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Convexity in Musielak-Orlicz spaces

By H. Hupzik
(Received March 21, 1984)

Summary. Some criterion for uniform convexity of a modular I of
Musielak-Orlicz type is given. Moreover, some lower estimates are given
for the moduli of convexity in uniformly convex Orlicz spaces.

0. Introduction. In paper [4] a criterion is given for uniform
convexity under Luxemburg norm of Musielak-Orlicz spaces of vector-
valued functions in the case of an atomless measure. In this paper a
criterion is given for uniform convexity of a modular I of Musielak-Orlicz
type also in the case of an atomless measure. Moreover, in section 2, some
lower estimate are given for the moduli of convexity in uniformly convex
Orlicz spaces in the case of an atomless as well as a purely atomic measure.

It is well known (see and [13]) that if an Orlicz function satisfies
suitable condition " A,, then there exist functions 6 and # mapping the
interval (0, 1) into itself such that the inequalities / (x) <1—¢& and I (x) <#(¢)
imply [xlle <1—06(e) and |x|e <e, respectively (for definitions of
functionals I and || |, see below).

However, for a lower estimate of the modulus of convexity of the
Luxemburg norm in Orlicz spaces we need to known some lower estimates
of the functions ¢ and » and of the modulus of convexity d;. A lower
estimate of the modulus ¢; follows from results of A. Kamifiska [8]. Some
estimates of the functions ¢ and z, which yield an estimate of the modulus of
convexity of the norm | |, are main purpose of section 2 of this paper.

R. P. Maleev and S. L. Troyanski gave a best in some sense
estimate of the modulus of convexity of the norm | ||y, where ¥ is an Orlicz
function equivalent to ® (two equivalent Orlicz functions ® and ¥ yield the
same Orlicz space with equivalent norms | | ¢ and || | v, see [12]). This
problem was continuated by T. Figiel (see e. g. Propositions 19, 21 and
Lemma 20). However, for a pair of equivalent Orlicz functions ® and ¥ an
estimate of the modulus of convexity for the norm || |¢ need not yield of an
estimate of the modulus of convexity for the norm || | . So, the problem
investigated in section 2 of this paper is sensible.

Now, we shall introduce some denotations and definitions. Let R be the
set of real numbers and N the set of natural numbers. Let (X, | |) be a
real Banach space. By (7, 2, x) we denote a space of a non-negative,
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atomless, complete and o-finite measure. By 3, we denote the class of null
sets in % with respect to measure u. For every set AE3, x, denotes the
characteristic function of A, and A=B denotes for A, BEX that u(A+
B)=0, where A~B=(A\B)U (B\A). Let R.=[0, +c0) and let F=F (g,
7T, X) denote the space of equivalence classes of strongly =-measurable
functions x: 7T—X.

By a Musielak-Orlicz function we mean a map ®: 7 X X—[0, + o]
which is convex, even, vanishing and continuous at zero, not identicaly zero
for u-a. e. t&€7T and 3 X.%-measurable, where % denotes the class of Borel
subsets of X.

We define for any Musielak-Orlicz function ® the Musielak-Orlicz space
L®(u) as the set of all x&F such that 7 (Ax) < 4 oo for some A >0 depending
on x, where

1CO=1s0)= [ @(ta(D)dg,
and its subspace
E®(u)={xeF :I1(Ax)<+co for any 1 >0}.

The functional 7 is a convex modular on F' (see and [14]). The

Luxemburg norm || || is defined on L®(u) by
lxl|o=1nf{2e>0:1(x/u)<1}.

A modular I is called uniformly convex if its modulus of convexity d;(e)

defined by

c):,(e):inf{1—1<x;y ) I =I(n=1, ](xz_y>26}

is positive for any ¢ >0 (compare with definitions in and [14].
We define also an another modulus of convexity of a modular I by

a,(e>:inf{1—1<x;“y):1<x>:1<y>:1, [Gi—) el

In the case when [ is a norm, we write dy instead of d| |,
Let G(e, ®) denote for every &>0 and arbitrary Musielak-Orlicz
function @ the-set af all strongly 3-measurable functions f : T— X \{0} such

that /;d)(t,f(t))dﬂ:e.

