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Introduction. In a FINSLER space the arc-length of' a curve,
xt = x*(t), is given by the integral

XF(xl, Y L L N Y ) ' £ A

The function F is positively homogeneous of degree one with respect
to 't 2’2, ...., x/".

Prof. A. KAWAGUCHI? first investigated a space involving metric
tensors whose components are functions of not only ! and x”* but
of higher derivatives a//, ...., ™ as well. Accordingly we give
the name a special KAWAGUCHI space to the manifold associated with

the integral jF (x, 2/, 2", ...., x™)dt. He has developed the base
connections of order » and of dimension n in his space K¢ :

esl (8)(s)

v " (s s 1 (s) s 1
' = _Sdf = dﬂg + 3, p*p*—s{,p"p*®,

s=12,...., r—1.

H. V. CRAIG® and J. L. SYNGE® have found various intrinsic vectors
and covariant differentials in a special KAWAGUCHI space, where the

(1) A.KawAGucHI. [I] Die Differentialgeometrie in der verallgemeinerten Mannig-
faltigkeit, Rendiconti del Circolo Mat. di Palermo, vol. LVI (1932), pp. 245-276.

(2) See [I], p. 255. .

(3) H.V.CRraAIG, [II] On a generalized tangent vector, American Journal of Math.,
vol. LVII (1935), pp. 456-462; [III] On the solution of the EULER equation for
their highest derivatives, Bulletin of the Amer. Math. Soc., vol. XXXVT (1930),
Pp. 5568-562.

(4) J.L.SYNGE, [IV] Some intrinsic and derived vectors in a KAWAGUCHI space,
American Journal of Math., vol. LVII (1935), pp. 677-691.
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arc-length

s = jF(x, 2,2, ..., x™)dt

of a curve, x* = x¥(t), is invariant under a transformation of parameter ¢.

Recently Prof. A. KAWAGUCHI has defined the various connections
in a special KAWAGUCHI space whose metric is given by the integral

1
s = | {4 )" + B, o)) 7 at

by applying ‘‘SYNGE vectors’’ of the function A;x’/+ BW,

The principal object of this paper is to determine the base connec-
tions for a special KAWAGUCHI space whose metric is given by the
integral : :

. A A
s = s {A,-(x, 2 )x'"" "+ B(x, ', x")} Pdt

by a similar method to that of Prof. A. KAWAGUCHI; a problem of
equivalency between two connections will be solved and finally some
generalization will be attempted. '

The author wishes to express his best thanks to Prof. A. KAwaA-
GUcHI and Mr. H. HoMBU for their kind advices.

1. Notations and preliminary formulae. The symbolism to be
employed in this paper is set down in the following table :

; i . D ot o
pi= 9 e o B pe . 4 p

dt ’ der ’ dt®
_ oF _ 9F
Fay = Py Fi = paaT
i dxi — dt l__da n__ a

TTa T @ C T a dez '

(1) s = s {F(x,:v’, x'’, m”’)}%dt,

( 2) F = F(x, x,, x”, x’”) = Ai (x, xl)x”’i-*-B(x’ x’, x") .

1
(1) A.XaAwAaGucHI, [V] Die Geometrie des Integrals S(A.ix”i+B)? dt, Proceedings
of the Imperial Academy, Tokyo, vol. XII (1936), pp. 205-208.
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On the functions, F, A;, B, .... to be introduced bellow, notation will
be modified by substituting (7) in place of («): for the differentiation
with respect to the highest derivatives xz!** present.

The transformation of variables, x* = zi(z*), ¢ = t(f), gives rise to
the following equations:

F B =ai@), t= t(f).

x 32 0
2t = P{t*a, Pi =

8 e Q= ’c)a; » Py = 92 3™
(3) ) o = Pi#* @+ P, " 2+ Pii* o,

x'" = Pix*a®+ 8Pf, & &* &+ 3Pi&* ad' + P#,, %’ & & o
~ +3P}, " ael + Piita".

