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Affine differential geometry of the unit normal vector fields
of hypersurfaces in the real space forms
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Abstract. In this paper, for a hypersurface in the real space form of constant curvature,
we prove that the unit normal vector field is an affine imbedding into a certain sphere
bundle with canonical metric. Moreover, we study the relations between a hypersurface
and its unit normal vector field as an affine imbedding. In particular, several hypersurfaces
are characterized by affine geometric conditions which are independent of the choice of
the transversal bundle.

Key words: section of sphere bundle, canonical metric, metrically minimal affine
immersion, metrically totally umbilic affine immersion.

1. Introduction

Let M (resp. M ) be a Riemannian manifold with a metric g (resp. g)
and f: (M,g) — (M,§) an isometric immersion. We set E := f#(TM),
where f#(T M) is the pull back bundle of the tangent bundle TM by f. The
(unit) sphere bundle of E is denoted by UE. We take the canonical metric G
on F relative to the pull back connection and metric of M, and also denote
induced metric on UE by G. In submanifold geometry, it is important
and interesting to study maps from submanifolds to the suitable spaces,
and the relations between the maps and submanifolds have been studied by
many researchers. See [4], [13] and [14], for example. The main purpose of
this paper is to study the relations between the section of UE and f from
the view point of affine differential geometry. The inclusion map from the
normal bundle T+M to E is denoted by ¢. Let Q"*!(c) be the real space
form of constant curvature ¢ and dimension n+1. We denote the Levi-Civita
connection on M (resp. UE) by V (resp. V). Let I'(V) be the space of all
sections of a vector bundle V. One of our main theorems in this paper is

Theorem Let M be an orientable hypersurface in Q"1 (c) immersed by f
and & the unit normal vector field. Then vo&: (M,V) — (UE, V%) is an
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affine imbedding with the transversal bundle N = (10 €)% (ker(plyg)s) =
TM, where p: E — M is the bundle projection. The affine fundamental
form «, the affine shape operator A and the transversal connection VN of
to& are given by

a(X,Y)=—((VxS)(Y)), AxY =0, VYY!=(VxY)

forall X, Y € T(TM), where S is the shape operator of f relative to & and
Xt stands for the tangential lift of X € T(TM).

In this case, affine differential geometry naturally appears in
Riemannian one. Hence, the relations between a hypersurface in the real
space form and its unit normal vector field as an affine imbedding are of
interest. Several hypersurfaces in Q"!(c) are characterized by affine ge-
ometric conditions for ¢ o &, which are independent of the choice of the
transversal bundle. For example, we prove that f has the parallel second
fundamental form if and only if + o £ is totally geodesic.

In Section 2, we recall affine immersions with transversal bundles. The
fundamental lemmas for sections of sphere bundles are obtained in Section 3.
Finally, in Section 4, we study the unit normal vector fields of hypersurfaces
in the real space forms as affine imbeddings.

The author would like to express his sincere gratitude to Professor
Naoto Abe for his constant encouragement. He also would like to thank
to referees for their valuable comments.

2. Affine immersions with transversal bundles

In this section, we recall the definition of the affine immersion with
transversal bundle. Let (M, V) and (M, V) be smooth manifolds with tor-
sion free affine connections and F: M — M an immersion. The pull back
bundle of TM by F is denoted by F#TM. An immersion F: M — M
is called an immersion with a transversal bundle N if F#TM = TM & N
holds. Let mpys and mn be the projections from F#TM onto TM and N,
respectively. We say that F: (M, V) — (M, V) is an affine immersion with
a transversal bundle N if F' is an immersion with a transversal bundle N
and mr (F#V)xY) = VxY for all X, Y e ['(T'M), where F#V is the
pull back connection of V by F. Set a(X,Y) := nn((F#V)xY), A, X =
—mrar((F#V) xv) and Vv = 7N ((F#V)xv) for X, Y € I(TM) and v €
['(N). Then a, A and V¥ are called the affine fundamental form, the affine
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shape operator and the transversal connection, respectively. We see that
(F#*V)xY = VxY+a(X,Y) and (F#V)yxv=—-A,X+Viv
for X, Y € I'(TM) and v € T'(N). We refer to [10] and [11] for affine

immersions. Set
(Vxa)(Y, Z) := VXa(Y, Z)—a(VxY, Z)—a(Y,Vx Z)

for X, Y, Z € T(TM). An affine immersion F' with a transversal bundle N
is called totally geodesic if « = 0 on M and parallel if V'ao = 0 on M. We
set