A Musielak-Orlicz function ® is called uniformly convex if : Ve& (0, 1)
3/€CG(e, @) FTHoES, Ap(e) (0, 1) YV, yeX:

@(t, £(1))<max(®(t, x), ®(t, y))Se‘ch(t, x—2—y> _

oft, “0) <1 Ljact, v+ec, p)

(compare with definition in and [13].
We say that a Musielak-Orlicz function ® satisfies the condition A, if
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there exist a set 7,3, a constant K >0 and a non-negative and
2-measurable function /z with fT h(t)du < +co such that

O 20)<K®(t, x)+ h(t)

for every t&T \7; and x&X (for definition and consequences see e.g.
and [12].

A Musielak-Orlicz function ® such that ®(¢, <) =®(4, ) foreach ¢, L,E
T is called an Orlicz function.

We say an Orlicz function ® satisfies the condition A, for all x (at zero)
[at infinity ] if there exist constants K, a >0 such that the inequality ®(2x) <
K® (x) holds for all x (for x satisfying ®(x)<a) [for x satisfying ®(x)>«]

1. Results.

LEMMA 1.1. [If I is a convex modular in a linear space X satisfying the
Jfollowing condition
(A) Ve>03dK((e)=z2VxeX  I0Cx)<K(e)l(x) +e,
then theve exists a function p : (0,2)—(0,27)) such that
(LD &peN<a(e)<d(e).
Proor. The right-side inequality of (1.1) is obvious. For the proof of
the left-side inequality of (1.1) observe that /(x—y)=e implies

1K) e (2o (3).
Thus, the condition (1.1) holds with p(e)=e /2K(—§~>.

REMARK. If ® is a Musielak-Orlicz function satisfying condition A,,
then the modular I=I, satisfies condition (A,) (see [5]).
LEmma 1.2. Let X be a separable Banach space. Then every
Musielak-Orlicz function ® satisfying the condition
() ¥V r>0: d(t,7)=sup {®(t,x) :|x|<r}<+o for p—a.eteT

satisfies the following condition (see [9]).
(B) there exist an ascending sequence {T,} of subsets of TN of finite
measure such that LnJ T.=T and a sequence {f.} of Z-measurable and

non-negative functions such that ®(t, k)< f.(t) for u-a et €T and

ffk(l‘) du < +oco for any k, nEN.
T” Proor. The proof of this lemma was shown to me by W. Kurc.
Define the sets

An=U (€T ! &(t,)<n}, n=1,2, -
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It is obvious that {A,} is an ascending sequence of 3-measurable subsets of
T such that %J A,=T. Let {B,} be an ascending sequence of 3-measurable
subsets of T of finite measure satisfying v B,=T. Putting T,=A,N B, for
any n&N, we obtain an ascending sequence of sets of finite measure such
that 9 T.=T. Denoting f,(t)=®(t, k), we get

frfk(t)dquT d(t,k)du SfT &(t,max(k,n))dr<max(k,n)u( T maxa.n)

<400,
The functions f,(¢) are Z-measurable by separability of X and by continuity
of @, which follows from the condition (x). Thus, the proof is finished.
THEOREM 1.3. If ® is a uniformly convex Musielak-Orlicz function,
then the modular I =14 is uniformly convex on L®(u). Conversely, if X is
sepavable and @ satisfies the condition (x), then uniform convexity of I on the
subspace E®(u) implies uniform convexity of ®.
Proor.==Let ¢=(0,1), a=¢e/4, fE€CGla ®), [(x)=I(y)=1 and

I ( x;y >2 e. We may assume without loss of generality that the null sets in

the definition of ® being uniformly convex and satisfying the condition (*)
are empty. Define

(1.2) B= { LET @ (4, £(1)) <max |®(t x(1)), ® (£ y(1)} <
. x(t)—y(t
RPYAEIGESIGN
We have for t€B
Q4,27 (x (D +y(D))N=27'A—pla)){ P, () +D(L y(E))}.
Integrating both-side this inequality over B, we get
[ x+yxp) <27 A—pla){I (xxp) +1(yxp) )
Hence, we obtain

.3 112 =100+ 100 —1(FE2) 2 LG +1 G

—1< x—;y xg>2 27pCad{T () +1 (yxp) }

Denote
C={tE€T\B: max(®(t, x(1)),®(t, y())) <Pt F())},
D={t€T\B: &t M)<amax(®(z‘, £ (D), (L y(ON.
We have T\B=CUD and

[(F55 % <2MIGx)+10x))<a,

125510 ) S atd G +1 () < 2
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Hence we get ]<_xg_yxT\B> <3« and thus

(1. 4) [<x;y x5)= /4.