, ete.,

The transformation, x* = xi(x’), gives rise to following equalities :

3 (@) dxl-®i
(4) _( )%

ax(f‘))\

The EULER vector of the function F'(x, 2/, ...., 2™) is

(5) Ei=3 (- &

a=0 dta F(a)i ’

and the vectors introduced by SYNGE", referred to F'(x, «’, ...., x™),
are given by the following expressions:

e m (8—a)
(6) Ei=§(-—1)“+1<'8)$(3 D Fex, a=0,1, ..., m.

Finally a KAwAGUCHI derivation® along a curve for a vector X*
[+
referred to a vector T;(x, x/, ...., ) or SYNGE vectors E; respectively
are given by the following formulae :

(7) 5:J(T)XJ = ﬁl(? )Ti(a)ij(a_l) ’ l = 1) 2: ce -‘r D,

(1) See [IV].

(2) A.KAwAaGuUcHI, [VI] Some intrinsic derivations in a generalized space, Pro-
ceedings of the Imperial Academy, Tokyo, vol. XII, pp. 149-151; [VII] Certain
identities in a generalized space, ibid., pp. 162-155.
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2m-a-l o

2m-a o
(8) D ()X = 5 () Bis X707
B
and, in particular, for a tangent vector z’* the latter reduces to:
(9) B e = s B3RP HE

2. Determination of base connections. It is proposed to deal
with a special KAWAGUCHI space of order two and dimension 7, in
which space the arc-length may be taken as

SR
(1 s = SF”dt,
where
(2) F = Az, ")’ + B(z, £/, ") .

CRAIG has showed that the invariance of the integral (1) for a
change of the parameter ¢ implies the following identities in 7, ®’¢, 2’’¢
and /"%

(B)x(s P = pSLF, p=1, 2,3,

a-p

8i being KRONECKER's delta. It may be interesting to write out these
conditions explicitly :

A;x"=0, Bupx'+ 342" =0,
(A" + Bay)x"*+2Bux' + 342" = p(A:x'"*+ B) .
These are equivalent to:
I Aix"' =0 s BG) w"'+3A¢x”" — ,
(10) i . .
l A;jpa’ = (p—8)A;, Buix'*+2Bua'"* = pB.

According to equation (2), the transformation, x* = x*(od*) gives rise
to the following:

A; 2"+ B = Ay(Pix""* + 3P}, x'"*x'* + Pf,x*x'"2')+ B
= A,x""*+B .
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Hence we obtain:

A;P§ = 4,,

B+ A,3Pi 22" + P, x"* 22"y = B,
so that:

AP} = A,, BuPiPi= Bow -
Hence one obtains:

The expressions A; or A and Buy are respectively the components
of a covariant vector or the components of covariant tensors.
According to equations (6), one obtains the SYNGE vectors
E; = 3A,-(,-)m”"+ 3A.,-(o),-x”'-B(,-) ’
1’17« = (8Aiwn + Aiy—2Bw»)x""” + Bayi—2Bu)a;i®'"?
—2Bw@it” +8(Aim o 2" 2" + 2Aip o2
+ A jon® 72’ + Ay’
I?Ji = (Ai + Aiey— B @)™V I —Bay@w ' a"*
11) +(Ajom +3Ainam—2Bumonr x"*
+ (2 A0 0k + A or—2Bu @ or)e’ " x*

+ (Asoi— Ajoi—Bami+ Bayw)a'"”

2

+ Ai(j) 0 x’/jx/’kx’,l + 3A‘L(j)(k)(0)l m’/jxllk x/l
+ BAimyor—Bwm i )" 2" + 8 A @ won I x'* 2"

+ (840 iox—2Buyy sr)x"? &' + (Bay: yi— Bwy o) %™

+ (Ai@ i kon ™ 8" — By ior %" + Bayi ©3)%" — By .
By a short calculation we verify :
2 . 1
Ex"=0, E.x" = pF'.

