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ABSTRACT. The classical Lebesgue’s theorem is generalized, and it is proved
that under some conditions on the summability function 6, the ¢;-6-means of a
function f from the Wiener amalgam space W (L1, £, )(R?) D L (R?) converge
to f at each modified strong Lebesgue point and thus almost everywhere. The
f-summability contains the Weierstrass, Abel, Picard, Bessel, Fejér, de La
Vallée-Poussin, Rogosinski, and Riesz summations.

1. INTRODUCTION

For the Fejér means of an integrable function f € L;(R), the classical theorem
of Lebesgue [18] says that

T—oo T

lim l/o sf(z)dt = (z)

at each Lebesgue point of f, thus almost everywhere, where
1 b

sef(x) i= —— v)e"™ dv t>0

Jw)= o= [ Fw (t > 0)

and f denotes the Fourier transform of the one-dimensional function f. In the
present paper this result will be generalized to the ¢;-summability of higher di-
mensional functions.
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A general method of summation, the so called #-summation method, which is
generated by a single function 6 and which includes the well known Fejér, Riesz,
Weierstrass, Abel, and so on summability methods, is studied intensively in the
literature (see, e.g., Butzer and Nessel [3], Christ [1], Stein and Weiss [24, 25],
Lu and Yan [19], Trigub and Belinsky [27], Gat [9, 10, 11], Goginava [12, 13, 14],
Simon [22, 23], Nagy, Persson, Tephnadze and Wall [20, 21], and Weisz [28, 30]).

The /- or triangular means of d-dimensional Fourier transforms generated by
the f-summation are defined by

o0 f(z) = W /R f ('%') Fl)e= do, (1.1)

where |v| = |vi| + -+ + |vg|. For 8(t) = max((1 — |¢]),0) we get back the usual
Fejér means (see later). Berens, Li, and Xu [I, 2] have proved that o%f — f
almost everywhere for the Riesz summability (i.e., if #(v) := max((1 — |v|)?,0),
0 < B < 00), where f € Li(R?%). Szili and Vértesi [26] considered the ¢;-Fejér
summability. Recently, using Hardy spaces and the boundedness of the maximal
g-operator from the Hardy space to the L,(R) space, in [29], we generalized this
convergence result and gave a common proof for several different 6’s, such as for
the Weierstrass, Abel, Picard, Bessel, Fejér, de La Vallée-Poussin, Rogosinski,
and Riesz summations. However, in contrary to the one-dimensional case, the set
of convergence is not yet known.

In this paper, we generalize the classical Lebesgue’s theorem about the Lebesgue
points of one-dimensional integrable functions to multi-dimensional functions and
also to the Wiener amalgam space W (L, £ )(R?), which is much larger than
Li(RY). More exactly, we introduce the concept of modified strong Lebesgue
points. It is verified in [31, Theorem 2] that almost every point is a modified
strong Lebesgue point of f € W(Ly, l)(R?). Under some weak conditions on 6,
we show that the ¢;-f-means of a multidimensional function f € W (L, £ )(R?)
(d > 2) converge to f at each modified strong Lebesgue point. The same results
for d = 2 were shown in [32]. The proof for d = 2 in [32] is much simpler, and
it differs from the present proof significantly. The difference between the proofs
is that in [32], we could find a useful closed form for the kernel function in the
two-dimensional case, but there is no closed form for higher dimensions. So the
present proof needs essentially new ideas.

2. WIENER AMALGAM SPACES

Let us fix d > 2, d € N. For a set Y # 0, let Y? be its Cartesian product
Y x -+ x Y taken with itself d times. For x = (z,...,74) € R? and u =
(ug,...,uq) € R? set

d d 1/p
U-T = Zkalm ][, == (Z |xk|p> ) || == ||z, -
k=1 k=1



286 F. WEISZ

We briefly write L,(R?) instead of the L,(R%, \) space equipped with the norm

= ([sraw)” asp<oo

with the usual modification for p = oo, where A is the Lebesgue measure. In-
tegrating over [0,1)?, we obtain the definition of L,[0,1)¢. These spaces are
generalized as follows. A measurable function f belongs to the Wiener amalgam
space W (L, £,)(RY) (1 < p,q < 00) if

1/q
N fllw(Lpeq) = (Z f(-+ k)”%p[o,l)d) < o0,

kezd

with the obvious modification for ¢ = oo.
It is easy to see that W (L,,(,)(RY) = L,(R?) and the following continuous
embeddings hold true:

W(Lplvgqud) 2 W(Lmv gq)(Rd) (pl < p2)
and
W (Ly, £g,)(RY) C W (Ly, £3,)(RY) (g1 < o),
(1 < p1,p2,q1,q2 < 00). Thus
W (Lo, 01)(RY) C Ly(RY) € W(L1,0s)(RY) (1< p < o0).