So, we have

_ 1 .
S I(E ) S G+ ) ) e L G+ ) =5

Hence and by (1.3), we obtain
1= 1(F5 )= ep(a) /4, ie ()= epla) /4,
and the proof of sufficiency is finished.

—=. Assume that X is separable, ® satisfies the condition (*) and ®
is not uniformly convex. Let Z={z, z,, -*} be a countably and dense subset
of X. Note that we may restrict ourselves in definition of ® being uniformly
convex to elements x, y&Z and to rational numbers p(e)&E(0,1) (by
continuity of ®(¢ ) for g-a.e. t €T, which follows from the condition (x)).
Let {d%} denote the sequence of all rational numbers from the interval
(0, ). Let e>0, f&G(e, ®) be arbitrary and let us consider the set

Ale, )={teT : VEENIAm, nEN: O©(t, f(1))<max(®(t, x(t)),

d)(t,y(t)))Se“d)(t, Z’”;Z") and <I>(t, Z'";Z")z 1_26’*{@(;; 2,) L ®(L 2} ).

It is obvious that A(e, f)&E3. Since ® is not uniformly convex by
assumtion, so
1e>0V/FEeG(e, @) u(Ale, ))>0.

Denote A=A(e, f), & :f¢>(t,f(t))dp, #=XXX, and define for arbitrary
A

fixed #EN a multifunction G: A—2% by r
GO ={(x, D EZ: (L F(D)<max(®(t, x), @1y <e @1, 52

2
and @(r, “F )21 e, 1ot )1

Obviously, G(t) #0 for every +EA and the graph of G, i.e. the set {(f 2)
ETXZ:z€ G()} is EX(FXF)-measurable. Hence (see [3]) there
exists a S-measurable function (selector) g: A— & such that ¢g(¢)eG(t)
for any t€A. This means that there exist two =-measurable functions
g1, 9> : A— X such that

(1.5) ®(t (D)< max(@(t, g,(D), B(L go(H) < &', 2L —9:D)

2
and ®(t, 271(g: (1) +g.(1))) =27 A= 8){®(t, g: (1) +D (¢, g.(£))}.
Define the sets

A ={tEA 0t g.())=®(t g.(1))}, Ay =A\A,.
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We have Llcb(t, g.(t)du=e/2 or f;@(t, 9:(t))du=>¢e,/2. We may assume

without loss of generality that '[4 ®(t g, (t))du=¢€,/2. Let us define the sets

AP={t€ A1t max(19:(Dl, 192D < n}, Ba= AN Ty,

where { 7,,} is the sequence of set from the condition (B) (see [Lemma 1.2).
We have B,C B,., for any #&N and v B,=T. Thus, there exists #&N such

that ) ®(t, g.(t))du=¢,/3. Next, there exists a set CC B, C €3, such that

[ @t 9.(t))du=e/4. Denote

A =0, g (1) —®(¢, g.(1)).
We have for all tEC : 0<®(4, g, (1)) — (£ g,(£)) < +00 and ch (Odu<
fCCID(t, g,:(8))du=¢€,/4. Next, there exists a set DC C, DES, such that

[aDan= [ it)d.

This is equivalent to the following equality
.6 [oltg(du+ [ S(tgua)dp= [ @(1g:(1))dn

+ [ @(t,g2(0)du=5
where b is a positive number<e, /4. Define a multifunction H : B\C—2%
by

H)={xeX :®(t, x)>0}.
We have H(t)+ 0 for t&B\C and the graph of H is =X .%-measurable.
Thus, there exists a measurable function % : B\C— X such that 2({)EH (1)
for any t€B\C(see [3]). Let us define

D.={teB\C : |h(t)|<n), nEN.
The sequence {D,} is ascending and L,{ D,=B\C. Thus, there exists n,&N

such that fDCD(t, h(t))du>0. Since D,, CB\C and B is contained in some
set T, from the condition (B) (see Lemma 1.2), so

VA>S1: o<fD O(tAR())du< +.

