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Introduction

In this paper we compute the examples of the Feynman path integrals
on the coadjoint orbits of noncompact Lie groups. We follow the method
given by Alekseev, Faddeev and Shatachvili [5], where they constructed
all irreducible representations of compact Lie groups. Trying to general-
ize their results to noncompact case, we encountered several crucial
difficulties which we overcame by means of the case by case method. We
still do not know any unified method which works for general Lie groups.

Let G be a Lie group and g the Lie algebra of G. Fix an element A of
the dual space g¢* of g and choose a polarization p. Following the
Kirillov-Kostant theory, we construct an irreducible unitary representation
mi of G on the Hilbert space #% of all partially holomorphic sections of
the line bundle L., associated with the character & of the subgroup P
corresponding to the polarization p. We remark that if p is real P is a
Lie subgroup of G such that the Lie algebra of P coincides with » and
that if p is to tally complex and if the complexification G°¢ of G exists P
denotes the complex analytic subgroup of G° corresponding to .

Let @ be the canonical 1-form on G [23]. Put =<4, > and W=
GP. Taking a suitable coordinate system which gives a local triviality of
the principal fiber bundle W —W/P=G/(GNP), we choose a “good”
I-form a» such that §i—a» is an exact form. For any YEg, we put
Hy(g)=<Ad*(g)A, Y>, which we call the hamiltonian corresponding to Y.
Here Ad*(g) denotes the coadjoint action of g.

The purpose of this paper is to show by explicitly computable simple
examples that if one chooses the above “good” 1-form a» the “path inte-

T
gral” computed by using the action _/(: y*av— Hydt (where y runs over a

certain set of paths on the coadjoint orbit) and the measure defined by the
canonical symplectic structure of the coadjoint orbit gives the representa-
tion 7 of G on #%.
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In the standard notation in Physics, the amplitude between the initial
state ¥ and the final state ¥’ can be written using the coordinate represen-
tation, the momentum representation or the coherent representation :

(P |le "1 =0H |4
- f / dx’ el | > | e =TI DB 5 x|

=/fdx’dx ¥ (x)<x'|e "1 | x> 4 (x)

where x denotes the coordinate ¢, the momentum p or the complex coordi-
nate z.

In this paper, we shall define and compute the kernel function K¥(x’,
x; T) which is the mathematical object corresponding to the kernel func-
tion

(x'|e~V1TH|x)

by means of the path integrals ([15J16][17]) where H is the hamiltonian
operator given by quantizing the classical hamiltonian Hy and b denotes
the polarization.

The actions of the examples in this paper are the followings :

0.1 pdiq—(eilq+ e'p+cs)dt,
0.2) pdg—(c1p+ cze”9)dt,
1, ag+tc
(0.3) pdq b dt,
0.4) pdq—c(qg+ pg?)dt.

One of the most important problems is how to choose “good” paths.

We divide the time interval [0, 7] of the action into N-equal small inter-
=1 k
vals [——N T, NT]
k

T N T‘/T
f v*a—Hydt=2 |,_, r*a— Hvdlt,
0 k=1 —N—T

and then take the path:

0.5)  p(t)=pu, q(t)=ak—1+(f - kz_vl T) L

N

This choice of the paths was first considered by Garrod [18].
The actions of the examples for the complex coordinates are the fol-
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lowings :

(OG) Edtz—(61t2+62t_£+ Ca)dt,
zZdz
Zdz

(0.8) 1+|Z‘2 y

We have computed the path integrals for these actions choosing vari-
ous kinds of paths, and finally found that the following choice of paths is
a right one which happens to be an exact analogue of the real case:

(0.9 Z(t)=Zr, Z(t):Zk—1+(t— k;/vl T) zk—;k_l.

N

It should be noticed that if one replaces z(¢#)=2z:-1 by z(¢{)=2Zz: in the
above definition of paths, the path integral diverges unless #%={0}.
We will see that the path integrals produce also the factor

-1
A/ ‘i(gcbc—x) which ensures the unitarity of the representation. This

shows that in order to obtain the unitary representations, for definition of
the path integral, we should not modify A with the linear form p which
corresponds to the square root of the absolute value of the volume bundle.

Let L%, denote the dual bundle of L.,. Then the path integral, in
general context, should be defined as a section ¥ W w', w; T)(w', wE W)
of L., QL¥% so that for w, wEW and p, p=P we have

FKw'y, wp; T)=E&(p)— 17K w', w; T)E(D).

Let U be a coordinate neighborhood which gives a local triviality of
the primcipal fiber bundle @w: W — W/P,

o (U)Dw— (x(w), p(w))EUXP,
where W=GP. Then we have

T w', w; T)=E&W(w) " K¥(x', x ; T)é(p(w)),
where we put x’=x(w’) and x=x(w). One of the main features is that
the path integral for the action _ﬁ Ty*a/p—Hydt gives the kernel function
K¥x’,x; T) and a slight modification with o of the path integral for the
action [['7*(6—a) gives &(p(w)" &(p(w))

To explain what is going on here we consider the simplest examples.
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We will treat the more general cases in our forthcoming paper [19].

For the Heisenberg group the computation of the path integrals is
very easy and everything in clear. However we discuss this case in great
detail, for we believe that the case of the Heisenberg group is fundamental
and the general case should be the modification of this case.

In addition to the Heisenberg group, we take the affine transformation
group on the real line, and the simplest simple groups SL(2, R)(~SU(1,
1)), SU(2).

Another purpose of this paper is to show by the above examples that,
for the different realizations of the representation by means of different
polarizations p and B, a slight modification with p of the path integral

T
computed by using the action '/0‘ v*(av—as) gives an intertwining operator

between the representations (x}, %) and (7, #%).

In the end, we would like to make some comments.

In this paper we concentrated on the explicit computation of the path
integrals, for we believe that the explicit computation gives us the clear
insight of the path integral and shows us some way to further develop-
ments of the subject.

To prove merely the fact that the path integral computed by the
action

T
fo y*ao— Hydt

gives the repersentation z{ there is a simpler proof which we give in our
forthcoming paper [19]. The method of proof is roughly explained as fol-
lows.

First we prove the semi-group property of the path integral.

Next we compute the derivative in T of the path integral at 7=0.

Finally we have only to show that the integral operator with this
kernel function coincides with

diTﬂ'f(eXp TY)|T=0.

There are plenty of evidences that one would be able to get the analo-
gous results for the Virasoro group and the affine Kac-Moody group

[4][6][29][32].
§1. Brief review of the Kirillow-Kostant theory

We review briefly the Kirillow-Kostant theory (for definitions and
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details, see [9][10][20]). Let G be a Lie group and g the Lie algebra of G.
We denote by Ad the adjoint action of G on g and by Ad™* the coadjoint
action of G on the dual g* of g. For any A€g*, let G. denote the isotropy
subgroup of G at A by the coadjoint action. Then the coadjoint orbit
is canonically identified with the homogeneous space G/G..

First we consider a real polarization:

g.ChCag.

We fix a Lie subgroup P of G the Lie algebra of which concides with b,
and assume that the Lie algebra homomorphism

pSX — —/—1KA, XD>E/—1R

lifts to a unitary character 7: of P. We donote by 7, the character of P
such that IQI% is the associated line bundle with 7,, where IQI% denotes
the square root of absolute value of the volume bundle on G/P. We put
Ex=1a7e.

Let L., denote the line bundle associated with &£ over the homogene-
ous space G/P. Then the space C*(L¢) of all complex valued C*-
sections of L., can be identified with

{feC(G); flgp)=Ep)"f(9) (¢EG, pEP)}.
For any ¢EG we define an operator mi(g) on C*(Ls,):For f€C™(Le,)
(@) x)=Ff(g7'x) (xEG).

Let #% be the Hilbert space of all square integrable sections of Le,
Then 7n{(g) is an isometry on #73% so that we obtain a unitary representa-
tion of G on #7%.

In general one should take complex polarizations:

g5 CpCg®.

In the following, for simplicity, we consider the real polarization and

only totally complex polarizations. The latter gives the analogue of the
Borel-Weil theorem [26]{30].