For more about Wiener amalgam spaces, see Fournier and Stewart [8] and Heil
[16]. Note that all homogeneous Banach space over R? can be continuously em-
bedded into W (Ly, £s)(RY) (see Katznelson [17]).

In this paper the constant C' may vary from line to line.

3. THE SUMMABILITY FUNCTION

In this article, we will consider a general summability method, the so called
(1-0-summation defined by a function 6 : [0, 00) — R. This summation contains
all well known summability methods, such as the Fejér, Riesz, Weierstrass, Abel,
Picard, and Bessel summations. Here we simplify the conditions on 6 given in
Weisz [31].

We suppose that 6 is absolutely continuous. Suppose further that

0(0) = 1, /Oo(t v 140 (1)) dt < oo, (3.1)

where V denotes the maximum, that is, ¢ V 1 = max(t, 1).

Lemma 3.1. If 0 is absolutely continuous and satisfies the second condition of
(3.1), then O(t) converges to some real number A ast — oo and

lim t4(0(t) — A) = 0. (3.2)

t—o00
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Proof. Indeed,
T
10(t) — 6(T)| < / 0'(s)] ds < €
t

if T">t > to(e) > 0. Thus 0 is Cauchy and so convergent to some real number
A, ast — oo. On the other hand,

T T
t110(t) — 0(T)| < td/ 16/ (s)| ds < / 5110/ (s)| ds < €
t ¢
if T >t > t(e) > 0. Letting T — oo, we have t¢|0(t) — A| < ¢, which yields
(3.2). O

If A0, then, writing § = A+(0— A), we decompose the #-means defined later
in (4.2) into two parts. The first part is the inversion formula (4.1) multiplied by
the constant A, which is divergent in general. As we will see later, under some
conditions, the second part converges almost everywhere. So we may suppose
that

lim 6(¢) = 0, (3.3)

t—00
which implies also that
lim t40(t) = 0.

t—o00

Since by integration by parts,
oo 1 oo
/ tO(t) dt = —= / %' (t) dt,
0 d Jo

the function t4710(¢) is also integrable.
In addition, we will suppose also that

/OO t*0' () (soc ) ® (tu) dt‘ <Cu™* (k=0,...,d—1) (3.4)

for some 0 < a < oo and all v > 0, where the function soc is defined by

ot i 4 cost if d is even;
“ ] sint if dis odd,

and (soc )®) denotes its kth derivative. Since, by (3.1), the left hand side is always
finite, (3.4) holds for small u, say for 0 < u < 1. So (3.4) is important for large
u, say for u > 1. If (3.4) holds for some « > 1, then it holds also for & = 1. So
we may suppose that (3.4) holds for some 0 < a < 1 and all u > 0.

Lemma 3.2. Suppose that 0 is absolutely continuous and satisfies the second
condition of (3.1). If

/ o(t) dt‘ < Cue (3.5)
0

for some 0 < a <1 and all uw > 0, then (3.4) holds.
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Proof. Let us denote the integral on the left hand side by F'(u), that is,

Flu) = /0 T o) et

Then by (3.1) and the Lagrange mean value theorem, for any x > 1and 0 < € < 1,
there exists v € (x,x + €) such that

/OO to'(t) e™ dt‘ =|F'(v)| < |F(z +¢€) — F(2)]
O <Clx+e) 4+ Cx*<CA+2Y(x+¢€¢) "
Since the second derivative of F' is bounded, for any u € [z, x + €], we have
[F'(u) = F'(v)] = [F" ()] [u —v| < Ce.
If € < (x4 €)™, in other words, x 4+ ¢ < (1/€)'/®, then
|F'(u)| < [F'(0)] + [F'(u) = F'(0)] < (C(142%) +C") (x + )"
<(CA+29+C)u™™.

This leads us to the inequality
|F'(u)| < (C(14+2%)+C"Yu™® on the interval [1, (1/¢)'/?].

Since € is arbitrary, the inequality holds on the interval [1, 00). F’ is also bounded;
hence

/ o' (t) e dt‘ <Ciw ™ (u>0).
0

In the same way, we can show that

/ th’(t)eZt“dt‘ < Cru™@ (u>0,k=0,...,d—1),
0
which implies (3.4). O

4. THE KERNEL FUNCTIONS
The Fourier transform of f € L;(R?) is defined by

/\

flz) = d/2/f Jertdt (v € RY),

where 1 = /—1. Suppose that f € L,(R?) for some 1 < p < 2. The Fourier
inversion formula

= ; £(0)e dy T d ¥ d
f@) = G | Foean @eRLFen@®) @)

motivates the definition of the ¢1-Dirichlet integral s;f:

1 Iy 1LV _ 1 d
sef(x) = (m)i /Rd Lij<ey f(v)e™" dv = (27) /Rd flx—u)Dy(u)du  (t > 0),

where |v| = |v1| 4+ - - + |vg| and the Dirichlet kernel is defined by

Df(u) = / 1{|v|§t}€m'v dv.
R4
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The dimension d is omitted in the notation of D if it does not cause ambiguity.
Obviously,

|Di(uw)| < Ct* (ueRY).
It is known (see, e.g., Grafakos [15]) that for f € L,(R%), 1 < p < oo,
Tlim spf=f in the L,(R%)-norm and a.e.
—00

This convergence does not hold for p = 1. However, using a summability method,
we can prove some almost everywhere results for p = 1.