So, there exists a set EC D,,, E&Z, and a number A >1 such that

[ @t An()du=1—b. Let us define

X=gixptgeXcotAhxe . v= g:xp+ g1 Xcot+Ahxe.
Since functions x and y are bounded and vanishing outside some set 7T, from
the condition (B), so both belong to £®(u): Moreover, we have by (1.6):
I(x)=I(y)=1,and by (1.5): 12 '(x+y))=1—6, and Q2 '(x—y))=e.
So, by arbitrarity of k& this means that the modular / is not uniformly
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convex, i.e. d8;(e)=0 for some & >0, and the proof is completed.
ExampPLE 1.4. If ®,, ®, are two Musielak-Orlicz functions on 7" X R,
then the function ® =®,+®, is a uniformly convex Musielak-Orlicz function.
PrOOF. We shall prove only uniform convexity of ®. Without loss of
generality we may assume that ®, and ®, not depends on a parameter ¢, i.e.
that ®, and @, are Orlicz functions. Denote by ¢, @, and ¢, the right-hand
derivative of ®, ®, and ®,, respectively. We have for any &, #>0:
p((A+e)w=@,(A+e)u)®,((1+e)u) +@,(A+e)u) @.((1+e)u)=
A+ e){ @ () D, () +P, (1) @2 ()} = A+ &) @ (w).
Hence it follows that the function ® satisfies the condition
(1.7 vae® DIp@e® )yu=0: cp( “+2a“ )<27(1—p@){®W+
®(au)}, (see ), i. e. the function ® is uniformly convex on the interval
[0, + o), because the condition (1.7) implies that (see [5])
vace, D3Ip@e@, Dvx yER: [x—y[=a max(|x|, [y])

— oM T < 1@ (a0 1oy,

COROLLARY 1.5. For every Musielak-Orlicz functions ®, and ®, defined
on T XR and for every non-negative measuve u the modular 14 4 15
uniformly convex on the space L®®(u).

ReEMARK 1.6. Let X be arbitrary Banach space and let ®,, ®, be two
Musielak-Orlicz functions on 7 X X. Then the function ¥ complementary to
®=090,-®, satisfies the condition A, with 2=0.

Proor. We have for t€T7T, xEX:tI)(t, %)S—}@(t x) and hence we

have for t€T, x*€X*:
x

V(¢ 2x*)=sup {2x*(x) —®(¢t, x) :x&X =4 sup {x*<7> —%@(t, )<

4 sup {x*(%)—@(t, %)}:4‘1"(1,‘, x*).
COROLLARY 1.7. Assume that ®,, ®, ave Orlicz functions on a Banach
space X. Then the space L®*®(u) is reflexive iff X is reflexive and ®,, ®,
satisfy condition A, for all x (at infinity) [at zevo] in the case of u being

atomless and infinite (atomless and finite) [purely atomic with measure of
atoms b, satisfying 0< i,’?f b,].

Proor. This follows by applying the theorem on representation of linear
continuous functionals over an Orlicz space (see [9] and [I5]), by the fact
that every reflexive Banach space X has the Radon-Nikodym property, and
by the property that an Orlicz function ®,-®, satisfies suitable condition A,
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iff both functions ®, and ®, satisfy suitable condition A,.
2. Estimates of the moduli of convexity in Orlicz spaces.

In this section X =R and the uniform convexity of Orlicz function ® is
defined in an another manner.

An Orlicz function ® is called uniformly convex on the interval
DCR, if for every a&(0,1) there exists p(a, D)< (0,1) such that for any
uephD

<I>< u;au )S l—pga, D>{<I>(u)+<1>(au)}

(see and [13]). If @ is an Orlicz function satisfying condition A, for
all # (at infinity), then uniform convexity of ® in the sense of definition in
section 1 coincides with uniform convexity in the last sense on the interval
[0, +o0)(on every interval [u#, +c0), #>0) in the case of an atomless
infinite (an atomless finite) measure u, respectively.