T(X,Y,Z) = (Vxa)(Y, 2)+(Vya)(Z, X)+(V7a)(X,Y)

for any tangent vectors X, Y, Z on M. An affine immersion F with
a transversal bundle N is said to be cyclic parallel if T = 0. For the
cyclic parallel condition, we have

Lemma 2.1 Let F: (M,V)— (M,V) be an affine immersion with a trans-
versal bundle N. The following three statements are mutually equivalent:
(1) F is cyclic parallel,

(2) (Va)(X,X)=0 forall X € TM,

(3) For any geodesic ~y: [0,t] — M, it holds that PX(a(v/(0),7(0))) =
a(®'(t),7'(t)), where PWN: Ny0) = Ny is the parallel translation along v
with respect to V.

Proof. It is easy to prove that (1) <= (2) by the polarization. Next,
assume that (2) holds and take any geodesic 7: [0,¢] — M. We obtain

— / I N oN 1
0= (V,Y/Oé)(’y Y ) - V,Y/Oé(’)/ Y )
Hence we can see that (3) holds. Conversely, for any point 2 € M and any
tangent vector X at x, take a geodesic v such that v(0) = x and 7/(0) = X.
Then we have
d
(Via)(X, X) = VYa(y, ) = (P)la(y,7)| =0 O
t=0
From (3) in Lemma 2.1, if F' is a cyclic parallel isometric immersion,
then for each geodesic v with arc length parameter on M, the first Frenet

curvature of Fo~y is constant along the curve. Moreover, from the view point
of affine differential geometry, the cyclic parallel condition is independent
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of the choice of the transversal bundle such that the induced connection co-
incides (see bellow). In Section 4, we consider a weaker condition than the
cyclic parallel condition for unit normal vector fields of hypersurfaces in the
Fuclidean spaces. We prepare the following notations to prove the indepen-
dence of the choice of the transversal bundle for conditions studying in this
paper. Let N be another transversal bundle. The corresponding objects
associated with N are denoted by the symbol with “—”. Let vppr: TM —
F#TM (resp. tx: N — F#TM) be the inclusion from TM (resp. N) to
F#TNM and wpp: F#TM — TM (resp. TN : F#TM — N) the projection
from F#TM to TM (resp. V) with respect to the decomposition F#TM =
TM & N. Set

P:=7yin: N — N,
Q :=7rypmin: N —TM,
P = anty: N — N,
Q = TrMUN: N — TM.

Since the following lemma is proved in [1] and [9], we give a short proof
here.

Lemma 2.2 The following equations hold:
VxY = VxY +Q(a(X,Y)),
&(X,Y) = P(a(X,Y)),
AX = =VxQW) + Ap X — QU X, Q1)) — QIVYP(v)),
Vv = P(a(X, Q1)) + P(VYP(v))
for X, Y € T(TM) and v € T(N).
Proof.  Since vrymry + enTN = id gy gy, We have
VxY = 7rm(F#V)xY) = 7ra (ermmra + enmn) (F#V) xY)
=VxY 4+ Q(a(X,Y))

for X, Y € T'(TM). Other equations are also obtained by a similar calcula-
tion. O

Proposition 2.3 With the notations as above, if V =V, we have
P((Vxa)(Y,Z)) = (Vxa)(Y, Z)
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for all tangent vectors X, Y, Z on M.

Proof. By Lemma 2.2 and V = V, we have P(VYa(Y, Z)) = ng(Y, Z)
for X, Y, Z € T(T'M). Therefore we have the conclusion. O

In the case where F' is an affine immersion with a transversal bundle N

from a Riemannian manifold (M, g), we set

1 n

HF == Za(ei,ei),

(L
where n = dim M and ey, ..., e, is an orthonormal frame of (M,g). An
affine immersion F: (M,V) — (M,V) is said to be a metrically mini-
mal (resp. metrically totally umbilic) affine immersion if HY = 0 (resp.
a(X,Y) = g(X,Y)HT for all X,Y € TM). From Lemma 2.2, all condi-
tions a = 0, H' = 0 and a(X,Y) = g(X,Y)HT for all X, Y € TM are
independent of the choice of the transversal bundle.

