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§1. Introduction and results

In this paper we are concerned with an existence theorem of a solution

ucH, . (R'x Q) of the boundary value problem (P, B):
P(x, D)u(x) = f(x) in R*x 2,
B(z, D)u(x) = g(x) on I,

where feH,,(R'x Q) and g€H,;,(I"). Here we assume that P is an z,
-hyperbolic 2x2 system of pseudo-differential operators of order 1 and B
is a 1x2 system of those of order 0 on the smooth boundary I' of R'x£.

While we try to extend the results in [7, section 7] to more general
cases being inspired by the works of R. Agemi and S. Miyatake [6],
we find that there are certain gaps between L?-well posedness for (P, B)
(see [4]) and their conditions which is described in terms of symbols of P
and B. In the present note, applying a concept of modified symmetrizers,
we shall clarify the differences mentioned above and difficulties of mixed
problems for hyperbolic systems. By localizations and coordinate transfor-
mations we may restrict ourselves to the case where

R'xQ2 = R*" = {x = (2, z,); xn>0} ,
I' = {(x’, 0); £’ = (x,, :c”)ER”}.

Let (z, 0, A) be a covariable of x=(xy, 2", x,) such that Im r<0. We assume
that symbols of the principal part P° of P and B are independent of x
if |z| is sufficiently large, homogeneous in (r, 0,2) and (r, o) respectively,
analytic in = and the determinant det P° of P° is an z,-strictly hyperbolic
polynomial of order 2. Moreover I' is non-characteristic with respect to
det P° and B(x/, 7, 0) is of rank 1 for any (&, 7, )€ R* x(Cx R"\0). Finally
any problems (P, B), obtained by freezing their coefhcients at xel" are L’-
well posed.

As it is well known, the difficulties in our problem (P, B) arise from
the following: there is a point (2% 7° ¢°)€l” x (R*\0) such that the char-
acteristic equation det P° (z° 7°, ¢°, 1)=0 has a real double root 2=4" and
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the Lopatinskii determinant L (x° 7% ¢°)=0. In a neighborhood of such
a point (2, 7% ¢°) L(2, 7, 6) can be written in the form:

L<x’, {+0(x, o), a> = (‘/T—D(x’, o))l(:c’, v, o) .

Here we shall use the same terminologies as in if there is no ambi-
guity, but we denote by ¥ { the branch of square roots of { such that

Y1 =1. Now we shall consider mianly about the following condition :
In some neighborhood of the point (z°, ¢°) described above

Re D(zx’,9)<0 in the case (a) or

(L) , .
Im D(x',6)>0  in the case (b).

That is, for fixed («/, o) the analytic continuation of L (x', {+6(Z, o), o)
through the half line {€; £>0} or {{; £<0} does not vanish in the neigh-
borhood of 0 up to and except the half line {{; {<0} or {{; {>0}, accord-
ing to the case (a) or (b) respectively.

Then we have our main

THEOREM 1. There exists a modified symmetrizer iff the condition (L)
is valid.
(For the definition of a modified symmetrizer see section 3.)

THEOREM 2. Under the condition (L) the problem (P, B) is L*-well
posed.

The plan of the paper is as follows. In section 2 we remark the
necessity of the semi-definiteness with respect to the symbol in the sharp
form of Garding inequality and the decomposition of the Lopatinskii deter-
minant. In section 3 we give the definition of a modified symmetrizer and
construct a suitable one in order to prove [Theorem 1. In section 4 we
prove by obtaining an a priori estimate from the existence of
a modified symmetrizer. Finally in section 5 we describe the necessary
and sufficient condition for (P, B) to be L:-well posed in terms of D(s) in
the case of constant coefficients and give a sufficient condition which is

also valid in the case of [2] and [6]

§2. Notations and lemmas

I. In this paper we use the function spaces with a real parameter
r (r+0), H, (R, H,,(R") with norms |||+, |-|s, and ihner products
(*5 *)am <+, - Ve, respectively. Hereafter let t=7—ir and regard neighbor-
hoods of 7° as complex those even if 7° is real. Furthermore let X_ and
02_ be the open hemisphere {(r,c)eCxR*™"; |z|*+]|o|’=1, Im <0} and
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its boundary respectively.

