [19], A is a

standard g-frame.
(ii) For each z € E, we have A||z|? < [(Mpmraz,z)|| < [|[Mpyraz||z]. Since

mrA = Mpeap, we can also obtain that Allz|* < [[Mpe apz|||z]|. Hence
M ra and M« ar are bounded below. Therefore by part (i), A and I' are
standard g-frames. OJ

Proposition 3.10. Let A and ' be standard g-Bessel sequences.

(i) If there exist \y < 1, Ay > —1 such that ||z — My, raz| < Mz +
Xo|| M az|l, for each x € E, then A is a standard g-frame.

(i) If there exists A € [0,1) such that ||x — My, paz|| < M|z||, for each x € E,
then A and I' are standard g-frames.
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Proof. (1) We have ||z — M, raz|| > ||z|| — || Mmraz||. Hence
Allzll + Aol Mo p azel| = (|2l = [[ M0 az]);

0 || My raz| > }Ii; ||z||. Now the result follows from Proposition 3.9.
(ii) We have

[ = My apzl| = [(Ide = My a)" 2| < [Hdp = My pallllz]] < Aflz]
Therefore by using part (i), we obtain that A and I" are standard g-frames. [

Now as a consequence of our results, we can obtain the generalizations of
Theorems 3.1, 3.4 and Corollary 3.5 in [11] to Hilbert C*~modules.

Corollary 3.11. Let W = {(W;,w;) }ier and V = {(Vi, v;) }ier be standard Bessel
fusion sequences.

(i) If My is bounded below, then W is a standard fusion frame.
(i) If there exist Ay < 1 and Ao > —1 such that

|z — Mywal|| < Mz + Ao Mywel],
for each x € E, then W s a standard fusion frame.

(iii) If there exists A € [0,1) such that ||x — Mywz| < M|z||, for each x € E,
then V and W are standard fusion frames.

4. MODULAR RIESZ BASES AND BESSEL MULTIPLIERS

Riesz bases and modular Riesz bases in Hilbert C*—modules were introduced in
[10] and [14], respectively. In this section, we get some properties of multipliers
when the Bessel sequences are modular Riesz bases.

A standard frame {f;};c; for E is a modular Riesz basis if it has the following
property:
if an 2A-linear combination ). . a;f; with coefficients {a; : ¢ € K} C 2 and
K C I is equal to zero, then a; = 0, for each i € K.

Lemma 4.1. Let F = {f;}iesr C E be a modular Riesz basis. Then F and
F = {fi}ier are biorthogonal, where f; = S7' f;.

Proof. Let ig € I. Then we have fiy = > . ;(fio, Sg' fi) fis 50 > ;c; aif; = 0 where
a; = {fir, S fi), for each i # ig and a;, = (fiy, S7' fiy) — Lot Since F is a modular
Riesz basis, the equality ), ; a;f; = 0 implies that (f;,, SZ'fi) = 0, for every

i # i and {fi,, S7' fio) = la. This means that F and F are biorthogonal. O
The following result is analogous to Corollaries 7.3 and 7.6 in [4].

Proposition 4.2. (i) Suppose that F = {fi}icr, ¥ = {h;}icr are Bessel
sequences in By and G = {g;}icr, ® = {&}ier are Bessel sequences in
E,. If ® and G are biorthogonal, then My, rg o My o = My 7o =
My 7w, where m = {m; }icr and m’ = {m.},c; are symbols with m.m’' =

{mimi}ier-
(i) If F = {fi}ier is a modular Riesz basis, then M, z zoM,, 7 » = M, 7 0
M M

m,]t',]: = mm’,]t',]-"
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Proof. (i) For each x € F;, we have

Mpyrgo My ow(r) =My, rg kaﬁ’? hi)&k)

kel
= szzmkxhk €k7gz 7 Zmz
il kel iel
= Mm.m’,]:,\lf(x> - Mm’.m,]-',\ll(x)-
(ii) We can obtain the result by using part (i) and the above lemma. O

Our next result is analogous to [4, Lemma 7.1, Propositions 7.2 and 7.7] and
[17, Propositions 3.3, 3.4 and 3.5].

Theorem 4.3. Let F = {fi}ier € E1 and G = {g; }icr C Ey be (A, B) and (C, D)

modular Riesz bases, respectively. Then

(i) VAC|mllee < [|Mim,g |l < VBD|[ml|oo-
(ii) The mapping m — My, g 7 from N(I1,2) into £(Ey, Es) is injective.
(i) Let a be a positive, invertible element such that a < |my|, for each i €

I. Then Mygr is invertible and M, » = M, s 75, where m™' =

{mgl}iel~
)

’

o=
Ql~

Proof. (i) By Lemma 4.1, G and G are biorthogonal and since G is an (
frame, for each ig € I, we have

I

9 1
I 2= g < Zllmagi

Z<miogio ) §;> <.§Zy miogi0>

i€l

ioll =

This means that SUPzef migi|| > V/C|lm||ss. Also since F is an (%, %) frame, we
obtain that || f;|| < —, for each i € I. Now we have

Ji mlfi
[ Mg 7| = sup ‘Mmgf( ! )H = sup | Sier el S|
i€l Il iel Il
= sup 7% 5 /G
el |Ifil

The inequality ||M, g, 7| < ||m|lV BD follows from Theorem 3.3.

(ii) Let m’ = {m!};e; be a symbol and M,, gz = M, g 7. Then for each iy € I,
we have 3. mi(fig, fi)9i = D ier Milfios fi)9is SO Miggic = M gis- Since G is a
modular Riesz basis, we obtain that m;, = m; .

(iii) We have a < |m;] < ||mloo-1a, so [[m|lt < |[|ms] 72| < |la™!||, for each ¢ € 1.
Because m; € Z(2l) and |m;| is invertible, it is easy to obtain that m; is invertible
with |m; | = |m;|~. Therefore ||m; | = |||m; ||| = |||ma| ] < |la™], for each
i € I. Thus m™' = {m;'}ic; € (°(I,2) and since m;* € Z(2A), for each i € I,
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m~! is a symbol. Now by using Lemma 4.1, for each € E;, we have

Mmfl,]::,go m7g7]:(33) = Mm—17]?7§(zmk<x,fk>gk)

kel
= 2{:7nfl<zi:7nk<$,fk>9kw5§1905%£{ﬁ
iel kel
= szi_lmk<xafk><gkas(glgi>5]_:1fi
i€l kel
= Zm;lmi<x7fi>5_;lfi = Z(x,fZ)S;lfi =I.
icl iel

Similarly we can get My, g o M, 1 75(y) =y, for each y € Ey, and the result
follows. O
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