§ 2. Path integrals-I

2.1 Heisenberg group
We consider the Heisenberg group
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1 p r
G={( 1. tq) ;p=(p1,..., D), a=(qy, ..., qx)ER", VER}-
1

Then the Lie algebra of G is given by

0 a c
g:{( 071 tb); a:(al,...,an), b:(bl,..., bn)eRn, CER}.
0

The dual space of g is identified with

0
9*:{(t$ 0 ); 52(51,...,571), 77:(771,..., ﬂn)ERn’ GER}
c n 0

by the pairing
gXg*3(x, A)—tr(AX)ER.

The orbit decomposition of g* by the action Ad* is given as follows :

0
sl )
& nER o » 0

0
U U {("S 0- );6, vER”}.
0+0ER o 7 0

Any nontrival coadjoint orbit is given by an element

0
/Ly:(O 0, ) for some o=+0.
c 0 0

Then the isotropy subgroup at As is given by

1 0 ~»
GM:{( 1, 0); rER},
1

and the Lie algebra of G, is

0 0 ¢
ga,,={( 0, 0) : CER}.
0
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We consider the real polarization :

0 a c
p={( 0, 0);aER”,cER}.
0

Then the analytic subgroup of G corresponding to v is given by

1 p 7~
P={( 1. 0);p€R”, rER}.
1

Clearly the Lie algebra homomorphism

0 a c
b9< 0, 0)'—>—v~1066¢—1R
0

lifts to the unitary character &, :

1 p ~»
PE( 1, 0)*‘—"6_FT°7€ UQ).
1

1 0 0
M—{( 1, tq) : qER”}.
1

Then as is easily seen the product mapping M X P— G is a real analytic
isomorphism which is surjective.
Let f€C*(Le,). Then since

1 p 7~ 1 p r
f(g( 1, 0)>=e*f‘—“”f(g) for g& G,( 1. O)EP,
1 1

We put

f can be uniquely determined by its values on M. From this we obtain
the following onto-isometry :

X 2f— FELYR})

1 0 0
F(q)=f(< 1, tq)) (gERY).
1

where
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0 a c
For any g=exp( 0 tb)EG, we define a unitary operator U (g) on
0

L*(R?) such that the diagram below is commutative :
H % — LXRY)
7is(g) J l Uilg)
Hhe— L*R}).

Then we have

1 0 0
(Ux'l(g)F)(q)=f(g‘1( 1, tq))

1
t
1 —a —c+“Tb 10 0
:f 1n _tb ( ].n th)
1
t
1 0 0 1 —a —c-i—azb—a‘q
—_ t,_t
‘f( 1. ‘q b) 1, 0
1 1

= o/ 1o ~e+ %P —ad) (g — b).

Now we show that the above action is obtained by the path integral.

We use the local coordinates qi,..., gn, b1, ..., Dn, ¥ of gEG as follows:
1 0 0\/1 p 7~
1 1

where p=(py, ..., pn), a=(qy, ..., qn).
Since the canonical 1-form 6 is given by ¢ 'dg, we have

0:s=< s, 0>=tr(Aeg™'dg)=0(dr — pd'q).

We choose
ar=—o0pd'q.

Then

daw _ —odp/Nd'q

21D < e
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For Y &g, the hamiltonian Hy is given by
Hy=tr(Asg ' Yg)=0(a’q— b'p+c)

1l a ¢
where Y=< 0, ‘b), a=(a,...,an) and b=(b, ..., by).
0

The action is given by
T
@.1.2 [ {~op(t)}d(r)—o(a’a(r)—b'p(1)+c)aL.
Following the physicists’ calculation rule we take the paths:

N t t
2.1.3 kgl{ —Pr-1("qe— tQk—l)_<aL2qki— b'pr+ C)%}

The path integral asserts that the transition amplitude between the
point g=¢qo and the point @'=gqy is given by the kernel function which is
computed as follows [13]:

K¥(d',q;T)
i dpo ... _dpy-1 ,
—}JP&A ﬁf ﬁf’(zn)" O (g )" A dan—

N
X exp{v —10;1[—pk-1(tq;z —'Qr-1)

t t
(el

N
:lim/;n"'/;"dQI"'qu—ll};I18<_Qk+Qh—1+ b%)

N-o

Xexp{—J——ldél< a(tQk;tqu) +c>%}

t
=}}£n6(—qN+qO+ bT)eXp{—x/—lo(aT<tqo+%>+cT>}
t 2
=8(—q'+q+ bT)exp{—v—ld(ath—F a I;T -l—cT)},

where for p=(p1, ..., p») and g=(q, ..., g.) We put
dp=dp N\ Ndpn, and dq=dp /- \dgn.
For FECZ(R") we have
fRnKﬁ(q’, a; T)F(q)dq
t 2
=exp{—¢—10<a”q’T— a gT +cT>}F(q’—bT)
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=(Uifexp TY)F)(q).

Thus the path integral gives our unitary operator.
For any ¢/, g€ G such that

4

1 0 0\/1 p r
ERTES

1 1

1 0 0\/1 p 7~
A0

1 1

we define

and

HKg,9; T)=e"""Kiq', q; T)e 7.
Then it is easy to see that for any ¢, g€ G and p’, p=P we have
WGV, 9p; T)=&0) " %N, 9; T)Eu(D).

This means that % ¢, g; T) is a section of Le, QLY.
We remark that

6,,— av=o0dr

and

T
J*ll y*(G,— an)=+—1or'—y/—1or.
T
This shows that the path integral for the action ﬁ y*(0,,— av) gives

Ei(0(9") " &(0(9)),

where p(g) denotes the P component of the decomposition of gEG :

1 0 O0\/1 p 7
gz( ln tq)( ln 0).
1 1

As we saw in the above

f(g)=e"""F(q),

where



Kirillov-Kostant theory and Feynman path integrals on coadjoint orbits I 363

1 p 7
g=( 1, tq).
1

We denote by Ky and %% the integral operators defined by the kernel
functions K¢ and .%%. Then we have

FY(9)
= [ #%g,a; T)/(g)dulaP)
:j;ne«/jo'r'K;(q” q; T)e—/:o're,/_-f'o-rF(q)dq

=T (KyF)(q')
=e 1 (Uk(exp TY)F)(q')
=(nk(exp TY)f)Ng),

where u denotes the invariant measure of G/P such that

1 0 0
a’u(( 1, ”q)P>=a’q.
1

This shows that the integral operator %% coincides with #i(exp TY).

PROPOSITION 2.1.  For any Y Eg the path integral computed by using
the action (2.1.2), the paths (2.1.3) and the measure defined by (2.1.1)
gives the kernel function of the unitary operator Ul(exp TY).

2.2. Affine transformation group of the real line I
Weconsider the affine transformation group

G={((3)) f) X, YVER, y>0}.

Then the Lie algebra of G is given by

=(§ )saver)

The dual space of g is identified with

(¢ O):ee)

The coadjoint orbit decomposition is given as follows :
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=9{ WG )& om0

U{(i 8) : €, 0€ER, 0<0}.

We take two elements for the representatives of the nontrivial orbits:

0
/10‘:<O_ %)Eg* o==1.

Then the isotropy subgroup at As is

6e={(o 1)

and the Lie algebra of G, is

w={(y o))

We consider the real polarization:

[ 8)s<s)
(3 )]

Then P is the analytic subgroup of G corresponding to p.
The Lie algebra homomorphism

We put

p9<8 g)r—>—J—_10beJ——1R

lifts to the unitary character &.

1 x

PB(O 1

)— e TEeU),
We put

(5 9 e

Let feC>(Le,). Since f can be uniquely determined by its values on M,
we obtain the following onto-isometry :
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w2 f— FEL*R.)
where

‘f)) (4<R).

g Ob )EG, we define a unitary operator Ui(g) on L*R.)

such that the diagram below is commutative :

%o‘ - Lz(Ru)

mil9) j l Ui9)
xh,— LARy).

rA(5

For any g=exp<

Then we have

(U}Z(g)F)(u)=f<g_l(eu 0))

0 1
o b, 4 e”
A7 g
_ (e 0\[1 —Qe—”(l—ea)»
f (( 0 1)(0 “

=g Toa - F(y — g).