Then we consider the same symbol class St =.5% (R x (C_ x R*\0))
of pseudo-differential operators with positive parameters x, and 7 as in
and denote by S%(U) the set of all restrictions of symbols in S% to an open
set U of R¥"'x(C_x R*\0), where C_={reC; Im r<0}. We denote by
a(x, D) simply the pseudo-differential operator a(x, I, ) corresponding to
a(z,n, 17, 0)€S%, which is always denoted by a(z, 7z, o). ‘

LeEMMA 2.1. Let A(x, 7, 0)€S% be hermitian and homogeneous of degree

k in (r,0). For a point (x°,7° ¢°)€l’ X 0X_ there exist its neighborhood U
and positive constants C, 7, such that for any 1>7, any uceH, ,.(R%") and

a ¢(x,t,0)€S% with supp ¢ N R xI_CU the estimate
(2.1) Re (A(x, D')p(x, D)u, p(x, D)upo, > —Cluli ,
2

is valid for u=u(-, x,), tff there exists a neighborhood U,(x’, t°, ¢°)C U such
that for any (z,t,0)eUNR ' x3_
(2.2) | Alx,z,0)>0

Proor. It suffices to prove ‘only if’ part. Let ¢ be real and ¢(x° °,
6°)#0. Replacing A by A¢* and du by « in (2.1) we may consider only
the case where ¢=1. Using the coordinate transformation x=¢y(¢>0) we
difine A,v by

Ay, Dy)v(y) = *(A(x, D))u)(ey)

‘where u(x)=v(¢'xz). Then the symbol of A, is A,(y,0, 0)=A (ey, 0, »),
where (6, ») is a covariable of y=(y,, ¥"), =—Im 0, (0, ®)=(er, es) and
P=¢l.

Since for any fixed x,>0

(A(x, D)u, u),, = &*(A.(y, D,)v, ),

and Iuli__l,r = " o|io,
2

P

it follows from (2.1) that

(2. 1y Re (A.(y, D})v, v)o,> — Clelv|i,

2 0

for some C'>0, any @>¢7, and any vEH,c,,,(Ri“). Therefore letting e—0
in (2. 1) we see that

S<A(0, 6, )96, 0, 1), 00, 0, .))d(Re 6)dw >0,
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which implies that A(0, #, ©)>0 for any (§, w)€C_x R*'. This means (2. 2)
at x=0. Similarly we have (2. 2) for any fixed x.

II. Now let (z° 7° ¢°) be a point in I' x33_ where 2° is a real double
root of det P°(z’% 7° ¢°,2)=0. Then we recall first the following facts a)
and B) (see [7, section 3 and 6]).

a) There exist a neighborhood U (x’ 7° ¢°) and functions i*(z, 7, o)
continuous in U such that

(1) Im 2*(x,7,0)=0 if Im <0 respectively, and
(i) det P°(z,7,0,2%(x,7,0)) =0  if Im r<0.
Furthermore, they are represented by
(a) =z, 7,0) = Az, L o) F AL &z, C, o)
or
(b) iz, 7,0) = Az, &, o)+ iV Xz, &, o)

according as the normal surface cut by x=2° and 6=¢° is convex or con-
cave with respect to r at (z°, 2°) respectively. Here {={(x, 7, 0)=7—0(x, o),
# is a real valued smooth function of (z, ¢), analytic and homogeneous of
degree 1 in ¢ belonging to a conic neighborhood of (2%, ¢°) and 6(x°, ¢°)=1".
Furthermore 4, 1, and %, are analytic in ({, ¢), real for real { in a conic
neighborhood of (2%, 0, ¢°) such that

(x, 7—0(x, o), 0) € SE(U(a?, 7, 0°)),

12<x, r—0(x, o), 0), 25(.2:, r—0(x, o), a) e St (U(x", % a")>,

A (x° 0, 6°) = 2°, 4(x%, 0, 6°) >0, 23(x", 0, a°)>0
and ¥ denotes the branch with negative imaginary part when Im {<0
(this branch is different from the one in [7]).

Hereafter we use the following notations :
r=9—il, {=rt—0(x, 0)=e—il,
4= (leP+loP), o =47 and etc.

Furthermore we denote a(x, {+8(x, o), 0) also by al(z, ¢, o) for (z, {, o)
belonging to some neighborhood of (z°,0,6°) and conversely we do b(z,
t—0(z, ¢), ) by b(z, 7, ¢) defined in a neighborhood of (z°, 7%, ¢°). Moreover
b(z, ¢, 0)€ SE(U(x 0, ¢°)) means that b(x, 7, ¢)€ SE(U(x’, % ¢°)) for the cor-
responding neighborhood U(z?, 7°, 6°) and we denote boundary points (&, 0)

by .
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Finally we assume that
P(x,7,0,2) = 2I—A(x, 7, 0),

Whefe I is the unit matrix, the symbol A(z, 7, ¢) is in S}, homogeneous in
(7, ¢) and analytic in .