A normed space (X,| ||) is said to be uniformly convex if dx (&) >0
for every € >0 (see [10]).

Now, we shall give some auxiliary results.

THEOREM 2.1. (see [8]). Let ® be an Orlicz function. The Orlicz space
L® (u) is uniformly convex iff ® satisfies condition A, for all u and is
uniformly convex on the interval [0, +00)(®is finite, vanishes only at zevo,
satisfies the condition A, at infinity and is uniformly convex on every interval
[u, +00), u>0)[® satisfies the condition A, at zervo, theve exists a number
u>0 such that ®(u)=05b" and ® is uniformly convex on the interval [0, ®

<71b_>] in the case of an atomless infinite measure u (an atomless finite

measure u) [a purely atomic measure y—= {b,} such that 0< b=inf b,=lim
inf b,, wheve b, denotes the measure of kth atom], respectively. *

LEMMA 2.2. (see [6]). Let ® be an Orlicz function satisfying condition
A, for all u (at infinity) [at zero]. Then ® satisfies the condition
. 1
fmioc(1+-) =00

uniformly with respect to all u>0(uniformly on every interval [c, d], where
sup[u>0:®(u) =0] <c<d <sup[u>0:®(u) <+0]) [uniformly on every
interval [0, uy], where uy<sup[u>0:®(u) < +o0]].

In the following, for arbitrary fixed Orlicz function ® and for any o=
(0, 1D, we denote by f, the function from R\{0} into R. defined by
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Jo(t) =®(u/(1—-0))/®(u).
- LEMMA 2.3. Let u be an atomless and infinite measure and let ® be an

Orlicz function satisfying condition A, for all u. Define the Sfunction ¢ : (0, 1)
-0, by
0(e)=sup { c=(0,1):sup ﬁ,(u)Slé } )
u>0 &
Then for every x&L®(u) and e &0, 1) we have |x|o<1—6(e), whenever
[ (x)<1—e¢.

Proor. It follows from Lemma 0.2 that ¢(e)<(0,1) for any e <(0, 1).
Moreover, by continuity of ®, which follows from the condition A, for all #,
we have f;.,(#)<1/(1—¢) for any #>0. Hence it follows immediately that
the condition I (x)<1—e implies 7/ (x/(1—8(e)))<1, i. e. [ x[|o<1—0(e).

LEMMA 2.4. Let u be an atomless and finite measure and let ® be a finite
Orlicz function satisfving condition A, at infinity and vanishing only at zevo.

Define the function 6 : (0,1)— (0, %] by
6(e)=suplo€(0, ] : sup f;(W<1/(1—e/D)},

where az%@‘l (e/ 2—e)u(T)) and @' denotes the generalized inverse

function of ®. (see[l13]) Then for every x&L®(u) and e (0, 1) the condition
I (x)<1—¢ implies |xle <1—08(Ce).

Proor. It follows from Lemma 0.1 that 6(8)6(0,—%—] for any &>0.
Suppose that /(x)<1—e& and define the set A={t&T : lx(t)|<a}. We
have fsc,(u)<1/(1—¢&/2) for all > a and hence

[(x/(A—=8(e)))=1Cxx,/(A—=6Ce)))+1(xxpa/ A—0(eDN<T(2xX,)

+A/A=e/2)1 2 p D<PQROu(T)+ (1—e)/A—e/=1i.e. || x|<1—
d(e).

LEMMA 2.5. Let u be a purely atomic measure as in Theovem 0.2 and let

® be an Orlicz function satisfying condition A, at zero and such that theve

exists a number >0 such that ®(u,) :—lb—. Let us define the function
0:(0, D—O,1) by
: (1 f1—e
o(e)=sup | o €0, suplf, () u €00, A—r@ ()N [0,2(15 %)) <
1

l—e%
Then for every xEL*(u) and >0 the condition I (x)<1—e implies | x| o<
1—-¢6Ce).