We use the coordinates %, x of g&G:

_(e* 0\ /1 x
GBg—(O 1)(0 1> u<R, xER.

Then we get
Ors=tr(As g7 dg)=o(xdu + dx).

We choose
av=o0xdu.
Then
2.2.1) daw _ odx N\du .

2 2



366 T. Hashimoto, K. Ogura, K. Okamoto, R. Sawae and H. Yasunaga

a b
0 0
The action is given by

For Y=( )Eg, the hamiltonian Hy is o(xa+e %b

2.2.2) / o (D) a () — o(x()a+ e Ob))dt.

).

k—1 k ]

For fixed u, #'€R., we define the paths: For tE[—N—T, T
_ . k—1 )uk—uk_l
(2.2.3) u(t)—uk-l-i-(t N T TN

x(t)=%r-1
u(0)=u and u(T)=u'.

N

In § 2.1, we computed the path integral by following the physicists’ calcu-

lation rule (see [13], e.g.).

It is easy to see that the physicists’ calculation rule is obtained by
computing the action using the paths by defining our choice of paths. In

the following we will show that the above choice of the
unitary operator of the representation.
Then the action for the above paths is

kZZ}l ﬁj;{ox(t)u(t)— o(x(t)a+e “?b)}dt

paths gives our

S T
=2,0| Xn- T Ur-1) T AXk-177
kgl [ R 1(uk Uk 1) k 1N — vnt Ur

e U g U bT}
N |

Now the path integral can be computed explicitly as follows.

KW u',u; T)

_. m-.- * m.-. * Wo-cc de—l vee
—}ngo/:m '/_-w/_.w f_mo‘zﬂ 0o - dur - dun-1

N
X eXD{v _10';1[9612—1(%;3— uk—l)— axk-l%— b

oo oo N
=}}££1°]:m---’/:wdul"'duN-lg;[lS(uk—uk—1—a—]7\—;>
Xexp{—«/—ldé e e b]g}

=1 —Urt Ur—

= }}ﬂ&(u;« —Uo—a T)exp{\/ —1oe " (1— e‘”)—z—}
=8u'—u—a T)exp{J —1oe ¥ (1— e“T)%}.

For FECZ(R), we have

g U — g T]}
— Ur + Ur-1 N
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[:K?(u’, u; T)F(u)du=exp{J:_108‘”'(1—e”)%}F(u’—aT)
=(Uk(exp TU)F)(«).

Thus we obtain the unitary operators through the path integral.
For any ¢/, g€ G such that

(5 D 1)
gz((? 10><3) f)

we define
FKe,9; T)=e " Ki(u', u; T)e 1™,

and

Then it is easy to see that the integral operator defined by the kernel
function %% coincides with the unitary operator 7l(exp TY). We remark
that the path integral for the action defined by the exact form 6, — av
gives

T
exp\/—ll ox (t)dt =eV 1% g=V-Tox,

PROPOSITION 2.2. For any YEg the path integral computed by
using the action (2.2.2), the paths (2.2.3) and the measure defined by
(2.2.1) gives the kernel function of the unitary operator Uf(exp TY).

2.3 Affine transformation group of the real line II

Having discussed about the connected component of the affine trans-
formation group in § 2. 2, now we consider the whole affine transformation
group G:

_y x\.
G—{(O 1),x,yER, y#O}.

Its Lie algebra g and the dual space g* of g are expressed by

gz{(‘g 3>;a,beR}

e S Disren).

Then the orbit decomposition is given by

and
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=05 P Yere o)

We take one element for the representative of the nontrivial orbit :

The isotropy subgroup is

6={(y 1)

and the Lie algebra of Gi is

w={(y o)}

We consider the real polarization :

(g )sec.

We put

g Bren.ro
P {(0 )i veR, y=0l.

Then P is the subgroup of G corresponding to b.
The Lie algebra homomorphism

p5<g g)»—»oe./_—m

lifts to the unitary character :

PB(%’ (1)) — (sgny)e U(1)

where =0, 1.
We define a character €; of P by

PB(%’ g)Hﬂ(sgny)elyl‘%EC*

and put
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Let f€C*(Ls,). Since f can be uniquely determined by its values on
M, we obtain the following onto-isometry :

Hi2f— FEL*Rx)

where

roms((} 3)) em

For any g=G, we define a unitary operator Uf(g) on L*Rx) such that
the diagram below is commutative :

%E—’ LZ(Rx)
ﬂf(g)j J 1(g)
3 L*(Rx).

Then for g=<(c)Z 1b>, we have

wrop@=A(¢ 1) (5 1)

0

=(—sgn a)slal‘%F<x;b).

We use the coordinates x, v of g=G:

GBg=<1 x>(y 0) y+0, y, xER.

0 1/\0 1
We get
9A=tr(ﬁg‘1dg)=g§—.
We choose
a/n:@‘
v

Then we have

doe _ dxNdy

(3.3.1) 271,_ Zﬂ_yz
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ax+b

For V= (0 :)Eg, the hamiltonian Hy is

The action is

(2.3.2) [{ ’y“((tt)) - "xi”;)t;“b}dt.

For fixed x, x’€Rx we define the paths: For te[ﬁl:\l_

(2.3.3) x(t)=xk-1+<t— k]:/-l T) xk;/;c\};‘l ,

y(t)=yu-1,
2(0)=x and x(T)=x".

Then the action for the above paths is

Nt (%(8) ax(P)+b
& —T{ym ORI

ey G a0l

Now the path integral can be computed explicitly as follows.

K¥x', x; T)
i [T (T [T _dyna
—Ilvlf?of /f ./27ryo 27ry1v1dx1 2
o B (- s )

=}vlgl°/ f f / 20 dz” 1a’xl “dxn-1

X exp{f;_lkgl [Zk—l(xk_xk—1_<a—xk+2¢+ b)?\f:’:)]}

o =) N
=lirn/w---_/_mdxl---de_lgla(xk—xk_1—<aﬂ%+ b)%)

N—-o00,J/—

~timo (e ((1+57) /(1= 53) (ot ) 2 1|

— eaT/28<x/_xeaT _{_7‘_(1 _ eaT)>.

=

For FECZ(R), we have

/::Ki'i(x’,x; T)F(x)dx=e‘a—2TF< —aly 4 — (e"‘T 1))
=(Uf(exp TY)F)(x ).
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Thus we obtain the unitary operators by means of the path integral and
find that the path integral produce also the Jacobian factor:

(o 1)
/ d(g (0 1
ax
For any ¢, g€ G such that

= )G )
=, 1) )

we define

=|a|"z.

and

HUg', 9; T)=(sgny )|y [ZK¥x’, x ; T)(sgn y)°ly| 2.

Then it is easy to see that the integral operator defined by the kernel
function %y coincides with the unitary operator zf(exp TY).

Since 6i—a@»=0 the path integral for the action defined by the exact
form gives 1. This shows that one should modify the path integral with

1 1
(sgn y')°|y’[2(sgn y)°|y| 2.
PROPOSITION 2.3. For any Y Eg the path integral computed by using

the action (2.3.2), the paths (2.3.3) and the measure defined by (2.3.1)
gives the kernel function of the unitary operator Ul(exp TY).

2.4 SL(2, R)
Let G, g and g* be SL(2, R), s/(2, R) and the dual of g respectively.
Since the bilinear map

gXg3(X, Y)—tr(XY)ER

is nondegenerate, g* is canonically identified with g. Moreover, by this
identification the coadjoint action corresponds to the adjoint action. Then
the adjoint orbit decomposition of g is given by

ol ()

x y—z\ . 2 2 2 +}
—x?— = S S
U{<y-l-z —x)’ x—y‘+2z°=0, x, y&R 2z€R

x y—z\ 2 2., .2 -}
—x— = S e
U{<y+z ——x)’ x*—y*+2°=0, x, yeR 2z2€R
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X
chaf <y+z —X

X -z
U U < Y ); —x*—y*+2*=c, x, yER zER+}
ceRF\y+2 —x

); —x'=y’+2*=c, 1,9, zER}

U U < * y—z>; —x*—y?*+z2*=c, x, yER zER‘}.
cerr\Yy+2 —x

Thus taking into account the Ad(G)-invariant quadratic form —x?— y?