3. Sphere bundles with canonical metrics and sections

In this section, we study the sphere bundles with canonical metrics. Let
E be a Riemannian vector bundle over a Riemannian manifold (M, g) with
a fiber metric g¥ and a metric connection V¥. We denote the connection
map with respect to V¥ by K¥. The canonical metric G on E is defined by

G(¢, ) = g(p«(Q), P () +9" (KF(¢), KF(Q)),

where ( € TE and p: E — M is the bundle projection. Note that p is
a Riemannian submersion (see 2] and [12]). Let V (resp. H) be the pro-
jection from TE onto kerp, (resp. ker K¥). The curvature form of V¥ is
denoted by RF. We define RSEW for £, n € I'(F) by

g(RE,X\Y) = g"(R% y€ ),

where X, Y € TM. Let V¢ (resp. V) be the Levi-Civita connection of G
(resp. g) on E (resp. M). We set

HY (X, V)¢ := -VEVE+VE ¢

for X, Y €e I'(TM) and { € I'(E). For £ € T'(E), its vertical lift is denoted
by €Y, and X" stands for the horizontal lift of X € I'(T'M). We note that
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KE(¢%) = ¢ for € € T(E). The following equations hold at v € E (see [3]):
V(v =0,
1 -
VO Yh = 5(Rf@f)’"&,
1 -
Vg = S (ReX)" + (VXE)",
1
— S (R%yu)".
2 ’

Set UE := {u € F|g®(u,u) = 1}. The restriction of G to UE is also
denoted by G. A unit normal vector field n on UE in F is the vertical vector
such that n, = v for u € UE. For £ € E, we define the tangential lift &
of £ touw € UE by € = ¢¥ — gF(&,u)n,. The tangential lift of a section
¢ € T(E) is the vertical vector field ¢ on UE whose value at u € UE is

the tangential lift of £(p(u)). Let A be the shape operator of UE in E with
respect to 7.

VO Y = (VxY)h

Lemma 3.1 For any vertical vector field U and any horizontal vector
field X tangent to UE, we have A(U) = —U and A(X) = 0.

Proof. We may assume that U is the tangential lift £ of ¢ € T'(F). Fix
u € UFE and take a vertical curve 4: I — UFE defined on an open interval
containing 0 such that u = @(0) and @'(0) = (£'),. We have

d _ o
A€ = —(me)u = ——u(l) = —(u-
dt t=0
Similarly, we obtain A(X) = 0 taking a horizontal curve. g

Let V@ be the Levi-Civita connection of UE relative to G. Using
Lemma 3.1, we have the following lemma.

Lemma 3.2 For&, (€T'(E) and X, Y € I'(TM), at w € UE, we have
Ve = —g%(C(p(u)), u)€',
VY = L(REY)
Ve = (V5O + L(REX),

1
(R;E(,Yu)t-

VY = (VxY)h — 3
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Proof. We only prove the first equation, since A(X) = 0 for any hori-
zontal vector X. Take a vertical curve u: I — UFE defined on an open
interval I containing 0 such that v = @(0) and @/(0) = (£%),. Since ¢! =
G = 9" (¢(p(w)), u)u”, we have

(Ve (= VOu)l" + Gul€', ¢
- %(<5<t>—gE(C(p(ﬂ(t))),a(t))a(t)v)

where we used Lemma 3.1. |

Let R (resp. RY) be the curvature tensor of V (resp. V). By Lemma
3.2, the curvature tensor R is given as follows.

Lemma 3.3 Atu € UFE, we have
RE .. i63' = g% (62, &)E1 — 97 (61, &),

G
R§1 &2

h
h E
tZ - (Rfl §2Z + Ru élRu 52 Ru £2Ru’§12> 5
h
Xh £2t§3 - < R§2 §3X + R RUE:’, ) ’
h 1 pE h 1 E 1 E !
R £ tZ = *((VXR )u7§2Z) + *RX,Zé-Q + -R RE Z7Xu 9
2 2 4 u,§2
_ 1 ~ ~
RS yn&s! = 5 (VxR )ug V) - (vyREn,&,X))h
1 t
u £3

R?{h,y'hzh = (RX,YZ + Ru RE, WXt Ru RE, WY

h
1
3R )+ (TERS )
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for X, Y, Z € TM and &1, &, &3 € E such that g% (u,&) =0 (i =1, 2, 3).

