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Abstract

In this paper we establish new inequalities of weighted version of Hermite-Hadamard type
inequality for functions whose derivatives absolute values are m— convex. Also we obtain some
Fejér type inequalities for quasi-convex functions.
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1 Introduction

The following double inequality is well known in the literature as Hadamard’s inequality:
Let f: 1 C R — R be a convex function defined on an interval I of real numbers, a,b € I and

a < b, we have .
f<a+b>< 1 /f(w)dxgw. (1.1)

2 b—a 2

Both inequalities hold in the reversed direction if f is concave.

It was first discovered by Hermite in 1881 in the Journal Mathesis (see [10]). The inequality
(1.1) was nowhere mentioned in the mathematical literature until 1893. Beckenbach, a leading
expert on the theory of convex functions, wrote that inequality (1.1) was proven by Hadamard in
1893 (see [11]). In 1974 Mitrinovi¢ found Hermite’s note in Mathesis. That is why, the inequality
(1.1) was known as Hermite-Hadamard inequality.

In [1], Fejér established the following Fejér inequality which is the weighted generalization of
Hermite-Hadamard inequality:

Theorem 1.1. Let f: I — R be convex on I and let a,b € I with a < b. Then the inequality

r(“5) [ o< [ s < SO [y (1.2

a+b
-

holds, where g : [a,b] — R is nonnegative and symmetric to

If ¢ = 1, then we are talking about the Hermite-Hadamard inequalities. More about those
inequalities can be found in a number of papers and monographies. For recent results and gener-
alizations concerning Fejér inequality (1.2) see [2]-[8].
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Definition 1.2. A function f : [a,b] C R — R is said to be convex if whenever =,y € [a,b] and
t € [0, 1], the following inequality holds:

flte+ (1 =t)y) <tf(x)+ (1 —1)f(y)
We say that f is concave if (—f) is convex.

This definition has its origins in Jensen’s results from [9] and has opened up the most extended,
useful and multi-disciplinary domain of mathematics, namely, convex analysis. Convex curves
and convex bodies have appeared in mathematical literature since antiquity and there are many
important results related to them.

In [12], G. Toader defined m—convexity as the following:

Definition 1.3. The function f : [0,b] — R,b > 0, is said to be m—convex, where m € [0, 1], if we
have

fltz+m(1l—t)y) <tf(x)+m(l—1t)f(y)

for all z,y € [0,b] and ¢ € [0,1]. Denote by K,,(b) the set of the m—convex functions on [0, b] for
which £(0) < 0.

n [13], Set et al. proved the following inequality of Hermite-Hadamard type for m-convex
functions.

Theorem 1.4. Let f: I° C [0,b*] — R,b* > 0, be a differentiable mapping on I°, a,b € I° with
a <b. If | f'|" is m—convex on [a,b], ¢ > 1 and m € (0,1], then the following inequality holds:

bla/abf(x)dx—f<a_2|—b>| (1.3)

2 sufr (2 PG}

In [8], Sarikaya proved the following Lemmas for Fejér type inequalities:
Lemma 1.5. Let f : I° C R — R be a differentiable mapping on I°, a,b € I° with a < b and
w : [a,b] = [0,00) be a differentiable mapping. If f' € L[a, b], then the following equality holds:

q)é + (3f’(a)|q +m

/: f@)w(z)dx — f (a ;— b) /:w(:c)d:v = (b—a)? /O1 k() f'(ta + (1 — t)b)dt

for each ¢t € [0, 1], where

Jfw(sa+ (1= s)b)ds, te[0,3)
k(t) =
— [lw(sa+(1—s)b)ds, te[L1].
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Lemma 1.6. Let f : I° C R — R be a differentiable mapping on I°, a,b € I° with a < b and
w : [a,b] = [0,00) be a differentiable mapping. If f’ € L[a, b], then the following equality holds:

b b _a)2 b
f(e) £ 1) [ v - [ st - b | pos a1 =y

for each ¢ € [0, 1], where

p(t) = /t w(sa + (1 — s)b)ds — /0 w(sa + (1 — s)b)ds.

The aim of this paper is to establish new inequalities of weighted version of Hermite-Hadamard
type inequality for functions whose derivatives absolute values are m— convex. Also we obtain
some new Fejér type inequalities for quasi-convex functions.

2 Inequalities for m—convex functions

Theorem 2.1. Let f: I° C R — R be a differentiable mapping on I°, a,b € I° with a < b and
w : [a,b] — [0, 00) be a differentiable mapping. If | f’| is m—convex on [a, b] for some fixed m € (0, 1]
then the following inequality holds:

/  fyue)dr g ( . b) / ' we)d

< S ol (17@1 4 2m | (2)]) # (20771

()

5 ol (/@140
Proof. From Lemma 1.5, using the properties of modulus, we have

/ ' fyue)ds — g (%) ] )

(2.1)

(D}

IN

< (b—a)Q{/OZ /0 w(sa+ (1— s)b)ds| |/ (ta+ (1 — )b)] dt
1 1
Jr/l /t w(sa+ (1 —s)b)ds |f/(ta+(1t)b)|dt}
< (B-ap {|w||[0,;],oo [ t15a+ - oo a

,1],00[ (1—f)|f'(ta+(1—t)b)|dt}.