For T > 0, the ¢1-0-means of a function f € L,(R?) (1 < p < 2) are defined by

@) = g [0 () Frope o (4.2

It is easy to see that

@) = g [ 1= 0K (43)

where the ¢1-0-kernel is given by

1 |ul
0 R 1TU
0 (=) dtemd
27T d/2T /Rd /u| ( ) € Y

(27r)d/2T/0 ¢’ (;) Dy(x) dt

— @;ﬁ /OOO 0'(t) Dyr(z) dt. (4.4)

Observe that the integrability of the kernel function K9 (see Lemma 4.6) implies
that the convolution in (4.3) can be extended to all f € W(Ly, s )(R?). Hence

i@ =7 [0 () st

Note that for the Fejér means (i.e., for 8(¢) = (1—t)Vv0) we get the usual definition

o f(a) = / sof (@) dt

It is clear that
|KS| < CT?, (4.5)
The Dirichlet kernel D; can be expressed with the help of divided differ-

ences. The nth divided difference of a function f at the (pairwise distinct) knots
x1,...,%, € Ris introduced inductively as

[T1, .y T f = [T2, . 2] f
T, — Ty '

[21] f = (=), (1, . .., x,]f =
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One can see that the divided differences are symmetric functions of the knots.
It is known (see, e.g., DeVore and Lorentz [5, p. 120]) that if f is (n — 1)-
times continuously differentiable on [a,b] and z1, ..., x, € [a,b], then there exists
¢ € la,b] such that

[xl,...,xn]f:—‘. (4.6)

Let
Gy(u) = (—1)14/H24,( =2 250¢ (t3/u).

The following lemma is proved in Berens and Xu [2].

Lemma 4.1. We have
Dy(z) = [x%, o ,xZ]Gt.

Definition 4.2. We say that a sequence of index pairs (i, j;); = (il,jl)fz_ll is
proper, if it satisfies the following properties:
[ ] il = 1, jl = d,
o forany [ =1,...,d — 2, we have that either 4;,; =4, and j;,; =5 — 1 or
i1 =4+ 1 and jip1 = .

The set of all proper index sequences will be denoted by Z(1,...,d).

Obviously, (4;); is nondecreasing and (7j;); is nonincreasing. Note that i; < j
foralll=1,...,d—1. More exactly, jy— 4y =d—1(l=1,...,d—1). We define
the set I(k)(l, ..., d) of index sequences as follows. For a proper index sequence
(i, 71){=! € Z(1,...,d), we say that the first k term of the sequence, that is,
(i, )k, is in ZW)(1,. .. d). Of course ZUW-Y(1,...,d)=Z(1,...,d). We will use
the following representation of the kernel function D;.

Lemma 4.3. For k=0,1,...,d — 2, we have
k
Dt(x) - Z <_1)lk+1_1 (H(x?l - szl)_l) [$§k+1’ e ’:U.?k-!—l]Gt'
(i) €T+ (1,,....d) =1

Proof. Using Lemma 4.1, we can easily prove the lemma by induction. For £ =0
the equation is the same as Lemma 4.1. The details are left to the reader. Il

Next we estimate the kernel function K% in two different ways.

Lemma 4.4. Suppose that the absolutely continuous function 0 satisfies (3.1) and
(33). Ifxy >a9> - >x>0, 1<y <---<np<dandm=0,...,d—2,
then

K(2)| < CT™ ) DI o) @)
=1

(il7jl)lEI({lv"'7d}\{n17"'7nm})
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Proof. Tt follows from Lemma 4.3 with &£ = d — 2 that

d—1
Do)l = [Diw) < ( (a2 - a2 ))Gt )= G, )
d)

(ilnjl)lez(l aaaa

d—1
<o > (Tleh-a) (7 +a8)
d—1 d—1
<C Z x;ll (H(Ilz - sz)_1> <H('r7,l + sz)—1> le(;j

<C ‘ Z xijl (ﬁ(xn - sz>1> ) (4'8)

because x;, +xj, > x;, and z;, +x; > x;, , for | =2,...,d — 1. Then we obtain
by (4.4) that

| K7 ()| < C/Om!9’(t)| [Dir(@)|at<c Y ait [ -2

(ilvjl)lel-(]' 7777 d) =1

which is exactly (4.7) for m = 0. Next we prove the result for m = 1. We may
suppose that n; = 2. Observe that