We also write ¢! for the pull back section of ¢! by & € T'(UE), for
simplicity. With respect to the Levi-Civita connections V and V¢, we
obtain

Lemma 3.4 A section { € T'(UE) is an imbedding with the transversal
bundle &7 (ker(p|yg)«). At u = E&(x) (x € M), we have

e ((§FVE)xY) = VxV + REvE§X+ REVEE

) =5 (Vg ) (Vi)
(B vE) - S(RE ),
rra(€#99)x() = JRECX,
AT = (V5! = 5 (VE: &) — 9P (¢ )(VEe)!

for all X, Y € T(TM) and ¢ € T(E), where N = &7 (ker(p|ug)«)-

Proof. From Lemma 3.2 and X" = £,(X) — (VE&)! on £(M) for X € TM,
it is easy to obtain the conclusion. For example, we have

(€99 ¢! = (VRO + S (REX)" — g (¢, u)(VEE)
= (VEQ) + 56 (REX) - 5 (VE, €)'
~ ¢7(¢(), u)(VEE) =

Using Lemma 3.4, the following proposition can be obtained immedi-
ately.

Proposition 3.5 Let& be a section of UE. Ing VEg =0forallX,Ye

TM, then &: (M,V) — (UE,V%) is an affine imbedding with the transver-
sal bundle N = &7 (ker(p|lyg)«). Atu = &(z) (x € M), the affine fundamen-
tal form a, the affine shape operator A and the transversal connection VN
of & are given by

o(X,Y) = (B (X, V)e) — L(RE )",
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ApX = %R{ﬁcx,
VAC = (V5O = 5 (VEe 4€) — oF (o) u) (V5
forall X, Y e T'(TM) and ( € T'(E).

In the case where E = T'M, vector fields with unit length have been
studied from the view point of geometric variational problems. We refer
to [5], [6], [7], [15], [16] and [17] for example. An isometric immersion
F: M — M is an affine immersion with the transversal bundle T M with
respect to Levi-Civita connections of M and M, where T+ M is the normal
bundle. Proposition 3.5 gives an example of non isometric affine immersions
between Riemannian manifolds relative to Levi-Civita connections.

4. Affine differential geometry of unit normal vector fields

Let f: (M,g) — (Q"(c),g) be an isometric immersion from an ori-
entable n-dimensional Riemannian manifold M into the real space form
Q" !(c) of constant curvature ¢ and dimension n + 1. The inclusion map
from the normal bundle T+ M to f#(TQ"*'(c)) is denoted by ¢. Let V and
V be the Levi-Civita connections of M and Q"1 (c), respectively. The pull
back connection of V by f is denoted by f#V and f#R stands for the
curvature form of f#V. Let S be the shape operator relative to the unit
normal vector field £&. The mean curvature function H is defined by H =
(1/n)trS. We set E := f#(TQ"*(c)) and give the canonical metric G
on E with respect to f#V. Let V& be the Levi-Civita connection of UE.
From Proposition 3.5, we have

Theorem 4.1 Let M be an orientable hypersurface in Q"+ (c) immersed
by f and & the unit normal vector field. Then 1o &: (M,V) — (UE, V%) is
an affine imbedding with the transversal bundle N = (1 0 )7 (ker(p|lyg)«) =
TM. The affine fundamental form «, the affine shape operator A and the
transversal connection VY of 1o & are given by

a(X,Y) = ~((VxS)(Y)), Ax:Y =0, VXY'=(VxY)'
forall X, Y e T(TM).