2

+ ]

1
2
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Since |f’| is m—convex on [a, b], we know that for ¢ € [0, 1]

[/ (ta+ (1= 1)b)| =

Pt mlt =02 < 0lf @]+ m(1 -

()

)

hence
1 (50) [ o
< (b—a>2{||w||[o,;],m/01t {flf (@) +m(1~1) (i)H “
ol / =0l @m0 (£)]] ‘”}
< 2 gy (@i + 2| (2)])
ol (2r@emlr ()]}
Ao o470 < 000,11
and

P T

by using (2.2), we obtain (2.1). This completes the proof. 1

(2.2)

Theorem 2.2. Let f: I° C R — R be a differentiable mapping on I°, a,b € I° with a < b and
w : [a,b] = [0,00) be a differentiable mapping. If |f’| is m—convex on [a,b], ¢ > 1, for some fixed

m € (0,1] then the following inequality holds:

x)dx —f<a+b>/ w(z)dzr
(b ay ol +im |1 () '
= 4(p+1)1/p{” HO; oo(

+wlgy ( el ”q);}

4

-0y { rar s omlr >|q);+(‘°’f’<a>|q+m|f'<,z>|
01]

Mt

I}
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Proof. Using Lemma 1.5 and Hélder inequality, we obtain

/f x)dx — f<a+b>/aw(x)da:
(b—a)2{/oé /Ot (sa+ (1 —s)b)ds
+/; /tl (sa+ (1 —s)b)ds

(b—a)2{</0é [ (sa + (1 — s)b)ds

IN

|f'(ta + (1 —t)b)| dt

Fltat (1 wnﬁ}
dt) (A I (ba + (1 — )b )|th>1
dt) (/1 |f’(ta+(1t)b)|th>1}
(b— a)? {w”[o’;]m (/0 t”dt)é </ 1 (ba + (1 —t)b)|th>é

+lwlpy (/ |1 —t” dt> </;|f’(ta+(1—t)b)|th>;}

for %—i— % = 1. Since |f’|? is m—convex on [a,b], we have

/f 2)dz f(““’)/ w(a)de

o L

+ iy

IN

1
/ w(sa + (1 — s)b)ds

IA

3|e
N—
<
—_
QU
5
N———
Q=

( t1f (a)|* +m(1—1) (
( t1f (a)|* +m(1 —t) ::L)
1m{|n ( I+ s |f G )
4n||1w<“f D+l G )}

/Otdt/%( )dtm

Also
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This completes the proof. i

77 < 1, if we choose w(z) = 1 in Theorem 2.2, we obtain

1
Remark 2.3. Since (p%)p <1 and

the inequalties (1.3).

Theorem 2.4. Let f:1° C R — R be a differentiable mapping on I°, a,b € I° with a < b and
w : [a,b] — [0, 00) be a differentiable mapping. If | f'| is m—convex on [a, b] for some fixed m € (0, 1]
then the following inequality holds:

Vm2ﬂ>/ m—/f
. (b —4a)2 o min{|f’(a)| +m | f’ (;)

(2.3)

Proof. Let x € [a,b]. Using Lemma 1.6, we have

|f(a);f(b) /abw($)dx_ / " f@)w(e)de
< (b;“)Q {/01 /Otw(sa+(l—s)b)ds
+

1 1
[wllfo,17,00 {/O t]f (ta+ (1 - t)b)ldt+/0 1=t [f (ta+ (1 - 75)1))|dlﬁ}~

|f/ (ta+ (1 —t)b)| dt

/t w(sa+ (1 —s)b)ds||f'(ta + (1 —t)b)] dt}

(b—a)?
= T2

Since |f'| is m—convex on [a,b], we obtain

|W /abw@dx . /a” F(@)w(e)dz
O ol { [ ¢ 17 @1+ m01 -

+/01(1—t) 1@+ ma -
(@

(b—a)?
4

IA

(Gl
r ()

N2
= 2 o {100

Analogously we have

‘f()+f()/ dx_/f o)da

which completes the proof. |

<

7 (2] +1r ol

el 1.0 {2
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Theorem 2.5. Let f: I° C R — R be a differentiable mapping on I°, a,b € I° with a < b and
w : [a,b] — [0,00) be a differentiable mapping. If |f’|? is m—convex on [a,b], ¢ > 1, for some fixed
m € (0,1] then the following inequality holds:

f();f()/ /f

(b—a)’ @ +m ] (5] : m|f ()| + 1 o) :
< [[wl[{,1],00 Min ’

2 2

1,1 _
where5+5—1.

Proof. Using Lemma 1.6, Holder’s inequality and the m—convexity of |f’|%, for %—I—% =1, it follows

that
a b b
‘f();ﬂb)/a w(x)dx—/a f(z)w(z)dx

< (b2a)2{</01 pdt>;</01|f’(ta+(1t)b)|th){11
+</01 pdt>;(/01|f’(ta+(1—t)b)|th>;}

< O {( A tpdt); ([ [rrarsma-olr (2)]] dt);
(L) ([ fror ol ()]}

et @ el @)
(p+1) e 2

and analogously

f()+f()/ d:c—/f 2)dz

which completes the proof. |

/t w(sa+ (1 — s)b)ds
0

1
/t w(sa + (1 — s)b)ds

=

m| (&)1 )]
S LT l )

3 Inequalities for quasi-convex functions

Theorem 3.1. Let f : [0,00) — R be a quasi-convex function, a,b € [0,00) with a < b and
g : [a,b] — R be nonnegative, integrable and symetric about 2. Then

/ f(@)g(x)dz < max {f(a) }/
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Proof. Since f is quasi-convex and g is nonnegative, integrable and symetric about “T*b, we have

b b b
[ et - ;[ | retaan+ [ f(a+br)g(a+bx)d:v]
b

| —

- { / [f(x)+f<a+b—z>]g<x>dx}

(1 (=2 immn) s (320 220) o)
1

; { [t (@), £} + max {£(@). SO g(m)dx}

M| —

IN

b
= max{f(a), f(b)} / o(z)d.

This completes the proof. I
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