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On the universal Burnside module
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Abstract. Let G be a group. In the case where G is finite, Oliver-Petrie defined a

Burnside module Ω(G, F) consisting of all equivalent classes of F-complex. The purpose

of this paper is to define the universal Burnside module U(G, F). If G is finite, we have

U(G, F) ∼= Ω(G, F).
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1. Introduction

This paper is an outgrowth of the author’s thesis [5], in which he showed
that a Burnside module has Burnside congruences. The Burnside module
is introduced by R. Oliver-T. Petrie [7] for a finite group. This notion is a
generalization of a Burnside ring. It is well known that the Burnside ring
is defined for a finite group. On the other hand, T. tom Dieck defined the
Burnside ring for a compact Lie group [2]. In this paper, we study the next
problem:

Problem What group is the Burnside module defineable for ?

Throughout this paper let G be a group (not necessarily finite) and
S(G) denote the set of all subgroups of G. Suppose that Π is a partially
ordered set and G acts on it preserving the partially order. We regard S(G)
as a G-set via the action (g, H) 7→ gHg−1(g ∈ G and H ∈ S(G)) and as a
partially ordered set via

H ≤ K if and only if H ⊇ K (H, K ∈ S(G)).

For any α ∈ Π we set

Πα = {β ∈ Π | β ≥ α} and Gα = {g ∈ G | gα = α}.
Let ρ : Π → S(G) be an order preserving map. A pair (Π, ρ) is called a
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G-poset if it is satisfying the following condition: for any α ∈ Π,

ρ(α) C Gα and ρ : Πα → S(G)ρ(α) is injective.

Note that S(G)ρ(α) = S(ρ(α)) ⊂ S(Gα) and Gα ⊂ Gρ(α) = NG(ρ(α)), the
normalizer of ρ(α) in G. As example of a G-poset, consider (S(G), id).

Definition 1.1 Let (Π, ρ) be a G-poset. A G-space X is called a (Π, ρ)-
space if it is equipped with a specified subspaces {Xα | α ∈ Π}, satisfying
the following three conditions:
( i ) gXα = Xgα for g ∈ G, α ∈ Π,
( ii ) Xα j Xβ if α 5 β in Π, and
(iii) for any H ∈ S(G),

XH =
∐

ρ(α)=H

Xα.

If X is a G-CW -complex and Xα’s are subcomplexes we call
(X, {Xα | α ∈ Π}) also (Π, ρ)-complex. Let X and Y be (Π, ρ)-complexes.
A map f : X → Y is a (Π, ρ)-map if it is a cellular G-map such that
f(Xα) ⊂ Yα for any α ∈ Π. A (Π, ρ)-map is simply written to be a Π-map.
Let (Π, ρ) be the G-poset. By a family F ⊂ Π is meant any G-invariant
subset. A F-complex X is a (Π, ρ)-complex such that, for any α ∈ Π,
Xα = ∪{Xβ | β ∈ F , β ≤ α}. Let α ∈ F . The G-set G/ρ(α) has a unique
structure as (Π, ρ)-complex obtained by setting

(G/ρ(α))β = {gρ(α) | gα ≤ β} for any β ∈ Π.

Note that G/ρ(α) is a Gα-complex and an F-complex for any family F
containing α. A quotient set F/G consists of all orbits of F under G. Let
A ⊂ F be a complete set of representatives for F/G. A (Π, ρ)-homotopy
equivalence class of a F-complex X is denoted by [X]h.

One obtains the Grothendieck group of all (Π, ρ)-homotopy equivalence
classes of F-complexes modulo 〈[Y ]h− [X]h− [Cf ]h〉, where f runs over the
set

{f : X → Y is a Π-map | X and Y are (Π, ρ)-complexes}.
The set is denoted by U(G, F) which is also called the universal Burnside
module.

The theory of Burnside module would be better developed in the cate-
gory of finite, base pointedG-CW -complexes. LetX and Y be base pointed,
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finite G-CW -complexes. For [X]h, [Y ]h ∈ U(G, F), we set

[X]h + [Y ]h = [X ∨ Y ]h.

Our main theorem is the following.

Theorem 1.2 The group U(G, F) is an abelian group generated by
{[G/ρ(α)+]h | α ∈ A}, where (G/ρ(α))+ is the disjoint union of G/ρ(α)
and a base point. If G is a compact Lie group, then U(G, F) is a free
abelian group with a basis {[G/ρ(α)+]h | α ∈ A}.