Under the transformation of the parameter, ¢ = ¢(f), these vectors
are not invariant but are transformed as follows:
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2

2
FE; = 'E'@-a’”'2+3(p—2)'A,-a”—4a' ,
1 1 2
12) - E; ="E;a* '+ (2p—38)'E;a*3a + 8(p—1)(p—4)' Aia®Pa?
+(B8p—4)'A;a”%a” .
As A, or By are the components of a tensor, the expressions:
(13) Gi; = 8Aim + Ai— 2B

are also the components of a covariant tensor. Therefore, if the deter-
‘minants | A;j»| and | Gi;| are different from zero, the two following
covariant vectors are obtained :

2 3
(14) 2t =g+ Az, &', 2", o= 2"+, 2, x),
after rewriting (11) into the following forms:

2
—]-—Ei = A‘i(f)x”j'l' A‘i(xt x’: m”) ’
(11) 8
E; = G+ I(x, 2/, "),
where

Gi;G' =8, Aip A" =8}, A= A%4;, I''= G"I;.
After a short calculation we get:

[ Aipa'*= —A;, Aina” = D—3)A:;

(15)
l Gijx’i = ij ’ Gi,-x"' = (3p—-4)A, o

Accordingly one must exclude the case for
p=0, 3, 4/3.
By applying a KAWAGUCHI covariant derivation to a vector o*

2 1 1]
referred to the vectors E;, E; and FE;, we have:

dv?
dt
+ (BAinw ®"*—Bumi+ 34ini+ 3Ainora™) v,

2-1 2 .
Dyi(EY = 2(8A:y) — Bay»)
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dv?
dt
+{ Bayin—2Bomi—2Bamxm " — 2B o 1o &

3-2 1

Di(EY = 3(3Aip)—2Bwup+ Aiw)

(16)
—2B @i "™ + 6 Aiya 8"+ 8(2Ainor ™ + Ase)} v,

48 0 J dvj 1477

Di(E)y’ = 4(Asy— By + A.?'(i))—dt— +{—2Bu@we

+ (Aiy 0 + 8Ainw —2Bay@mw)®™® + (2 A i 0r— 2B ¢y o

\ + Aip @)™ + (Ao~ Asoi—Bowi+ Bai) } 7 .

v

In these equations "the coefficients of d

besides numerical factors are

respectively :
i = 3Aip—Bww, Ci=Ain—Bwuw+4iw,
Gi; = 34 + Ain—2Bu -

From the above equations ‘we have identically :
Eya’t =0, Cya' = Cux" = (p—1)A4;,

hence without the cases for p =0, 1, 4/3 and 3, if the determinant

|&i;] is not vanished identically we can solve the equations (16)2 and

(16)s with respect to v’ in the forms:

dt
1 i 1 )
DE)Y = %+ I, o, o,
17
O, i dv* . P NS G % PN
D(E)v: = —aT+ I, o, &' )x'"" v + Tz, o', ') .

Contrarily we cannot solve the first equation of (16), because the
determinant | &;; | is identically vanished.

But unfortunately the vectors (17) are not invariant under the
transformation of the parameter {. Now we propose the problem of
how to define a covariant derivation of a vector invariant under the
transformation of the parameter t. This problem is solved by using
the elimination method.
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We take any vector v in the special KAWAGUCHI space whose
components are transformed by the transformation of variables,
x¢ = xi(x*), t = t(t), as follows: ‘

vt = Pivatl,
where t is an integer.

Now a covariant derivation of a vector in case for p = 3/2, can
be defined, i.e., we have a

Theorem. The expressions
(18) Svi = dvi+ I, v de® + L T dt
or

18%) &' = dvi+ ITj v de* +E TIvedt

are the components of a contravariant vector, when the determinant
| Hi;| s not vanished, where

L R
I = I'Gan—H™ I Ity »
N . 1/1 . o)
(19) IT; = 'S“Pén—'H’" I'dyaowy » = Eﬂﬁ)—ﬂz’kx"‘ ,

—_— h ik — sk
Hij = I'lhow, HaH™=28.

Proof. Under the transformation of a group (38), in the case for
p = 3/2, the parameters I'* are transformed as follows:

I = P I 6*— 8Py, 5 " a*—3Pi#" aa' — Pf,, 5" &" &" &

20 . . 8(p— — 2
(20) —3prfbld?”aa'——Pi‘i}la”+3Pi3(p 1)(p—4) :i’)ka——-a'cla") .
, 3p—4 a '

When the equation (20) is differentiated with respect to #*, and then
with respect to x* or #*, one gets respectively :

(21) [y Pia = Pilyyo*—3Pj,i*a*—3Pjd
and

(22) IanPiPi+ %Fé-me{(2P§wb”a2+Pfia’) = P{I ayu — 3P

1) This was introduced by Mr. H. HoMBU.
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or

(23) IwmPiPE = lP?;P(X)(u) .

a

Hence I{)u) are the components of a mixed tensor of order two for
covariance and of order one for contravariance. Again differentiating
both sides of equation (23) with respect to &, we have the equalities:

I'éwanPid+al $aam RPlL&° o+ Pla') = I'd)way PiQ} Q% .

