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Notes on Beurling’s theorem
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By Yukio NAcasaka
(Received January 20, 1983)

For some harmonic function on a Riemann surface with Kuramochi
boundary, fine limits exist on the boundary except for a set of capacity zero
(Beurling type theorem, (1), (2)). The purpose of the present paper is to
improve a result in (2).

Let R be an open Riemann surface and {R,}7_, be an exhaustion of R.
Let R* be the Kuramochi compactification of R and 4, be the set of minimal
points of 4=R*—R. For any p&4,, denote by &, the family of open sets
G in R such that R—G is N-thin at p. Let « be a harmonic function on

R. For any p=4,, then N-fine cluster set #¥(p) is defined by «V(p)= N {u(G):
G<®,), where the closure u(G) is taken in extended real numbers. Let
F be a closed set in R with piecewise analytic boundary dF and G be an
open set in R containing F with piecewise analytic boundary. Suppose there
is a Dirichlet finite function f in G—F with boundary values 1 on 9F and
0 on dG. Denote by w(oF, 2z, G—F) the unique function which gives the

smallest Dirichlet integral among the functions like f. Let E be a closed set

in 4. Set Ekz{zER: d(z, E)g%}, where d is a Kuramochi metric. Let

E! be a closed set in R with piecewise analytic boundary such that E; ,C

E!CcE.,—0E;. Then o(ENB(F), 2, G) is defined by lim w(d(E/NF), 2, G—

k—oo
E/NF). Set w(ENB(F), 2)=w(ENB(F), 2, R—R,), o(E, 2)=w(EN B(R—R),
2) and o(B(F),2) =w(dNB(F),2). A Borel set A on 4 is said to be a
capacity zero if w(E, 2)=0 for any closed subset E of A.

Let # be a harmonic function on R. For any open set G in R, denote
by Dg(u) the Dirichlet integral of # on G. Let ¥ be a real number. If
there is a number 6>0 such that D¢y (#)=0c0 for any interval (a, b) in
(y—0,y+0), then we call ¥ an I-point. Denote by &=~&(u) the set of I-
points. Then & is an open subset of real numbers. For any component

e=(c,d) of &, denote by e, the closed interval [c—%, d—l—%].
DEFINITION 1. A harmonic function u on R is said to be almost
Dirichlet finite, if lim w(B(u"'(e,)), 2) =0 on R for any component e of &.

n—oo
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DEFINITION 2. A harmonic function u on R is said to be quasi-Diri-

Z. Kuramochi (2) proved the following.

THEOREM. Let u be a quasi-Dirichlet finite harmonic function on R. If

lim (B(|u| =7),2)=0,

n—oco

then S={pE€4,: diam u¥(p)>0} is a set of capacity zero.

Our result is the following.

THEOREM 1. If u is an almost Dirichlet finite harmonic function on
R, then S={ped,: diam " (p) >0} is a set of capacity zero.
If u is quasi-Dirichlet finite, &(x)=¢. Hence any quasi-Dirichlet finite

harmonic function is almost Dirichlet finite. By [Theorem 1, we obtain the
following improvement of [Theoreml. .

CoRrROLLARY. If u is quasi-Dirichlet finite, then S is a set of capacity
zero. _

1. The proof of Theorem 1.

LemMma 1. If o(ENB(F), 2z, G) >0, then E;={pcENd,: GEB,} is a
set of positive capacity.

Proor. Let g be the canonical measure of w(E, 2). Then, by Lemma
4 in (1),

|, Nepdup>[ N paodu(p

1

on G and so (EG)>O. Since the energy o(E, p)du(p) of p is finite,
H n ¢

E; is a set of positive capacity. l

LeEMMA 2. Let u be a harmonic function on R such that D, yp(u) < .
Then, for any closed set E in 4 with o(E, 2)>0, either E;={p=EN4,:
u¥(p)Cla, + 0]} or PE,={pcENd;: uV(p)C[—o0, Bl} is a set of positive
capacity.

a+f

ProoF. Set c¢= 5 Since

o(E,2) < o(ENB(u <), 2)+w(ENBu ), z),
it follows that either w(ENBu=c),2)>0 or w(ENB(u=c),2)>0. Suppose
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now o(ENBu=c),2z)>0. Consider the function w#,=1— ¢ Then
Dicucp(ttg) < oo. Hence o(ENBu=c), 2, («<p)) is well-defined and, by Diri-
chlet principle, '

D(w(ENBu<c),z <p))= D(w(ENBu <o), z)).

This shows that w(ENB(u=c), z,(«<p))>0. Hence, by Lemma 1, E,.,
is of positive capacity. This shows that ?E, is of positive capacity. If
o(EN B(uz=c), 2) >0, we see similarly that E? is of positive capacity.

LemMaA 3. Let u be an almost Dirichlet finite harmonic function. Let
E be a closed set in 4 and (a, b) be an open interval. If u¥(p)D(a, b) for
any point pcEN4,, then o(E, 2)=0 on R.

Proor. Suppose w(E, 2)>0. Let us first assume (a, b)—E () #¢. Then
there exists a closed interval [a, 8] contained in (a, ) such that D,cycpn(t) < 0.
Hence, by Lemma 1, E*#¢ or ’E+#¢ for u. But this contradicts [a, f]C
(a, b).