B) There exist a neighborhood U(2’, 7°, ¢°), 2-vectors A'(x, 7, 0), h"(x,
r,0) and a matrix M(x, 7, ¢) which are smooth in (z, 7, ¢) and analytic in
r such that for every (z, 7, 0)€ U(z’, 7° ¢°)

(1) h'(x, 0(z, ¢), ) and A’ (x, 6(z, ), 6) are an eigenvector and a gen-
eralized eigenvector of M (z, 6 (x, ¢), 6) corresponding to i* (z, O(z, ¢), 0)=2"
(z, 8(x, 6), 6) respectively,

(i1) M = S§7'AS, where S = (', h"),

(iii) Mz, &, o)

= M(x, ¢, 0)+M(x, e—il,0)— M (x, ¢, o)
(2.3)
Az, 0,0), 4
- ( 1(%,0,0), 4, ) +eE(x, ¢, 0)—iTH(z, ¢, 0)+ O(*47Y).
. O ’ '21 (xa 07 0)

Here

E(x, ¢, o), H(z, ¢, 0)€ 5% (U(z°,0,0)) and

hy h
E(z, ¢, 0) = (e” e”), H(z, e, o) = ( " )
€21 €n2 hay Do
We also have another expansion for M:
2.3 M(x,G o)
Az, 0, 0), 5 ) (Pn PIZ)
= + x, ¢, o),
( 0 ’ 21(x9 O’ 0) PZI PZZ ( )

where p;; are smooth in (z, , ¢), analytic in (, ¢) and A =(0(z, o)+ |a|?)*.

Furthermore ,
(()O)PZI (x, 07 0') = A(()O)eZI (x’ 0> 0) = A(()O)hZI (x, 09 0)
(2. 4) _ A(x, 0,0 >0 (in the case (a)),
a | —#(z, 0, 62 <0 (in the case (b)),
(2.5) L(pula, &, 0)+ pulx, ¢, 0)) = 2(n(x, &, 0)—a(;, 0, 0)).

REMARK 1. As in replacing S(z, {, ) by
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gen(z,e,0)+1, O
S (x, C, 0) ' 12 ’ ’
g'en(x,e,0) , 1
if necessary, we may assume that e;(z, ¢, 6) in j) are real.
In order to define the Lopatinskii determinant, let

2+ (x, C, 0'>_'21 (x> 05 0)_CP11 (x’ C7 0')
& +Cp(x, C, 0) |

Then *(1,s(x, £, o)) is an eigenvector of M (x,{, ) corresponding to the
eigenvalue 1*(z, {, o) if Im <0.

(2. 6) s(x, € 0) =

Let
(2' 7) S(x7 C’ 0) = Csl(x’ C, 0)"‘" \/?Sz(x, C, O'),

-1 21 y o) —21 y 0, —Dn y Gy
where (@ G = Al C/El)—;—c(;z(x,og,) U)P b
and

22(“2:, C’ 0)
A7 +Epu(x, €, 0)

are analytic in (g, ¢), real for real £ in U(x’ 0, ¢°). Note that in some real
neighborhood of (2°, 0, ¢°)

(2.8) |si(z, &, 0)| <C and s;(x, ¢ 0)>0

SZ(x, C’ 0) =

for some constant C>0. Then we see that
(2.9) L(x',,0) = B, 7,0 S (&, 7, 0)(1, (=, 7, 0))

is the Lopatinskii determinant for (P, B) at (z/, 7, 6). Here and in the next
section 3 we assume that L(z° 7° 6°)=0 and we consider only the case (a)
because analogous arguments can be applied to the case (b).

LemMa 2.2. Let (V'(, <, 0), V" (2, 7, 0))=B(, 7, 0) S(&', 7, 0), then
(i) V(2% 6°) =0 and V'(a, 7, 0°) # 0.
Furthermore we have the following decomposition
(i) L, 0)=(VT=D(,0)lx,VT,0),
Uz, AT, 0) = (L(@), §, 0)+4 T iz, §, 0))- V(& E, 0),

where 1, I, and D are smooth in (x, &, o) and analytic in { in U(x’, 0, ¢°),
Li(x° 0, 6°)#0 and D(x’, ¢°)=0.

ProOF. To show (i) see [7, p. 120]. Let 2=+ and 8(z, 2, 0)=L
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(', 2%, 0). Then by the L*well posedness for freezing problems L(z/, £, ¢)#0
for Im <0, whence &(z, 2, g) does not identically vanish. Furthermore
we see from (2.6)-(2.9) that

oL

e (x°, 0, 6°) = — s5,(%, 0, ¢°) V'(z°, 7° 0°) # O,

but by our assumption we see that £(x’ 0, ¢°)=0. Therefore the Weiers-
trass preparation theorem implies (ii).

7 Let Q(&',7,0)=V" (2, 7, 0) / V" (z",t,6). Then from our assump-
tions we see

LEMMA 2.3. Suppose that en=ey, in a real neighborhood of (z°,0, ¢°).
Then there exists another real neighborhood U (z°, 0, ¢°) such that, for any
(', ¢, e")eU(x", 0, ¢°) satisfying
(2. 10) QP (', ¢!, ')+ (1+cen(@, &, 0") reu(@, &', 0') = 0,
(2.11) Re Q(x/, ¢, d')*Re D(z',6") >0 in the case (a).