By the hypothesis that the determinant | Hj | is different from zero
the above equations can be solved with respect to 2P, #°22+ 2Pl ; i.e.,

(24) 2P}, %°d*+ Pld = %Hm(r(g)(u)(l)v Qi—IhwwPId) .

When both sides of equation v* = Pjv’a! are differentiated, we have :
(25) dv' = Pidv*at +Pi v drtal +1Piviat-1ddt .

Eliminate the quantities P§, and <’ in equations (21), (22), (23), (24)

and (25) and replace the expressions %-(I’("ml)k——H "¢y L oyamaw) and

—g'—f‘(f,)—H %I bywms by the notations IIj and I7i; we obtain:

26) . { 80 = dvi+ I1j,v9 da* + £ I3 dt
= Plat(dv* + II) v dx’ + L I} v* dt) .
Analogously the other part of the theorem can be proven.

Now we can modify the above theorem for p==3/2. That is, in
this case if it be assumed that determinants |my| and |2:;| are not
vanished identically, it is sufficient that we put :

. I . :
199 1T = Egj’(ﬁﬁmm'—A”u)k(h)'lr(m)u)z'"m"'— I TP T e %)

a9). II=— 9n(2p3f§)?p—z) (=B Ao i)

where
& =TIa®, == A%, Twm=7rom, 7"m=238",

;= AG,+88, i, = 8.
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Proof. In general, under the transformation of a group (3) the
parameters I are tranformed as follows:

@V) I = PiIa*—38Pf,# &" & —8Pi% ad’
— P, & i & 8 — 8P, 3 &* ad — Piic* o'

+ Pf{(2p—3)G“’1427 ar +8 (p—1)(p—4) @ o ——:i:"a"} .
' " 310—4 a

When equation (20’) is differentiated with respect to #* and #* is
multiplied, we obtain: ‘
(A) Iijyx'a = P{I)%°a®—8Ps, &°i* a®
6(8p*—12p+11) ..,

+ P} 3p—d &t aad’ ,
i.e.,
2__ . .
(A) M= Pi‘jlla2+6(3p 3 122-‘- 11)P{9’0"a'—3P,,’pd;°d7“a2 .
p——

Differentiating equation (A’) with respect to #*, #* and &* successively,
we get:

B) My wrPLPPPEd®+ Afyoman PL. P 2Pl 3°d? + Pld')d?
: = P{ AGy@aw -

When equation (B) is multiplied by @ and contracted over j and %,
equation (B) can be immediately solved with respect to 2P%,4°a*+ P¥a’:

X : w 1 '
(C) 2P{i,x (l2+PIfa’ = 'n‘lk(Ql W(u)(l)y?— -_ w(l)me{”a> .

If equation (A’) be differentiated with respect to #* and &* successively
and relations (C) be applied we obtain :

. . . ' 1
(D)  AipanPiPLa® + Al Wml(Q:n'”(v)u)u*—e—'—W(m) wxPta )Pfa
(74

. o 1
+ Al anPh W’""(an T(@WA_g~ T Tom) D Pla

; 1
+ Myw 7™* (an'"(o)un7—7r(m)(l>h Pla)n?

< 1
x (QZ T 5 @ arPra

_ - 2(11‘&) +38;’;)P{‘ua2+P€A(‘{)A(1)ua2 .
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After a short calculation, remembering that =; and ¥%; are the com-
ponents of tensors of weight four and zero respectively, we get:
E) Pi, = —11}; P{Pt+ 117, P},
where [T} are given by (19');.