Proof. Since M is a hypersurface, each fiber (1 o &) (ker(p|yg)«)z can
be identified with T, M at x € M by the map T,M > X beog)(x) €
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(10 &) (ker(p|yg)«)s. From Proposition 3.5, we obtain

o(X,Y) = ~(VxS)(V)'  L(FFR)xyu) = (VxS (V)

1 - .
AxtY = —i(f#R)wXY =0,
VY = (VxY)' + (Y, u)(=SX)" = (VxY)’

for all X, Y € T(TM), since (f#R), xY =0 and (f#R)xyu =0 at u =
(to§)(z) (x € M). O

Corollary 4.2 Let M be an orientable hypersurface in Q" (c) immersed
by f and & the unit normal vector field. Then we have

(1) f has the parallel second fundamental form if and only if 1o & is totally
geodesic,

(2) In the case where dim M > 2, f has the parallel second fundamental
form if and only if v o £ is metrically totally umbilic,

(3) f has a constant mean curvature if and only if v o & is metrically affine
minimal,

(4) For X, Y, Z € T(TM), the equation (RxyZ)" = R%YZt holds, where
R is the curvature tensor of M and RN is the curvature form of VN. In
particular, M is flat if and only if the transversal connection of Lo is flat.

Proof. The statements (1) and (4) can be obtained by Theorem 4.1 imme-
diately. From Theorem 4.1, we have

H"S = —(grad H)". (4.1)

Hence we see the statement (3). Finally, to prove (2), we assume that ¢ 0§
is metrically totally umbilic, that is, a(X,Y) = g(X,Y)H"¢ holds for all
X,Y € TM. By Theorem 4.1 and (4.1), we have

G(VxS)(Y), Z) = g(X, Y )g(arad H, 2) (42)

for all X,Y, Z € TM. Since the left hand side of (4.2) is symmetric, it
holds that

9(X,Y)g(grad H, Z) = g(X, Z)g(grad H,Y")

for all X, Y, Z € TM. Therefore, by dim M > 2, we have H'¢ =
—(grad H)" = 0. Hence we see that f has the parallel second fundamental
form. Because the converse is trivial, we obtain the statement (2). O
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We note that all conditions o = 0, H*°¢ = 0 and (X, Y) = g(X, V) H*¢
for all X, Y € T'M are independent of the choice of the transversal bun-
dle. In [8], we proved that f: M — Q""1(c) is a constant mean curvature
hypersurface if and only if ¢ o £ is a harmonic section.

In general, the covariant derivative V'« is not symmetric for 1 o . We
set

T(X,Y,Z) = (Vxa)(Y, Z) + (Vya)(Z, X) + (Vza)(X,Y),

n

T(X) =) T(eie;, X)

i=1
for all X,Y, Z € TM, where eq,...,e, is an orthonormal frame of M.

Hereafter, we consider hypersurfaces in the Euclidean spaces with T = 0.
Since

V((10€).(X)) = —(SX)!
for X € TM, the horizontal lift X" of X € TM can be decomposed into
X" = (10 €).(X) + (SX)' (4.3)
on (Lo &)(M).

Lemma 4.3 Let F': (M,V)— (M,V) be an affine immersion with a trans-
versal bundle N. We have

T(X,Y,Z) = 3(Vya)(X,Y)+r7n (F*R) x zY)+7n (F* R )y 2 X)

for any tangent vectors X, Y, Z on M, where F#R' is the curvature form
of F#V and « is the affine fundamental form of F.

Proof. By the Codazzi equation of F',
T (FPR)xyZ) = (Vxa)(Y,Z)~(Vya)(X, Z)
for any tangent vectors X, Y, Z on M, we have the conclusion. O
We define V2S by
(Viy9)(Z) = Vx(Vy$)(2)~(Vvxy)(Z)—(VyS)(Vx Z)
for X, Y, Z e T'(T'M).



624 K. Hasegawa

Lemma 4.4 Let M be an orientable hypersurface in R" ! immersed by f
and & the unit normal vector field. Then we have

T(X,Y,Z) ={-3(VxS)(Y)+g(SZ,Y)S*X — g(SX,Y)S*Z
—g(SZ,5Y)SX + ¢(SZ,X)S*Y — ¢(SY, X)S*Z

—9(SZ,5X)SY +2¢(SY,5X)S7}, (4.4)
T(X) = {-3nVx grad H — 2nHS?X + 2||S|?5X }', (4.5)
trT = 3nAH (4.6)

for any tangent vectors X, Y, Z on M.