Dy (x)

— Qd/ L{juj<ty cos(x1vy) . . . cos(zqvq) dv
0o)®

t t—vao t—v1—v2 t—v1—...—Vg_1
= Zd/ / / . / cos(x1vy) . . . cos(zqvy) dvadvidus . . . dug
0o Jo 0 0

t
= 2/ cos(zav2) Di=) (21, T3, .. ., 24) dvs.
0

Using (4.8) for the (d — 1)-dimensional Dirichlet kernel D{~) (x4, 73, ..., 24), we
have

‘Df(:p)‘ <Ct Z H Tiy — )"

(i,51)1€Z(1,3,...,d)

and so

00 d—2
|[Ko(z)| < C / 0@ | D) de<cT > a [, —2)
0 =1

(i1,7)1€Z(1,3,...,d)

which yields (4.7) for m = 1. The proof can be finished in the same way. O

Note that x;, = z; and z;, = x4.
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Lemma 4.5. Suppose that the absolutely continuous function 6 satisfies (3.1),
(3.3), and (3.5) for some 0 < a<1and allu>0. Ifx; >x9> -+ >24>1/T,
then

d—1—-m
|K'19—'(x)| S CTm_Oé Z 5151_111']_10‘ (xll - le)_l (m = 07 . ’d . 2)
(41,51 €Z(1,...,d) =1
(4.9)
and
[Kp(@)] < CT e e (4.10)

Proof. By Lemma 4.3 with k =d — 2 and (4.4), we have

| K7 ()|
d—1 0
<c Y (H(x?l _ xi)‘1> / o(t) (GtT(xgd_l) _ GtT(x?d_1)> dt‘
(j)er \I=1 ’
d—1 %
<C Z (H(xi — xi)_1> / 0'(t) <xfdfsoc (tTw;,_,) — a5 2 soc (tT$jd_1)> dt‘
(i13)€T \I=1 ’
d—1
—a 2 2\—1 d—2—a d—2—a

<CT Z ( (xil _le) ) <"Eid,1 _’_xjdfl )

(ilvjl)ez I=1

d—1 d—1

<cre Y o (H@n - ”)_1) (H% + m—l) (et 4+ ag2e)

(i1.31) €T =1 (=2

d—1

<CcTr™“ Z xi_ll (H(In - le)_1> (Ii_ﬁl + xj_rﬁ1>

(71 €T =1

d—1

<or Y ate [T — )

(Z‘l:jl)ez =1
because x;, +x; > x;, and x;, + x5, > x;, | > v, , > xj for l =2,...,d—1.

This shows (4.9) for m = 0. We can easily prove by induction that

G\ () = Z cjtjud%n?fzﬂ soc V) (tul/?),
=0

where ¢; € R (j =0,...,n) and ¢y = 0 if d is even and 2n + 2 > d. Using this
formula with n = m as well as (4.6), (4.4), (3.4), and Lemma 4.3 for k = d—1—m
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(m=1,...,d—1), we infer
|K7(2)] (4.11)

<C Z H (27 —a3)"! /0 0t)x;,  ....x7 ]G dt‘

(i) mez@=—m(1,...,d) \ =1

oo G(m .
S ¢ Z (x?l - x?‘l)_l /(; 0/( )M dt

m!
(ind){="€T@=m)(1,....d) =1

d—1—m m
2 2\-1
<C Z (:Eil — :L‘jl) Z
(4 le “Mezld-mi(1,...,d) =1 =0
, d 2m—2+j 12
/ 0'(t)(Tt) (i ﬂi soc ( (tTg(Z ) ) dt
T 2 2\—1 = d—2m—2+4j—a
_ Ti-a -
<(C Z (z;, — 3 Z f,l i , (4.12)
(i, g) =M ETd=m)(1,....d) I=1 0
Where xjd—m S g(il,jz)l S xid—m' If m=1,... 7d _ 27 then

d—1—-m m
7m+]0<
LD SENE o O RPN D oo

(i1,40) =" eT@=m) (1,...,d) j

d—1-m
SC Z x1_11< H Liyp — ‘le )ZTJ @ _m+j @

(i, g) =M eTd=m)(1,...,d)

d—1—-m

_ . L) L

<CcTrme Z x; < H (5, —le) )lea,
(i.g0) = €Z(d=m)(1,....d) I=1

which is exactly (4.9). If m =d — 1, then (4.11) yields that

|K9 |<CZT] ag(llj) <OZTd l-a,. —1 a<CTd l—a,—1— a7

]1

which proves (4.10). O
We have proved the next lemma in Weisz [29, Theorem 1].

Lemma 4.6. Suppose that the absolutely continuous function 6 satisfies (3.1),
(3.3), and (3.5) for some 0 < a <1 and all u > 0. Then

Ky ax<C (T >0).