Next we consider the case when (a,5)C¢&. Since & is open, there is a
component e=(c, d) of &€ such that (a, b)C(c,d). Since u(e,)#R for some
n, it follows that either ¢> —co or d<oo. Then

o(E, 2) < w<Eﬂ Bu <c—e), z>

—l—w(Eﬂ Blc—e=s=u=d+e), z>—l—w<Eﬂ B(u =d+-e), z)

for any ¢>0. Since o(B(uY(e,)), 2) = 0(EN B(c—e Su <d+5), 2) <e<%>, it
follows that

lim w(Eﬂ Blc—e=u <d+e), z) =0.

—0 4
Hence either w(ENB(u<c—¢),2)>0 or w(ENB(u=d+e¢),2)>0 for some
¢>0. Suppose now w(EN Bu<c—e¢),2)>0. Then ¢>—c0 and c&&. Hence
there is a closed interval [a, 8] contained (c—¢,¢) such that D, pcp(u) < co.
Since w(ENB(u =c—¢),2)>0, by Lemma 2, «™(p)C[— oo, flC[—o0, ) for
some point pEEN4,. If o(ENB(u=d+e),2)>0, then d<oco and u¥(p,)C
(d, o] for some p,=EN4;. These contradict (a, b)C(c, d).

Proor orF THEOREM 1. Let {a;} be the set of rational numbers. Set

1 1
An,l; = {PEAI - u”(p)D [ak_ n’ ak+;]}
for any pair of £ and n. Then A,; is a Borel set. Set A=U A, Since
n,k
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un(p) is a closed interval of extended real numbers for any pE.S, we have
ScA. Suppose A has positive capacity. Then there exists a closed set E
contained in A, for some pair of n and k such that o(E, 2)>0. But this
contradicts Lemma 3.

ExampLE. There is a quasi-Dirichlet finite harmonic function on

R={|2z|<1} such that {p=d,: u¥(p)={cc}} is a set of positive capacity.
Let F,(n=1,2, ) be a finite sum of closed intervals on 4=4,={|2|=1}
such that F,DF,,, and F=NF, has linear measure zero and positive ca-
pacity. Set Hn:{z: |2z| =1, min |z~w]>l} and @,(2)= 21 S lf—_lzlz db.
WEFy, n T Hﬁl

Then lim @,(2)=0. Let w, be a harmonic function on R which has the

n—o

boundary values 1 on F, and 0 on H, and whose normal derivative vanishes
on 4—F,—H, Then @,=w,=w,;;. On choosing a subsequence, if neces-

sary, we may assume @, (0)< % Set u(2)=7J w,(2). Since lim u(z)=lim
P

z2—{

nwy(z)=n for any {EF,, we have u?({)=lim u(z)=co for any {EF. Take

FAndd
e 1
any positive integer m and take n, such that 2m<mn, Set G0=<wno< ?)

Then Gy,D(u<m) and C—;OﬂAﬂFnO:gb. Take n, such that GOHACH,,I. By

1
wn(0)<ﬁ, 2, wy(2) has boundary values 0 on H,. Then }; wy(2) is

ngn_1 nan,
harmonic on G, and so Dg ( ), w,) <oco. Hence we have

nan,

Decm () = Dg,(w) = D( 2 wa)+Deg,( 2 wa)<oo.

nsn, nzn,

THEOREM 2 (Riesz type theorem). Let u be a harmonic function on
R. Suppose there exist quasi-Dirichlet finite functions w, and u, such that
wy=u=<u, on R and oo>sup u,>inf uy,>—oo. Then u”(p)kconst on 4,
except on a set of capacity zero.

Proor. Set inf u,=a, and sup ;=p,. Take any real numbers « and
such that a,<a<pf<pB,. Let w,.,; be the harmonic function in R, ;—
(u;=p)— R,) which has the boundary values 0 on 9R,.;—(x,=p) and 1 on
0((y=p)—Ry) N Ry Since wuy B+ B, Wy nyi o0 Ryy—((232=2p)—R,), we have
limlim w, ,,;>0. This shows w(B(u;=pf),2)>0. Since D,y <p(tty)<oo,

n—oo j—oo

42 has positive capacity by Lemma 2. Next take any real numbers o
and g such that qy<f <& <a. Then we have w((#;=f'),2)>0 similarly.
And since Dy <o (ts) <0, 4, has positive capacity by Lemma 2. Since
wSuZu, 45 C 4y and 4, C*'4,. This shows that u¥(p)+const except for
a set of capacity zero.
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CorOLLARY. Let u be a non-constant Dirichlet finite harmonic function
on R. Then u"(p)Fconst on 4, except for a set of capacity zero.

Proor. Take positive and Dirichlet finite harmonic functions u;(i=1, 2)
such that u=wu;—u, on R. Let {u; .}, be sequences of positive, bounded and
Dirichlet finite harmonic functions such that u;,u; (n1 o) on R. Then
Uin—UsSUSU;— Uy, Oon R. Take n, such that

(e.e] >Sup (ul,no— ug) >inf (ul — ug,no) > — QO .,
R R
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