Proor. It follows from Lemma 0.1 that (&) &(0, 1) for every e (0, 1).
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Now, assume that e=(0, 1) and [(x)<1—¢,i. e 2%, ®(x,) b.<1—¢. Hence
it follows that ®(x,)<(1—e)/b for k=12, , i.e. | x| E[0,D" (1;be>]

We have by continuity of ® on the interval [0, @‘1(—2—>] that fsey () < —1%?
1—¢

for every u (0, @‘(—b—>]. Hence it follows that ®(x,/(1—¢ (e))<®(x,)/

(1—e) for k=1,2,---. Thus, we get
[(x/1-0(e)))=2%1@(x/ Q=6 b= 51 @) b /(1—e)=1, 1. e.
Ixle<1—dCe).
In the following A (%) is defined as log, ! if log, # ' is a positive integer

and as E (log, #~")+1 in an opposite case, where E (#) denotes the integer
part of u.

LEMMA 2.6. Let ® be an Orlicz function satisfving condition A, for
all u. Let K=sup[®Qu)/®(u):u>0] and n(e)=K **. Then for
every x€L®(u) and e €(0,1) the condition 1(x)<n(e) implies | x| o=e.

Proor. Let e€(0,1) andI(x)<#%n(e). We have

I(x/e)<TQ*O)<KT(x)<]1, i.e|x|o=e.

LEMMA 2.7. Let u be an atomless and finite measure and let ® be a finite
Orlicz function satisfying condition A, at infinity and vanishing only at
zevo. Let a=e®'(1/2u(T)), K=sup[®Qu)/®(u) :u=al, and n(e)=
K=*€/2. Then for every x&L®(u) and e €(0,1) the condition I(x)<n(e)
implies | x| o< e.

Proor. Take arbitrary e=(0,1) and x&L®(u) satisfying 1 (x)<zn(e)
and define the set A={teT :|x(t)|<a}. We have

1) /e)=10xx,/e)+1 x4/ <27+ T QMK X ) <
<2+ KT, i e |x]|o=<e.

LeEMMA 2.8. Let u be a purely atomic measure as in Theovem 0.2 and let
® be an Orlicz function satisfying condition A, at zero, i. e. K=sup[® 2u)
J®(u) : 0<u<al<+co for some a>0 such that ®(a) >0. Define the function
7 :(0,1)—(0, +00) by

n(e)=min(n(e), 7.(e)),

where 7,(e)=b®(a/2*®) and 7,(e)=K *. Then for every xEL®(u)
and € <=(0,1), we have | x| o< & whenever [ (x)<n(e).

Proor. Take arbitrary e =(0,1) and x&L*®(u) satisfying [ (x)<#5(e).
Then I (x)<# (&) and hence 2*’|x,|<a for any kEN. Hence it follows by
the condition A, for the interval [0, @] that
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I(x/)S IO KOT()<K9(e)<1ie.|x|o<e.

THEOREM 2.9. If L®(w) is a unmiformly convex Orlicz space, them its
modulus of convexity 87 satisfies for every e (0,1) the following inequality

07 (e)=<0(8;(n(e))),
where & is the function from Lemmas 2.3, 2.4 and 2.5 (vespectively), d; 1S the
modulus of convexity of the modular I, and n(e) is the function from
Lemmas 2.6, 2.7 and 2.8 (respectively).

Proor. Let e&€(0, D, [ xllo=Iyle=1 |x—y]o>e Then, by the
respective condition A, (see [Theorem 21) we have I(x)=I(y)=1.
Moreover, by Lemmas 2.6, 2.7 and .8 (respectively),we have I (x—y)> 5 (¢).
So, by uniform convexity of the modular I (see [8]), we have I((x+ y)/2)
<1-0,(n(e)). Applying Lemmas 1.3, 1.4 and 1.5 in suitable cases, we
obtain | (x+)/2|<1—6(8;(%(e))), and the proof is finished.

REMARK 2.10. Since the functions d;(see [8]) and ¢, » are estimated
from below, so the function ¢;® is estimated from below also.

REMARK 2.11. In the case of an atomless and infinite measure g, and
log.e ! being integer, our estimate for the function 7 is a best estimate. For

the same measure g and for any e (0, 1) our estimate for the function ¢ is
a best estimate.
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