On the other hand, differentiating equation (A’) with respect to
z* and applying relations (C) we have:

9(21);3)(2—2) na’ = —A(i,_,—a-*./l(‘{)vaz—ﬁfkwlk./](z)(l)ja+8).‘ \,77'"”/1(“)(1)102 ’
0 —

ie.,
(P d = —Ila+'lla?,

where I7 is given by (19’):. Therefore a covariant differential is
obtained of the same form as equation (18).

It is time to introduce the base connections in the special KAwWA-
GUCHI space with which we are dealing. Two classes of vectors are
defined, a vector belonging to one of the classes defined along the base
curve and finite, and a vector belonging to the other class not neces-
sarily defined along the base curve and infinitesimal, i.e. :

@ : . X
{ x' = '+ I a " + [,

(27) @ @ @ )
= "+ I '+ 2[Tx"
and o
Szt = dx" + ITjx" dx*+ ITx"*dt ,
(28) ) @ @
8% = dat+ [15, 2’ do* + 21 x°dt .

) . @
Thus the components of the contravariant vectors 8x° and &x° are

invariant besides powers of « under the transformation of the para-
meter ¢, and along the base curve they reduce to (27). Hence one gets:

Equations (28) define the base connections in the KAWAGUCHI space
of order two and dimension n in which a arc-length of a curve,
x* = x¥(t), is given by the integral (1).

3. Curvature tensors. From equation (26) we have:
&' = dv + TSV dx* + E [hvidt

= oordnt+ 20+ 2+ OVt 4 11 et + T e
x x x
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In the above equations according to equations (28), we substitute for

) @®
dx" and dx’”’ the expressions 8x* and 8x!; then we get the following
form :

o' = {21; + I — o IIx”‘+ LA — Qg [ x'h—2 ov* -thﬂxh}dt

Py /"t ax'"
,v‘i arv’i . a'vi . . ]
{ 2xh ——W[]}hx’-"—‘w(gklﬂz_gkl,yﬁ‘[]jmhx'o
e L hV 32’ aw”‘ i
< @
+ a::ﬂ Q;téx"
where
(Z)i .
Vi : :'h Son® P+ [T o' + I, " + Mg + 118},
(2)i
Bh = ::h = Ion® 2™ + 1] na’""”(o)hx"
(2)1,
Lo = 8?;/;7 = &+ I 2" 2" + Iy 2" ,

and we assume that the determinant | 27, | is different from zero and
put

Q:rQi, =8, Q:r0k, =8

We pﬁt:

- . i i . )

(29) Prvt = :;’h — Zz" I a/i— (@ T 20 — Q5o I '3
+9; l,s,,) ,,t T
. 1 . 3 o
(30) vVh'U = r"  oa” Litod
2 <

31) pavt = 22 gt

ax”l
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and

0 :__ 3 9t vt
~ (32) Fovt = ETREr IIx'™" + o 2ty Loy 12"

3 . (2) P
2av”l .th”a;h“l"f”'v .

0
But we can prove that Fv* = 0. In fact, v* are the components of a

contravariant vector of weight f, therefore we can conclude that »*

do not involve the parameter ¢ explicitly. So that we have: 27: .
@

On the other hand the vectors v* and * are invariant besides powers

of a, under the change of parameter ¢, so that we have:

o i .
8'v xli gy 9 9V ov* L _@_.xfg =0,
B’ dx’"? ox
() (2)
i ‘. @ o o @
aa Tt +2 aax,—;,- a' =2z, ie. yix¥+20i;x" =2x".
@ x

I.e. substituting the above relations in the equation (82) we have im-
mediately :

' 0
(82" rvi=090.

Now let the calculation of the curvature tensors be considered.
When equation (29) is written in the following form:

i vt vt vt
(29’) Vh'v —_— ax" - ax” AZ a " Bh+ ,,'v’

where @
Al = 127, B, = Q,'8k—Q; ok Iltx"’+ 9} II
= Q' Bk—02; vk AT+ 2} Hhm’
one obtains

i 9" 9B} m 0B} 9B, .
FrPr—PrP)v* = ax"‘( ax’[‘,]l_l—A ‘f-+mﬁj—+11[hk13£-)

a'v"{ A} m A} ] m aA Al r Al
+ S\ ax,["]' + AR x" + Bp: P + I AL

a”.?[h Am ”I S4h51n] Bm 8III:Hh] +Hli[k Hlfilh]_”;:ln[lhk]) ,

+7
2aM '™ K
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so that it follows