Now we can extend the definition of the ¢;-6-means o4 f by formula (4.3) to
all £ € W(Ly,lo)(RD).
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5. MODIFIED LEBESGUE POINTS

L“(R?) (1 < p < o0) denotes the space of measurable functions f for which
| f|? is locally integrable. For f € L'°¢(R?) the Hardy-Littlewood mazimal function

is defined by
M (z) ! / /hlf( )d
T) = Ssup —— T — 8)|as,
oo (2h)7 )

while the strong Hardy-Littlewood maximal function by

Mf(x) = sup f(z —s)|ds.
hi,..., hd>02d

It is known that M is of weak type (1, 1) while M; is not. We introduce a new
maximal function which is also of weak type (1,1). In this article, by a diagonal,
we understand any diagonal of the two-dimensional faces of the unit cube [0, 1]%.
Let us denote by Pyiij,  oia), & parallelepiped, whose center is the origin and whose
sides are parallel to the axes and/or to the diagonals and whose kth side length is
2ikt1h if the kth side is parallel to an axis and /2241 if the kth side is parallel
to a diagonal (i € N, h > 0,k =1,...,d). For some 7 > 0 and f € LY(R%), we
define the modified Hardy—Littlewood mazximal function by

M f(z) = sup 2” THﬁ/ |f(x—s)|ds,
2i1h,... 20dh

-----

just defined. Obviously, M™f < M™f for 1y > 7 > 0. If the supremum is
taken over all parallelepipeds whose sides are parallel to the axes and 7 = 0, we
get back the definition of the strong Hardy—-Littlewood maximal function M;f,
and, moreover, if in addition 7; = --- = 14, we get back the Hardy—Littlewood
maximal function M f.

A point # € R? is called a Lebesgue point of f € Li°¢(RY) if

f(z —s) = f(x)]ds =0,

M o

while it is called a strong Lebesgue point if

lim / / (x —s)— f(z)|ds = 0.
h.ha=0 24 |

It was proved in Felchtlnger and Weisz [6, 7] that almost every point z € R? is a
Lebesgue point of f € W(Ly, (s )(R?). This does not extend to strong Lebesgue
points, even if f € L;(R?). However, it holds true for f € L;(log L) *(R9).

Starting from the modified Hardy—Littlewood maximal function M7 f, we in-
troduce

Ul f(z) == sup 27 T'm/ |f(z = s) = f(2)]ds,

Pyit . gian 4eNd >0 [L2iip,.

2k h<r,k=1,...d
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where the supremum is taken over all parallelepipeds whose sides are parallel to
the axes and /or to the diagonals. We say that a point x € R? is a modified strong
Lebesgue point of f € L°¢(R?) if for all 7 > 0,

lim U7 f () = 0. (5.1)

It is equivalent if we suppose that (5.1) holds for arbitrarily small numbers 7 > 0,
because lim, o U f(z) = 0 implies lim, o U f(z) = 0 for all 7y > 7 > 0. More
exactly, we need that (5.1) holds for some 7 < a//d, where 0 < o < 1 is given in
(3.4).

If f is continuous at z, then z is a modified strong Lebesgue point of f. We
have proved in [31, Theorems 1,2] that almost every point z € R? is a modified
strong Lebesgue point of f € W(Lj,{)(R?) and, moreover, M f with 7 > 0 is
almost everywhere finite for such functions. We can generalize this result to the
d-dimensional case with the same proof. The details are left to the reader.

Theorem 5.1. If f € W(Ly,{s)(RY) and 7 > 0, then almost every point is a
modified strong p-Lebesgue point of f and M f is almost everywhere finite.

6. POINTWISE CONVERGENCE OF THE SUMMABILITY MEANS

Now we prove that the £;-summability means o f converge to f at each modi-
fied strong Lebesgue points, where the modified Hardy—Littlewood maximal func-
tion M7 f is finite for small numbers 7 > 0.

Theorem 6.1. Suppose that the absolutely continuous function 0 satisfies (3.1),
(3.3), and (3.5) for some 0 < a <1 and all uw > 0. If f € W(Ly,ls)(RY), x is
a modified strong Lebesque point of f, and M f(x) is finite for some T < a/d,
then

Jim o7.f(2) = f(x).
Proof. 1f 6y(s) := 0(|s]), then
KA(s) == T%(Ts)

by (4.4). The function 6, is integrable. Indeed, in the next integral, we substitute
S+ -+ 84 =Ty, S9 = To,...,8q = xq, where (s1,...,84) € (0,00)%. Then we
have to integrate over the set {(xl, ooy xg) €(0,00) iy > o+ + :Cd} and
the Jacobian is 1. Hence

/ |0|||ds_/ 10(s1+ - - + 54| ds
(0,00)4

[ [ el e
g/o /0 /0 0(21)| dg. .. do

:/ t10(1)] dt < oo.