+2% on a three dimensional real vector space, we have three kinds of

orbits, apart from the orbit consisting of the origin only which gives the

trivial representation.

In this section, we discuss the path integral and the representations
for the orbits which are one-sheeted hyperboloids (on which the quadratic
form is negative). For two-sheeted hyperboloids (on which the quadratic
form is positive), it will be discussed in § 6.2 with conjunction to the com-
plex polarization, and cones (on which the quadratic form in zero) in our
forthcoming paper [19].

/2 0

0 _6/2>€g. Then

For a nonzero 0€R, we take the element /L;=<

the isotropy subgroup is
GA6={<x 0_1>;xER,x:#O}
0 «x

and the Lie algebra of G, is

wo={(* 2 )iack]

We consider the real polarization :

n={<? _Oa) . q, ceR}.

We put

Xy

then p is the Lie algebra of P. Then the Lie algebra homomorphism

pB(a 0 )b—»—J—_ldaEJ—_lR

c —a

lifts to the unitary character
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Ps(jc’ y‘fl) — |y~ e ).

We define a character &, by
P3<y O_1>v——>|y|‘m"‘IEC*
x Yy

and put

= D)eer)

Let f€C*(Ls,). Since f can be uniquely determined by its values on M,
we obtain the following onto-isometry :

Fh2Df— FELYR,)
where

r=A((y 7)) wem

For any g€G, we define a unitary operator UL(g) on L%*R,) such
that the diagram below is commutative :

%Ed - LZ(RX)
7 g) j [ Uilg)

# 2y — L*(Ry).

Then we have for g=<ccz b)

d
iR @=A(* "Y' 1)

1 dx—b 1 0
=f(( cx+a>(~cx+a ))
0 1 —c —cx+ta

=|—cx+a|‘ﬁ"‘1F<—dx_b )
—cxta

To write down our unitary operators explicitly, we consider three one
parameter subgroups defined by the following basis :

_f(a 0 (0 b (0 0
Yl_(o —a)’ Yz_(o 0)’ Y3_<c 0)'
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Then we have

(Uk(exp Y1I)F)(x)=e W=TotDef (g 2y),
(Uk(exp Y2) F)(x)=F(x—b)

and

(Unexp Y F)(x)=I1—exl T F(12).

We use the coordinates x, y, ¥ of g&€G:

(1 x\/1 0\/xe" 0
GBQ‘(O 1><y 1)( 0 ie"”) %, v, uER.

Then we get

Oi=tr(Aeg™'dg)=o(du + ydx).
We choose

o= o0ydXx.
Then we have

daw

24D <

__0
=5, ay N\ dx.

For Y1, Y2 and Y3, the hamiltonians are given by
Hy,=0a(1+2xy), Hy,=cby
and
Hy,=—oc(x+x%y).

The action corresponding to Y is
T
@2.4.2) [ {ov()3(D)— a1+ 2x(t)y())at.

For fixed x, x’€Rx we define the paths: For tE[k—j_V—l—T, Z_IS/T]

2.4.3) x()=xert(t—EGET) BT

(1) =y,
x(0)=x, and x(7T)=x".

Then the action for the above paths is
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= [ (ov(0) 3 () =oa(l+2x(r)y(1)h
é [yk 1(xk Xk— 1) d(1+(Xk+Xk 1)yk 1) N:|

Now the path integral can be computed explicitly as follows.

K{;l(x,, X, T)

i [ 0

X eXD{w/__ldkgl [yk_l(xk — Xp-1)— a(l + (xx +xk—1)yk—1)‘%]}

co oo N
:limf "'/_‘wdxl‘“dXN—lH15<Xk_xk—1—a(Xk+Xk—1)_]€>e_‘/_—l_daT

N-oowJ/—

T
1+ ) -
:}Vima XN— —<—a]¥1—Nxo 1—£’ o~ V-ToaT
N>

:8(x/_82aTx)e V=1 0aT+aT
Thus for FECZ(R), we have

[wa}l(x', x; T)F(x)dx=e "1 9T-aTR(g=2aTy")
=(Uilexp TY)F)(x").

The action corresponding to Y- is

@.4.0 [ o)z (0)—oby())dt,
and we define the paths (2.4.3). Then
[ {ov()3 (1)~ aby(1)}dt
:élo'[yk—l(xk—xk-l)—byk—1k7€':|.

The path integral for the above action is given by
Kv.(x',x; T)

[ [ oo B

X exp{x/—_ldkg1 [yk—l(xk—xk-l) - by"‘l%]}
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=11V1££1°f f dxr - dxn- 1H 8( — Xp-1— ]7\;>
:}Viglo&(xN x0—bT)

=0(x"—x—0bT).
Thus for FECZ(R), we have
'[wK}pfz(x’, x; T)F(x)dx=F(x'—bT)
=(Ul(exp TY2)F)(x").
The action corresponding to Y3 is

(2.4.5) f ov(£) () + ae(e(t) +x2(2) y(£))} .

We define the paths:
N

(2.4.6) o2 [yk-1(xk—xk—1)+c<%+xkxk-1yk)—}\;—]
k=1

Now the path integral can be computed as follows.
Ky (x',x; T)
—1; dyo . dyN 1
_Ilvlglof f f fm o dxy+dxn -1
Xexp(V-lO‘El [yk—l(xk_xk—l)

+ C(L;Clzi+kak—1yk—l>7€—:|}

=1imf fdx1 “dxn- 1H5<xk Xp—1+——37 ]z;xkxk 1>

N-ooo

Xexp{J——le xk+2xk”1 C]z,‘}

=1imd(xn — x0+ cTxnxo)

N —oo
Xo Xo _Z}
Xexp{” "Cz ( kT T 1T )N
N — 7 X0 1+—N—XO
T
=8(x’~x+ch’x)exp{¢—10 1—|—cxu du}

=8(x'—x+cTx'x)|1+cTx|"1°
Thus for FECZ(R), we have

/KYs(x x; T)F(x)dx=|1—cT| ¥ T°" ‘F(l c,Tx>
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=(Ui(exp TYs)F)(x').

For any ¢/, g G such that

,:(1 x><1 0><ie”' 0 )
=0 1/\y 1\ 0 e
:<1 x><1 0)(ie” 0 )
9=V 1/\y o/\ 0 xeu)

we define

%i(g/, g; T):e(mo'+l)u’K§(x/, X T)e—(«/jo'-rl)u.

and

Then it is easy to see that the integral operator defined by the kernel
function %% coincides with the unitary operator zf(exp TY). We remark
that the path integral for the action defined by the exact form 6i,— a»
gives

T
expv—lfo ou(t)dt=e/ T g=V~Tou,

This shows that one should modify the path integral with e*e

PROPOSITION 2.4. For Y=Y or Y.Eg the path integral computed
by using the action (2.4.2), (2.4.4), the paths (2.4.3) and the wmeasure
defined by (2.4.1) gives the kernel function of the unitary operator UJ
(exp TY).

PROPOSITION 2.5. For Y=YsEqg the path integral computed by
using the action (2.4.5), the paths (2.4.6) and the measure defined by
(2.4.1) gives the kernel function of the unitary opevator Ul(exp TY).

THEOREM 1.  The path integrals for the actions (0.1), (0.2), (0.3)
and (0.4) give the kernel functions of the opervators milexp TY) for the
unitary representations of the Heisenberg group, the affine transformation
group on the real line, the nonconnected affine transformation group on the
real line and the veal unimodular group, respectively.

§3. Intertwining operators

3.1 Heisenberg group
Let G,g,g* and As be the same as in §2.1. In §2.1 we considered
the real polarization :
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1 p r
p={( 1, 0) :p=(by, ..., pn)ER", rER}.
1

1 0 0\/1 p 7~
Using the coordinate g=( 1, tq)( 1, 0) and taking a»=opdiq, we
1 1

T
proved that the path integral for the action /(: y*an— Hydt gives the repre-
sentation U,

In this section we take another polarization :

1 0 7
5={( 0~ ti’]); a=(qy,..., 3»)ER" fER}-
0

We obtain the following onto-isometry :

#2f— FELYR})

1 p O
R A
1

where

and define a unitary operator Uj(g) on L*Rj) for any g€ G such that the
diagram below is commutative :

x5, —— L*R3})

m(9) 1 J (9)

x5, — L4 R}).