FrPh—F P = Ry vﬂ+S,,,,‘mv*+T,,k‘Vw‘
where
1 eved H" ma”i~ mBII' 1 ‘7i 1 <
E‘thk = ——aaa;k[]h — Al —8;;%”_3[" aa;/’;l,: + I 115 — 115 Ll
1 AL aA A}
=Sl = —__5’1+Am + Bf;, —L2hR] + I1i};: 1AL
2 hk dxX dx/m e 3a’rm dx//™ hk]
and

l .
- (=t e 2 )
1, |
+¥ S..lo
z'ﬁ hk

Similarly one gets, when he puts C{ = 2/},

1 1 . L. 1 2
PePav*—Palpv* = Kipp* v’ + Quilriv' + Wiitlrivt,

where
Kt = Cla‘;];’;; Z;],’Z‘ ’
Qiit = — M+ S5k —CF 25k
and | ~
—cr :B,i +cvg*‘§;; C«Cmg*‘}f }.

Analogously one can get all the other curvature- and torsion-
tensors. Among these tensors there exist many identities, for example,
the tensor Rj;.® is skew-symmetmc with respect to two exterior indices
and also the tensors S;;} and T;ik are skew-symmetrlc with respect to

two lower indices.
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4. Problem of equivalency”. Now let the problem of equivalency
of two systems be considered :

(33) Ses 11 84 1), '11,
under the change of variables
(35) x=z(x*), t=1t{).
Insfead of (35) the prolonged group :
o = x(@"), ¥ =Piya,
(36) 2t = Piz* @+ Piy y*d+ Piy'd ,
| =t@), dt=a'df, o = aa
is considered, where
y=ot, Z=2", Y=, 22=4%.

In the first place, it is recalled that among the tensors associated
to system (83) under the infinite group (36) there exist many vectors
1 2 -0

as @Q.i.% Sii¥, .... and the operators s, I», Fx, ¥ permit the deduc-
tion from each of these vectors of a set of new covariant vectors as

rQi.k, PPQii% s veeunn..

We suppose that among these vectors there exist n linearly independent
vectors which are indicated by the symbols

a:, a=1,2, --o-,n,

where the Latin index designates, as usual, the components of a vector
and the Greek index serves to distinguish the vectors. We introduce
the following Pfaffians each of which is the components of a contra-
variant vector: ‘

®

(37 ot = dyi—z dt + 11}y (dx* —y* dt) ,
3. m. OB S, .
o’ = dxt+ T2’ do* + Izt dt ,

1) Cf. W. SLEBODZINSKI, [VIII] Sur deux connexions affines géneralise’e.s, Prace
Matematyczno-Fizyczne, vol. XLIII (1986), p. 20.
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and
o' =ydt, o =de*—y’di,
(38) Y et = d - ’dt+11 VY (dx —y*dt),
| 3 = da> II’,}yx‘*dx +' [ dE

and we put:

0 0, 1 1, 2 2. 3 3,
(39) ' =qa;0*, II"=0afew', II°'=0afe', II°’=ale'.
Thus we have 4n 1nvar1ant forms of the system (83) to which we add
the parameter dt and «’.

Therefore if system (33) and (84) are equivalent under the trans-
formation of form (86), by this change of variables each of the expres-

sions 17“ p=20,1,2,3 correspondlng to system (37) must be trans-

formed into each of the expressions ’ 1[ * corresponding to system (38).
Hence one obtains:
| RN S ST S Y S ) &

( 40) { = ’ = ’ = ‘ a, = a,

dt =a'dl, o = aa.

. Reciprocally suppose that when two systems (83) and (34) are given,
there exists a transformation of variables «%, ¥, 2%, ¢ into «*, ¥*, 2*, &
which realises the equalities (40), then it can be proven that this trans-
formation of the variables is of form (86) and transforms system (37)
into system (3838). Hence the problem of equivalency of the systems
reduces to that of the equivalency of the Pfaffians.