Proof. By virtue of Theorem 4.1, it holds that
(VZa)(X,Y) = =((VzxS)(Y))'

for all X,Y,Z € TM. Set N = (10 &)#(ker(plyg)«). By Lemma 3.3
and (4.3), we have

TN ((€FRY)x 2Y) = mx (Rg‘;ch—(sx)t,zh—(sz)t(yh —(SY)")
={9(52,Y)S*’X — g(5X,Y)S*Z
~9(SZ,SY)SX + g(SX,SY)SZ}'

for any tangent vectors X, Y, Z. Then we can obtain (4.4) combined with
Lemma 4.3. For (4.5), take an orthonormal frame ey, ...,e, on M. Since

n
Z(V%eiS)(ei) =n(Vxgrad H),
i=1
we have the desired conclusion by calculating the trace of (4.4). From (4.5),
it is easy to obtain the last equation. O

Note that we consider the trace of 7' under the identification N = T'M.
For a hypersurface in the Euclidean space, we see that AH = 0 if and only
if trT = 0 from (4.6). In the case where M is compact, we characterize
a hypersurface with T=0 using the previous lemma.

Theorem 4.5 Let M be a compact connected orientable hypersurface in
Rt and & the unit normal vector field. If T =0 for to&: M — UE, then
M s congruent to the standard sphere.



Affine differential geometry of the unit normal vector fields 625

Proof. From (4.6), H is constant on M. Hence, from (4.5), we have
—nHS?*X +|S|IPSX =0 (4.7)

for any tangent vector X on M. If H = 0, then we obtain ||S|2SX = 0.
Therefore M is totally geodesic. So H # 0. Let A1(p), - .., An(p) be principal
curvatures at p € M. From (4.7), we have

_lIs1E _

A(p)

at each point p, where k(p) = dimker S,. On M, the function X is smooth,
and hence k = n(A — H)/X is also smooth. Therefore k is constant on M.
Moreover, by nH = kA, A is constant. Then M is an isoparametric hyper-
surface. Since M is compact, we have the desired conclusion. O

We note that the condition 7' = 0 is independent of the choice of the
transversal bundle such that the induced connection coincides from Propo-
sition 2.3. Similarly we obtain

Theorem 4.6 Let M be an orientable hypersurface in R"T! and & the unit
normal vector field. If T=0 forio&: M — UE and 1o is metrically affine
minimal, then M is locally congruent to the standard sphere, the hyperplane
or the product of a k-dimensional sphere and an (n — k)-dimensional affine
space.

Proof. Since ¢ o ¢ is metrically affine minimal, M is a constant mean cur-
vature hypersurface. Using the similar way to the proof of Theorem 4.5, we
see that M is an isoparametric hypersurface. O

Finally, we consider the two dimensional case.

Theorem 4.7 Let M be an orientable surface in R3 with the Gaussian
curvature I # 0 on M and & the unit normal vector field. If T=0 for
Lo&: M — UE and the Hessian H™ of the mean curvature function H is
semidefinite on M, then M is a part of the standard sphere.

Proof. We may assume that H' is positive semidefinite. By (4.5), we see
that

3HA(X, X) = —2Hg(SX,5X) + ||S]|?g(SX, X) > 0 (4.8)

for all X € TM. Let A and p be the principal curvatures of M. We have
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K(p—A) > 0and K(A—p) > 0, substituting the principal curvature vectors
into (4.8). Therefore it holds that A = p from K # 0. O

In the case where M is a flat surface, we have

Theorem 4.8 Let M be an orientable surface in R3 with the Gaussian
curvature IC and & the unit normal vector field. If Lo &: M — UFE is cyclic
parallel and IC = 0, then we have V2S = 0.

Proof. By K = 0, one of the principal curvatures of M vanishes. Then,
from (4.4), if one of X, Y, Z is the principal curvature vector corresponding
to zero principal curvature, then it holds that (V% S)(Y) = 0. Moreover,
if X, Y, Z are the principal curvature vectors for non zero one, we also have
(VZ.xS)(Y) =0 by (4.4). O

Remark Let M be an orientable hypersurface in Q"!(c) immersed
by f and £ the unit normal vector field. If ¢ o £ is cyclic parallel, then
G(a(v,7),a(+',7")) is constant along a geodesic v on M.
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