0
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Since 6 € L1 (R?) by Lemma 4.6, the Fourier inversion formula yields that

1 1

W/Rd K%(S) ds = W Rdé;)(s) ds =0(0) = 1.

Thus
o1 @) = @) < s [ 1@ =) = F@) KE)] ds. 61

Instead of RY, it is enough to integrate on (0,00)%. The set (0,00)¢ can be
decomposed into d! simplices according to the ordering of the variables. Apart
from a set of measure zero of possible equalities, we may even assume strict
inequalities. So it is enough to integrate over one of these simplices, say on

{s€(0,00)": 81> >s5,>0}.

The integrals on the other simplexes can be estimated similarly.
Let us introduce the following sets:

Ag:={s:8/T > s3> -+ > 84 >0},
Ayi={s:81>>83>0,8 >8/T,sp — 81 >2/T)k=1,...,d—1},

Aji={s:s1>->8:>0,8 >8/T,8, —sprs >2/T, k=1,...,d—i
and there exists 1 < j < d —1i+ 1 such that s; — s;4,_1 < 2/T}
fori=2,...,d—1,
Agi={s:81> - >81>0,8>8/T,s1 —s4 <2/T}
and
B:={s:0<s,<1/T}.

Observe that if a point s is in A;, then s; > 8/T and s;, — s;, > 2/T for all
l=1,...,d—i(i=1,...,d). Since z is a modified strong Lebesgue point of f,
we can fix a number r < 1 such that U7 f(x) < e. Let us denote the cube [0,7/2]¢
by Sy/2, and let 8/T" < r/2. We will integrate the right hand side of (6.1) on the
sets Ag, Ay N B and

d—1 d—1 d d
UJ@nBnsS,p). | JA4;nBNSE,), [ J(ANBNS,0), | J(ANBNSE,),
j=1 j=1 j=1 j=1

where S¢ denotes the complement of the set S.
Since Ay C Sy/2, we have by (4.5),

[f(z =) = f(a)] |[K7(s)| ds
Ao

/T /T
< (JTd/8 /8 |f(z —s) — f(z)| ds < CUT f(x) < Ce.
0 0

Observe that A;N B = 0.
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Let us denote by 79 = r¢(7") the unique natural number 4, for which r/2 <
271 /T < r. On the set A; N B we use (4.7) with m = 0 to obtain

[ e - @R ds
AINBNS, /5

d—1
<c / Fla— )~ F@) sy [T — 55" ds
(31,51 LGI AmBmST/Q =1
d—1
<C / flz —s)— f(x)]s; QH(sil —sj,) "t ds.
v leZ i AlﬂBﬁST/Q 1o
(6.2)
For a given proper index sequence (i, 5;); € Z(1,...,d), we introduce a permuta-
tion 49,...,7; of 1,...,d and then we integrate with respect to sy, sy ..., i,

in this order. Let ¢f =14, = 1 and we will consider the integral

0 2k1+1/T
—2
E /k 8T dsy
k=g 2"1/T

Next let i, = j; = d and the integral fol/ T dsy, will be computed. In the next
step we consider two cases.

o If iy = i; and j, = j; — 1, then let i5 = jo and we consider the integral
k Si 72k2/T _
k;:O si2272’“2+1/T e (8i2 - Sj2) ! dslg

o If iy =iy + 1 and j, = j;, then let i§ = iy and we consider the integral

sjp+2F2 41T -1
Ekz =0 Js;,+2%2/T e (Siz - sz) dszg
We define i) as follows.

o If i3 = iy and j3 = jo — 1, then let ¢, = j3 and we consider the integral
si,—2F3 )T _
Zk’g =0 513_2’@3-!-1/7* ’ (Siza _Sjs) ldsiﬁl'
o If i3 =iy + 1 and j3 = jo, then let i), = i3 and we consider the integral

k1 Si3 +2kstl/T

. V1 g,
k3=0 Js;, +2k3 /T '(523 SJ3) dszg‘
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Continuing this process, we estimate (6.2) by an expression, where we integrate
over a parallelepiped Py, 7, oka p, With kg = 0. We conclude

[ e - s K2 ds
A1NBNS,. /5

ro k1 k1 ok1 —2d-1 oki -1
ce >y ey (5) 1(F)
(it,1)1€L(1,.,d) k1 =3 ko=0  kq_1=0 1=2
e —s) = fla)] ds

P
2k1 7, 2kd /T

ro ki

<C Z ZZ 22(71/(d1)|k|

(il7]l)lez( d) k1=3 k2=0 kd 1=0

k] x—3s)— f(x)| ds
2 }PM — / fa—s) - f@)] d

Poky /T AAAAA 2ka T

ro ki

<C Z Z Z Z o=/ =IKIT £(2) < Ce.