In fact because of the equatlons (37), (38) and the deﬁnltlon of the

forms II° the equalities e =11+, I1* = ’11“ e = ’lI“a, I* ="I1*a
give rise to

g tdt = a2 )‘dl,
41) {ay ayy

ai(dxi—ytdt) = "ai(dx*—y*di) .

Because of (41) it can be concluded that ¢ = #(f). A short calculation
shows that in the change of variables which realises equalities (40), the
variables z* depend only on z* and ¢. But it can easily be proven that
variables z¢ do not involve ¢ explicitly, hence one obtains:
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= x'(x)
and ) .
drt = Pidx*.

By substituting the dx* in équations (41) by the above expressions one
obtains:

(a; Pi—'a3)dx* —(aly*—'asy*a)dt = O .
As the variables z*, ¢ are independent, one gets:
(42) ‘a = aiPi, 'aiyta=aly'.

By the substitution of the expressions ‘af in the equation (42); with
the equation (42);, one obtains:

a}(y'—Piy*a) = 0. '

As the vectors a? are linearly independent by the hypothesis it follows
that

(43) ¥ = Piya.
Hence by means of equalities (40)’and relations (43) one obtains:
dxi—ytdt = Pi(dx*—y*dt) ,

dy* —zidt + 113,y (dx*—y* dt)

= Pia(dy* —2*dt + IT), y* (dx*—y* dt) ,
(1. . . o @ .
dx® + 113 0 doe® + [T dt = Pia(dx* + 11), x* dx” + ' ITx* dt) .

(44)

As dxtf—y'dt and dt can be regarded as mutually independent, by
equating the coefficients of dx’—y’dt and dt respectively in the both
sides in the equation (44):, one obtains:
45) { I{j@P{If{z + P§, = I, Pi, |
2t = Piz*d+ P}, vy’ y* 2+ Piy*d .
Finally according to the equation (44); and (45) one obtains:
o = —Ila+'lld.

That is it follows that the systems of the equations (37) and (38) are
equivalent under the transformation of the variables (36).
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Thus the problem of equivalency of the systems (83) and (34) with
respect to the transformation (35) has been reduced into the problem
of equivalency of two systems of Pfaffians. As to the latter problem
the general method introduced by Prof. E. CARTAN®Y? can be applied.
Therefore it may be unneccessary to repeat the arguments

But our reasons are invalid when it does not give 7 linearly inde-
pendent vectors of the system (33). In this case we need a special study.

5. Some generalization. Now the author will determine base
connections in a special KAWAGUCHI space of order m—1 and dimen-
sion n where the arc-length of a curve, 2* = xi(t), is given by the
integral :

, L
(1) s= j {Ai(x, ®, ..., xmD)gmr L B, 2/, ..., w(m“l))} pdt.

CRAIG’s conditions for the integral (1’) are given by the following
identities :

(10’) §<f)x(p-P+l)iF(ﬁ)i = pagF’ P = 1’ 2! ceesy M,

where
(2’) F = Ai(x, -’E,’, eee ey x(m'2))x‘m)i+B(x,' x’, ceen, x(m—l)) “

The equations (10’) are equivalent to

2 B “f'm’A:w)z (p—m)A;,

m-1
> B2 By = pB,

f=1

m-—

( )x(ﬂ PH)“AJ(B)‘D = 0 P> 1,

n-p
B)x(ﬂ PHEB o +( )x(m“""l)‘A =0, p>1.
s-p

At first we have a

Lemma. A;, A« and Bgyy are the components of a vector or
tensors.

(1) E. CARTAN, [IX] Les sous-groupes continus de tranformations, Ann. Ec. Norm.,
vol. XXV (1908), pp. 657-197.
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Proof. Under the transformation of co6rdinates from equation-
(2’) we have:

A;x™+ B = Ay(Piz™*+ RY)+ B = A,z™* + B,

where we indicate by R’ the rest in expansion of 2. From the
above equation we have:

.4; = Azp;f ’
and also
' B=B—A;R,
therefore o _
By = Boyw Q: Q4 -

Before determining the base connections we introduce SYNGE vectors
which are defined by

(6') E: = 3 (— (B )Fgie-.
a

f=c

Particularly, in this paper,

e d m—1) d?
(6,,) Ez‘.= (__1)m {F(m—?)i_(m —I)EF(m_j)i +m( 2 ) dt2 Aq,} +....