Proor. From the definitions of Q and L and it follows
that

(2.12) Q+s= (e =D)L+ Ve 1),
which is rewritten by (2.7) in the following form:
Q+€’SI_‘\/? Sy = S,lz_llD‘*'N/?- (ll—lzD).

Comparing both sides of the last equality we have

(2.13) s, = L,LD—I,

and

(2. 14) Q+¢'s; = e'l,—I,D.

From (2.12) and (2.13) we have

(2. 15) Q+s=(¢ —D)(L(We +D)—s,).
Moreover from (2.7), (2.13) and (2. 14) it follows that
(2. 16) C+s=({e —D)(L(We +D)—s).

Therefore we see that

(Q+5)(Q+s) = (¢+|D))A—4¢’ BRe D+

(2.17) +24¢ {(¢+|DP)B—ARe D},
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where A = s5—2s5,Re (lLD)+ |L,|* (¢’ + | D)?)

and B = |,]*)Re D—s,Re [,.

Furthermore from (2. 8) and (ii) it follows that
(2. 18) A>0 |

in a sufficiently small real neighborhood of (x°, 0, ¢°).
On the other hand considering the characteristic equation of M (x/, ¢/,
¢') we have

&%= <2"15'(eu —ezz)>2 +elen(l+ees),

which implies by (2.5) and (2. 7)

S = — _nT6n st = i’_ en—en Y g'ey
Hence we have
(2. 19) (Q+35)(Q+5)
e'e e [ en—ey
= 2 21 11 22
]QI * 1+éep, + 2 1+ée,

6’(311_622) 7 ’ €11— €3
T T 1tde, ReQ—+V¢& sj2ReQ—c¢ T+ee, )

Comparing (2. 17) with (2. 19) and using the hypothesis that e;—ep=0
we obtain

(2. 20) ]QP+—T%%£—=(d+Hﬂ6A—4&BReD
and
(2. 21) —5ReQ = (¢+|D) B—ARe D

in some real neighborhood of (z° 0,6°). Now let (2.10) be valid, then
from (2. 20) we have

(¢'+|D|>) A = 4¢' BRe D.
Thus we see from (2.21) that
(2. 22) s AReQRe D = (A*—4¢'B)(Re D >0

in some real neighborhood of (z°, 0, ¢°), which implies our assertion since
(2. 8) and (2. 18) are valid.

§ 3. Modified symmetrizers and Proof of Theorem 1

In the previous section we introduced M (x, 7, ¢) and Q (&, 7, o) defined
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in some neighborhood of (z°,7°, ¢°). Here we consider suitable extensions

of these symbols, which we also denote by the same notations, therefore
let MeSt, QeS% and let R (x,7,0) €S% in the following definition.

DEFINITION 3.1. Let R be a 2x2 system of pseudo-differential opera-
tors whose symbol R (x,t,s) is hermitian, homogeneous in (t,o) and real
analytic with respect to ¢ in a neighborhood of (x°,0,0°). Then we say
that R is a modified symmetrizer at (x°, t°, ¢°) if the following holds:
there exist a neighborhood U (x°, % a°), positive constants C,, C, and T, such
that the estimates

(3.1) Re ((iRM+(RMY*) gu, gu),, > Ci¥ |gulls,—Cylluli,
and for x,=0 |
(3.2) ' Re (Rou, puyy, > —Ci w24, — CJ s |24

if Qéuy+éu, =0 on I
are valid for any 7>7, any u="*(u,, w,)€ H, ,(R?™"), any ¢(x, 7, 0)€ St with
supp $NR"' xX_CU and some constants Cy, C; independent of wu.

To investigate the structure of R we need following lemmas.

LEMMA 3.1. Let R be a modified symmetrizer. Then in a neighbor-
hood U, (z°, z°, ¢°)C U (2°, 7°, 6°) the symbol of R is represented by the fol-
lowing form:

(3.3) R(x,§, o)
b (x7 Cy G) ’ dl (x, C; 0) + zr,.f(x ’C9 0)
dl (x 9C’ 0)_17’.][(3:, C, 0) ’ dz (x’ C’ 0)

where b, d,, d, and f are real. Furthermore it holds that

(3.4) b=2¢(1+eée,) (di(en—en)+den) for 7' =0,

(3.5) 2d,Re hyy—C, >0

and \

(3.6) —2d,Re Q+b+4d,)Q*>0  for 7" =0.
ProoF. Generally R(x, {, 6) has a following form:

b d, {0
R0 =, F@aari Mo

where b, d,, d, and” f are real. Expand 4 and f in a small neighborhood
Uz 0, ¢°) so that
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b = by(x, o)+ e'bi(x, ¢, 0)+1'by(x, C, 0)
and f=folx,0)+efi(x, e 0)+ 7 (2, 0).
From (2.3) we then obtain
(iRM+(GRM¥)(z, €', '
= Ky(x, ¢')+ 'K (x, U, o')+ T Ky(x, T, 0')+ O(|e'T'| +17)

where
0 .
Kiao) = o o).
_Zbo 2ﬁ
Kl(x9 Cla 0") = (—2621(f6+eﬁ) kl ' ) ’
kl 2ﬁ612+ Zﬁ(l +¢e 612)
kl - (f(‘)+ S,ﬁ) (eu"—ezz) +i {dl (eu"“egz)'l' dgegl_‘bl(l + 61312)""'b0312} ,
2(d,Re hyy+b,Re h ks
Kz(x, C’,O") — ( ( 1 R€ 21k o IN€ 11) )+(*)'ﬁ»
2 Z(dl Re h12 + dz Re hzz +ﬁ>

(%) is a matrix consisting of some Im A;; and
ky = dy(hy + Ryp) + dohoy + b —1i {f o(hu + o) + bz} .

Applying to (3.1) the estimate

(8.7 Ko+ K, +7K,—Cir'1>0

is valid in some neighborhood of (27,0, ¢°). Taking 7’=0 we have
—2¢/(fo+e'fi)en >0 and 2(fo+¢'fi) (1 +¢'e) > 0.

Since e,#0 and the sign ¢ is not definite, the above inequalities and our
assumption about analyticity imply f;+¢’£i=0, that is f;=0, =0 and 6=0.
0 %
Hence replacing f by 7'f, we see that (3.3), K,=0 and K;= (k 01)
1
Furthermore from (3.7) it follows that .,=0 for 7/=0. Therefore we see
that (3.4) is valid. By the same way as above it also follows from (3. 7)

that (3. 5) is valid.
To prove (3.6) let Qéu,+¢u,=0 on I', then (3.3) yields

Re (Ropu, $puo,s
<Re((—2d,Re Q+b+d,|Q*+21" £ Im Q) $us, $ur)o.r+ Cltal24.s

forTsome constant C;,>0. Hence we obtain (3. 6) applying to
(3.2) and the above inequality.
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LemMA 3.2. A modified symmetrizer can be constructed iff there
exists a real valued homogeneous function d(x', ¢, ') of degree zero, smooth
in (x', ¢, ¢') and analytic in &' such that

(3. 8) -2 Re Q + (1 + 3,612)—1 (eu —egg) ¢ + d('le + (1 -+ 8’612)—13216') = 0
for all (x,¢', ') contained in some real neighborhood of (z°,0, ¢°).

Proor. The ‘only if’ part follows from (3.4)~(3.6) and (2. 4).

To obtain an a priori estimate we had better construct a modified symme-
trizer. R, with a parameter d (0<d<1) instead of R.

Here replacing U(z’, 7% ¢°), C; and C} by U;(x° <’, ¢°), C; and C} respec-
tively we impose the following estimates upon R, :

(8.1  Re((iRM+ (iRM)*) du, g, > CiT (|| prall?,, + 5 gt — il
(3.2 Re (R, $udo; = —Ciflpn|2s,—C ||y,

where ¢ is a function @, depending on 6 such that ¢,=1 in some neigh-
borhood U;€U,.

Now we can choose, from (2.4), a positive constant d; such that in
some neighborhood of (z°, 0, ¢°)

(3.9) dyRe hy > 1.
Let d;(x, {, 0) = di+d(2, &', ¢') and let
(3. 10) b(x, C, 0') = 5’(1 + S,elz)_l (d1<en—ezg) +dzegl).

Furthermore we set
bz, ¢, o d,+1ir’
&mad=((q) : f)
d—ir'f dy(x, &, o)

where f is a constant depending on § which we are soon going to choose.
Then we see that K,, K; in Lemma 3.1 are both zero,

K, — (Zdl Re Ay -k )
k,  2(diRe hy,+d; Re hp+ f)
and
ky = dy(hy + hy)+ dshy .
Since k, is bounded it follows from (3.9) that
1§0)

mmaﬂz&yl
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in a neighborhood of (2%, 0, ¢°) independently of 4 if we take f sufficiently
large depending on . Thus (3.1) is valid by Lemma 2.7l

Next if Qdu,+du,=0 on I', then using (3.10) we see that
Re (R;pu, duy,,
= Re <'(R0+TR1)¢u1, ¢u1>o,r+ Re {Tu,u1)0,

where

Ry, ¢, a)+7'R,(2, ', ¢') = (1,— Q) R, (_1 ) (, ¢, d")
= {dl(—Z Re Q+(1+¢'epn) (en—emn)e)+d(|Q* +
+ (1+é'ey) lene’)+ 27 f Im Q} (), ', o)

and Tw, is the term arising from commutators, so that |Tul;, < Cilul-;.;
for some constant C:>0.