We use the lecal coordinates 51,

ooy Dn, G1, ..., qn, 7 of geG as fol-
lows :

1 » O\/1 0 7
6so-( 1 o)( 1. 7l
1 1

where p=(51,..., ba), 3=(q),..., 3.)ER", 7ER.

Then we have 6,=tr(Asg 'dg)=0(d7 +qd*Pp).
We choose as=0qd‘p. Then we have the action
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’/O‘T{O'?I(t)tf)(t)— o(atq(t)—b'p(t)+c)}dt.

For fixed p, p’ER} we define the paths: For tE[k—;/l T, %T]

a(t):ak—ly
B(1) =Pt (1 —E T Bpe,
N

p(0)=p and p(T)=p.

Then we can compute the path integral in the same way as in Section
2.1 and we get

t 2
Y. P T):a(p'—p—aT)exp{f—1a(pbe+ a gT —cT>}

and for FE€C2(Rp)
WB', b; T)=el 0TS T DF(p/ ~aT)
=(Uk(exp TY)F)(D").
Since p=p, q=7q, r=7 +p'q, we have
3.1.1) a—a=0d(p'q).

Hence,
T T
ﬁ(r*as—Hy)dt—ﬂ (y*aw—Hy)dt=0(p''q’—D'q).
It follows that
T T
3.1.2) l(y*a:,—Hy)dt+0ﬁ‘q=ob’tq’+£ (y*a,— Hy)dt.

Now we put [;4(P, ¢)=e’"#7 and we denote by I, the integral oper-
ator from L*Rj) to L*Rj;) with the kernel function I5,. Then the above

equality (3.1.2) suggests that for any g&G the following commutative
diagram holds:

LRz —L2 1Ry
(3.1.3) Ui(9) l l Ui(g)

LR —Le2 12(RD).
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In fact, for any FE C2(R?), we have

a‘b

(U@ Is)F)(B) = [ dae o7 = 5 r=c15a-a0 f(g)
:'/R‘ndqema(b‘q—a‘quLaT‘sz—cT)F(q__ bT)
=((Is5° Ui(9)) F)(P)
This shows that the diagram (3.1.3) is commutative.

PROPOSITION 3.1.  The path integral for the action defined by the
exact form (3.1.1) gives the kernel function of the intertwining operator
between the representations (Ui, L*(R3) and (UL, LX(R%)).

3.2 SL(2,R)
Let G,g,g* and As be the same as in §2.4. In §2.4 we considered
the real polarization :

A=

with the coordinates

(o D6 DO o)
V0 1/\y 1\ 0 tev/)
Taking e,=oydx we proved that the path integral gives the represen-

tation Uj.
In this section we take another polarization

={; )
P 0 —a/)
We put
ﬁ={(y )El>;x,yER, y=f=0}.
0 v
Then b is the Lie algebra of P. The Lie algebra homomorphism

739(3 _ba>'-—’—«/—10a6,/—1R

lifts to the unitary character :

ps(? 951 — |y~ e UQ).
0 v
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We define a character &, by

p'9<(3)’ y’:) |y ToecH,

Then we obtain the following onto-isometry :

#52f — FELYR%)
where
(2 ) e

and define a unitary operator Uf(g) on L*R?%) for any ¢g=G such that
the diagram below is commutative :

%5, — L*R%)
mf?,(g)l J Ui(g)

5. LAR%).

Then we have for gZ(CCZ b>

d
(Ui FXR)=1((4 Z)(i f))

1 0\/—bE+d b
—bx+d —bx+d

| — b+ T p(_aX —C
=|-bx+d| F(—bx‘+d>'

We use the local coordinates y, 4 of g=G as follows:

x,
_ 1 O><1 f)(ie” 0 )
G3g (fl 0 0/\ 0 e
where ¥, ¥ and #ER.
Then we have

O =tr(Aeg ' dg)=0(dii — 7dx ).

We choose
A= — O'j;df

The hamiltonians corresponding to Y3, Y2 and Y3 are
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Hy,=0a(1+2%7y), Hy,=0b(X + x2y)
and
Hys-_-—O'Cj}'.

The actions and the path integrals corresponding to Yi, Y2 and Y3 are

as follows:
For 1

[=o5(t)(0)- aall +27() 31},
W x5 T)=8(F —e 275 ) ¢T-ad~10T
For Y.
[=o9(0E(O—ab(x(0)+ 2D F ()},
W&, % T)=8&"—x+bTZx)1—bT%|"1°.
For Ys

[(=o3(E () +ocx(d)at,
KWz, x:T)=8(x'—%—c).

!

y (14 s
1575 and y=x%(1+ %7y ) we have

Since x=
3.2.1) ar—av=o0dlog|1—x%|.
Hence,
T T
[ as—Hr)at— [ (r*as— Hy)dt = o(l0gl1 —x' 7’| ~logl1 —x ).
It follows that
T
3.2.2) _A(y*aa—Hy)dt+alogll—x55|
T
=dlog|1—x’5c"|+£ (r*a,— Hy)d!.

In this case, the integral operator from L*Rx) to L*R :) with the kernel
function e/"lobel-xfl=|]1—x%|""1% is not commutative with Ul(g), UL(g).
So, one must modify the kernel function by multiplying the factor =|1
—x%|™". Now we put Isx(%, x)=|1—x%|"1°""' and we denote by I:, the
integral operator from L*Rx) to L*R:) with the kernel function Is,.
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The above equality (3.2.2) suggests that for any g G the following
commutative diagram holds :

v

L%(Ry) S TN LXR;)
(3.2.3) Uil9) ‘ ‘ U(9)
2Ry —Le |, 12R)).

In fact, for g=<‘cl Z,) and any FEC?Z(Rx), we have

5 *° ¥ — J-To-1
(U@ T F)(5)= [ el ~ bt + a1 - HEE T
— [T ael1—xz|To
><|—cx+a|‘*f‘_“’“F<—dx_b )
—cxta

=((Is5° Ui9) F)(%)
This shows that the diagram (3.2.3) is commutative.

PROPOSITION 3.2.  The path integral for the action defined by
(3.2.2) gives the kernel function of the intertwining operator between the
rvepresentations (UL, L*(Rx)) and (UL, L*(Rz)).

§4. Path integrals II

In this section, we compute the path integral for a complex polariza-
tion which is called by physicists the path integral for the coherent repre-
sentation. Let G, g,¢* and As be the same as in § 2. 1.

Then the complexification G® of G and ¢° of g are given by

1 p r
GC={( 1, tq) ;p=(b1,...,pn),q=(q,..., g.)EC" rEC},
1

0 a ¢

gC={< 0, tb) ;a=(a,..., an), b=(b, ..., by)EC" cEC}.
0

We consider the complex polarization defined by

0 v—1b ¢
bZ{( 0, ’b); b=(b,..., b)EC" cEC}.
0
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We denote by P the complex analytic subgroup of G°¢ corresponding to p.
We put W=GP=G°® Then it is easy to see that the Lie algebra
homomorphism

0 J=1b ¢
bB( 0 tb)+——>—\/jlchC
0

lifts uniquely to the holomorphic character &, :

=S

1, ‘b
1

P> ’Q_HGCEC*.

We denote by L the holomorphic line bundle on GC¢/P associated
with the character &;,.