(il7]l)lez( d) k1=3 k2=0 kd 1=0

Similarly,

/A e |f(x—s)— f(z)] |K§(s)\ ds

r/2

o 3 EE-SEVHE)

(i, 3 €L(1,...,d) ki=r¢ k2=0 kq_1=0

/ o) = 1) ds

P
ok1 /7, 2ka T

<c ¥ f: i i o(r=1/(d=1))[k|

(g eZ(,..., )kl—ro k2=0 kq—1=0

k| o
2 UJM — / @ —s)— f(x)] ds,

Poky JT,....2kd /T

which can be further estimated by

/A NBNSe /(@ =) = f(x)] |K§(3)‘ ds

/2
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e k1 k1
< C Z Z Z . Z 2(r=1/(d=D)K AT £ (22)
(’il,jl)lEI(l,...,d) k‘1=1”() k:2=0 k‘d_lzo
e k1 k1
ED SHED 55 SR S SUCRIIH
(G ET (L) F1=r0 k2=0  kg_1=0
< €Yy 20VEDRMT@) 0y 27| f(a))
ki=ro ki1=ro
< C2(771/(d71))r0M7’f($) + 0277“0/((171)‘]0<x)|
< O(Tr)y I MT f(z) + C(Tr) =V V| f(2)] = 0

as T — oo. Recall that k; = 0 here.

A point s € Ay is in A3 for some 1 < ag < -+ < ap, < d— 1 and
1<m<d—1ifsq, — 54,41 <2/T (j=1,...,m) and s, — sp42 > 2/T for all
k=1,...,d—2. Obviously, instead of Ay, it is enough to integrate over Ay" ™.
If m = d — 1, then the integral over A3"“" N B is similar to that over A,.
Suppose that 1 < m < d—2 and a,, +1 < d. Then we choose n; = «a; + 1,
7 =1,...,m. It is easy to see that if a,,, + 1 = d, then we can also choose
l<n <---<mn, <dsuch that n; = orn; =a; +1, 5 =1,...,m and we
can estimate the next integral in the same way. On the set A" N B, we use
(4.7) to obtain

,,,,,

<o Z

G €Z({1,....,d}\{n1,...,nm })

/ =)= st [T (o= s s
AV ABNS, 1—1
cor Y
(i1, €L d}\ {11 s eertm })
d—1—m

/ fa—s) = f@si2 [ Gsa—si) s, (63)

A% ABNS, g 1—9
Here, we consider first the integral f;”:_‘llﬂ - --dsp, , and then the integrals
;T:;::_Q T ASp_1s s |, 5:11__11_2 T ds,,. Then we integrate as before in

(6.2) with Z({1,...,d} \ {n1,...,n,}) instead of Z({1,...,d}). Inequality (6.3)
implies that we integrate over a parallelepiped Py, 7, orq/p With ky, = -+ =
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knm = 17 k‘d =0:

/a e |flz—s) = f(@)] |[K7(s)| ds
AL ABNS,

oy Sy oy ()T (5)

(001 €EL({1,..,dP\{n1,...,nm }) k1=3 kg, =0 kgy_ 1=

/P @ — ) — f(2)] ds

<C 3 ZO: Z Z 2<T—1/<d—1—m>)|k|

(g €Z({1,.., d}\{m ~~~~~ nm}) k1=3 kg, =0 kg, ,_ =

paull - / flz—s)— f(x)| ds
| 2k /T 2kd/T|

7777 Zkl/T,.”, kd/T

<C 3 i Z Z o~ 1/(d=1=m)IMIT f() < Cle,

(il,jl)ZEI({l ..... d}\{n1 ..... nm}) k1=3 k52—0 kﬁd—l—m =0

where the indices 1 < By < --- < B4_1_m < d are all different from ny, ..., n,,.
The integrals on the sets A" N BNS;, andon 4;NB (j=3,...,d—1)
can be estimated in the same way.
Now let us consider the set B¢, that is, when s; > 1/T. Obviously, s > 1/T

(k=1,...,d—1). On the set A; N B° we will use the inequality (4.9) with m = 0.
We introduce the set

E = {s:sq>s51/2}.

Obviously, s;, > s;,/2 on the set £. Then

/ o= 5) = 1] K55 ds
A1NBeNENS, ./

<CT™™@ / |f(x —s)— sitsi O (s, — s5)7 " d
Z AlﬂBCﬂEﬂST/Q jl H ! jl

(G, €Z(1,...,d) =1
d—1
<cr > / [f(z—s) = f(x)] s, [ [ (si, — ;) " ds.
(Zl i ZEI 77777 AlﬁBcﬂEﬁST/Q =1
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We integrate as in (6.2). The only difference is that, with respect to Sy, We

sj, —2%d /T _ .
consider the integral de 0l de+/1/T -+ (si, — 55,) " dsi. We obtain
i