Since (3. 8) means Ry(x, ¢’, ¢')>0 it yields for some C:>0
Re (Ropuy, g0, > —Cllan|*_4.; .

On the other hand all terms except 2fIm Q in R; are bounded. Fur-
thermore there exists a neighborhood U,(z’ 7°, ¢°) such that |2/Im Q|<1
on U; since Q(x°, 7% ¢°)=0. Thus for some constant C,>0 we have

"R\(x, L, 6") > —C’ in U,.

Therefore the corresponding term of 7"R,(z’, {’, ¢') dominates the right hand
side of (3.2Y. Here we use that

1D s, Pupo; = 1 {A7 s, $r)o,r = T|Pa| 4,1,
A being defined by the symbol 4,.

LeMMA 3.3. Suppose that e, =ey, in a neighborhood of (2°, 0, 6°). There
exists a real valued homogeneous function d(x,e, o) of degree O satisfying

(3.8) uff
ReQ<0
on the surface (2.10) in some real neighborhood of (x°, 0, ¢°).
Proor. It suffices to prove the ‘if’ part.
Let o' (2, ¢, 0') = |QF+ & (1+een) en .

Then we can take (&, o', ¢') as the new variables instead of (Z/, ¢/, ') since



132 S. Sato and T. Shirota

0w’

o¢’

(2%, 0, 6°) = ex(x’, 0, 6°) # 0.

Now writing
—2Re Q(, ¢, 6') = qo(X, ¢')+ ¢ (X, @', 0') &'
we let
d=—q(z,o,d).

Then (2, ¢') is —2Re Q on the surface (2.10), hence it is non-negative,
which implies our assertion (3.8). Here we remark that 4 is real analytic
with respect to ¢'.

Proor oF THEOREM 1. The existence of a modified symmetrizer is
invariant under a similarity transformation by any S(z, z,s)€S%. We may

1k
assume e; =e,, replacing S in section 2, II, 8) by S (O 1) for suitable 4.

Then Lemmas 3.2 and yield that the existence of a modified symme-
trizer is equivalent to that Re Q<0 on the surface (2.10). Finally by
the latter is also equivalent to the condition (L) (see (2. 22)).

§4. Proof of Theorem 2 and a priori estimates.

In it is shown that a priori estimates for (P, B) and for its dual
problem hold under the stronger conditions and suggested that the assertion
of is valid. Here we shall give its simple proof. To do it
we shall proceed the same way as in [4] (see also [7]), i.e., we shall show
a priori estimates for (P, B):

(4.1) 1Pocllar + | Butl 4.0 2 Cl lel| 7 (R : integer >0).

For this purpose we shall use the usual method of a partition of unity.
Then we have only to show the micro-local estimate as in Lemma 4.2
with respect to any point (2% 7°, ¢°)€I'x Z_. If a Lopatinskii determinant
L(x°, 7% ¢°) is not zero, for example if Im z°#0 or the roots of det P(x’, 7’
o°, )=0 are all real (see [9]), the corresponding symmetrizer exists (see [3]).
Furthermore if the roots of det P°(x’, % ¢°, A)=0 are non-real, the a priori
estimate with respect to the point (2°, ¢% ¢°) is already known (see and
[7]). Accordingly we may consider only the case treated in section 3.
Now let (2%, 7° ¢°) be a point considered in section 3. Let ¢(x, <, o)
and ¢ (x, 7, 0)€S% be real homogeneous in (r,0) and ¢=1 on supp ¢. Let
supp ¢NR2*'x3_ be contained in any neighborhood considered after this.
Let us denote by M, Q and R, operators corresponding to those symbols
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oM, ¢Q, and ¢R,. Finally set v=¢(x, D) u, (D,—M)v=f, Qu,+v,=¢, w=
v, —Qu;) and G=7(0, g). Then we have

LemMMA 4.1. There exist positive constants C, C, and 7, depending
on & such that the estimate

124, < COll0n[l5.+ 67 lwelldr + 07 A7 £15,1)
+Cillul2s,

is valid for any 1>7; and any ue H, ,(R?") if we take a sufficiently small
neighborhood U, of (x°, 7°, ¢°).

ProofF. From integration by parts it holds that
|24, = 2Im (47D, v1)o,

= 2 Im (A7 (myvy + muzv, + £1), Viosr 5

(4.2)

where (my,, m,,) is the first row of M. For given fixed >0 we can choose
~ a neighborhood U; of (x°, 0, ¢°) such that

Tm (A my) (z, &, 0) = —T' Re hu(, £, 0)+ O™ < 5
for all (x,{, ¢)€ U,. Then it follows from that
Im (A7 mayvy, v1)o,r < Ollvnl§ 4 Collull s

for some constant C;>0 if 7 is sufficiently large. Thus we have the esti-
mate (4. 2).