We denote by T'(Le,) the space of all holomorphic sections of Le, and
by T'(C") the space of all holomorphic functions on C”. We use the coor-
dinates for g€G:

o -1z o 0 Sz b
g=exp 1, |exp 1,
0, 5 2 0, 5 2
0
1 ————'2_12 ——'8_1th
- ln %tz
1
1 ol el e
2 4 8
X Lt
ln 22
1
where z&C”, r<R.
We have the isomorphism
'(Le)Df— FET(CY)

where
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Y T g <X

F(z)=f

8
1.
22

1
We denote by I'*(Lc,) the Hilbert space of all square integrable

~)jz)12

holomorphic sections of L¢, and by I‘Z(C", (271r)” e 2

) the space of all

square integrable holomorphic functions on C” with respect to the Gaus-

sian measure We‘g”z”z.
Since
2An,. _olzl® , dzdz
./;/(;Jf(g)l A\ wAa—/;nle ¢ F(z2)| Qr)"
. o _odt dzdz
= [P

where we denote by w., the canonical symplectic form of the coadjoint
orbit ., =G/Gi, and we put

dzdz:<~—vgl )ndzl/\dil/\dzfz/\dfz . AdzAdZn.

The above isomorphism gives an isometry of I'*(L.,) onto
ofon _ 1 —i’||z||2>
T (C , (27[);1 e 2 .
As is easily seen T(C", (271[),, e 191") (0} if and only if o>0.
It follows that
T'*(Le,)#1{0} if and only if ¢>0.

For the rest of the section we assume that ¢>0.

Fix
0 a c
g=exp< 0. tb)EG.
0

Then we have

(Uig)F)(2)
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J—_t

A1,

g 2z
1,
52

1

1 ———'2_1z '8lztz
=fl g7’ 1,
ln 22
/-1
t
B 1 —a ——c+a2b 1 9 %
_f ln _tb 1n
1
1 -y -y
:f 1
1, 2
___1—
T
x __7_
1, 5
1

Ly p+lse
=Tl 3 7R — o),

where y=b++—1a.

g 7'7

It is well-known that Uy, is an irreducible unitary representation of G

ofon 1 ——||z||2>
on I (C » @n) e 2 )
We have

ty _ 5t
0A¢:tr(/lgg_ldg)zd<dr+J__12d z za’z>’

4
Hy:(,( rl_r%ﬂ),

N el el YN
2 8
where g= 1 1
" 2
1
1 ol e L e
2 4 8
X 1,
1n 2 4
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v—1o
2

We choose av=— zd'z.

Then we have

1 ., _J—lodzNd'z
(41) o daw= AT .

For fixed z, 27€C” we define the paths: For tE{k—;/lT, %le
4.2) Z(t)=Z p-1,

2() =z +( 1 - Rl ) 222

2(0)=z and 2(7T)=2".

The action is
(4.3) [{_%_gs(t)‘z(th/:—ld< /:_17tz(t)EJ——17t2(t) +C>}dt
=éﬁ§,{é—02(tr (1)
_J:—16<~/—_17‘z(t);¢_—17t5(t)+C>}dt

e _k—-l(tzk_tzk—l)

Il

Q
1
o=

— <%tfk_1 ——%(’zk+ Zp-1)t+ mc)%]
The following lemma can be easily proved.

LEMMA 4.1. We have the following formula for ¢, c.C".

G ol it (v e (o)

=exp o{z”‘(%%— cl>—202t<—§—+ CI>}.

Using this lemma, we can compute the path integral explicitly as fol-
lows :

K¥z',z; T)
. odz:dz, odzn_1dZ N1
_}Hﬂﬁn ﬁ Qr)" @r)"
N

X exp{ O'El[‘%‘fk—l(tZk —'2k1)
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~(Fzir—TCat )+ 1)L}

. odz,\dz, odzZy-1dZ N-1
=tim [ . (27r)”

N-o0JC (271-)’1
N
XeXp{O’E}( ||2k 1“ + Zs- 1( ;k 27]\7/;>+2k 1 2’}3)
+a(z~—zo) AN —J—ldcT}
. odz1dz, odzn-1dZ n-1
=tim [~ [ @r) ok

t —=
xexp|o( ~ -z~ 2o L+ 2 T

o —lal+ n(-2—TE)+ (22420

2 2N 2 2N
WEINE R A2

o 1 2, — (tZk_t7T> 7T>
+01§4< 2"zk—1”+zk—l 2 TTON +Zk12N

t_
+ 0(zy — 20) Z]\Yf‘ —J—lacT}
:ff 0dz:dZ;  odzy-1dZn-

o Qo) (2x)"
Xexp{o(—illz'oll — 2 213; + 2o 215)

1 23 ‘)’T)
+“< Izl + 2 ( 2 2N> ( ON

_ 7’T< Zo ‘YT ))

N\ 2 2N

N t t

+o2(—planiP+ 22 —T0 )+ 2 T
t7—,T
+ o(zy— 20) i v~ locT

repeating the above procedure,

=1imexp{ (——||20“ +zN< 7T>
N —o0 2 2

—rT( 5y )L
to( ~ 2 L+ (20— 20 B+ T (204 77) )|

4N
1 , ‘¥T
=exp{0<——2—|lzllz+z <7 ——7;2 )
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2 4
0 a c
Thus for any Y=( 0, tb)Eg, we have
0
odzdz

o (271.)71 K]E"(zl, zZ, T)F(Z)

(S22 oo~ b+ L2y + LT
~ Ll r- =107} F2)

=exp|o( 52 7T —lrf T*—=1cT )| F(z'~4T)
=(Ui(exp TY)F)(2').

For any ¢, g€ G such that

5 ————g 2z
g= Lt/
1, 5 2
1
i e TS 4
X 1,
1, 5
1
1 41, el S
2 8
g= 1
1, 5 2
1
1 '_12 r+ _1||z||2+ _12'*2
2 4 8
% 1, —%—‘2
1

we define

Oy 2 , _ /= Oy,|2
HUg,g; T)=e " YKz z; T)e /"1ty

Then it is easy to see that for any ¢, g=G and p’, p€P we have
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FHGY, 9p; T)=E:(t) " FU g, 9; T)E(D).

This means that # Wg’, g; T) is a section of L &L:,.
We remark that

0~ av—ad(r+ 2l
and
T E3 _ ’ o 7|2 0o 2
VL[ 7400 ar) =y =Tor'—y=Tor =Lz P+ |z
T
This shows that the path integral for the action l ¥(6:,s— aw) gives

Ex(0(9)) " 61s(0(9)),

where p(g) denotes the P component of the decomposition of gEG,

1 “__vglz It O

g 2z
g= it
1, 5 z
1
e R et 7 (NI At
2 4 8
X 1,
1, 5 z
1
As we saw in the above
flg)=e " (),
where
1 V;%z—n y
9= 1o S(z+%2) |
1

Thus, we have

FNG)= [, 7, a5 TI Q)N
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Ty’ —-Zil |2 Y Oy 02
_:—/(;nefvlar 4”2" K)B(Z,, z; T)e /_lar+4||z|1

dzdz
(27)"

=KL F) (2)
=1 (UL (exp TY)F)(2')
=(nh(exp TY)f)9).

This shows that the integral operator # % coincides with 7i(exp TY).

X g/ 1ol o 2)

PROPOSITION 4.1. For anmy Y&g the path integral computed by
using the action (4.3), the paths (4.2) and the measure defined by (4.1)
gives the kernel function of the unitary operator Ui(exp TY).

THEOREM 2.  The path integral for the action (0.6) gives the kernel
function of the coherent rvepresentation of the Heisenberg group.

§ 5. Intertwining operator II

Let G,g,g¢* and As be the same asin §2.1. In § 2.1 we considered the
real polarization :

1 p 7
p:{( L o);p-_-m,...,pn)em,rER}_
1

1 0 0\/1 p ~r
Using the coordinates g=< 1, tq)( 1, 0) and taking awv=opd'q,
1 1

T
we proved that the path integral for the action A y*an— Hydt gives the

representation U},. Let G° and g€ be the same as in §4.1 and we
assume that ¢>0. In §4.1 we considered the complex polarization:

0 v—1b c
EI{( 0~ tb); b=(by, ..., bs)EC", cEC}.
0
Using the coordinates z, s
] AL, =l
2 8
g= 1,
].n D) 4

1



392 T. Hashimoto, K. Ogura, K. Okamoto, R. Sawae and H. Yasunaga

1 oy ety
2 4 8
X 1,
1, 5 Z
1
where z€C” s&R and taking a; =—- _216 Zd'z, we proved that the path

T ~
integral for the action 'é y*as— Hvdt gives the representation Uj..