If G is a finite group, we have U(G, F) ∼= Ω(G, F), where Ω(G, F) is
the Burnside module by Oliver-Petrie [7]. For a base pointed, finite G-CW -
complex X there exists integers aα, such that

[X]c =
∑

α∈A
aα[(G/ρ(α))+]c,

where the sign [ ]c is an equivalence class, which will be explained in §2.
In the rest of this paper we describe the detail of the above result,

although we will argue using the category of finite, base pointed G-CW -
complexes not that of finite G-CW -complexes. In Section 2, we review
fundamentals of Burnside module. Finally, in Section 3, we prove Theo-
rem 1.2.

2. Basic properties of Burnside modules

We shall review fundamental properties on the Burnside module. See
our general reference R. Oliver-T. Petrie [7] for details. In this section, we
assume that G is a finite group. A base pointed version of a (Π, ρ)-complex
replaces Definition 1.1 (iii) with the following condition:

for any H ∈ S(G), XH =
∨

ρ(α)=H

Xα (the wedge sum of Xα’s).

Here each subcomplex Xα (α ∈ Π) has a base point q. Let X and Y are
finite, base pointed (Π, ρ)-complexes. We call them equivalent if χ(Xα) =
χ(Yα) for all α ∈ Π (χ is the Euler characteristic). An equivalence class of
X is denoted by [X]c. Wedge sum together with the definition (X ∨ Y )α =
Xα ∨ Yα defines an additon of equivalence classes. As a result one obtains
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an additve abelian group

Ω(G, Π) = {[X]c | X is a (Π, ρ)-complex},
which is called a Burnside module associated to Π. This notion is a gener-
alization of the Burnside ring Ω(G). Obviously

Ω(G) = Ω(G, S(G)).

Let α be any element of Π and X a (Π, ρ)-complex. Construct a new space
X ′ by attaching α-cells G/ρ(α)×Di’s to X. Each attachment map

ϕ : G/ρ(α)× Si−1 → X

is defined such that ϕ(gρ(α)×Si−1) ⊂ Xgα. The space X ′ is equipped with
a (Π, ρ)-complex structure:

(X ′)β = Xβ ∪
(⋃

{gρ(α)×Di | gα ≤ β, g ∈ G}
)

for β ∈ Π.

Any (Π, ρ)-complex is constructed from one point by attaching α-cells for
α ∈ Π. Clearly, a (Π, ρ)-complex is an F-complex if and only if it is
constructed by attaching α-cells for α ∈ F . We describe generators for the
Burnside module Ω(G, F). A set A ⊂ F is the same as mentioned in §1.
Then

Proposition 2.1 ([7, Proposition 1.5])

Ω(G, F) ∼=
⊕

α∈A
Z.

Any finite (Π, ρ)-complex X is equivalent in Ω(G, F) to a sum of the form∑
α∈A aα[(G/ρ(α))+]c, and the map [X]c → {aα}α∈A defines the isomor-

phism.

3. Proof of Theorem 1.2

We recall a definition. The set U(G, F) is called the universal Burnside
module if it is a Grothendieck group of all (Π, ρ)-homotopy equivalence
classes of F-complexes modulo 〈[Y ]h− [X]h− [Cf ]h〉, where f runs over the
set

{f : X → Y is a Π-map | X and Y are (Π, ρ)-complexes}.
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Lemma 3.1 For any F-complex X, we have

[ΣX]h = −[X]h in U(G, F).

Proof. Let X be a F-complex and CX the cone of X. Let ι : X → CX is
an inclusion map. By definition, we obtain

[CX]h = [X]h + [Cι]h.

Since CX is contractible, it follows that [CX]h = 0 in U(G, F). Note that
Cι is homeomorphic to ΣX, and proves the lemma. ¤

Let X be a base pointed topological space. The symbol Σi means a
reduced i-th suspension operator, that is, Σ0X = X, ΣiX = Σ

(
Σi−1X

)
.

Corollary 3.2 One has that
[
Σk+1X

]
h

= −
[
ΣkX

]
h

in U(G, F).