To prove it suffices to establish the following

LemMMA 4.2. Suppose that there exists a modified symmetrizer R,
satisfying (3.1) and (3.2) at (x° t° 6°). Then there exist a neighborhood
U(x’, ©°, 6°) and positive constants C, T, such that the a priopri estimate

(D —M)vllor+ Qi+ vs| g, p + TE(latllor + ] -4.0)
= Crl|vllo.,

holds for any ¥>7, and any ue H, ,(R**").

(4. 3)

Proor. Using integration by parts and the adjoint operator M* of M,
it holds that

<iRa'U: (Dn - M) v)o,r + ((Dn - M) v, iRt)v>0,r
= ((Du—M*) iRy, v)o,s+ <Ry, U)o+ (—iRS (Du— M), v )y, .
Since —M*R,=(iR,M)*, D,iR,=iR,D, and R,=R; (modulo pseudo-differen-

tial operators of lower order respectively), the estimate
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2 Re(iRyv, fh .+ CO(IA7 flE+ lvllE.)
(4. 4) > Re ((iR,M+(iR,M)¥) v, 01+ Re (Ryw, w)o,r
— [{Rw, Gz + ARG, W+ {RG, Go,l
holds for some constant C{¥>0. Now we have
KR, Gyoq+ (RG, whoq+(RG, Gog|
(4.5) <V 2CP |v1|-44|Gls,, +27CPT7|Gli,
<Tvi|iy,+ CPT0lsr
for some constant C?>0. Furthermore we shall use the estimate (4. 2)

which is obtained from (4. 2) by taking &, C; and C{¥ for 9, C and C; in
Lemma 4.1 respectively. Finally we see that :

(4- 6) 2 Re(iR;v, f)o,r < BZTHvllo,ﬂr i (527)_1]|f”(21,r

holds for some constant C{¥ >0 and any 06,>0.
Combining (3.1), (3.2), (4.2), (4.3)—(4.6) and noting |47 fllo,<77*:
Il #llo.;, it is obtained that
(C$90:* + CP1r 7 +(Co+ )G f1I5- + CP 9.
+(CH(Co+ 1) CET T ||l + CiT w24
> (Cy—0,— G171 —(Co+ 1) Coon) || 0I5,
+(C07t =0, — G117 —(Co+ 1) Coo1 )|l

in U;NU,, for sufficiently large 7. Let C' and C" be the coefficients of 72-
w2, and 7%|v,)l2, in the above inequality respectively. Then we can
choose 6;, 0; and ¢ sufficiently small such that 6«4, and then 7 sufficiently
large so that C' and C" can be strictly positive. Thus we see that the
desired inequality is valid. Finally (L) is also valid for (P', B’) since the

Lopatinskii determinant L'(xz, x”,7,0) is equal to L(—x, 2", —7, ) except
a nonvanishing factor and there happens the case (a) or (b) for (P, B) cor-
responding to the case (b) or (a) for (P, B') respectively. Therefore we
have a priori estimates for (P, B') (see [7, (9.11)]). Thus we have
2 by the same way as in [4].

§ 5. Relations between (L) and L’*-well posedness

I. In this section we shall investigate the necessary and sufficient
condition of L*well posedness for (P, B) whose symbols are independent of
x variables. As is shown in assuming L(r, 6)#0 when Im <0 we
have only to consider the inequality
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(5.1) |L(z, 0)7!| < Cr~'Im 2" (z, 0)|}|Im A~ (¢, o)|?

in some neighborhood U(7’, ¢°) with Im 7<0. Furthermore we may restrict
ourselves to the case where (7°, ¢°) is such a point as considered before.
Then we have the following

ProposITION 5. 1.  The estimate (5. 1) is valid iff there exist a neighbor-
hood U(a®) and a constant 6>0 such that for any o€ U(s°)

6<argD(e)< 5= in the case (a) or

(5. 2)

0<argD(o)<—5n—0 in the case (b), respectively.

Proor. Also here only the case (a) is considered.
Note that
7=|Im¢| = 2|RevC ||ImVC|.

Hence by (5.1) is equivalent to that

Im 2*(&, 0)Im 2~ ({, 0)|* WC —D(a)| _ ,
Imv C | Reve] =<0

for some constant ¢’ in U(0, ¢°) with Im {<0. Considering the expansions
(L, 0) = ay(0)+ay(0) (£ 4 )+ ay(o) (EA TP+ -+

where a;(¢) (j=0,1, 2, ---) are real, analytic and a,(¢°)#0, it holds that in
a small neighborhood of (0, ¢°)

. _ |Im A*(g, o))

1—1 !

for some constant C'>0. Therefore (5.1) is equivalent to that
VT —D(o)|

for some constant ¢>0.