If g=G, we have the following relation between the two coordinates
above:

z=q+—1p.

Then we have

i

(5.1) Oy — Ap= qtq—2qtz+%ztz).

Hence

[ ra—Hnat [ (e Hyo)at
A Vs Y A 7 @ Y
=y _2_10(q/tq/_2q1t21+_%_z/tz/_qtq+2qtz_%ztz>.

It follows that

T % —lo( . t 1 .
_A(y as— Hy)dt + (q q—2qz+722)

2
— T
(-t [

Now let I;.(z, q)ze_%“'q"z"'”%"z), I, be the integral operator whose
kernel function is Is,. Then the above equality suggests that the follow-

l a c
ing commutative diagram holds for any g=exp( 0, ”b)EG :
0

LXR?) _ Tre I‘2<C;’, (271r)” e—%w)
va(g)j j w(9)

L*R7, &’_, FZ(C;’, ﬁe—%ﬂzliz)
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In fact, for any FE€CZ(R}), we have

(Uig)oI:n) F)(2)
:f dqe"(yth‘f‘—”‘"#T“th“q(‘Z*'rT =3 E TG ()
S,

a'bT?— ‘/7aqT—7qq+qz——zz F(q bT)

—((IW W) F)(2)

where y=b++v—1a. These formulae show that the diagram (5.2) is
commutative.

THEOREM 3.  The path integrals for the actions defined by the exact
form az—a, (3.1.1), (4.2) and (5.1) give the kernel functions of the

intertwining operators between the representations (nf, %)) and (m, #7%).

REMARK. In [11), Bargmann studied the integral operator with the
kernel functions Iv.. We have shown in the above that this kernel func-
tion can be obtained by the path integral.

§6. Path integral-III
6.1 SU1,1)

In this section we consider SU(1, 1)

G—{(” ”) ul~|of=1, u, veC},

v u

Then the Lie algebra su(1,1) of G is given by

92{(5—;1_1: bj/;;) b, ER}

In the same way as in § 2.4, the dual space g* of g is identified with g.
The adjoint orbit decomposition is

={6 o)

U{< —la b+‘/_—lc>;d2—bz—c2=0, a<R", b»CER}

b—V—1c —V-1la
U{(b__icic bj’J_:laC>;a2_b2_CZ=0, a€R™, b, CER}
—la b+v—le\ . 2 2
Urg‘{(b—,/——lc _x/_—ld>,a b*—c*=r, a, b, CER}
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v—la b+¢—1c> s 12 s
. _ _ — = +
Urg*{(b—J—_lc _J_—la y a b c v, a R y b, CER}
v—1la b+v—1c> s 1a s )
UrgJR*{<b—\/——]_c — /_la 4 b c v, a R y b,C R}

In §2.4, we discussed the representations corresponding to the adjoint
orbits which are one-sheeted hyperboloids. In the following, we treat the
representation corresponding to the connected component of two-sheeted
hyperboloids in the adjoint orbits i, for

V_ld O
. 2
/Io'——( 0 _J_—IG)EQ.
2

Then the isotropy subgroup at As is given by

o L) e

and the Lie algebra of G, is

(e L )ioen)

Let the complexifications of G, G, g and g, be

GCZ{C ;);xw—zy=1, x, ¥, 2, wEC},

- 2)oeee]

g°={(z _ba> a,b, cC}
(s % )secc]

respectively.
We consider the complex polarization :

{6 4)sacec)

We denote by P the complex analytic subgroup of G° corresponding to p.
We assume that 6&Z. Then the Lie algebra homomorphism

and
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pB(f)l _0a>+——-+0aEC

lifts uniquely to the holomorphic character &, :

¥4

PB(
w

qu> —— z2°EC*,

We denote by L. the holomorphic line bundle on G ¢/P associated
with the character &i,.

We denote by T'(Le,) the space of all holomorphic sections of L¢, and
by I'(D) the space of all holomorphic functions on D, where D={z<C ; |z
<1}

We have the isomorphism

I'(Le)=f— F<T(D)

rio=r(() 1)

We put dzdz=- 5 1 dzA\dz and denote by I'*(Le,) the Hilbert space

where

of all square integrable holomorphic sections of L., and by

FZ(D, ”(llzﬁllzl)ﬂz) the space of all square integrable holomorphic func-

tions on D with respect to the measure 7|;(71+ ——1||g]§)6{’i2

The above isomorphism gives an isometry of I'*(L¢,) onto
2 |O'+ 1| >
r (D, T(—|zP)°% )
lo+1]

As is easily seen I‘2<D, ﬂ(l_lzlz)ﬂz)a&{O} if and only if 6<—2. It
follows that
I'2(Le,)+{0} if and only if o< —2.

In the following we assume that 6<—2. For any g=<i; z;_)EG, we

define a unitary operator Ui(g) on I‘2<D, n(lliﬁllzl)"”) such that the dia-

gram below is commutative :
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*(Le) —— FZ(D lo+1] )

] 7z.(l_|2|2)0'+2
7i(9) l l Uilg)

lo+1| >

2 , T2
r (L&,) r (D, 7T(1—|Z|2)6+2

Then we have
wroR@=A(% ) (; 7))
HZ— U

1
=f((1 ~ﬁz+u>(—ﬁz+u 0 ))
0 1 —v —vztu

(= P UZ— UV
- {22 ),

Then it is easy to see that U, is an irreducible representation of G on

2 lo+1] )
{0, o)

Using the coordinates z, 8 of g€G

z 1 0\ (v1-laf 0 A
g=<(1) 1)(*—'-2;* 1)( 0 —1\/—_1=|——£|‘2‘)</_ : )

1—|z|?
where €(0, 27), z€C, |2|<1, we have

Ors=tr(Aecg™'dg)=+— 10(—1—3!—22—+ dlogd/1—|z>++/— 1d6>.
we choose

= zdz
o=+ lo 1_|z|2.

Then

dow _ V—1lodZNdz __|o|ldzdz
or  27(1—[zPP)?  x(1—[zP*"

We use the measure

lo+1|dzdz
n(1—|2[*)

(6.1.1)
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instead of |(01| dz‘dﬁ)z in the following calculation.

Here, we compute without the hamiltonian.
The action is given by

6.1.2) ff—‘lo%%dt.

For fixed z, 27€C we define the paths: For te[k—]:[lT, —T]

(6.1.3) z(t)=Zp,

z(t)=zk_1+<t—— k—1

\ 2 —2r-1
N T

/. T

N

z2(0)=z and 2(T)==z".

Then, the action is

z(t)z(t) |
Now the path integral can be computed explicitly as follows.
Kz, z;T)
/ / '6+1|d21d2.'1 |O'+1|dZN—1d§N—1
N-'°° |Zl|<l [zn-11<1 71'(1 |Z1 2)2 71’(1—|ZN—1|2)2
1— 2. 1Zk>}

coofooe Sz
=1im/ f lo+1|dz1dz, lo+1|dav-1dZNn-1

N-owJ|z1|<1 lzn-11<1 T T

% (1—2_021)6 (1—2122)6 (I*EN-LZN)G
(I1-]2l)* Q—]2f)?**  (1—]an-1[))7*?

(1— zoZN)
V=)
(1—zz2)°
(1-]2)°
We used the following lemma in the above calculation.
LERMA 6. 1.
lo+1|dz’dz’ (1—22)°(1—z'2")° e
S ST G - E)”

PROOF. For any nonnegative integer £ we have
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[ lo+1|dz'dz’ (1—22”)"2,k
i< w(1—12717?  (1—12']H)°
:f lo+1|dz'dZ’ LA L'(/—o)
1z71<1 T 1-1zP &S T(—0)T(+1)
_ (Y ¥ |o+1|rdrdo 1
V)

T (1—72)°*2

(Z” 2/) l

o r(/—o)
X BT oTU+D ?

— 1 2k F(k~ ) i

—2£ lo+1]7dr (1—rr2)f’+2 F(—G)F(Z+1)z

r(k+DIM(—0—1) ['(k—o0) "
T(k—0) T(—o)T(k+1)°

//)lrk+lev—l (k-1)6

=|o+1|

— "k
=< .