=~ { Ao — 1B + MM =D 4 aemir 1
plays an important role, I; involving ¢, %, . ..., 2% Y% only.
We put:

Gy = Ai(,-)——(m-—l)B(i)(,-)+m(—m§:1~)Aj(,-, .

Evidently G; are the components of a tensor and, in general, the
determinant | Gi;| is not vanished identically. And we assume thls,
then we can define G by relations:

Ga G = &, Gi;GY = 8t

Owing to this assumption we can solve the equations (6’’) with
respect to x™)X, that is

(46) (_l)m%f Gt = g4 ;G = 2 g, 2, ...., 2™ D) ;
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we put
, (m) . .
(46") Xt = x‘"‘”+‘1”(x, 2, ..., xm D),

The expressions (46) or (46’) are ev1dently the components of a contra-
variant vector.

Now the base connections can be defined. We have an important

Theorem. The expressions

47) Sz =

4 - (m-p)i 4 (e~p)j
(47) . o dx - (m)u-P( )I(a), AN

(p=1’ 2, e s sy m—l)
are the components of a contravariant vector.

Proof. According to (46’) by a transformation «f = zi(2*), one
obtains:

m (m) (m) B
Z ( a ) ( dp@-Pi = ( ) 2 Pz x(ﬁ)u cx dxte-r7
Cmp P u-p Bmot a (®)d

m B (m) B-a)n
=31 33( %) (8)pise, 2 aaens

(m)

m B P ax(a 8w a—
— P‘x dpte—e
S(8)pszan 5 (20)

8 ax(ﬂ—p)u

m (m)
= 3(#)Pisa 3
pep

(x-p)j
ax(a -p)g -

. m (m)
= P35y (*)a@deer
e=p \ p

It may be interesting to write out a few of the expressions (47')
explicitly : '
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1), 1

8x* = da"* +—TIyda?,
m

(2) . — . . . B
st = o+ ML radeir L, des,
m m

(3)

Sxt = dx''" +(m—1)(m—2)[7i dx'’d + m—2 TE o da’
1 .
+_7;‘n:n—3)3dw ’
(m=-1) | . 1 m-1 i i
8 x‘b -_ dx(m_l)t_l'-? Ela['("&)jdx(c‘-l).? .

Hence: The expresstons (47') or (47'’) give the base conmections

.in a special KAWAGUCHI space of order m—1 and of dimension n
Kyﬁm—l) .

Along the base curve the equations (47’/) become:

@) ) 1 .. .

x =" +-— T,
m

g'l = iy m—1

] ) 1 . .
I'Gx'"? +—m I G927,

x = pViy (m—l)(m_z)Fé, x'"" + —m;z['(:;z_g)jx”" +7lz—nfn-2)j$'j ’

2m
(m) 1 mel .
xt = glm) +Mm az_lar(i)jx,(“)’ .

The above expressions are the same vectors as those introduced by
Prof. A. KAWAGUCHI?V, - :

Now a covariant differential of a vector in K-V can be defined,
namely we have a

Theorem. FExpressions

m

X -1 . )
(48) vt = dvt + L'u" 21 al Gy a); At~

m

(1) See [VI], p. 149 and also [VII], p. 153.
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are the components of a vector, where v¢ are the components of a vector
in KMV,

Proof. From the equation (48), by transformation «f= zi(z"),
we have:

. 1 L=l o -
dvi + . U 421 al Gy oy dac®=1

= Pidv*+Pj, v da’ + ;%v > ' Pt Tymida™™

= P;fd?)u'f'Piuv“dx" + ':).?, —9 LQ(P P(q\;)_mPﬂyx )( o)F dx(“ g

= Pidv*+ P v*dx’ + —;Tv" PjIyay dae’—v™ P, dx”

1 m=-1 . _
+ =" > aP§ I'hy@;de®
. m a2

1 _ﬂm_—;‘l Fu d (e—1)Ar
— azia (m)(e)r QT .

= P} {dv"‘ +
m

But unfortunately these expressmns are not invariant by the change
of parameter ¢.

October, 1936.