Proof. Clear by definition and Lemma 3.1. ¤

Proof of Theorem 1.2. We proceed by induction on the dimension of F-
complex. Since any F-complex X ′ is constructed by attaching α-cells for
α ∈ F to the lower dimensional complex X. That is,

X ′ = X
⋃
ϕ

(G/ρ(α)×Di),

where ϕ : G/ρ(α) × Si−1 → X is an attachment map such that ϕ(gρ(α) ×
Si−1) ⊂ Xgα. If ι : X → X ′ is an inclusion map, Cι is (Π, ρ)-homotopy
equivalent to Σi(G/ρ(α))+.
By definition,

[X ′]h = [X]h + [Cι]h.

Hence we have

[X ′]h = [X]h + [Σi(G/ρ(α))+]h
= [X]h + (−1)i[(G/ρ(α))+]h.

By assumption of induction, [X]h is generated by the [(G/ρ(α))+]h for
α ∈ A. Assume that G is a compact Lie group. We shall show that the
[(G/ρ(β))+]h’s are linearly independent. Suppose

∑
β∈A nβ[(G/ρ(β))+]h =
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0 in U(G, F). Let α be minimal with respect to inclusion such that nα 6= 0.
Then we have

0 = χ̄α,ρ(α)(0) =
∑

β∈A
nβχ̄(((G/ρ(β))+α )ρ(α)) = nαχ̄(Gα/ρ(α)),

where χ̄α,K([X]h) = χ̄(XK
α ) for any subgroup K of G and χ̄(X) = χ(X)−1

for any space X. Let Wρ(α) be a group Nρ(α)/ρ(α), the Weyl group of
ρ(α). When Wρ(α) is a finite group, it follows that Gα/ρ(α) is finite. Then
we have that nα is zero, this is a contradiction. We consider the case Wρ(α)
is not finite. By definition,

(G/ρ(α))ρ(α)
α = (G/ρ(α))α = Gα/ρ(α).

Since (G/ρ(α))ρ(α) carries a free Wρ(α)-action and hence a free S1 -action,
then

χ((G/ρ(α))ρ(α)) = 0.

Thus χ((G/ρ(α))ρ(α)
α ) = 0, and our theorem is proved. ¤

Proposition 3.3 For a finite group G, we have U(G, F) ∼= Ω(G, F).

Proof. A map ψ : U(G, F) → Ω(G, F) : [(G/ρ(α))+]h 7→ [(G/ρ(α))+]c is a
surjective homomorphism by definition. Both {[(G/ρ(α))+]h | α ∈ A} and
{[(G/ρ(α))+]c | α ∈ A} are linearly independent. Thus ψ is injective. ¤

References

[ 1 ] Dovermann K.H. and Rothenberg M., The generalized whitehead torsion of a G-

fibre homotopy equivalence. Lecure Notes in Math. Transformation Groups (K.

Kawakubo, ed), vol. 1375, Springer-Verlag, 1989, pp. 60–88.

[ 2 ] tom Dieck T., The Burnside Ring of a Compact Lie Group. I. Ann. Math. 215

(1975), 235–250.

[ 3 ] tom Dieck T., Transformation Groups and Representation Theory. Lecture Notes

in Math. vol. 766, Springer-Verlag, 1978.

[ 4 ] Fujita R., The resolution module of a space and its universal covering space. Journal

of The Faculty of Environment Science and Technology, Okayama Univ. 5 (2000),

57–69.

[ 5 ] Fujita R., Congruences for the Burnside module. Hokkaido Math. J. 32 (2003),

117–126.



On the universal Burnside module 127

[ 6 ] Morimoto M., The Burnside Ring Revisited. Current Trends in Transformation

Groups, Bak Anthony, Morimoto Masaharu and Ushitaki Fumihiro, K-Monographs

in Mathematics, vol. 7, Kluwer Academic Publishers, London, 2002, pp. 129–145.

[ 7 ] Oliver R. and Petrie T, G-CW-surgery and K0(ZG). Math. Z. 179 (1982), 11–42.

[ 8 ] Rim D.S, Modules over finite groups. Ann. Math. 69 (1958), 700–712.

[ 9 ] Rotman J.J, An introduction to Algebraic Topology. GTM. 119, Springer-Verlag,

1988.

[10] Swan R.G, Induced representations and projective modules. Ann. Math. 71 (1960),

552–578.

General Education

Wakayama National College of Technology

Noshima 77, Nada-Cho, Gobo

Wakayama, 644-0023 Japan

E-mail: fujita@wakayama-nct.ac.jp