Hence, for any F&E I‘Z(D, ”(llia]él)ﬂz) we have

lo+1ld2’dz” (1—22")° v N _ 1o
/';’Iﬂ wA—P? (=[P F&)=F)

Now the lemma is obvious.

Thus, for F in I‘Z(D, 7{(1@?;'12')“2 >, we have

/‘ lo+1|dzdz
|

e 21—y K@ 25 TF(2)=F(2).

This shows that the integral operator is the identity operator on

. lo+1] )
r <D, 7[.(1_|Z|2)0‘+2 .

For any ¢’, g& G such that

Ll T e

0 1 Tz 1 0 W 0 e~ 1
and
e ) 2T
1—|2 V1= ¢
we define

FUg, g; T)=(1— 2B T e TOK ', x; T)e" " (1—|2])%.

We remark that the path integral for the action defined by the exact
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form Gi,—av=+v—10d(log/1—|z|*+v/—16) gives
T
expﬁ J—10d(logv/1—|z]*+/—18)

-a ’ 4
=(1_(z/|2)—2—e—ﬁao em69(1—|z|2)2.

Then it is easy to see that the integral operator defined by the kernel
function %y coincides with the unitary operator mi(exp 7Y).

REMARK 1. If o=—2, T*(Le,) is isometric onto the space of all
square integrable holomorhic functions on D with respect to the Lebesgue
measure and K*(z’, z; T) coincides with the Bergman kernel function.

REMARK 2. In the above computation the factor |c+1| is important
because we multiply infinite number of them. It is interesting to observe
that taking o1 —1 the path integral is valid also in the case of the limit
of discrete series [22].

PROPOSITION 6.1. (The generalized Bergman kernel function) The
path integral computed by using the action (6.1.2), the paths (6.1.3) and
the measure (6.1.1) gives the kernel function of the projection operator

2 lo+1] )
onto T <D, 7T(1_|Z|2)6+2 .

6.2 SU(2)
In this section we consider SU(2) :

G={<*ui7 ;) ulP+v)P=1 u, vEC}.

Then the Lie algebra su(2) of G is given by

_ J—1a b+y—1c
g_{<—b+J——1c —J/—1a

In the same way as in § 2. 4, the dual space g* of g is identified with g.
The adjoint orbit decomposition is

=0 o)

J—1a b+V/—1c
Ugo{<—b+«/—_1c —J/—1a

We treat the adjoint orbits #;, corresponding to

); a, b, cER}.

) : a2+b2+c2=r}.
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V_ld 0
2
SAs= +0.
2

Then the isotropy subgroup at As is given by

o L)tim1 uq

and the Lie algebra of G, is

gaa={(J—_1a 0 —J()—_1a> : aER}.

Let the complexifications of G, G, g and gi, be

G°={<x ;);xw—zy=1, x, ¥, 2, wEC},

z
- Lo
o={(§ Z,)ia b =]
and
0
=5 Z,)iesch
respectively.

We consider the complex polarization :

(¢ ©)ine=c)

We denote by P the complex analytic subgroup of G ¢ corresponding to .
We assume that ¢&€Z. Then the Lie algebra homomorphism

a 0 >+—>o‘a€C

o3
c —a

lifts uniquely to the holomorphic character &,

¥4

PB(
w

Zq1)+—>z"EC*.

We denote by L the holomorphic line bundle on G€/P associated
with the character &, and by I'(Le,) the space of all holomorphic sections
of Le.. Then it is easy to see that I'(Le,) does not vanish if and only if
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0=0. In the following we assume that ¢=0.
We denote by Vs the space of all polynomials of degree at most ¢ on
C.

We have the isomorphism

M(L)=f—FeVe by F@=£((; 7))
The above isomorphism gives an isometry of I'(Ls,) onto Vs with the
measure

(c+1)dzdz

(6.2. D 7r(1-|—|z|2)"+2

where we put dzdz=- 5 1 dzNdz.

For any g=<_uz7 2>EG, we define a unitary operator Ui(g) on Vg
such that the diagram below is commutative :
I'(Le.) Vo
7ie(9) [ J Uig)
T'(Le,) V.

Then we have

war@=A((* 2)(; ?))

u 01
1 Uz—v 1 0
:f< 172+u)< vztu )
0 1 v Vzt+u
. P Uz—v
=(7z+u) F<—5z+u>

Then it is easy to see that Uy, is an irreducible representation of G on Vo.
Using the coordinates z, § for g€G:

] T S [
__ R -J-19
0 1 1+|z|z 1 0 e

0 J1+|z

where 6<(0, 27), z&C, then we have

0A,=tr(/16g_ldg)=\/_—ld(1—__%+dlog\/1+|zlz +J_—1d0).



402 T. Hashimoto, K. Ogura, K. Okamoto, R. Sawae and H. Yasunaga

We choose

_ 5. —2dz
av=—+ 101+|z|2.

Then

dow ~  V—1lodZNdz  odzdz

2r — 2x(1+[zPY T x(1FP*

Here, we compute without the hamiltonian.
The action is given by

(6.2.2) [(—J—‘m\ 2()2(t) _

"1+ 2(t)2(t)
For fixed z, 27€C we define the paths: For t& —N_T’WT
(623) Z_(t):Z_k—1,
z(t)=zk_1+(t— kg,l T) Z’“;TZ‘H.
N

2(0)=z and 2(7)==%.

Then, the action is

NorAT zZ(H)z(t) &, — 1+ 22k
kgl —’%T(J__la)l—f(t)z(t) dt_kgl( J_ld)log( 1+|zeal? /-

Now the path integral can be computed explicitly as follows.

Kz, z;T)
i [ (Lot Ddadz | (o+1)day-1dZy-
N-wJc Jo m(l+]|z[?)? 7(1+]zn-1]?)?

N _
<exolo Bloe( T2

—1lim f (0'+1)d21d§1 (G+1)dZN—1dZ_N—l
N-wJC c /e T

(1+212—o)6 (1+2221)d (1+ZN2N—1)6

1+ A+aP)* (1+|av-[)7*

. (1+ZN270)6

TV ()T

_(1+z2)°

1+

X

We used the following lemma in the above calculation.
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LERMA 6.2. For a non negative integer ¢ we have

(c+1)dz’dz’ (1+22)°(1+2"z
c e (1+]|27)7+2

/)O'
=(1+2"2)".

PrROOF. For any non negative integer £ we have

(6+1)dz’'dz’ (1+2"2)° .
c T (1+|z’|2)“+2z
_ (O'+1)dz,dz—/ Z,k g ( 0) =1\l
_./f; T (1+|z'|2)"+21§1 / (2"2")
zf“ 27 (g+1)rdrdl 1 Zd‘.
o Jo T 1+ 5
:{z”" if k=0,...,0
0 if £>o0.

( 0>(z,z)zrk+zeﬁ(k—z)o
/

Now the lemma is obvious.
For FEVs, we have

f(d+1)a’zd2‘

m)—;—l{”(z’, z; T)F(2).

This shows that the integral operator is the identity operator on V.
For any ¢/, g€ G such that

S| EEPT | OV [ o

g:

0 V\gx7 1 0 Wieerd 0 e 17
and
[ O I e
1+[2f? 1+(2 ¢
we define

#U,9; =1 +ZPT e VK (x, x5 T)e™ 1+ 2PE.

We remark that the path integral for the action defined by the exact
form 6,—av=+v—10od(logy1+|z]>?+vV—18) gives |

T
expj; J—1od(logvy1+|z> +vV—16)
=1+ T e T T (1+|2)F.

Then it is easy to see that the integral operator defined by the kernel
function %'y coincides with the unitary operator #i(exp 7Y).
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PROPOSITION 6.2. The path integral computed by wusing the action
(6.2.2), the paths (6.2.3) and the measure (6.2.1) gives the kernel func-
tion of the projection operator onto the space V.

THEOREM 4.  The path integrals for the actions (0.7) and (0.8) give
the kernel functions of the projection operators onto the spaces T%(Le) and
D(Le,), respectively.
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