Now we shall prove the equivalence between (5.2) and (5. 3).
(6.2)2(5.3): From our convention it is seen that ——Z‘Sarg VT <0
for Im{ <0. Let argd/ { = —o and OS“’S%'

Then we have

l«/—f——D(O)l > min {lRe&/?la W-C—lsin(w+5)}
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and
W |sin(w+06) = |¥ {|(sin @ cos 6+ cos o sin §)
> |V |coswsind = |Re { |sind.

Hence it follows that

W{—D) _ .
Re x/f] >sind >0,
which implies that (5. 3) holds.

(5.3)2(5.2): Let arg D(s)=0(s) and OS5(0)<—725-.
Put v {(o, ) = Coslé))ffg(a)) e ™ for 0<w< —g——ﬁ(a).
Since

T |D(o)] :
W€ (o, ) —D(o)| = cos (@+4(g)) Sin (w+d(0))
= Red€(0.0) gin (4 +5(0)),

then we have from (5. 3)

sin (0+0d(a)) _ W £(g, ) —D(0)] c
cos @ ReV (o, 0)| ~

Hence it is obtained that

sin 8 (¢) = lim sin (@ +5()) >c,
ot cos @

which implies (5. 2).
II. At first let us consider the case where P°(x, D)=D,—A(x, D) is

a differential operator of order 1 and B(«/, I)) is a function B(z') of z'.
Let (z°, % ¢°) be a point considered above. Continue analytically 1*(x, {+
0(x, o), ¢) and S(x, {+0(x, 0), 6)=(I', h"") from {=e—il to {=e+il for 7>0,
fixed (x,0) in some neighborhood of (z°,¢°) and small ¢>0. Recall that
we can take

h'(x, +0(z, 6), 0) = -2'1721— &c (p=A(z C+0(50)0)]"

Iy (x,0(z;, 0), 0) d2.

and
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AR (x, C+0(z, o), a> = <,2+ (z,0(x, 0), 0)—A (x, {+0(z, o), a))
<h' (x, C+0(x, 0), a),

where I (x, 0(x, 0),0) is a generalized eigenvector of A (z, 6 (z, ), 6) cor-
responding to 2*=2"(z, 0(x, 0),0) and C is a circle enclosing A* (z, {+6 (x,
o), 0) (see [7, Lemma 3.2]). Furthermore let us take note of the fact that
0(x, —o)=—0(x,0). Then it follows from the definitions of M and Q that

M(x, —(e+ir +6(x, a)), —a)

1 0

oo L0

) M(x, e+ir +6(z, o), a) (—(;1 (1)) ”

Q (:c', —(e+ir+0(z, 0)), -—a> = —-Q (x’, e+ir+6(x, o), a>

for small e+i7 (r>0) and any (z,¢) in some neighborhood of (2, ¢°).

Here we remark that (5.4) is also valid if M and Q are those reduced
from differential operators of order 2 and 1 respectively, that is in the case

treated in [1], and [6].

Finally we give a certain sufficient condition for (P, B) to be L*well
posed in terms of M and Q.

PROPOSITION 5. 2. Suppose that (5. 4) is valid. Then the condition (L)
is satisfied.

PrOOF. In order to prove (L) it suffices to show that L(x/, {+8(z, o),
o) can be continued analytically through the half line {{>>0} and does not
vanish over C\{{=¢—ir'; ¢<0, 7=0}. To show this fact, from (2. 7), (2. 9)
and the definition of Q, we may rewrite L as follows: for 7>0

L (x’, C+6(x, o), a)
= (2* (x', £+ 0(2, 0), 0) —2" (=, 0(2, o), 0)
—Cpu (@, £, 0)) (47 +8pu (@, £, 0)) "+ Q (), L+0(, o), o).

By the analytic continuation and the relations (5. 4) we see that the result-
ing L(z',e+il+0(z, a),0) is equal to —L(2/, —(e+ir+0(z, 0)), —a). The
latter does not vanish whenever 70 by the L*well posedness at the point
(x°, —0(x°, ¢°), —0°). Finally by [9, Theorem 3] we conclude that our asser-
tion is valid.
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ADDED IN PROOF. Removing the requirement for the analyticity w. r.
t. ¢ in the definition of modified symmetrizers the former author has ob-
tained the result that the condition (L) in Theorm 1 and 2 can be re-
placed by (T): in a neighborhood of any (’, ¢°) considered mainly Re D
<% (Im D) or Im D>—% (—Re D) in the case (a) or (b) respectively for
some (0<L) 1eC*~ (R") with supp XxcRY.
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