/ o= 5) = S0 |[K5(5)] ds
A1NBeNENS,. /3

o 5 B G

(.0 )1€EZ(1,...,d) k1=3 k2=0 kq=0 I=

/P fla—s) — f(z)] ds

D S 9 R i

(LI €Z(1,...,d) k1=3 k2=0 kq=0

Ik 1 o d
: ’Ple/T 2’“d/T’/ ’f<x S) f(37)| ’

Py /T ..... okd /7

<C ) Z Z 227 DT £ () < Cl. (6.5)

(LI €Z(1,...,d) k1=3 k2=0 kq=0

On the set E°, we have s;, — sj, > s;,/2 and so

/ o= 5) = F(@)] |[K5(5)] ds
A1NBeNENS, /5

<ot Y / o —s) = fla)| 572550 [ (s = 53)~" ds

(it )1 €Z(1,.. 1NBeNENS,. /5 ]

<o Y / £ =)= Fl)] sy~ [ lss, — 307 ds.

(i €Z(d, ..., 1NBeNNE®S,

Note that 0 < o < 1. We integrate again in the same order than in (6.2). With

kq+1
respect to i, here we consider the integral de 0 ;kdd/T/ ... sj_ll dsy . Similarly
to (6.5),

/ o= 5) = S |[K5(5)] ds
AINBeNE®NS, /5

cere y S (3) T(Y)

(31,1 €Z(1,...,d) k1=3 k2=0 kq=0 =2

/P o —s) — F(2)] ds

0 Y TS ey ) < Ce

(L3 €Z(1,...,d) k1=3 ka=0 kq=0
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The integral on the set A1 N BN Sff/Z can be handled similarly.

On the set Ay N B¢, we will use the inequality (4.9) with m = 1. If s € Ay,
then there exists 1 < n < d — 1 such that s,, — s,41 < 2/T and s, — sg0 > 2/T
forall k =1,...,d— 2. Then

/ (o= 5) = Fla)| [ KH(s)| ds
AgﬁBCﬂEﬁST/Q
d—2

< oo / fa—s) = fl@)] s T (51 — 53) " ds.
AlﬂBcﬂST/g

(1,71 161(1 =1

We integrate in the same order and in the way as in (6.4). The difference is that,
if in the given order we integrate first with respect to s,;1 and then later with
respect to s,, then we consider the integral fsi"ﬂ P dspy1. (In the other case,
if we integrate first with respect to s, and then with respect to s, 1, then we

Sn+1+2/T d

compute the integral f Sp.) Then let k,,1 = 1 and so we have

/ o= 5) = F(@)] |[K5(5)] ds
A2NBeNENS,. 3

cor Y sy y s (3) T (3)

(i N€L(,end) k1=3k2=0  kn=0kn42=0  kq=0

/P @ —s) — f(z)] ds

<C Z iz iz Z2To‘/d1)|k|UTf(a:)<Ce.

(Z'ZJZ)ZEI( )kl 3 ko=0 knfoknJrQ 0 kd 0

The integral on A, N B°N E°N S,/ as well as the integral on A, N BN Sﬁ/z
can be handled similarly.

Similarly, on the set A; N B¢ (i = 3,...,d — 1), we apply inequality (4.9) with
m=i—1. If s € A;, then there exists 1 <n < d—1 such that s, — s,4-1 < 2/T

and sy — sgy; > 2/T for all k =1,...,d — 1. We integrate in the same order as
n (6.4). We may suppose that in this order we integrate first with respect to
Snii—1 and then with respect to s,.;_2,...,5,. Then we consider the integrals
Sn+ti— Sn4i— Sn .
fsn;_22—2/T o dSpyio, fsn;_;_Q/T oo dSpig, ., fsn—Q/T ... ds,y1. In this case
kn+i71 == knJrl -
For the last case,that is, for the set A;MN B¢ we use inequality (4.10). If s € Ay,
then s;—sy < 2/T. We integrate in the following order: s1, s, ..., sq and we con-
kg+1
sider the 1ntegrals f at2/T s i=1,....,d—1and > et ;kdd/T/T s T dsy.
Here k; = = kqy_1 = 1. The proof can be finished as above. O

Since by Theorem 5.1 almost every point is a modified strong Lebesgue point
and the maximal operator M f is almost everywhere finite for f € W (L1, {5 )(R?),
Theorem 6.1 implies the following.
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Corollary 6.2. Suppose that the absolutely continuous function 6 satisfies (3.1),
(3.3), and (3.5) for some 0 < a <1 and all u> 0. If f € W(Ly,{s)(RY), then

Jim o7f(z) = f(x)  ae

We have seen in [32] that as special cases, we can consider the Fejér, de La
Vallée-Poussin, Jackson-de La Vallée-Poussin, Rogosinski, Weierstrass, Abel, Pi-
card, Bessel, and Riesz summability methods.
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